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Abstract—A coding scheme with scalar lattices is applied to K-
receiver, Gaussian, vector broadcast channels with K independent
messages, one for each receiver. The method decomposes each
receiver channel into parallel scalar channels with known inter-
ference and applies dirty paper coding with a modulo interval,
amplitude shift keying (ASK), and probabilistic shaping to each
scalar channel. The achievable rate tuples include all points inside
the capacity region by choosing truncated Gaussian shaping,
large ASK alphabets, and large modulo intervals.

Index Terms—Broadcast channel, capacity, dirty paper coding,
multi-input multi-output, lattices.

I. INTRODUCTION

Dirty paper coding (DPC) with scalar lattices can achieve
the capacity of the dirty paper channel [1[]; cf. [2], [3]. The
result suggests that a similar scheme can achieve the capacity
of multi-input, multi-output (MIMO) broadcast channels, and
the purpose of this paper is to prove this. We do so in
two steps. First, we apply noise whitening and the singular
value decomposition (SVD) to each receiver channel to obtain
parallel scalar channels with known interference. Second, we
extend the theory in [1] to show that scalar DPC with M -ary
amplitude shift keying (ASK), a modulo operator with interval
length A, and truncated Gaussian shaping can achieve any
rate tuple inside the capacity region of K-receiver, Gaussian
MIMO broadcast channels with K independent messages, one
for each receiver, by choosing large M and A.

This paper is organized as follows. Sec. [LIl reviews nota-
tion and results on symmetric unimodal functions. Sec.
describes the model and decomposes the vector broadcast
channel into independent parallel channels to which we apply
scalar DPC. Sec. [Vl proves Lemma 2 in [1]. Sec. [V]lproves an
extension of Theorem 1 in [1f]. Sec. concludes the paper.

II. PRELIMINARIES
A. Notation

Underlined letters such as z = [z1,...,7,]T refer to col-
umn vectors, where z7T is the transpose of z. Bold letters such
as Q denote matrices; Q' is the complex-conjugate transpose
of Q; trace(Q) is the trace of Q. We write j = v/—1.

Upper and lowercase letters refer to random variables (RVs)
and vectors and their realizations, e.g., X is a random vector
and z is its realization. We write Px and px for probability
mass functions and densities, respectively. We remove sub-
scripts if the argument is a lowercase version of the RV, e.g.,

P(z) = Px(z). E[X] and Var[X] are the expectation and
variance of X, respectively. h(X) is the differential entropy
of X and I(X;Y) is the mutual information of X and Y. We
use natural logarithms. We write [2]T = max(0, x) and

xmod A=2—kKA 1
where k' is the integer so that x — k' A lies in [—A/2, A/2).
B. Symmetric and Unimodal Functions

The real-valued function f(.) is called symmetric if f(z) =
f(—z) for all x € R. We prove the following (known) lemma
in the Appendix.

Lemma 1. The convolution fxg(.) of two symmetric functions
f(.) and g(.) is symmetric.

We will study symmetric and unimodal probability density
functions (p.d.f.s) p(.), i.e., p(z) is non-increasing for = > 0.
The following lemma was proved in [4, pp. 30-32] and [5)
Thm. 2.1]; we provide an alternative proof in the Appendix.

Lemma 2. The convolution pxq(.) of two symmetric unimodal
p.d.fs p(.) and q(.) is symmetric unimodal.

Finally, we derive bounds on the sum of uniformly spaced
samples of a symmetric unimodal function f(.). We prove the
following lemma in the Appendix for the spacing A/M.

Lemma 3. Consider a symmetric unimodal f(.). We have
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III. GAUSSIAN VECTOR BROADCAST CHANNELS
A. Model and Coding Schemes

Consider complex-alphabet channels with a n,-dimensional
input X and ny-dimensional outputs

Xk:HkK_FZkv kzlavK “4)

where Hy, is a nj X n, complex matrix, Z, is nx-dimensional,
circularly-symmetric, complex, Gaussian (CSCG) noise with
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invertible covariance matrix Qy, and X satisfies the power
constraint E[|| X||?] < Px. It is known that DPC with typical-
sequence binning [6]-[12] or high-dimensional lattice coding
[L3]-[[18] achieves capacity if there is a dedicated message
for each receiver. However, the complexity of these schemes
is prohibitive. Simpler lattice schemes with integer-forcing
appear in [19]-[22]]; these perform well but do not approach
capacity in general. Concrete codes are described in [2]], [[14]-
[L8], [23]], [24]. Non-asymptotic analyses with random codes
are provided in [1]], [3]], [25]-[29].

B. Capacity-Achieving Scheme

The capacity-achieving scheme performs successive DPC
at the transmitter for all receiver orderings. We describe the
approach for the ordering 1,..., K. The transmitter sends
X = Zszl X, where the X, are statistically independent
[10] and each X, has a covariance matrix K optimized for
a particular rate tuple. The optimal X ;. are CSCG.

Receiver £ sees

Y, =Hp X, + <Z Hk&z) + (Z Hk&l) +Z, (5

<k >k

::ik ::Zk

and treats S, as interference and Z, as noise. Let Qj, be the
covariance matrix of Z,. One may use the SVD to write

Q,'"H,K,;? = U,z V] (6)

where the Uy and V, are unitary matrices and Xy, is a ng X ng
diagonal matrix with the singular values of Q,;l/ 2HkK,1€/ %,
Receiver k left-multiplies Y, with the noise-whitening filter
ULQ;I/ % to obtain the parallel dirty paper channel

Yy =Xy + 8, + Zy )

where S . 1s known at the transmitter and
X, =K,/*V, X, ®)
8, =UlQ;"%s, C))

Z,=ulQ; "z, (10)
The covariance matrices of X X, and Z Z), are identity matrices,
i.e., the entries Xk nt=1,...,n,and Z;,71=1,...,ny, are
independent and identically dlstributed (i.i.d.) CSCG with unit
variance [30] (we write the form (8)) since Ky, could be singu-
lar; in this case more ch01ces are possible for X X ;). The power
constraint requires Z w1 Pr < Px where P, = trace(Ky).

C. Parallel DPC with Scalar Lattices

Observe from (8) that the new vectors Xk, k=1,...,K,
are independent since the X are independent. Moreover, we

can write the ith entry of zk in (@) as
Yii = oxiXni+ Ski+ Zr (11

where oy, ; is a singular value, S k,i 1s known at the transmitter,
and Zj; is CSCG and independent of Xy ;, Sk ;. Thus, one

achieves the capacity of MIMO broadcast channels if one
achieves the capacity log(1 + o%,) for each scalar dirty
paper channel ( in (@), and for the covariance matrices
Ki,...,Kg of all required rate tuples.

We may write Z; = Q,lC QWk where the entries Wy, ; of
W, are i.i.d. CSCG with unit variance. Thus, using @), (8),
and (I0), we have

5 =~—1/2
Z,=ulq,"

(ZHkK /2 VlX> +Q*w 1 . (12)

1>k
Alternatively, there are constants ay, ;.5 and by ; , for which

Zkz—(Zzakzthlh>+Zbkthkh (13)

1>k h=1

We now apply the DPC method in [2] to each channel (1)
by treating the real and imaginary parts of f’kﬂ- as independent
with the same channel gain oy ; and noise variance 1/2. We
focus on the real part and abuse notation by using the same
symbols as for the complex alphabet channels, i.e., all random
variables are now real-valued. Also, the Xk i Sk is and Zk i
are no longer Gaussian, with the exception of the Z K,i-

More precisely, consider real-alphabet channels and
symbols Uy, ; with My, ;-ASK alphabets U}, ; for all &, 4. The
encoder computes (see [1, eq. (1)-(2)])

‘g/lcz = (ag,iSk,i + Dy.;) mod Ay ;
ka’i = (Ukz - g]/“i) mod Ak,i

(14)
15)

where Uy ; is selected using g,’” and a shaping density
qr.i(.) (see [l eq. (7)), ok is a minimum mean square
error (MMSE) coefficient, and the dither Dy, ; is continuously
uniform over the modulo interval [—Ay, ;/2, Ak ;/2).

We choose the Dy, ; as mutually independent, which makes
the X k,» mutually independent for all k,; see the Appendix.
Thus, all RVs on the right-hand side of are independent
and the density of Zk,i is the convolution of the densities of
the ak,i,l,hj(z,h and by, ; , Wi, (more generally, if a )N(l_’h does
not have a density, the density of Z;“- is the derivative of the
convolution of the distribution functions of the ak,i,z,hX 1.n and
bk,i,nWi,n). Compared to [1]], the main change is that Z;“ is
not necessarily Gaussian. However, we argue that all steps in
[L, eq. (9)-(18)] remain valid.

e The Z' in [1} eq. (4)] is now

7' =7 ; = (i — V) Xpi + oniZii  (16)

where X;“- and Zk,i are independent and op; =
Px/(Px + Pz) with Px = E[X? ] and Py =E[Z] ].

o The dither induces a discretely uniform U := Uy ;, and
the same steps as in the proof of Lemma 1 in [1] show
that Uy, ; and (X}, Z}, ;) are independent.

e Lemma 2 in [1]] remains valid because it depends on the
encoding only. We prove this Lemma in Sec. below.

e Theorem 1 in [1]] remains valid; see Sec. [V] below. The
main change compared to [[I] is that Z; ; in (I6) is now a
mixture of several Gaussian and shaped RVs rather than
one Gaussian and one shaped RV.



IV. PROOF OF LEMMA 2 IN [[1]]
For any density ¢(.), consider the function (see [1} eq. (8)])
Vi
k=0
Lemma 1 in [1] states that the density of the dirty paper
channel input X is p(z) = q(z)/d(z) for z € [-A/2, A/2).
The proof of [1, Lemma 2] argues directly that the Riemann
sum satisfies lim /o d(2) = 1. Here, we consider finite

M and obtain more insight.
Observe that for x mod A/M =z — k'(A/M), we have

d(:c)—zk —o 14 ((w—l—(k—i—k)ﬁ) modA)
@ Zii;l %q ((w mod % + k%) mod A)

=d (:v mod %) (18)

where step (a) follows because the modulo operator permits
summing over any M successive integers. Thus, d(.) is peri-
odic with period A/M. Next, suppose ¢(.) is symmetric; this
implies d(.) and p(.) are symmetric. Moreover, we may focus
on z € [0, A/(2M)) for which we can write

d(z) = ((:v + k%) mod A). (17)

M-1 A

k=[M/2]—1 A
d(z) = Z Y <:c + kﬁ) . (19
k=—|M/2]

Finally, suppose ¢(.) is symmetric unimodal. Applying
in Lemma 3] we have duyi, < d(x) < dpax for all z, where

A A
dmin - 1 - 5 O 5 dmax - 1 -— O . 20
—q(0) + 3720 @0

We thus have dp,, dmax — 1 for M — oo and
(c]l(x) < p(a) < q(ff) 21

where we assume M is sufficiently large so dpyin > 0. Fig. [II
illustrates the bounds @I) for A = 6, M = 4, and the
truncated Gaussian ¢(.) in [1, Eq. (12)] with ox = 1.8. We
compute dpyip ~ 0.63 and dp,x =~ 1.37. The bounds are loose
because M is relatively small.

V. EXTENSION OF THEOREM 1 IN [1]

We generalize the proof of [1, Theorem 1] to include finite
M and noise Z' that is a sum of several Gaussian and shaped
RVs, as in (I6), rather than one Gaussian and one shaped RV,
as in [Il eq. (4)]. We first bound the Px and A(X) in [L
eq. (15)—(17)] and then study the Y’ in [1l eq. (4)].

A. Power and Differential Entropy of X;“

Observe that )~( in [1, eq. (2)] plays the role of )N(;m- here,

so define X := X}, ;. The power Px = E[X?] is based on an

expectation with respect to p( ). For convenience, define the
expectation with respect to ¢(.) as

)= [ a@)f

(22)
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Fig. 1. Curves of @2I) for A = 6, M = 4, and truncated Gaussian shaping.

Using 1)), for symmetric unimodal ¢(.), we have

ByX?%) _p, _ EglX?
o o dmin

which proves [l eq. (16)] for the truncated Gaussian ¢(.) in
(1, Eq. (12)] and M — co. Similar to (22)), define

hq(X) = Eq[_ log ¢(X)].

(23)

dmax

(24)

Using (2I), we have (see the Appendix)

he(X) (11
) 2 290 4 g, - (2 - 21 )00 a(0)
(25)
) < 290 4 og s+ (2 - 21 Y a0 ogat0)”
(26)

which proves [l eq. (17)] for M — oc.

B. Density and Differential Entropy of Y'

We bound the density and entropy of Y’ in [1} eq. (4)] but
where Z' is given by (I6). Note that Zj ; in replaces Z
in [1, eq. (4)]. Consider discretely uniform M-ary U}, ; and

Y = Yk’)i = Uk + Z,’”) mod A 27)

where Uy, ; and Z; ; are independent. Suppose M is even; the
case where M is odd can be treated similarly. Using Z’ = Z
as in (I6), we have p(z’) = p(—2') and

1
- Y s v
LEL vEUY ;
1 A , A A
== g k— kel
12 3 (y T 2M>
kEZ
A
= py (y/ modﬁ)
for y' € [-A/2,A/2) and p(y’) = 0 otherwise. Thus, p(y’)
is symmetric and circularly periodic with period A/M.

(28)
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Fig. 2. Curves of (30) for A = 6, M = 4, and truncated Gaussian shaping.

Next, using and (I6), the density p(z’) is the con-
volution of three classes of densities: (ay; — 1)5(;“, the
a;“a;“thlh for [ > k and all h, and the a;Hb;”hth
for all h. The densities of Xk ; and the Xl n are chosen to
be symmetric unimodal and can each be lower-bounded by
an appropriate q(.)/dmax as in @I). Moreover, the Gaussian
densities of the W}, 5, are also symmetric unimodal. Thus, by
Lemma 2] and using @0)—(21), we can lower bound pz/(.) by
a symmetric unimodal p(.) that approaches pz:(.) for large
M. Similarly, we can upper bound pz(.) by a symmetric
unimodal p(.) that approaches pz(.) for large M.

For example, the dirty paper channel in [1] corresponds to
having K = 1 receiver, and we compute

p(Z/) = DPla-1)x * paz(zl)

a) /“‘“W2 px (#/(a = 1))

Jewaye -«

—

Paz(z —T)dT

(b) A/2
> / a(z) Paz (2 +2(1 —a)) dz
A/2 dmax

= ]_9(2')
where step (a) follows by p.x (%) = px(Z/c)/|c| for ¢ # 0,
and step (b) follows by @I and substituting = = 7 /(v — 1).
Let p(z’) be the same as p(z’) but with dpy, replacing diax
in @29). Fig. 2l shows p(z’) and the bounds p(z’) and p(z’) for
A = 6, M = 4, the truncated Gaussian q(_) in [1, Eq. (12)]
with o, = 1.8, and Px = Py.
More generally, for K > 1 we obtain

p(z') <p(z') <P(¥)
for symmetric unimodal p(z’) and p(2’) that both converge
to p(z’) for large M. Applying (B) in Lemma [3 to 28), we
obtain the bounds pmin < p(y') < pmax for all 3/, where

1 1 A
Pmin = — (dmax — MB(O)>

1 1 A_
Pmax = Z (dmin + Mp(0)> .

(29)

(30)

€1V

(32)

The expressions GI)-B2) give pmin, Pmax — 1/A for M —
oo and thus p(y’) becomes uniform as M — oo. Finally,
assuming M is sufficiently large so pmin > 0, we have

- 1ngmax S h/(YI) S

which proves that h(Y”’) — log A for M — oco. This proves
[1 eq. (15)] for M — oc. Finally, one may complete the proof
by applying the same steps as in [1, eq. (18)].

- 1Og Pmin (33)

VI. CONCLUSIONS

We showed that the DPC scheme in [1f], [2] can approach
any rate tuple in the capacity region of a complex-alphabet
MIMO broadcast channel with CSCG noise. Future work
could compare the performance of the proposed scalar DPC
scheme with competing methods, such as channel inversion,
with concrete codes.

APPENDIX
Proof of Lemmalll If f(.) and ¢(.) are both symmetric then

gl /f —y)dy
@/f(— g(z +y)dy
@ /f §dj=frgz) (34

where step (a) follows by symmetry and step (b) follows by
substituting y = —y.

Proof of Lemma 2l Unimodality implies that p(.) can have
a Dirac-delta component §(.) at z = 0 only, i.e., we may write

p(-) = epd() + f() (35)

for a constant ¢, satisfying 0 < ¢, < 1, and for a non-
negative, symmetric, unimodal f(.) without §(.) components.
We may assume the derivative f/(.) exists almost everywhere
(5, Prop. 2.1]. The x where f’(z) does not exist include
“jumps” in f(.). For example, a negative “jump” at z > 0
from f(z) = a to f(x +¢€) = b, where € is a vanishing
positive number and ¢ > b > 0, becomes a (b — a)d(. — )
component in f’(.).
As in (33), consider ¢(.) = ¢40(.) + g(.). We compute

p*q(x) = cpegd(z) + cpg(x) + o f(x) + f * g(x)

which is symmetric; see Lemma [ll The first three summands
in (B6) are unimodal, so it remains to show that f x g(.) is
unimodal. Taking the derivative for z > 0, we have

/ 1
@ / Fz—ol) — fle+v) g dy BT

where step (a) follows by substituting y = « — ¢ and because
f(.) and g(.) are symmetric. But the term in square brackets
is non-negative because |z —y| < x4y and f(.) is symmetric
unimodal. We also have ¢’(y) < 0 for y > 0 because g(.) is
symmetric unimodal.

(36)

(f*xg)( —9)dy
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Fig. 3. f(z) for A = M = 6. The sampling points are shifted by = 0.2
and are located at the top left corner of each of the six bars.
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Fig. 4. f(x) for A= M = 6. The area of the red bars is less than the area
of f(z), which is here 1.

Proof of Lemma B The sum in @) is a Riemann sum, so
we use the left and right rules of Riemann summation. Fig. [3]
shows a symmetric unimodal f(.) for A = M = 6 (here f(.) is
a truncated Gaussian density). The sample points for x = 0.2
are located on the top left corner of each of the six bars. The
area of each bar is one of the summands in (@); the area of
the green bar is at most (A/M) f(0). Fig. @l shifts the red bars
of positive sampling points to the left by A/M, and we see
that the area of the five red bars is less than the integral in @).
This can be done for any = with 0 < x < A/(2M), so the
sum in ) is at most the integral plus (A/M)f(0). Similarly,
Fig. [3l shifts the red bars of negative sampling points to the
left by A/M so they lie above f(x). If we add one (blue) bar
of area (A/M)f(0), then the sum of the areas of the seven
bars is greater than the integral in ). This proves ).

To prove (@), we perform similar steps with a countable
number of bars and appropriate left and right shifts. Note that
we may restrict attention 0 <z < A /(2M ) by symmetry.

Independence of the Channel Inputs X ki Let X X be the
vector of all Xl .m €xcept X k,i- Note from (@) that Sk i is a
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Fig. 5. f(z) for A = M = 6. The area of the red, green, and blue bars is
greater than the area of f(x), which is here 1.

function of X ; ;- Moreover, the chain X zz — Sk i — Uk, is
Markov because Uy, ; is chosen using S ki as specified in
Eq. (7)] for U given S’. Suppose the dithers Dy, ; are mutually
independent, and consider the identities

Ak,i/2
i) = /

Api/2
(a) Z
A

UGZ/{k i

(dk,i) P(Th,i|Sk,i, di,i) ddi i

Py, g, (w|(u— k) mod A)

b - ~
® 26k,iq(Th,i) /d(Tk,s)

© -

= p(Tr.i) (38)

where step (a) follows because Xkﬂ- is a discrete RV given
S; . = &, (see (I3)), step (b) follows by the probabilistic
shéping rule (see eq. (7]), and step (c) follows because
26k, = Aki/My; and p(Zy:) = q(Tr,i)/d(Tr,:) (see [
eq. (6) and eq. (10)]). Thus, the channel inputs X}, ; in {a
are mutually independent.

Entropy Bounds: To prove 23), let Z; = {z : ¢(z) < 1}
and Zo = {x : q(x) > 1}. Observe that the length of Z, is at
most one since ¢(.) is a density. We bound

h(X)z/ e >log d( ) da

> log dmin — x) dx —/ —Z(x) log q(x) dx
T, “min
h 1 1
> logdun + 2 iy < - ) ) oga0)*

(39)
where the final step follows for symmetric unimodal ¢(.).
Similar steps prove (26) and (33).
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