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Abstract—The [-th stopping redundancy p;(C) of the binary  Definition 2 ([3]). The stopping redundancy of C, p(C), isthe

[n, k,d] codeC, 1 <1 < d, is defined as the minimum number of gmallest number of rows in any parity-check matrix of C, such

rows in the parity-check matrix of C, such that the smallest ‘ ; ‘ ;
stopping set is of size at leastl. The stopping redundancy that the corresponding stopping distance s d.

p(C) is defined as p4(C). In this work, we improve on the Bounds on stopping redundancy of binary linear codes
probabilistic analysis of stopping redundancy, proposed $ Han, were studied in a number of works over the yeais [3[-[10].

Siegel and Vardy, which yields the best bounds known today. Algorith for findi I . d
In our approach, we judiciously select the first few rows in e Alg0rithms for finding small stopping sets were propose

parity-check matrix, and then continue with the probabilistic  in [11], [12].
method. By using similar techniques, we improve also on the  For general binary linear codes, the best known bounds on

best known bounds onp;(C), for 1 < I < d. Our approach is  the stopping redundancy were derived by using probalailisti
compared to the existing methods by numerical computations method in [9]. In this work, we improve on the analysis
Index Terms—Binary erasure channel, iterative decoding, low- herein. | e | b ' hat th b f .
density parity-check codes, stopping redundancy, stoppinsets. erein. In particular, we observe that the number of stoppi
sets eliminated by a random codeword of the dual code is
not optimal in general case. In our approach, we judiciously
. INTRODUCTION select the first few rows in the parity-check matrix, in such

Stopping sets are a known cause of failures of messagé"—'ay that these rows eliminate more small stopping sets than

passing decoders, when applied to binary linear codes oﬁhgt_ranldomly cholfe; n:)nzzro cogew?rtdhs in t.h? dual co_d(ra].tln
binary erasure channell[1]. Small stopping sets are edpeci atrh|cu ar, vl;/e DI? uﬁ cod ewozj s orthe I:m?lmum We:g 1
harmful, as they have higher probability of causing the dami- 26 T#m er ot suc C(')d ewor ; IS t'smi (for ef[ﬁamp e'b
age. Stopping sets, however, are determined by the selatio °" ) Men we can provide good estimates on the numoer
a parity-check matrix of the code, rather than by the coddfits of ellml_r?at_ed stopping sets. After_ that, we proceed with the
The size of the smallest stopping set is called stopping probabilistic method, similarly td_[9].
dista_nce of the co_rresponding parity-check matrix. Il. GENERAL THEOREM

It is observed in[[2] that by adding redundant rows to the o _ . .
parity-check matrix, the small stopping sets can be eliteia | 'roughout the remaining sections, if not explicitly state
i.e. the resulting matrix does not contain stopping setsrafls Ctherwise, we consider a binary linefar, k, d| codeC. As it
size. On the other hand, the increased number of the redtund#> _shown in[B, Theorem 3], d S 3 thgnany parity-check
rows in the parity-check matrix leads to growth in the dengdi Matrix # for C has stopping distancé, i.e. p(C) = n — k.
complexity. Therefore, generally, the trade-off betwdendize Hence we only consider a cage> 4 (and, thereforer =

of the smallest stopping set, and the number of rows in the_ k= 2). ) ) ) )
The dual code of is denoted byC*, its dimension and

parity-check matrix, is of significant interest. . . n ) n
More specifically, leC be a binary lineafn, k, d] code, and minimum distance are andd-, respectively. We us€y- as
a shorthand foc+ \ {0}.

let H be a parity-check matrix for this code. Dendig £ L
{1,2,....,n}. Let S C [n] be a set of columns ofl. Denote We 'CaII any subset of] of cardinality ani-set. The set
by Hs the submatrix ofH, composed from the columns ofOf &l i-sets is denoted by;:

H indexed bysS. Ji={8Cn]:|S|=i}.

Definition 1. The set S is a stopping setn H if Hs contains

) . We also use the notatidin= Ud:gl J;. We do not consider
no row of Hamming weight one. =

the i-sets of sized and2. Indeed, ifd > 4 then no parity-
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overF, covers S if any of its rows coversS. If somei-setis random variable. Denote hy-} an indicator function, which
covered, then the stopping set in the corresponding coamietn takes value®) and 1. The value of the indicator is set tb

cannot exist. Thus, by covering all thiesets,;i = 3,4,...,d— if the argument is true, and zero otherwise. Thérgan be
1, we obtain a matrix with no stopping sets of size less than written as follows.

The following lemma is implicitly stated iri_[9]. ¢ = Z I{S is not covered by o4}

Lemma 1. Let r > 3 and d be two positive integers, and b be Sed
areal number, suchthat 1 <b<r—2,and (r—1)(d—1) < d-1 .
2¢=1 Then, for any = < 2", = Z Z I{S is not covered byH -1 r+2, . r+t} -
=3 Seil;
or _ 27‘—1) d—1) - 27‘—d+1 K )
b— (27) <b (1 — %) . Then, the expected value ¢fis
A x T x

We omit the proof of Lemmall. Next, we formulate a
general theorem, which is the main result of this paper. It &~ &~ "~ = 7 7 7 7771 ITSes

includes Theorem 7 in_[9] as a special case, and its proof use /=3 Sell
similar ideas P ' P Yo find the probabilities in[{2), recall (cf(13, p. 139])

that 2" x n matrix, consisting of all codewords @f*, is an
Theorem 1. Assume that there exists a matrix, whose rows orthogonal array of strength — 1. This means that for any
hi,hy,... h,, 7> 0, arelinearly independent codewordsin ;= 3,4,...,d — 1, the projection of this matrix on aniset
Co.Fori=3,4,...,d—1,letsl;, |tl;] < u; bethesetof i-sets S contains every vector of lengthexactly2”—¢ times. There
ngt 1covered by this matrix. Assume also that (r —1)(d—1) < are exactlyi - 2"~* codewords inCy- that coverS. Therefore,
2475 Then

p(C) < 7 +min {t + #,} 1) P {S is not covered by, 1 ;12 r4t}
1> (@ =T 1) —g-2r 2" —7r—1
where N t t
= min{k € N:Qu(|D:]) =0}, = - 27
Kt mln{ Qk(L tJ) } _ H <1_ -2 ) ] (3)
Qk((E) = Pk(Pk—l(Pl(x))) 5 j=r41 2T—j
_ L or—d+1 i .
Pi(z) = {x (1 _[d-1)-2 : )J ’ In a numerator we have a number of possible choices of
2 — (T +t+)) h,.1,h, 5,....h, , that do not coverS, and in a denomi-
a-1 7+t j.or—i nator — the total number of choicesbf (1, h . 5,..., h .
Dy = Zuz H (1 o —j) By substituting expressiori](3) int@](2) we have that the
i=3  j=r+1 expected value of is bounded from above by:
1 ( 2/3 ) d—1 +t ;
+ o (1 + 5 : 1 Q-2
2t 20—+l — 1 By <D u ]] (1—2T_j>' @)
Proof: Let H be a matrix with rows irCg-. SuchH is _ = J=r _
not necessary the parity-check matrix, since its rank can be\ext, it was shown in([9, Lemma 6] that if we draw
less thanr. Define§(H) as follows: uniformly at randoms codewords fromC+, s > r, then the

matrix constructed from these codewords has expected tank a
S(H) 2 |{S €7 | S is not covered b)H}’ + (r —rank H). least

2/3
Here6(H) = 0 means thatank H = r and all thei-sets, [ y— <1 + 9s—r+1 _ 1> :
i = 3,4,...,d — 1, are covered. Sucl/ is a parity-check |; g easy to see that if we draw, 1, h, o,... 4,
matrix of C, and since its stopping distance is at leésall uniformly at random fromC- \ {hy, ho, ..., h,}, and then

the 1-sets and2-sets are covered automatically. In the sequglynsiruct the matrixt; o .., then the expected value of

we construct a matritl, such that () = 0. _its rank deficiency is bounded from above:
We prove this theorem in two steps. First, we show existence

of a parity-check matrix of sizér + t) x n with bounded E{n} = r—E{rankHi2 -}
0. Second, we show that has to decrease after adding one < 1 (1 n 2/3 ) )
carefully selected additional row to it. Therefore, aftddimg =gt 2t=r+l 1 ) -
enough rows, we obtain a parity-check matkxwith 6(H) = By summing up[{4) and{5), we obtain that
0. Hereafter, we uséf;, ,, . ;. as a shorthand for the matrix
with rows hi] , hiz, C.. ,his. . sl i-27 ¢
Sep 1. Let h.yi,h, 9,...,h,; be t rows drawn E{O(Hyz,...r+e)} < Z“i H (1 T )

uniformly at random without repetitions fromC; \ =3 =T

{hy,hs,...,h;}. Denote by¢ the number of sets i¥ that " tl_ (1 n t_243 >
are not covered byd, o ;. This¢ is an integer discrete 20T 207t —1




Sinced(Hi 2,... r+¢) is an integer discrete random variable,
there is a realisation of it such that

d—1 Tt Cor—i A dt — A d+t — A n — 24+ + A
st o< S 1T (1-522)
32,0, T+ X - ) 2T_j

Figure 1. Two codewords of weiglat-

i= j=714+1
()
2t=r 2t—r+l — 1 ' adding rows one-by-one, and aftérsteps obtain thér +
. . . i T [ T g
Sep 2. At this point we considehy, hy, ... h.,, as non- 22:({% JX) n MaX Mz, reen Wt 0(Hz, . rii41)
random and fixed. In particulag, andn are non-random. Let e
’ Iterat hould be st d wh D;]) =0. [ |
31 C J be the set of all-sets § < ¢ < d — 1) not covered erations shoulld be stopped whef (|7 ]) =0
by His, . -4+ Add one more new rowh, .1, which is II1. | MPORTANT SPECIAL CASES
randomly chosen fror@y-\ {hy, hy, ... h-i,}. Analogously  Theorenfl gives a general family of bounds on the stopping
t(l)é and/?? for Hy 2. -4+, We define discrete random variablesedundancy. It remains a question how to choose particular
§ andn’ for Hi s, . r+i11. Then, andh;, hs, ..., h., which yield good concrete bounds. In this
E{¢} = Z P{S is not covered byH, o 4vs1) section, we study specific selections of these parameters.

The first and simple choice is to take= 1 andh; to be a

< ‘|SLT|M max P{S is not covered byh, .11} fixed codeword of the minimum weight " .
sed 1S Corollary 1. The upper bound in Theorem[d holds for 7 =1
= g.max<1_L> and
Seu 2r —(t+t+1) n oo dt
- ) (d—1)-2r—+1 ui_<i>—dL<i_1) fori=3,4,...,d—1.
= 5( B 2T—(T+t+1)) '

_ . . . Proof: Matrix consisting of one codeword of weight-
Adding one row to any matrix could either leave its rank 9 9

1 (n—dt . - _
unchanged or increase it by one. Thereforey it: 1 theff] Covers exactlyl™ (", ).Z sets for eacfi _n3’4’ l ’idLl'
we have that eithery = 5 or = n — 1. To calculate We apply Theorerfill withr = 1 andu; = (7) —d* (", ),

the probabilities of these events, we note that aripearly Which yields the result stated in the corollary. =
independent rows |ﬂ0L span in totarzl codewords (inc'uding NeXt, taker = 2 and consider two different codewords of
0). Then weightd*.

, 2N —(t+t+1) , Corollary 2. If there are at least two different codewords
P =n} = o —(r+t+1) L=P{n =n—1}, h;, hy, € C* of weight d*, then the upper bound in Theorem([I]
holds for 7 = 2, where

and, therefore,

n
2" — 2T u; = — M(n,d*, i)
E !/ — _ . 7 ( ) 9 9 1]
'} K <2r—(7+t+1)> ! N
Next, apply Lemmall withh = n andz = 7+¢+1. Indeed, M(n,dt,i) 2 24+ (n._ d ) — max {A .
n>1andn < r — 2 because; » ., consists of at least i—1 0<ASLd/2]
tvyo different_non-zero clodewords. Additional’vyﬂ.—t+1 < 2’“. n—2dt + A Lo fn—2d" + A
since2” — 1 is the maximum number of rows in any parity- . + (A-d) ) .
. i—1 i — 2
check matrix forC. Therefore,
r—d
E{} <7 (1 o (d-1)-2 +1> ' (6) Proof: Consider two different codewords i of weight
2r—(t+t+1) d*. They are shown in Figuid 1, where grey and white colors
Inequality [) holds also when = 0 (which includes the denote the regions of ones and zeroes, respectively.A et
caser = 2), because in that casg = 0 as well. be the number of codeword positions, where both of the
Altogether we have codewords have ones. Obviously< A < |d+/2].
L
) ) Each of the codewords covers exactly (" %) i-sets.
E{6(H1 2, . .r+1+1)} = E{¢'} + E{n'} To calculate the total number afsets covered by these two
(d—1)-2r—d+l codewords we need to subtract thossets that have been
<O(Hig, . 740) [ 1— 2 — (T +t+1) counted twice. They are of two kinds:

« Covered by the same pattern of sizie h; andh,. They
have one position in the area of lengkhand all the other
positions in the area of length — 2d* + A. There are

_og+ .
INote that the casg > 1 is possible only for- > 3. A(" 2£1+A) suchi-sets.

Therefore, there exists, ;41 such thab(Hi 2 .. r+41) <
Pi(6(Hiz,. . r+t)) < Pi(|D:]). We iterate this process of



« Covered by different patterns of size (at the same Moreover, if (r —1)(1 — 1) < 27! then
positions) inh; andh,. They have one position in each
of areas of lengthd™ — A and the remaining — 2
positions in the area of length — 2d* + A. There are
(A —dt)? (”*rﬁz*A) suchi-sets.
Therefore these two codewords cover together the following mgi) =
amount ofi-sets

pi(C) < 2+ min {t+m§2>} :
ere

min{keN:Qk(LDgi)J)zo}, i=1,2,

Qr(z) = Pu(Pi—1(...Pi(x)...)),
—dt n —2d+ + A (l _ 1)2r—l+1
2d+ (" ) - A< . ) (z) = o U=
(2—1 i—1 Fi() “\'e et
—2d+ + A -1 t+2 R
—(a—ate(" . i
( )( i—2 o = Y wll(t-5—)-
=3 j=2
This is at leasDit(n, d*,4). We can now apply Theorel 1 ! 1 2/3
with 7 = 2 andu; = (%) — M(n, d*,i). n D = D+ o <1 + S 1) :
It might be possible to further improve the bound in B
Corollary 2 by judiciously selecting three or more codeveord u = <”> — M(n, dL,0) .
in Ct, for example by taking three (or more) dual codewords ?

of weightd~. However, in that case it becomes more difficult Proof: The case whefir — 1)(i — 1) < 2= is analogous

to obtain good analytical estimates an. Alternatively, it g ihe proof of Theorerfil 1, with the values ofandu; as in
is also possible to choose some spedfichs, ..., h,; and Corollary[2.

to compute allu; directly by computer. In that case, tighter a4 hr0f however, cannot be applied to the cases of small
bounds can be obtained. In the sequel, we refer to that methodl o5 of7 if the condition(r — 1)(I — 1) < 2! does not

as ahybrid method. hold. We note that this condition is required in the proofyonl

to guarantee the uniform decrease¢oandr. Therefore, the
argument for decrease ¢fin the proof of Theorerh]1 can be
{H%plied as is. After that, we have to ensure that the cortstiuc

IV. STOPPINGREDUNDANCY HIERARCHY

Consider a binaryn, k,d] code C. In Definition [2 it is
required that the stopping distance of the code defined by N .
parity-check matrixd is d. However, a weaker requiremenlmamx Is of th? required rank. . ,
on the parity-check matrix of the code can be imposed. In thf'SQNOte that since we have covered all theets for: =
section, as it was suggested|in [8], we require that the sigpp .’ ™
distance of the code is at ledstfor somel <! < d. In that
case, the number of rows in the parity-check matrix can 3

.., —1, the rank of the matrix is at least- 1. Hence,

by adjoining at most — (I — 1) rows, we finally obtain the
quired parity-check matrix. [ ]

We note that tighter bounds on the stopping redundancy

smaller than the stopping redundancy of the code.

Definition 3 ([8, Definition 2.4]) For I < d, the [-th stopping
redundancy of C is the smallest nonnegativeinteger p;(C) such
that there exists a (possibly redundant) parity-check matrix H
of C with p;(C) rows and stopping distance at least I. The
ordered set of integers (p1(C), p2(C), ..., pa(C)) is called the
stopping redundancy hierarclof C.

Note that the (conventional) stopping redundam¢g) is
equal top,(C). For codes with the minimum distande> 4,

neither two columns of the parity-check matrix are ideritica
nor any of the columns equal to the all-zero vector. Theeefmr

p1(C) = p2(C) = p3(C) = n — k. Consequently, only;(C)
for [ > 3 is of interest.

In [8], the stopping redundancy hierarchy of binary line
codes is studied, and several upper bounds are obtaindte In.
sequel, we apply the ideas in previous section to the stgppf
redundancy hierarchy. We formulate a generalised version

Corollary[2.

Theorem 2. If C1 contains at least two codewords of mini-
mum weight d*, then for 4 <1 < d,

Pl(C)<2+1;n>in{t+m§1)}+(r—l+1).

hierarchy could be obtained by using the hybrid method,
discussed in the last paragraph of Sechioh Il

V. NUMERICAL EXPERIMENTS

In this section, we compare the bounds on the stopping
redundancy obtained irlI[3]L][6], 9] with our results. We
consider two codes: the extend@d, 12, 8] binary Golay code
and the extendefll8, 24, 12] binary Quadratic Residue (QR)
code. Both of them are known to be self-dual (¢f.][14]).

The extended24, 12, 8] binary Golay code is arguably a
emarkable binary block code. It is often used as a benchmark
in studies of code structure and decoding algorithms. The co
is self-dual, thereforel* = 8. Moreover, it is known [[13,

.67] that there ar&59 codewords of the minimum weight.

he example of (conventional) parity-check matrix of theeo

shown in Tabld]l, where the blank spaces denote zeroes.
B [3], a greedy (lexicographic) computer search was uged. |
was found that the actual stopping redundancy of the extende
[24, 12, 8] binary Golay code is at mos.

It is known [13, p.604] that there ar&7296 codewords
of the minimum weight in the extendefds, 24,12] binary
Quadratic Residue (QR) code. The comparison of the upper
bounds on the stopping redundancy is given in Table .



Table |
PARITY-CHECK MATRIX OF THE EXTENDED([24, 12, 8] GOLAY CODE

Table V

BOUNDS ON THE STOPPING REDUNDANCY HIERARCH,Yp;, DERIVED BY

THE HYBRID METHOD FOR THE EXTENDED[24, 12, 8] GOLAY CODE

[
[
-
[
-
-
PO, HOOOROR
HORRROOORORF
HHEHEHEOOORORRO
RFRROOO—ORROR
HHEOOOFORRFORRE
—HOOORORFORKFRF

O b b e
-

—
HOORORRORRRO
HOHORRORRHOO
HHORRORRHOOO
HORHORHRHOOOK
HHERORRROOORO

-

Table Il
UPPER BOUNDS ON THE STOPPING REDUNDANCY

[24, 12, 8] Golay  [48, 24, 12] QR
B Thm 4] 2509 4540385
[9) Thm 1] 198 3655
[9, Thm 3] 194 3655
[9, Thm 4] 187 3577
[9, Thm 7] 182 3564
Corollary[d ¢ = 1) 180 3538
Corollary[2 ¢ = 2) 177 3515

[1]
We also compare the bounds on stopping redundancy hi-
erarchy in the previous chapter with the results for general
codes, obtained in_[8] (the bounds for cyclic codes thereirp]
are not applicable because neither of the codes is cyclie) T
numerical results are presented in Tdblé Il and Table IV. 3]
Next, we use the hybrid method, mentioned in the Iash
paragraph of Sectidn]ll. We takefirst rows of conventional
parity-check matrix of the extendel@4,12,8] Golay code
(Tablel), forl < 7 < 12, compute alks;, and apply techniques [3]
similar to Theoreni ]l and Theoreh 2. Numerical results arg

presented in TablglV.
[7]

Table 11l
BOUNDS ON THE STOPPING REDUNDANCY HIERARCHYp;, FOR THE
EXTENDED [24, 12, 8] GOLAY CODE

(8]

I [8 Thm3.8] I8, Thm 3.11] 0B, Thm 3.12] Thm 2
4 26 78 — 25 [
5 — 208 — 36
6 — 793 385 59
7 — 1585 — 103 [10]
8 — 2509 — 177

[11]

Table IV

BOUNDS ON THE STOPPING REDUNDANCY HIERARCH,Yp;, FOR THE

EXTENDED [48, 24, 12] QR CODE (12]

T [@ Thm 3.8] [8, Thm3.19] Thm2 [13]
7 a2 300 a7

5 62 2 324 58 [14]
6 105 12 950 92

7 — 55 454 158

8 — 190 050 287

9 — 536 154 514

10 — 1271 625 978

11 — 2 579 129 1856

12 — 4 540 385 3515

o T=4 [1=5 1=6 [=7 1=28
=11 24 36 61 105 180
r=2 | 24 36 59 103 177
r= 25 35 58 102 175
r=4 | 25 34 57 100 174
r= 26 33 56 99 172
r=6 | 27 33 56 98 171
r=7| 28 33 55 98 170
r=8 | 29 33 55 97 169
= 30 33 55 96 168
r=10 | 31 33 55 96 167
r=11 ] 32 34 55 96 167
r=12 | 33 35 56 97 168
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