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Abstract—Constant-rate multi-mode systems (MMS) are hy-
brid systems with finitely many modes and real-valued variables
that evolve over continuous time according to mode-specific
constant rates. We introduce a variant of linear temporal logic
(LTL) for MMS, and we investigate the complexity of the model-
checking problem for syntactic fragments of LTL. We obtain a
complexity landscape where each fragment is either P-complete,
NP-complete or undecidable. These results generalize and unify
several results on MMS and continuous counter systems.

I. INTRODUCTION

Constant-rate multi-mode systems (MMS) are hybrid sys-
tems with finitely many modes and a finite number of real-
valued variables that evolve over continuous time according
to mode-specific constant rates.

MMS were originally introduced by Alur ef al. to model,
e.g., problems related to green scheduling and reducing energy
peak consumption of systems [1]. There, they consider the
problems of safe schedulability and safe reachability with
respect to zones defined as bounded convex polytopes.

Safe schedulability asks whether a given MMS admits a
non-Zend] infinite execution that remains within a given safety
zone. Safe reachability asks whether a given MMS has a finite
execution that reaches a target point, while staying within a
given safety zone along the way. Both problems were shown
to be solvable in polynomial time [1].

A similar problem was studied by Krishna ef al. in the con-
text of motion planning [2f]. There, the authors are interested
in the reach-avoid problem. In the latter, the goal is to reach
a given target point without ever entering any of the given
obstacles. The authors of [2] consider obstacles specified as
convex polytopes. They show that the reach-avoid problem
is decidable if the obstacles are closed, and is undecidable
in general. They further provide an implementation of their
procedure which is benchmarked positively against the Open
Motion Planning Library.
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!Informally, this means that there cannot be infinitely many mode switches
within a finite amount of time.

Contribution: The aforementioned problems were solved
with ad hoc approaches. Moreover, many natural problems
cannot be expressed in these existing frameworks. One such
problem is safe repeated reachability, where the goal is to find
a non-Zeno infinite execution that remains within a safety zone
and visits a finite set of zones infinitely often.

We propose a framework that encompasses all of the above.
More precisely, we introduce a linear temporal logic (LTL) for
MMS. Our variant uses bounded convex polytopes as atomic
propositions. We omit the next operator X which is ill-suited
for the continuous behavior of MMS. Moreover, we use a
strict-future interpretation of the until temporal operator U,
inspired from metric temporal logic [3] (more precisely from
MITL, o). In particular, our logic can express

« Safe schedulability: G Zgg;

« Safe reachability: Zgse U {®@wreet };

o Reach-avoid: (=01 A -+ A =O;,) U {@areet }; and

« Safe repeated reachability: (G Zauge) A A, (GF Z;).

We investigate the computational complexity of LTL model
checking, which asks, given an MMS M, a starting point &
and an LTL formula ¢, whether there is a non-Zeno infinite
execution of M that satisfies ¢ from x, denoted & =y .
We consider the syntactic fragments obtained by (dis)allowing
operators from {U,F,G,A,V,—} and allowing at least one
temporal operatoﬂ. We establish the computational complexity
of all of the 26 — 23 = 56 fragments: Each one is either P-
complete, NP-complete or undecidable.

Our work is also closely related to the study of counter
systems like vector addition systems (VAS) and Petri nets.
These models have countless applications ranging from pro-
gram verification and synthesis, to the formal analysis of
chemical, biological and business processes (e.g., see [4]—
[7]). Moreover, the continuous relaxation of counter systems
has been successfully employed in practice to alleviate their
tremendous computational complexity (e.g., see [8], [9]).

The behavior of an MMS amounts to continuous pseudo-
reachability of VAS and Petri nets, i.e. where the effect of
transitions can be scaled by positive real values, and without

2Without any temporal operator, the logic has nothing to do with MMS; it
becomes quantifier-free linear arithmetic.
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the requirement that counters must remain non-negative. The
latter requirement can be regained in our logic. While we
do not investigate unbounded zones in their full generality,
we consider semi-bounded linear formulas, which include
formulas of the form (GZ)A--- or Z U ---, where Z is
unbounded, and so can be set to Z = R‘io. In particular,
our results imply the known fact that continuous reachability,
i.e. checking R‘io U {®wret}, can be done in polynomial
time [10]. Moreover, we establish the decidability of richer
properties. Thus, our work can be seen as a unifying and more
general framework for MMS and continuous VAS/Petri nets.

Results: Let us write LTLg(X) to denote the set of
LTL formulas using only operators from X, and LTL(X) for
the same fragment but with zones possibly unbounded. We
obtain the full complexity landscape depicted in Figure|[ll Our
contribution is summarized by the following three points.

I): We show that LTLg({F, G, A}) is in NP, and hence
that LTLg({F, A, V}) is as well. More precisely, we prove that:

1) Formulas from this fragment can be put in a normal form,
coined as flat formulas, where the nesting of temporal
operators is restricted;

2) Flat formulas can be translated into generalized Biichi au-
tomata with transition-based acceptance, no cycles except
for self-loops (“almost acyclic”) and linear width;

3) Testing whether an MMS M satisfies a specification given
by such an automaton .A can be done in NP by guessing
a so-called linear path scheme S of A; constructing a
so-called linear formula v equivalent to S, and testing
whether @ =57 ¢ in polynomial time.

Step 2 is inspired by the work of Kretinsky and Esparza [[11]
on deterministic Muller automata for classical LTL restricted
to {F,G, A, V, =}. Our construction also deals with classical
LTL, restricted to {F, G, A}, and is thus an indirect contribu-
tion to logic and automata independent of MMS.

In particular, in Step 3 we establish a polynomial-time
LTL fragment for MMS, namely semi-bounded linear LTL
formulas. We do so by using a polynomial-time fragment of
existential linear arithmetic, introduced in [12] for the purpose
of characterizing reachability sets of continuous Petri nets. In
particular, we show how to translate LTL formulas of the form
Y = (GZy) AN\, GFZ;, with Z, unbounded, into the logic
of [12]]. This is challenging, in contrast to simply handling
GZy, with Z; bounded, as done in [1]]. It involves a technical
characterization of MMS and points that satisfy i, which, in
particular, goes through a careful use of Farkas’ lemma.

As a corollary of Step 3, we show that LTLg({F, G, —}),
LTL({F,Vv}) and LTL({G,A}) are solvable in polynomial
time. These fragments include safe schedulability and safe
reachability, which generalizes their membership in P [1].

II): We show the NP-hardness of LTLg({F, A}) by reduc-
ing from SUBSET-SUM. With the previous results, this shows
that LTLg({F, G, A}) and LTLg({F, A, V}) are NP-complete.

III): We show that LTLg({U}) and LTLg({G, V}) are
both undecidable, by reducing from the reachability problem
for Petri nets with inhibitor arcs. This “generalizes” the unde-
cidability of the reach-avoid problem established in [2]. Their

proof indirectly shows that the model checking problem is
undecidable for formulas of the form (Z1V---VZ,) U {@arget}
where each Z; is a possibly unbounded zone. We strengthen
this result by using bounded zones only.
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Fig. 1: Complexity landscape of LTL model checking for
MMS. An edge from X to Y indicates that any formula from
LTLg(X) is equivalent to some formula from LTLg(Y"). Each
expression “X = Y stands for X > Y, i.e., an edge from
X to Y and an edge from Y to X. Node {U, ...} stands for
any LTL fragment that contains U.

Further related work: MMS are related to hybrid au-
tomata [[13]]. Contrary to MMS, however, the latter allow for a
finite control structure, and modes of non-constant rates. Their
immense modelling power leads to the undecidability of most
problems, including reachability, i.e. formulas of the form
F{:Btarge[}. Yet, some researchers have investigated decision
procedures for temporal specification languages such as signal
temporal logic (e.g., see [[14]).

Timed automata [[15] form another related type of hybrid
system. In this model, all variables (known as clocks) increase
at the same constant rate, as opposed to the case of MMS.
On the other hand, timed automata are equipped with a finite
control structure, which is not the case of MMS.

Bounded-rate multi-mode systems generalize MMS [16],
[17]. In this model, the mode-dependent rates are given as
bounded convex polytopes. The setting can be seen as a two-
player game. Player 1 chooses a mode and a duration, and
Player 2 chooses the rates from the set for that mode. The
system evolves according to the rates chosen by Player 2. In
this context, “schedulability” is a strategy for Player 1 that
never leaves the safety zone, no matter the choices of Player 2.

Small fragments of classical LTL have been investigated in
the literature, e.g. see [18| Table 1]. In particular, LTL({F, G,
A,V,—}) has been studied in [LI]], [I9] under the names



L(F) and (F,G), and LTL({F, A}) has been studied in [20]
under the name LTL, (0, A). The authors of [20] show that
a fragment, called LTLPE and which is incomparable to
LTL({F, G, A}), admits partially-ordered deterministic Biichi
automata of exponential size and linear width. To the best of
our knowledge, there is no work dedicated to LTL({F, G, A}),
and in particular to its translation into automata of linear width.

Organization: In Section [l we introduce basic defini-
tions, MMS and LTL. We further relate LTL over MMS with
classical LTL over infinite words. In Section [[TII, we show that
any formula from classical LTL({F, G, A}) translates into a
specific type of w-automaton, which amounts to a disjunction
of so-called linear LTL formulas. In Section [Vl we show
that linear LTL formulas over MMS can be model-checked in
polynomial time. From this, we establish the P-completeness
of some syntactic fragments. In Section [Vl and Section [VI] we
respectively prove the NP-completeness and undecidability of
the other fragments. We conclude in Section[VIIl Due to space
limitation, many proofs are deferred to the full version which
is freely available on arXiv.

II. PRELIMINARIES

We write N to denote {0, 1, ...}, Z to denote the integers,
and R to denote the reals. We use subscripts to restrict these
sets, e.g. Ryg == {z € R: z > 0}. We write [a, 8] == {z €
R:a<z<pB}and [a.b] = {i € N:a <i<b}. We also
use (semi-)open intervals, e.g. (1,2] = [1,2]\ {1}.

Let I be a set of indices and let X C RY. We write e; € R
for the vector with e; (i) = 1 and e;(j) = 0 for all j # 4, and
0 to denote the vector such that 0(i) = 0 for all 4 € I. Let
|||l == max{|x(i)|: i € I} and || X|| == sup{||z| : x € X}.
We say that X is convex if A+ (1—X\)y € X forall X € [0, 1]
and z,y € X, and bounded if || X|| < b for some b € R>.

We write 2% for the powerset of 3. Given a nonempty finite
sequence w, let w* = ww---. Let ¥* = {wowy -+ : w; €
3} be the set of infinite sequences with elements from X.

A. Constant-rate multi-mode systems

A d-dimensional constant-rate multi-mode system (MMS),
with d € N34, is a finite set M C R? whose elements are
called modes. A schedule is a (finite or infinite) sequence
7= (a1, mq)(az, mg) - - -, where each (a;, m;) € RsgXx M.
To ease the notation, we often write, e.g., m %m’ rather than
(1,m)(1/2,m’). Given X € R+, we define the schedule Ax
as m with each «; replaced by Aw;. The size of 7, denoted |7|,
is its number of pairs. The effect of mis A, = El a;m;. The
support of 7 is supp(w) := {mq, mo,...}. Let time,, (7) =
Y iim,—m i and time(m) = Y7 ), timem, (7). We say that
an infinite schedule 7 is non-Zeno if time(mw) = co. The Parikh
image of a finite schedule  is denoted # € RY | i.e. w(m) ==
timey, (). We say that two finite schedules are equivalent,
denoted with =, if they are equal after merging consecutive
equal modes, i.e. using the rule w(a, m)(8, m)n’ = 7(a +
B, m)r’. Let w[r..7'] be the schedule obtained from  starting
where time 7 has elapsed, and ending where time 7’ has
elapsed; e.g., for 7 = (2,m1)(0.5,m2)(1, m3)¥, we have

Fig. 2: An execution o is depicted as a directed path. Three
bounded zones X, Y, Z are depicted as filled colored polygons.
A trace is obtained from o from the marked points.

m[0..1] = (1,mq), 7[0.5..2.25] =
m[3..] = (0.5, m3)(1, m3)“.

An execution is a (finite or infinite) sequence o = xolpx;
Lixy--- where g, x1,... € R¢, Iy, I1,... € R>g are closed
intervals with distinct endpoints, min Iy = 0, and min[; =
max [;_y for all j € Nyg. Let domo := IoUI; U---. For
every 7 € domo, with 7 € I;, let

(1.5, ml)(0.25, mg) and

T — min I}

o(r) =m; + (T —x)).

max [; — min I}

We define o|7..7'], where [7,7'] C dom o, as the execution ¢’
that satisfies o’(a) = o(7 + «) for every o € [0, 7" — 7].

A schedule 71 = (a3, m1)(a2, ms)---, together with a
point &, gives rise to an execution exec(m, ) = xolpxy - -
where Iy == [0, 1], I; = [maxI;_1,max ;1 + o;4+1] and

;= xj_1 + a;m;. We use the notation  —" y to denote
the fact that 7 is a schedule that, from «, gives rise to an
execution ending in y. If we only care about the existence of
such a schedule, we may write © —* g, or write x —T y to
denote that there is such a nonempty schedule. We sometimes
omit either of the two endpoints if its value is irrelevant, e.g.
x —7 stands for ¢ =™ & + A,. Given a set Z C R%, we
write * —7, to denote that the execution never leaves Z, i.e.
o(t) € Z for all 7 € domo, where o = exec(m,x). We
extend this notation to any set of sets X', requiring that, for
all 7 € dom o, there exists Z € X such that o(7) € Z.

Example 1: Let M = {(0,1),(1,0),(1,1),(—=1,1)}. Let
schedule. The execution o = exec(w,(1,1)) is depicted in

Figure 2] as a directed path, with distinct styles to distinguish
the modes (ignore the circular marks and colored polygons):

(1,1) 10,0 }(1515)[) 1(2,1.5)[1,1.5](2:5,2)
2 2, 3]

[1.5,2](3,2) [2,3](2,3) 3, 4] (2,4) - -~ O

B. A linear temporal logic for MMS

A zone Z C R? is a convex polytope represented as the
intersection of finitely many closed half-spaces, i.e. Z = {x €
R?: Az < b} for some A € Z**< and b € ZF.



Linear temporal logic (LTL), over a finite set of zones AP,
has the following syntax:

pu=true | Z | ~p|oAp|oVeo|Fo|Gp|epUop,

where Z € AP. Let LTL(X) denote the set of LTL formulas
(syntactically) using only the operators from X . For example,
LTL({F, G, A}) describes the LTL formulas using only oper-
ators F, G and A. We write LTLy to indicate that all zones
from AP must be bounded. We say that an LTL formula is
negation-free if it contains no occurrence of —.

We define the semantics over infinite executions:

0,7 |E true <= true,

o,TEZ <~ o(1) € Z,

o, 7 E g = (0,7 E ),

o, TEeANY = (0, TE@) Ao, T E ),
o TEeVY = (0,1 EQ)V(oTEY),
o,7 = Fp — I’ >71:0,7 E o,

o, 7 E Gy = V' >7i07 Ep,

o TEeUY = I >7:(0,7 E¢)

AT e, ) o7 ).

We write o = ¢ iff 0,0 = . We say that two formulas are
equivalent, denoted ¢ = ¢/, if they are satisfied by the same
executions. In particular, Fy) = true U ¢ and Gy = —F—).

Let M be an MMS and let z € R?. We say that « =y @ iff
M has a non-Zeno infinite schedule 7 such that exec(7, x) =
. The model-checking problem of a fragment LTL(X) asks,
given M, x and ¢ € LTL(X), whether x =3/ .

Example 2: Recall the MMS M and the schedule m from
Examplelll Let X, Y and Z be the bounded zones colored in
Figure 2 e.g. X == {(x,y) € R?: 0.5 <2 < 15,05 <y <
1.5}. We have (1,1) Em X AF((Y A=Z) ANFZ). O

C. Connection with classical LTL

Classical linear temporal logic (LTL) (without temporal
operator X) has the same syntax as the logic from Section [I-Bl
but is interpreted over infinite words w € (247):

w,i = true, <= true,

w,iEa <~ a€w(),

wikE—p = o(wiEY),
w,i'ch/\(pl — (w,i):gp)/\(wj':go'%
wikEeVe = (wiFe)V(wiEFy),
w,i = Fo — Jji>i:w,jE e,

w,i | Ge = Vi>iiw,jE e,
wiEFeUy = Fj>i:(v,jEF¢)

ANWVEk€fij—1]:w,kE o).

We write w = ¢ iff w,0 = ¢. Observe that w, i = ¢ holds
iff wli..] E o, where w[i..] = w(@)w( + 1)---. We write
p = ¢ if ¢ and ¢’ are satisfied by the same infinite words.
In order to relate LTL over executions with LTL over infinite

words, we introduce the notion of traces. Informally, a trace
captures the zone changes within an execution.

Let x4p: R? — AP be the function that yields the set of
zones a given point lies in: xap(x) = {Z € AP : x € Z}.
Let o be an execution. We say that word w is a trace of o if
there exist 79 < 71 < --- € R>¢ such that

e domo = [r9, 7] U [r1, 2] U---,

e w(i) =xap(o(r)) for every i € N, and

o for every i € N, there exists j € {4,4 + 1} such that:

xap(o(t")) = xap(o(r;)) for all 7/ € (73, Ti11).

Example 3: Recall execution o from Example [l The word
w = {XHXIWYHYHY,Z}HY, Z}{Z}00- - - is a trace of
o. As depicted with circular marks in Figure [ it is obtained
from 79 = 0,71 = 0.5, = 1,73 = 1.5,74 := 2,75 =
2.5, 7¢ := 2.75, 77 := 3,73 := 3.5 and so on. 0

With a bit of care, it is possible to prove that any execution
admits a trace. Moreover, in the absence of negations, model-
checking an execution amounts to model-checking any of its
traces under the classical LTL semantics. Thus, equivalences
of negation-free classical LTL also hold under the semantics
over executions.

Proposition 1: Any execution ¢ has a trace.

Proposition 2: Let o be an execution with domo = R,
let w be a trace of o, and let ¢ be a negation-free LTL formula.
It is the case that o = ¢ iff w | .

III. FrRoM LTL({F, G, A}) TO LINEAR LTL

This section deals with classical LTL formulas interpreted
over infinite words. We show that any formula from LTL({F,
G, A}) corresponds to an automaton of a certain shape, which
amounts to what we call linear LTL formulas.

A. From LTL({F, G, A}) to flat formulas

We say that a formula is pseudo-atomic if it is a conjunction
of atomic propositions. By convention, an empty conjunction
amounts to true. An LTL formula ¢ is flat if it has this form:

b AGY' A N\ GFg A\ Fo,
el jeJ

where 1, ¢’ and ¢ are pseudo-atomic; and ¢, is flat.
Given a formula ¢ € LTL({F, G, A}) of this form:

p=19 A \Gpi A )\ Fes,

i€l jeJ

we define these mappings:

flatg(p) = G A /\ flatg (i) A /\ Bater(;),

i€l jeJ
flatgr () == GFy A\ flateg (o) A /\ flater(e;),
i€l JjeJ
flatra() = FGy A\ flatra (@) A /\ Bater (o)),
il jeJ
flat(p) = A J\ flata(p:) A\ Fflat(e;).
i€l JjeJ



As its name suggests, it follows by induction that formula
flat(y) is flat. Moreover, the following holds.
Proposition 3: Tt is the case that flat(¢) = ¢.

B. From flat formulas to almost acyclic automata

We say that an automaton is almost acyclic if, for every pair
of states ¢ # r, it is the case that ¢ —* r implies r 4% ¢,
i.e. cycles must be self-loops. The width of an almost acyclic
automaton is the maximal length among its simple paths.

We will prove that any formula ¢ € LTL({F, G, A}) can be
translated into an almost acyclic automaton .A,, of linear width
in the size of ¢, and such that A, accepts w iff w = . We
will formally define the acceptance condition later on, but for
readers familiar with w-automata: A, will be a generalized
Biichi automaton with accepting transitions.

In order to define A, we first provide intermediate defini-
tions. Let 4: LTL({F, G, A}) — 2FTLAR.G.AD be defined by
U(true) == {true}, h(a) = {a}, MGy) = {Gyp},

U(pr A p2) = {1 Aa 2 h1 € Wp1), Y2 € U(p2)},
U(Fp) = {Fp} Ul(p).

Example 4: The set U(Ga A F(b A FGc)) is equal to
{Ga AF(bAFGe),Ga AbAFGe,GaAbAGe}. O

Given A C AP, let prop(/\,c 4 @) = A. Given A C AP and
a flat formula ¢ = ¢ A Gy’ A A;c; GFY) AN Fepj let

G’ A J\ GFoi A )\ Fg; if prop(v A4Y) € 4,
iel jeJ
false

plA] =
otherwise.

Given ¢ € LTL({F, G, A}), the automaton A, = (Q,%, —,
qo) is defined respectively by the following states, alphabet,
transitions and initial state:

Q = {¢ e LTL{F,G,A}) : ¢ is flat},

¥ = 247

— = {(, A, ") : W e U(W) s.t. " = "[A] # false},
qo0 = flat(¢p).

Example 5: Let ¢ := a AFb, which is flat. We have $l(p) =
{a A Fb,a A b}. The automaton A, is depicted at the top of
Figure Bl Note that w }= ¢ iff there is an infinite path from
the initial state, labeled with w, that visits true.

Let ¢’ = GF(a A Ge) A Fb. We have flat(¢’) = GFa A
FGe A Fb. Hence, U(flat(¢')) is equal to

{GFaAFGenFb, GFaAFGenb, GFanGeAFb, GFaAGeAb}.

The automaton A is depicted at the bottom of Figure 3l Let
q = GFa A Ge. Note that w |= ¢ iff there is an infinite
path from the initial state, labeled with w, that visits the set
of transitions {(q, 4,q) : A D {a, c}} infinitely often. O

=

10
A
AFb ol ‘/S\ 10, t T
a /u lrue

.Ap/ .

GFa A FGe A Fb

T{a.t}

1{b}

10

e} GFa A Ge A Fb

b, ¢}

Fig. 3: Automata for ¢ = a AFb (top) and ¢’ = GF(aAGc) A
Fb (bottom). Each 1 A stands for {A’ C AP : A’ D A}.

1) Shape of automaton A,: We first seek to prove that A,
is almost acyclic. For every ¢ € LTL({F, G, A}), let |true| =
la] =1, [p1 A @a| = |p1] + 1 + |2 and [Gy| = [Fe| =
1 4 |¢|. Moreover, let |truelr = |a|lr = |Gplr == 0, |p1 A
¢2|F = |¢1lF + [p2|r and [Folr := 1 + [¢|r. The properties
below follow by induction.

Proposition 4: Let ¢ € LTL({F, G, A}). This holds:

1) if ¢ is flat, then |@|r > |¢'|f for all ¢’ € U(p) \ {¢},

2) if ¢ is flat, then |p|p > |@[A]|g for all A C AP,
3) lel = [fat(o)]F.

This proposition follows from Proposition (4

Proposition 5: Let rq AL 542 L A o pe a
simple path of A,. It is the case that |ri|p > --- > |ry|F.

Proposition 6: Let ¢ € LTL({F, G, A}). Automaton A, is
almost acyclic and its width belongs to O(|¢]).

Proof: Let us first prove almost acyclicity. For the sake
of contradiction, suppose that .4, has a simple cycle ¢ —*
r —Y g where ¢ # r. Since ¢ —* 7, it follows from Items [
and [2] of Proposition M that |¢|r > |r|f. Since ¢ # r, we have
|u] > 1 and |v| > 1. Thus, Proposition [ yields |r|r > |q|F,
which is a contradiction.

Let us now bound the width n of A,. Let go =41 q1 —42
... =47 ¢, be a simple path of A,. We have

A

n <|qlr+1 (by Proposition [3))
< lqolr +1 (by Items [T and 2] of Proposition @)
= [flat(¢)|r + 1 (by def. of go)
<lel+1 (by Item [3] of Proposition [4). O]

2) Language of A,: Let us define the acceptance condition
of automaton A,. Let F := {qg € Q : g0 = ¢/Al|g|r = 0}. By
definition, each state g € F' is of the form Gy A A\, ; GFy.
Given such a state g, we define

Ty ={(q,A,q) € = : prop(¢}) C A}.

We say that word w € (24F)“ is accepted by A, denoted
w € L(Ay), iff there exist ¢ € F' and an infinite path from go
that visits ¢ and, for each j € J, the set T, ; infinitely often.
In the remainder, we prove that w € L(A,) iff w |= ¢.

JjeJ



Lemma 1: Let ¢ € LTL({F, G, A}) be a flat formula. These
two properties are equivalent to w = ¢:
1) there exists ¢’ such that ¢ =) " and w[l..] = ¢';
2) there exist i € N and ¢ such that ¢ —@(©)w(i-1) o
|¢'[F =0 and wli..] = ¢'.
Proposition 7: Let ¢ € LTL({F, G, A}). It is the case that
w = ¢ iff w € L(Ap).
Proof: =) By Lemma[I(2), there are k¥ € N and ¢’ with

flat(ip) = @D o || = 0 and wik.] = .
As |¢'|F = 0, we have (') = {¢'}. So, Lemmal[I1) yields
(pl _>w(k) </7/ _>w(k+1) (,0/ _>w(k+2) .

As ¢’ € F, it has the form Gy A A\ ; GF#}. In particular,
this means that wik..] = Ajc; GFw Recall that Ty =
{(¢', A, ¢") € — : prop(¢] ) C A} So for each j € J, the
set T,s ; is visited 1nﬁn1te1y often.

<) By w € L(A,), there exist ¢ € F' and k € N such that

* q_Gd}/\/\ e]GFd}]’

e o =P O w) o ang

« some infinite path ¢ —wlk-] yisits, for each j € J, the

set T}, ; infinitely often.

Recall that T, ; = {(q, A,q) € — : prop(y;) C A}. Since
q —F1 visits each T, ; infinitely often, we have w[k..] |=
N;e; GFY%. By U(q) = {q} and by definition of —, we have
w[yk] E Gv. So, wlk..] = ¢. By repeated applications of
Lemma [I(1), this implies w = g0 = flat(p) = ¢. O

C. From almost acyclic automata to linear LTL

In this subsection, we show that almost acyclic automata
are equivalent to finite sets of so-called linear LTL formulas,
with the goal of showing that LTLg({F, G, A}) belongs to NP
in the forthcoming Section [V=Al

For every A C AP, let 1A= {A' C AP : A’ O A}. We
say that X C 247 is simple if X = 1 A for some A C AP.

Example 6: Consider the bottom automaton of Figure B
Its infinite paths are captured by these three expressions:

« 10" {0} 107 t{c} T{c}",

o 10" 1t{b,c} 1M{c}”,

o 107 t{c} t{c}” t{b,c} t{c}",
which respectively amount to these LTL formulas:

o true U (b A (true U (c A Ge))),

o true U ((b A c) A Ge),

o true U (cA (c U ((bAc) AGe))).

Taking into account the acceptance condition of the automaton
on its bottom-right transition, we obtain these LTL formulas:

o true U (b A (true U (¢ A (Ge A GFa)))),

o true U ((bAc) A (Ge A GFa)),

o true U (cA (cU ((bAc)A(GeAnGFa)))). O

For every q,7 € Q, let X,, = {AC AP :q =4 r}. In
general, the paths of .4, can always be captured in the fashion
of Example [6] due to the following structure of A.

Proposition 8: Let q,r € Q. It is the case that

1) X, is either empty or simple,

2) if Xy, # 0, then X, # 0,

3) if Xgq# 0, then X, D X, .
Moreover, given 6 € U(q) and A C AP such that r = 0[A4],
the representation of X ;. can be obtained in polynomial time.

A linear path scheme (LPS) of A, is a simple path 79 —
71— +++ — 1, of A, such thatr, € F. A word w € (24F)
is accepted by such an LPS S, denoted w € L(S), iff A, has
an accepting path starting in ¢ and visiting r1, .. ., 7, (possi-
bly many times). For example, the LPS (aAFb) — Fb — true,
from the top of Figure 3] accepts w := {a} #{a} {b} (0{a})*.

We say that an LTL formula is linear if it can be derived
from % in this grammar:

b= AN [
' = BU (B AY') | (GCh) A

n

/\ GFCi,

i=1

where A,B,B’,Cy,...,C,, € AP, 1B D 1B/, and each
subset D stands for formula A ;. , d. We prove that any LPS
is equivalent to a linear formula.
Proposition 9: Given an LPS S of A, one can construct, in
polynomial time, a linear formula ¢ s.t. w € L(S) iff w = 4.
Proof: Let rg = r1 = -+ = r,, € I be the simple path
given by S. We inductively construct a formula derived from
' if X, ry # 0, and from ¢ otherwise.
If n = 0, then we have rg = r,. As g € F, it is of the form
ro = Gp A N\ ; GF). Recall that T, ; == {(ro, A,710) €
— : A € Tprop(¢))}. Note that X, ., # 0 as prop(y) €

Xr.r0- SO, by Proposition [§] it is the case that X, ,, = 1Co

for some Cy C AP. Let ¢/ := GCy A /\jeJGFCj, where

C; = prop(¢)}). By definition, w € L(S) iff w |= 1.
Assume n > 0. Let S’ be the LPS 7y — --- = 1, € F.

By Proposition [§] since X, ., # 0, we have X, ., # (. By
induction hypothesis, there is a linear formula v’ such that
w € L(S") iff w = 1'. By Proposition[8] there exists B C AP
such that X, ,, = 1 B.If X, ,,, = 0, then we set 1) :== BAY.
Otherwise, by Proposition [8] there exists A C AP such that
Xroro = TA DO 1B. Thus, we set ¢ := AU (BAv'). B

definition of acceptance, w € L(S) iff w |= . O

IV. P-COMPLETE FRAGMENTS

Let goals(A A ¢) = goals(p), goals(B U (B’ A ¢)) =
goals(i), and goals((GCp) A A, GFC;) == {C1,...,Cp}.
We say that a linear LTL formula ¢, interpreted over execu-
tions, is semi-bounded if each zone of goals(p) is bounded.
We will establish the following theorem by translating linear
LTL formulas into a polynomial-time logic introduced in [12].

Theorem 1: The model-checking problem for semi-bounded
linear LTL formulas is in P.

Before proving the above theorem, we use it to prove the
previously announced P-completeness results.

Theorem 2: The model-checking problem is in P for these
fragments: LTLg({F, G, —}), LTL({F, V}) and LTL({G, A}).

Proof: Consider a formula from LTLg({F, G, —}). Note
that =Fp = G-y and ——¢ = ¢. Thus, negations can be
pushed inwards. Afterwards, we can simplify using FGFp =



GFy and GFGy = FG. If the resulting formula is negation-
free, then it is of the form FZ, GZ, GFZ or FGZ. These
are all linear as FZ = R? U Z and FGZ = R4 U (G2).
Thus, we are done by Theorem [Tl If the resulting formula has
a negation, then there are four forms to consider: (1) F—-Z,
(2) G—Z, (3) GF—Z and (4) FG—Z. These are easy to handle:
e Wehave x =y F-Z iffx =y GF-Z iff x =) FG-Z
iff € € Z or there is a mode m € M such that m # 0.
o We have « =)y G—Z iff & ¢ Z and there exists a mode
m € M such that for all @ € Ryg: ¢ +am ¢ Z.

Since FFp = Fy and F(p V) = (Fp)V (Fv), any formula
from LTL({F, V}) can be turned into a disjunction of atomic
propositions and formulas from LTL({F}). So, it suffices to
check each disjunct in polynomial time.

As GGy = Gy and (Gy) A (GY) = G(p A ¢), we can
transform formulas from LTL({G, A}) into the form ¢ A G¢)’,
where 1), ¢’ are pseudo-atomic. The latter is linear, and hence
can be model-checked in polynomial time. O

Theorem 3: The model-checking problem is P-hard for both
LTLg({F}) and LTLg({G}).

Proof: Tt follows by simple reductions from feasibility of
linear programs and the monotone circuit-value problem. [J

A. A polynomial-time first-order logic

We recall a first-order logic over the reals introduced
in [12]]. It allows for conjunctions of convex semi-linear Horn
formulas, i.e. formulas of this form:

Za(i)-w(i)wc\/\/ /\ xz(j) >0,

i=1 iel jeJ;

where a € Z%, c € Z,~ € {<,<,=,>,>},and I and each J;
is a finite set of indices. The problem of determining, given a
formula ¢ from this logic, whether there exists = & R‘io such
that ¢(z) holds, can be solved in polynomial time [12].

This result extends easily to solutions where x(j) € R is
allowed, provided that «(j) is never used in disjuncts. Indeed,
it suffices to introduce two variables y, 2 € R>q and replace
each occurrence of x(j) with y — z.

Given (i), (j) € R>p, we will use (i) > 0 — x(j) > 0
as short for (i) = 0V x(j) > 0.

B. Expressing —7 in first-order logic

We first seek to build a formula ¢z from the aforementioned
logic such that ¢z (2, A, y) holds iff there is a finite schedule 7
with © =7 y and 7w = A. Let us fix zone Z and modes M =
{my,...,m,}. We take inspiration from the characterization
of continuous Petri nets reachability of [[10, Thm. 20], which
is equivalent to finding a Parikh image that (1) admits the right
effect, (2) is forward fireable, and (3) is backward fireable. The
forthcoming Proposition [13| similarly characterizes T —7 y.

Proposition 10: Let € —7 y. There exist 7, and 7, such
that z =757, —7’ y, supp(m;) = supp(m,) = supp(m) and
el = Iy] = [supp(m)l

Lemma 2: Let p(a, m)p’ be a schedule. This holds:

p(5.m)50' (§,m)

/
(@12 then x = ,

. If$—>%

(§.m)50'(§,m)p

o If 0™ g then Y y.

Proposition 11: Let x —7 y. There exist § € N>, =7
yz and xz —7% y such that |x| = |7'| = |7”|, supp(n) =
supp(n’) = supp(7”), and, for every m € supp(w), it is the
case that 2z —/P™ and =0/ 4y,

Proposition 12: Letx —™ y, k := [r| and 8 € N> be such
that =3/ and =0/ 4 hold for all i € [1.k]. It
is the case that & —7 vy, where /== ((1/(8k))7)"*.

Proposition 13: It is the case that © —7 y iff there exist
7', Thwd; Towa With

o supp(m’) = supp(mva) = supp(mowa) = supp(m),

e x =" y, x—" and =M y.

Proof: =) It suffices to take 7’ = Twq = Tpwa = 7.
<) Let 8 and the following be given by Proposition [ITk
T —>7gw“ Tz and yz —>}‘§W“ Y.
Let v € N> be sufficiently large so that =/ > %(Tr;wd—l-ﬂéwd).
Such a v exists as supp(mf,q) = supp(m,q) = supp(n’). Let
7" be any schedule with 7”7 =’/ — %(ﬂ{wd + 7l ,q)- We have

x —ﬁﬂr/w" z, ="yl —ﬁﬂgwa
z z z 7z
So, by invoking Proposition [[2 with 8-~ - [time(7”)] € N>1,
we obtain 7 with z =7 y. 0
We may now conclude this subsection by building a suitable
first-order formula. First, we define

0z(x,s,y) = Hzij € Z}icn.n),jeo.n]
HNij € Rxotijefin
Ja e Ry : (= 210) Ay = 2nn) A

A N\ (zii=zijoa+ N my) A

i€[l..n] je[1..n]

/\ (zi0 = Zi—1n) A

i€[2..n]

/\ (a(j) = Z)\i,j) A
JE[1..n] i€[l..n]

N (s(G) >0 a(j) >0).
JE[1..n]

Let Yz (wa Au y) = 1/’(5137 A? y)/\wfwd (wa A)/\’(/Jljwcl(Au y) where

Ywa(, 8) == Fx' € R : 07(x, s, 2),
Yowa(s,y) =3y € R 02(y',5,y).

Proposition 14: 1t is the case that ¢z (x, A, y) holds iff
x —7 y for some finite schedule 7 such that = = A.

Proof: First note that formula 6z (u,s,v) guesses a
schedule of size at most n? from w to v that remains within Z
using precisely the modes from {m, : j € [1..n], s(j) > 0}.
The reason 0 uses a schedule of size n2, rather than n, is to
guess the order in which modes are first used.



=) Suppose that ¢ (z, X, Y) AVswa (€, A) Ahpwa (A, y) holds.
Let 7T/ = H?:l A(Z)mu

n n n n
— fwd — bwd
Tfwd “— H H )‘i,j m; and Towd = H H )‘i,j m;,

i=1j=1 i=1j=1

with the convention that 0-m; stands for the empty schedule.
We clearly have x - y. By the above observation on 6,
we further have ¢ —™ and —™¢ y. Moreover, supp(n’) =
supp(7ewa) = supp(mpwa) = A. By Proposition we obtain
x —7 y for some 7 with ™ = A

<) Let £ =7 y and X := m. By Proposition there are
7, and 7, such thatx =757 , —7" y, supp(r,) = supp(m,) =
supp(r) and |7, | = |m,| = |supp(w)|. Thus, we can use 7, 7,
and 7, to satisfy ¥ (z, A, y), ¥ra(z, A) and Ypwa(A,y). O

C. Expressing GZ N GFX N GFY in first-order logic

In this subsection, we build a formula gz rgrxAGFy from
the logic of Section such that = GZAGFX AGFY

iff vgzrGExAGFY () holds. Let us fix an MMS M.
Proposition 15: Let Z be a zone, let m be a schedule, let
x, ',y € Z and let § € (0,1]. Let z := Bz + (1 — )y and
2 == Bz’ + (1 — B)y. If & =75 a’ holds, then z —5" 2.
Proposition 16: Let X,Y,Z be zones where at least one
of the three zones is bounded. Let z =y GZ AGFX AGFY.
There exist ¢y € X N Z, yy € Y N Z and finite schedules
7,7 such that z —=* 2 =" y; =7 x; and |7 + 7’| > 1.
Proof: Let X' :== XNZ and Y’ := YNZ. By assumption,
there exist xg, z1,... € X' and yo,¥y1,... € Y’ such that

’ ’

* o To 1 ™
Z—=7%0 7y Yo~y X1y Y1~y ",

and ||m; + w}| > 1 for all ¢ € N. Note that the latter follows
from non-Zenoness.

Let A1£ < b; and Ax€ < by be the systems of inequalities
that respectively represent zones X’ and Y’. We define M as
the matrix such that each column is a mode from M. Let S
denote the following system:

Juq,uz,uz > 0:

AlM 0 0 bl — A1Z
AQM A2M 0 u1 b2 — AQZ
0 M M us < 0
0 -M -M us 0
o —17 —17 -1

Observe that S is equivalent to the existence of x; € X', yy €
Y’ and 7, 7’ such that

z—= @y ="y =" xyand |7+ 7| > 1.

For the sake of contradiction, suppose that S has no solution.
By Farkas’ lemma, the following system &’ has a solution:

Jvy, vy € Réo,'vg S Rd,’U4 S RZO :

M7AT MTAT o0 o0 Z;
0 MTAT MT -1 o] =0
0 o MT -—1||°?
_U4
o]
[(bl—Alz)T (bg—Agz)T —1} vy | < 0.
_U4_

Using the above, we will construct linear functions g and h
such that lim; o g(x;) = lim;_, o h(y;) = oo. Since either
X’ or Y’ is bounded, this yields a contradiction. We make a
case distinction on the value of vy.

Case vy > 0. We have vIM > 1Tv, > 0. Let g(=;) =
vl (x; — xo) and h(y;) = v1 (y; — yo). For every i > 1,
g(xi) = vs (i — @0)
=i (€1 — o) + v (2 — 1)
= g(®i—1) + vy M(mi—1 +m]_y)
> g(xim1) +val® (mim1 +mi_y)
2 g(®i—1) +v4 (by |71 +mi_q[| > D).

By the above, we conclude that lim;_, o, g(x;) = co. The proof
for function A is symmetric.

Case v, = 0. In this case, S’ amounts to:

vl AIM + v A;M > 07 D

v3 AoM +viM > 0” (2)

viM > 07 3)

’U,lr(bl — Alz) + Ug(bg — A.QZ) < 0. (4)

Let A == —(v'(by1 — A12) +v] (b — Asz)). By @), we have
A > 0. Let

fl@y) = — (o] Ai(z — 2) +v3 Aoy — 2)) +
v3 As(y — @) + 3 (y — ),
flz,y) = o5 (y — ).

Using (@) and @), it can be shown that f(x,y) > A. From
this, we can conclude. Let g(x;) = f(xo, ;) and h(y;) =
f(xo,y;) for all i € N. For all i > 1, we have

f(xo, i)

= v3 (yi — 20)
vy (Y — i) + (@ — yi1) + (Yim1 — 20))
= vg,T(yz —x;) + v?(mz —Yi—1) + ’Ug(yifl —xo)
f(@i,yi) +v3 My + f(o, yi1)
xo, Yi—1) + f(xi, i)
xo, Yi—1) + .

> f( (by @)
> f(

By the above, we have lim;_,, h(y;) = cc.



Similarly, for every ¢ > 1, we have

f(@o, ) = o, yim1) +v3 (Ti — Yi—1) = f(x0, Yiz1),

which implies g(x;) > h(y;—1). So, lim;_, g(x;) = co. O
We now seek to show the following proposition.
Proposition 17: Let X, Y and Z be zones. Let 2,2’ € Z,

xo,x',xy € X NZ and yo,yy € Y N Z be such that

o 205 2 =T 1y =L yo = @,

o ' =P Ty _>p' Yr —)p” xf,

» supp(p) = supp(m) = supp(w’) = supp(7”’),

» supp(p’) Usupp(p”) C supp(p) and [|p" + p”|| = 1.

It is the case that z = GZ A GFX A GFY.

To prove the above proposition, we build a schedule from
the given schedules. By assumption, there exists a sufficiently
small € € Ry suchthat p > e-(w+7’). Let A\:==1—(1/(1+
€)). For every n € N>, let

A, — Aﬂ'ﬂ”
Lp = Yn-1 + )\n—l (Aﬂ" + L ‘ )

1+e€
+ (1 - )\nil)AP”a
Yn =Ty + N"Ar+ (1 - A")A,.
Proposition 18: For every n € N, it is the case that ¢, =
Ao+ (1 — M)y and y, = A"yo + (1 — A\")yy.
The following proposition proves Proposition
Proposition 19: 1t is the case that (1) =, —7 ¥, and
(2) yn =% Tp4 forall n € N.
Proof: (1) Recall that £y —7, yo and xy € Z. Therefore,
by Propositions [T3] and [T8] we have
T, = (N'zo+ (1 — X\M)xy)
=37 (Vo + (L= AMzyp). (5)
Similarly, by Propositions [T3] and [T8] we have
(Ao + (1 — A")yy)
=y (W'yo + (1= A"ys) =y (6)

By definition, we have

Yn =T +A"AL+ (1 - A")A,. @)
Altogether, Q)—() yield
AT (1=A")p’ A"

T, — Yn, Tp, =7 " and —>} T Yn.

As supp(p’) C supp(7), we have supp(A"m) = supp(A"m (1 —
A™)p"). So, by Proposition we conclude that x,, =% yn.

(2) By Propositions [13] and we have
Yo = Nyo + (1= AVyp =3 ™ (A& + (1 - A")yy). (8)
Similarly, by Propositions [T3] and [T8] we have

)\n+1ﬂ,//

(A2 (1= A"z ) = Tl )

Let 7, be any finite schedule such that 7, = p — e(mw + ©’).
We have

A" (A (14€))mp (1= A"

Yn — 7 i1 (10)

By (@)-(I0), supp(p”) < supp(p) = supp(m) = supp(n’) =
supp(7”") and Proposition we obtain y, =% ©py1. [

We may now conclude this subsection by building a suitable
first-order formula. Let £ —7 y be a shorthand for formula
vz(x, A, y) from Section [V-B] and let x —% y stand for
IA>0:xz =3 y. Let M = {my,...,m,}. We define

$GZAGFXAGFY (2) by
32’ € Z;xo, &' 2 € XN Z5yo,yr €Y NZ;
w7 p,p'p" >0:

1" !’
z =52 =% xo =%y —% ' A

Y

' =P xy —° Y5 —r" s A (12)

AN A D W6 +e0G) =1,

JE[L..n] JE[l..n]
where

0; = (m(j) > 0 ¢ 7' (j) > 0 6 7" (j) > 0 ¢ p(j) > 0)

A (PG) > 0= pG) > 0) A (P (G) > 0= p(7) > 0).

Proposition 20: Tt is the case that z =)y GZAGFX AGFY
iff pazrGFxAGFY (%) holds.

Proof: <) It follows directly from Proposition since
(7 is the same statement written in logic.

=) Let m be a non-Zeno infinite schedule such that o =
exec(m, z) = GZAGFX AGFY. Let M’ be the set of modes
used infinitely often in 7. From 2z, we can move along o to
a point 2’ from which only modes of M’ are used. We can
further go to a point &y € X N Z where all modes of M’ are
used from 2z’ to xg. Similarly, we can use all modes of M’
from xg to some yg € Y N Z, and likewise from yy to some
' € X N Z. The resulting sequence satisfies (II).

Note that GZ A GFX A GFY is satisfied from =’ in M'.
So, we can invoke Proposition [T6] to satisfy (I2). We are done
since supp(w’’) = supp(m) = supp(w’) = supp(p) = M’,
supp(p’) C M’ and supp(p”’) C M. O

D. Expressing GZ in first-order logic

Let us now handle the special case n = 0 of the previous
subsection. We claim that z =5 GZ iff pgz(z) holds, where

(pGZ(Z) =32' € Z,Tl',ﬂ'l >0:z _>g Az _>7'r/ N
Az <Az AN\ () >0 w(j) > 0) A
JE[1..m]

> o) =1

JEl..n]

A simpler proof to the one of Proposition [16] yields:

Proposition 21: If z =) GZ, then there exist 7 and 2’
such that z —»7™ 2/, A2’ < Az and ||«|| > 1.

Proposition 22: Let z,2’ € Z and p be a finite schedule.
If z =7 and Az’ < Az then 2’ —7,.

Proposition 23: Tt is the case that z =3 GZ iff pgz(2).

Proof: <) Let 7 be the schedule such that z —7 . By

Proposition [[1l we obtain some € N>; and z —%, zy with
20 —>(Zl/’8)m for every m € supp(w). Let ©’ be the schedule
such that z =™ 2/,



Let p/ :== (1/8 - time(n"))n’. For all i € N, let z;41 =
z; + A, Since supp(n’) C supp(m), we have zg —>g z1.
Moreover, as AA, = A(z' —z) <0, we have AA, <0
and hence Az; < Azg. By Proposition[22] we obtain zq —>’}/
z1. By the same reasoning, we conclude that

’ / ’
P P P P
z = 20 = 21 = 20 = -

=) Let 7" be a non-Zeno infinite schedule such that o :=
exec(n”’,z) E GZ. Let M’ be the set of modes used in 7.
From z, we move along 7" to some point where all modes
from M’ have been used. We take 7 as such a prefix. The
other constraints hold by Proposition O

E. From GZy N\, GFZ; to GZ N GFX A GFY

Lemma 3: Given a d-dimensional MMS M, point x €
R? and zones 20y -y Lm C R?, it is possible to construct,
in polynomial time, an nd-dimensional MMS M’ and zones
X,Y,Z C R™ such that © =)y GZy AGFZ, A--- AGFZ,
iff (x,...,x) Exr GZ AGFX AGFY'. Furthermore, zone Z
is bounded iff zone Z; is bounded, and zones {X,Y} are all
bounded iff zones {Z1, ..., Z,} are all bounded.

Proof: We consider each s € R" as a sequence of n
points from R%, i.e. s = (s[1],..., s[n]). Formally, for all s €
R" and i € [1..n], let s[i] == (s((i —1)-d+1),...,5(i-d)).

For each m € M, let m; € R™ be such that m;[i] = m
and m;[j] = O for all j # 4. Let,

M ={m;:m e M,i € [l.n]},

Z = Zg X Ly X - X Ly,

X =7y X Zy X - XLy, and

Y ={yeR": y[l]=---=y[n] € Z;}.

Let ¢ .= GZyAGFZiA---AGFZ,, and ¢’ := GZAGFX A
GFY'. It is the case that @ = @ iff (z,...,2) Epr /. O

F. Model checking linear formulas

We may now prove Theorem [ i.e. show that the model-
checking problem for linear LTL formulas is in P.

Proof of Theorem [l Let M be a d-dimensional MMS,
let z € RY, and let 1) be a semi-bounded linear LTL formula.
We recursively build a formula ¢, from the polynomial-time
first-order logic of Section [V-Alsuch that & =5 ¢ iff @y ().

For every A C AP, let zone(A) denote the zone obtained
by taking the intersection of the zones from A.

Case ) = ANY'. We take () = @ € zone(A) A py (),
which can be expressed as zone(A) is represented by a system
of inequalities.

Case v = B U (B’ Ay'). Note that =) B U B’ almost
amounts 0 & —7 5 Y € zone(B’), except that, contrary
to the former, the latter requires y to be part of zone(B).

In our case, we show that zone(B’) C zone(B). Recall that
1B D 1B’ by definition of linear LTL formulas. Let z €
zone(B’). We have xap(z) 2 B’ and xap(2) € 1B’ C1B.
Thus, xap(z) 2 B and so z € zone(B). Thus, we take

where ¢ is the formula of Section with Z = zone(B).

Case ) = (GCo)AN!_, GFC;. Let Z; := zone(C;) for all i €
[0..n]. If n = 0, then we use formula ¢gz, from Section[[V-Dl
If n = 1, then we artificially define Z5 := Z;. So, assume that
n > 2. By Lemma 3l we can construct, in polynomial time,
an nd-dimensional MMS M’ and zones X,Y, Z C R"? such
that x Ep GZo AGFZy A -+ AGFZ, iff (x,...,2) Eu
GZ NGFX AGFY'. Furthermore, zones X and Y are bounded
since {Z1, ..., Z,} are all bounded. Thus, we take py () =
PazAGEXAGFY ((, ..., ®)) from Section [IV-C for M’. O

V. NP-COMPLETE FRAGMENTS

In this section, we establish the NP-completeness of frag-
ments LTLg({F, G, A}), LTLg({F, A, V}) and LTLg({F, A}).

A. Membership

Theorem 4: The fragment LTLg({F, G, A}) belongs to NP.
Proof: Let M be a d-dimensional MMS, = € R? and

¢ € LTLp({F,G,A}). Let sch(M) denote the set of non-
Zeno infinite schedules of M. Let Ips(.A,) denote the (finite)
set of LPS of A, starting from go. Let lin(S) be the linear
LTL formula obtained from LPS S by Proposition[Ql We have

T

<= I € sch(M) : exec(m, x) = ¢
<= Jm esch(M),w € tr(exec(m,x)) :w k¢ (13)
<= Ir € sch(M),w € tr(exec(m, x)) :
we LA, (14)
<= 3Ir € sch(M),w € tr(exec(m, x)),
S € lps(Ay) : w = 1in(S) (15)
<= Ir esch(M),S € lps(A,) :
exec(m, ) | lin(S) (16)

<= 35 elps(Ay,) : @ = lin(S),

where

o (3) follows from Propositions [l and 2]
o (14 follows from Proposition
o (I3) follows from Proposition 0] and from the fact that
L(Ay) = Userps(a,) L(59),
o (18) follows from Propositions 1] and
Thus, to check = ¢, we can nondeterministically construct
a linear path scheme S of A,, which is of linear size by
Proposition [6] and the linear formula ¢ = lin(S), and check
whether  |= ¢ in polynomial time by Theorem [Tl O
Theorem 5: The fragment LTLg({F, A, V}) belongs to NP.
Proof: We give a nondeterministic polynomial-time pro-
cedure which, given an MMS M, x and ¢ € LTLg({F, A, V}),
decides & =) . For each disjunction 1 V 2 of ¢, we
nondeterministically replace ¢; V @2 with either ¢; or ¢q. Let
¢’ denote the resulting formula. A simple induction shows
that © =y @ iff @ ) ¢ for some such formula .
Moreover, ¢’ has no disjunctions and so ¢’ € LTLg({F, A}) C
LTLg({F, G, A}). Therefore, deciding whether x }=); ¢’ can

@y(x) = 3N >0,y € zone(B’) : @yone(n) (%, X, y) A @y (y), be done in NP by Theorem @l O



B. NP-hardness

Theorem 6: Fragment LTLg({F, A}) is strongly NP-hard.
Proof: We reduce from the rational variant of SUBSET-
SUM [21], which asks, given S C Q and ¢t € Q, whether some
subset V' C S satisfies ), .\, v = t. Given an instance where
S ={s1,...,8n}, we give a (4n + 1)-dimensional MMS M
and a formula ¢ € LTLg({F, A}) such that O =y ¢ holds iff
there is a solution for (S,1).
A simple faulty approach is as follows. For each s; € S, we
could associate the modes y; = (0,...0,1,0,...,0,s;) and

n; =(0,...0,1,0,...,0,0), where “1” appears in dimension
1. The goal would be to sum the modes in order to obtain
(1,...,1,t). However, this is too naive. For example, consider

S = {8,9} and ¢t = 4. By taking (0.5,y1) (0.5,n1) (1, n2),
we obtain (1,1,4) even though 4 cannot be obtained from
S. We need a mechanism to ensure that, for each i, either
y; or m; is used by exactly one unit. For this reason, we
will introduce the additional modes ¥; and 7;, and zones
Y;, N; and C;. We will require that Y;, N; and C; are all
reached. As (partially) depicted in Figure [ the only way to
do so will be to either use schedule (1,y;) (1,7;) or schedule
(1,7n;) (1,7;). Moreover, the first zone reached, among Y; and
N;, will determine whether s; € S has been used.

Definition of M and ¢: Let us now proceed. We will
refer to the first 4n dimensions as ¢; 1, ¢; 2, ¢ 3, ¢; 4 for every
i € [1..n], and to the remaining dimension as c¢*. Intuitively,
at the end of a satisfying execution, c¢* will store the number
t, which was derived by summing up elements from S. The
other dimensions ensure that each element of S is added to ¢*
by a factor of 1 or 0, i.e. neither partially nor more than once.

For all ¢ € [1..n], modes {y;,n;,y;,T;} are defined by:

J yi(7) ni(j) 9:.(5) ma(j)
cit 05 -05 -1 1
Ci,2 1 1 1 1
Ci,3 1 1 0 0
Ci4 0 0 1 1
c* Si 0 0 0
else 0 0 0 0
Let v := max(2, |t|,n - max(|s1],...,|sn|)). For every i €

[1..n], we define zones Y;, N; and C; by the constraints:

Y; N; C;
ci =0.5 =-0.5 € [-0.5,0.5]
C;i2 S [1, 2] S [1, 2] =2
Ci,3 =1 =1 =1
Cia €[0,1] €1[0,1] =1
else  €[-7,7] €[-7,7] €[]

Let T be the zone T :={x € C;N---NCy : x(c*) =t}
We define ¢ := FT A A\, (FY; AFN;).

Intuitively, the first zone that is reached among Y; and NN,
indicates whether number s; is used in the solution to the
SUBSET-SUM instance. Mode y; can be used to reach Y;

0 1 2

Fig. 4: Schedules (1,y;) (1,¥;) and (1,n;) (1,7;), where the
x and y axes respectively correspond to c; 1 and c¢; 2.

first, and likewise with n; for INV;. Mode ¥, can be used to go
from Y; to N;; and likewise for 7@; for N; to Y;. See Figure 4

Correctness: The proof appears in the full version. [

VI. UNDECIDABLE FRAGMENTS

In this section, we show that LTLg({U}) and LTLg({G, V})
are undecidable, by reducing from the reachability problem for
Petri nets with inhibitor arcs (i.e. zero-tests). A Petri net with
inhibitor arcs is a tuple N' = (P,T,~, A) where

o P is a finite set of elements called places,

« T is a disjoint finite set of elements called transitions,
o ~: T —{> =} and

o« A:T — ZP.

A transition ¢ is enabled in ¢ € NF if x ~; 0 and x+A; >
0. If it is enabled, then its firing leads to =’ := -+ A, denoted
x —! x'. We write x — x’ if * = =’ for some t. We define
—7T as the transitive closure of —, and —* as the reflexive
closure of —7. The reachability problem asks, given a Petri
nets with inhibitor arcs A/, and T, Tygr, Whether xg -+ Tigt
in AV. This problem is undecidable, e.g. see [22].

A. From Petri nets with inhibitor arcs to MMS

In this subsection, we will prove the following proposition
through a series of intermediate propositions:

Proposition 24: Given a Petri net with inhibitor arcs " and
Tgrc, Tigr, 1t 1 possible to compute an MMS M, two points
x,x’, and a finite set of bounded zones AP such that

1) &ge =T @y in N iff & =% p @’ in M, and
2) no infinite non-Zeno schedule 7 satisfies * —7% p in M.

Let N = (P,T,~,A) be a Petri net with inhibitor arcs.
We define a (| P|+ 3|T|)-dimensional MMS M together with
zones AP = J,cr{Ai, A}, By, B;,Cy,C{}. We associate
|P| dimensions to P, which we collectively denote p. Each
transition ¢ € T is associated to dimensions {t4,tp,tc}.

Each transition ¢ € T gives rise to modes {as,b:,ct}.
Informally, these three modes are respectively used to “request
the firing of ¢”, “fire ¢” and “release the control on ¢”. For



every s # t and I € {A, B,C}, we have a,(s7) = bi(s1) =
c:(sr) = 0. The rest of the values are defined as follows:

J ai(j) bi(j) ei(y)
P 0 At 0
ta -1 0 1
tB 1 —1 0
to 0 1 -1

The six zones associated to ¢ € T are defined by these
constraints, where s stands for “any transition s # t”:

A, A B, B, c, O
p >0 >0 ~0 >0 >0 >0
ta >0 >0 =0 =0 =0 >0
tc =0 =0 =0 >0 >0 >0
54 >0 >0 >0 >0 >0 >0
SB =0 =0 =0 =0 =0 =0
sc =0 =0 =0 =0 =0 =0

Since Ay = A for all s,t € T', we simply call this zone A.
Informally, the MMS operates as follows:

o from A, we can take a mode a;, must go through A},
and end up in B; after maximally taking a;;

e in By, we test whether p ~; O through the constraints;
o from B;, we must take mode b;, go through B, and end
up in Cy after maximally taking b; (adding A; to p);

o from Cy, we must take mode ¢;, go through C;, and end

up in A after maximally taking c;.

More formally, the following holds.

Lemma 4: Let xa,x’y € A and let 7 be a finite schedule
such that xa(ta) = 1, |7| > 0, and x4 —7p «’, holds
with no intermediate points in A, i.e. exec(m,x4)(T) € A iff
7 € {0,time(m)}. It is the case that 7 = a;b,c; and there
exist g € By, xc € C; such that

at b Ct /
TraA — rp — To — Ty
A7 B T LC 7o A

A zone Z is closed under scaling if Az € Z holds for all
A €Rspand z € Z. A set of zones AP is closed under scaling
if each Z € AP is closed under scaling. From Lemma 4] the
following can be shown:

Proposition 25: Given a Petri net with inhibitor arcs " and
Tgre, Tige, 1t i possible to compute an MMS M, points x, ',
and a finite set of zones AP closed under scaling, such that

1) Tge =1 @y in N iff @ =7 p @’ in M for some finite

schedule 7 with time(w) > 1,
2) 0 A4 0in M.

Proposition 26: Given a Petri net with inhibitor arcs N
and X, Tig, ONE can compute an MMS M, points x, ', and
a finite set of bounded zones AP such that zy, —+ Tig in
N iff Az =75, A’ in M for some A € [0,1] and 7 with
time(m) = 1.

Proof: Let M, =, ' and AP be given by Proposition 23]

Let 7y := |||+ M|| and let d denote the dimension of M. We
show the proposition with AP = {Z N[-v,7]|?: Z € AP}.

=) As Ty =T Xy in N, Proposition 23 yields ¢ —7% p '
in M and time(w) > 1 for some finite schedule 7. As AP
is closed under scaling, we have A\@ —)% Az’ in M for any
A € Rsy. By picking A := 1/time(7), each point y along the
resulting execution satisfies ||y|| < 7, and hence y € Z’ for
some Z' € AP'. Further, time(Ar) = 1.

<) Let A\x —7, p, A\’ with time(7) = 1. As 7 is nonempty,
and 0 47 » 0 by Proposition 23] we have A > 0.

Let Z € AP. If y € ZN[—~,~]%, then in particular y € Z.
Since Z is closed under scaling, we have \y € Z. Thus,

@ =(1/\) - Az =35 (1/A) - A&’ = @' in M.

By Proposition this implies that gy =1 @ in N. O
We are now ready to prove Proposition 241
Proof of Proposition24: Let M, x, ' and AP be given
by Proposition Let us define an MMS M’ and a set of
zones AP’'. MMS M’ has the same dimensions as M, plus four
more: {T,F, L, x}. The modes of M’ are {aT,at}U{m :
m e M}U{a,,a,}. They are defined as follows:

J at(j) ar() m(G) ar(j) @)
T -1 —1 0 0 0
= 0 0 1 0 0
1 0 0 0 1 1
* 1 0 0 -1 0
rest 0 m —x’ 0

The set AP’ contains two new zones, plus each zone from
AP extended with the constraint T = L = 0 and I, % € [0, 1].
Since AP consists of bounded zones, we can extract v € N
such that each dimension must remain within [—~, y]. We add
zones { A+, A} defined by these constraints:

At AL
T €1[0,1] =0
- =0 =1
1 =0 € [0,1]
* 0,1 €][0,1]
else €[ €[-71]

Informally, the MMS operates as follows:

e from A1, modes a1 and @t empty T to generate Ax,
and keep a copy of A € [0, 1] in *;

e modes of M are used until the time reaches - = 1;

e from A, modes a; and @ increase L to 1, in order to
consume Ax’, using * to infer A.

Formally, by definition of modes and zones, there exist A €
[0,1]) and Az —7p Az’ in M such that time(w) = 1 iff



there exist finite schedules pt and p_L, respectively using only
modes {aT,aT} and {a, a7}, such that

1 0 0 0
0 0 1 1
0 —>f4TT 0 %’A},\{AT)AL} 0 —>§i 1
0 A 0
0 A\ Az’ 0

in M’. The above holds iff (1,0,0,0,0) =%, (0,1,1,0,0)
in M’ since zones enforce this ordering.

It remains to show Item [2l For the sake of contradiction,
suppose there exists an infinite non-Zeno schedule 7 such that
x —7 p. All zones of AP enforce T,.L,F,x € [0,1]. Thus,
we obtain a contradiction since:

o If timeq () + timeg, (7) = oo, then T drops below 0;

o If ) cpstimey,, (m) = oo, then I exceeds 1;

o If time,, () + timeg, (7) = oo, then L exceeds 1. [

B. Undecidability

We prove the undecidability of the fragments LTLg({U})
and LTLp({G, V}) using Proposition
Lemma 5: Given v, ..., 1y, ¢ € LTLg({U}), it is possible
to compute a formula from LTLg({U}) that is equivalent to
formula (¢1 V -+ Vh,) U o
Theorem 7: LTLg({U}) and LTL5({G, VV}) are undecidable.
Proof: Let N be a Petri net with inhibitor arcs and let
Ty, Tigr- Let M, x, x’ and AP be given by Proposition 24
Let X' == {'} and ¢ := (\/;c4p Z) U X'. By Lemma [3
we can compute a formula ¢ € LTLg({U}) with ¢ = 1. By
Proposition we have Tgc = @ in N iff € =% p @’ in
M iff @ =y ¢ iff @ Ear .
The proof for LTLg({G, V}) is essentially the same, but
requires an extra “dummy dimension” that can be increased
and decreased once (and only once) ' is reached. O

VII. CONCLUSION

We have introduced a linear temporal logic for MMS and
established the complexity of model checking for each syn-
tactic fragments: Each one is either P-complete, NP-complete
or undecidable. This generalizes and unifies existing work on
MMS and continuous vector addition systems/Petri nets.

Future work includes fully dealing with unbounded zones;
allowing for time constraints on temporal operators; and
algorithmically optimizing objective functions on schedules
satisfying a given LTL specification. It would also be inter-
esting to go from theory to practice by providing a solver for
linear LTL formulas, and more generally LTLg({F, G, A}).
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APPENDIX

Before proving Proposition [I, which we recall shortly, let
us prove the following technical lemma.

Lemma 6: Let o be an execution and let 7,7/ € domo
belong to a common interval I; of 0. Let X C R? be a convex
set. If 77/ € [7,7'] and o(7),0(7") € X, then o(7") € X.

Proof- Let A € [0,1] be such that 7/ = X-7+(1—X\)-7'.
Let b :==min I}, ¢ = maxI; —minl; and ¥y := x;11 — ;.
We have:

a(t")

=z;+ (" =b)/c-y

=zj+AM+1=-N7" —b)/c-y

=Xz +(r=b)/c-y)+ (1 =N (z; + (7' —b)/c-y)

= Xo(7) + (1 = No(7’

€ X. O

~— —

Proposition 1: Any execution ¢ has a trace.

Proof: Let 0 = xoglpx1---. Let 19 := 0. We construct
the rest of the sequence inductively. Let X; := {7’ € domo :
7 > 7,21 and xap(7') # xap(7i—1)}. Let us make a case
distinction.

X, is empty. If 7,1 = supdomo, then the process ends.
Otherwise, we add 7; := max I, where j € N is the maximal
index such that 7;_; € I;.

infX; > 7_1. We add 7; := inf X;, as it satisfies
XAP(O'(T/)) = XAP(U(Ti—l)) for all 7 € [Ti—laTi)-

inf X; = 7,_1. Let j be the maximal index such that 7;,_; € I;.
There is a sequence ag > a1 > --- € X;NI; that converges to
T;—1. By Lemma [0 and convexity of zones, there exists k € N
such that xap(c(7')) = xap(o(ag)) for all 7/ € (1;_1, agl.
Thus, we add 7; := oy, to the sequence.

It remains to show that dom o = [y, 71]U |71, 72]U- - - . For
the sake of contradiction, suppose that 7p,7y,... is infinite
and converges to some o < supdomo. Let j € N be the
minimal index such that « € I;. There exists & € N such that
Tk Th+1,--- € Ij. By Lemma [6] and convexity of zones, there
exists £ > k such that xap(c(7')) = xapr(o(a)) holds for all
7' € [14, ). This means that either X411 = () or inf X, 1 >
a. In both cases, this means that 7,41 > a. If 7941 > «, then
this contradicts lim; ,, 7; = a. If 7p41 = «a, then we must
have 7y41 = supdom o, which contradicts the fact that the
sequence is infinite. O

Before proving Proposition [2I which we recall shortly, let
us prove the following technical lemma.

Lemma 7: Let ¢ be a negation-free LTL formula, let o
be an execution with domo = Rxq, let 7,7" € R>( and let
T, =A{r" €[r,7") : 0,7" |= ¢}. If the set T, is nonempty,
then it has a minimum.

Proof: We proceed by induction on the structure of .

Case ¢ = true. We trivially have min T, = 7.

Case ¢ = Z € AP. Informally, the claim follows from the
fact that Z is defined as the intersection of closed half-spaces,
and hence ¢ must intersect with a face of Z.

Formally, let 0 = xolpx; --- and let Z be defined by the
system Az < b. Let a := inf Tz. If o(a) € Z, then we are
done. For the sake of contradiction, assume that this is not the
case. We have (A - o(a))(¢) > b(£) for some /.

Let ag > a3 > --- be a sequence from 7'z that converges
to a.. For every ¢ € N, let j; € N be the last index such that
a; € Ij;. Let j € N be the last index such that « € I;. There
exists k € N such that jy = jx11 =--- = j. Let b:= min [,
¢ =maxI; —min/; and y := x;;11 — x;. By definition of
an execution, we have

A-o(a):A:Bj—i—a—_b-Ay.
c

Moreover, for every k' > k, we have

Qpr — Q

A -o(ap)=A o(a)+ - Ay.

For every k' > k, we have oy > v and (A-o(a))(€) < b(¥).
Hence, (Ay)(¢) < 0. Let k¥’ > k be sufficiently large so that
oy — « is small enough for the following to hold:

A —

(A-o(a))(0) + - (Ay)(£) > b(0).

We obtain o(ay )(€) > b(¢), which is a contradiction.
Case p =1 N)'. Let o :=inf T}, and let

B:={d €[a,7") 0,0 E 9},
B ={d €la,7) 0,0 EY'}.

As T, # (), both B and B’ are nonempty. Thus, by induction,
B = min B and ' := min B’ are well-defined. We must have
inf B = inf B’ = inf T, since ¢ = ¢ A ¢’. Thus, min B =
min B’ = «, which means that min T, = a.

Case ¢ = 1) \V)'. Follows from T, = T\, UT, and induction.
Case p =1 U'. Let o := inf T, and let
T = {a € o, ™) s o0’ ),

Since T, # (), we must have 7" # (). By induction hypothesis,
B := minT" is well-defined. If 5 = «, then we are done as
o, =9 U4’ and hence min T, = a.

Otherwise, @ < . We claim that o,v = ¢ for all v €
(o, B). By induction on {¢/ € [, 3) : 0,a’ |= ¢}, the claim
implies min T, = «. It remains to show the claim. Let v €
(a, B). As oo = inf T,,, there is 7' € («,) such that 0,7’ =
¥ U ¢’. By minimality of 3, we must have o,d = v for all
d €[y, ). Thus, o, = U, and so o,v E ¢ U ',

Case ¢ = Fi). Follows from Fi) = true U 1.

Case o = Gip. Let o := inf T,,.. It is the case that o, § = Gy
for infinitely many 8 € (o, 7’) arbitrarily closer to a. Thus,
we have o, 8 = ¢ for all 8 > «. By induction hypothesis, the
set {8 € [a,7') : 0,8 |= ¥} has a minimum, which must be
a. Hence, 0, o = G, which means that min T, = a. O

Proposition 2: Let o be an execution with domo = R,
let w be a trace of o, and let ¢ be a negation-free LTL formula.
It is the case that o = ¢ iff w | .



Proof: Let 19, 1q,... € RZO y1eld w. Let f: RZO — N be
the function that satisfies the following, for all 7 € [, 7y11):

_ )i if xar(o(7)) =xapr(o(m)),
J(r) = {z + 1 otherwise.

By definition of traces, f is non-decreasing. We show that
o,7 |E ¢ iff w, f(7) E ¢ by induction on the structure of ¢.

Case ¢ = Z € AP. We have w(i) = xap(o(r;)) for all
i € N. Thus, 0,7 |= ¢ iff o(r) € Z iff Z € w(f(r)) iff
w, f(7) = .

Case p =Y ANY'. Wehave o, 7 E @ iff o, 7 E Ao, 7 =
iff w, f(7) E Y Aw, f(7) E ¢ iff w, f(7) = .

Case p =1V 1)'. Symmetric to A.

Case ¢ = 1 U'. =) Since 0,7 = ¢, there exists 7/ > 7
such that o, 7" = v/, and o,7" =9 for all 7”7 € [r,7'). By
induction hypothesis, we have w, f(7') = ¢/, and w, f(7") =
y for all 77 € [r,7'). By definition of f, we have

[f(r)..f(r) =1 C{f(«"): 7" €[r,7)}.
Thus, w, j = 1 holds for all j € [f(7)..f(7")—1]. This means
that w, f(7) E¢ U .

<) Since w, f(7) [ ¢, there is a minimal ¢ > f(7) such
that w, i = ¢/, and w, j = ¢ for all j € [f(7)..i — 1].

If f(r) =i, then we are done by the induction hypothesis.
Thus, we assume f(7) # i. We claim that 7 < 7;. Indeed, if
7; < 7 would hold, then, as f is non-decreasing, we would
have i = f(r;) < f(7) < i, which contradicts f(7) # i.

By induction hypothesis, it is the case that o, 7; = v¢’. Let
7' € [r,7;). It remains to show that o,7" = . We have
f(r) < f(') < f(m:) =i as f is non-decreasing. So, f(7') €
[f(7)..4). If f(7') <i—1, then we are done by the induction
hypothesis. Therefore, suppose that f(7') = i. Let

A={a€ri-1,m):0aE¢}

As 7' < 7;, the definition of f yields f(a) = ¢ for all « €
(Ti—1,7i). So, by induction hypothesis, we have inf A = 7;,_1,
and hence min A = 7,1 by Lemma [/l Thus, 0,71 = ¢/,
and so w,i — 1 |= ¢/, which contradicts the minimality of i.

Case p = Fi. Follows from Fi) = true U 1.

Case p = Gi. We have

o, E Gy

o, 7 Eforal 7' > 1

w, f(r') =4 for all 7 > 7 (by ind. hyp.)

w,i = for all i > f(7) (by def. of f)

w, f(7) = Gy 0
Recall that in the forthcoming proposition, we have

<p:1/1/\/\thi/\/\F<pj.

i€l jeJ

[

Proposition 3: Tt is the case that flat(¢) = ¢.

Proof: We claim that the following equivalences hold:
1) Go =Gy AN Goi A /\jeJ GFy;,
2) GFo=GFy AN, .; FGy; A /\jeJ GFy;,
3) FGo =FGy A\, FGoi AN GFo;.
By a routine induction, these equivalences yield flatg(y) =
G, flatge(p) = GFg, flateg(¢) = FGyp and flat(p) = . It
remains to prove the equivalences.

icl

1) It follows from distributivity of G over A, and idempo-
tence of G.

2) =) Let w = GFp. Let ip < i3 < --- € N be such
that w, iy = ¢ for every k € N. Recall that ¢ = ¢ A
Nie1 Goi A\ e Foj. Clearly, we have w |= GF¢ and
w E /\jeJGF%-. Moreover, since w,ig = A;c; Gei,
we have w = A\,c; FGy;.

<) Letw ): GFw/\/\iGI FG(pi/\/\jeJ GF(pj. Letip € N
satisfy w, i = GFy) A \ier Goi A N\ ;e y GFp;. There
existip < i1 < --- € Nsuchthatw, iy = YAN;c; GoiA
Njes Foj for every k > 1. Thus, w = GFe.

iel

3) It follows from distributivity of G and FG over A, and
idempotence of G. O

Proposition 4: Let ¢ € LTL({F, G, A}). This holds:
1) if ¢ is flat, then |p|r > |¢'|F for all @' € U(p) \ {¢}.
2) if ¢ is flat, then |p|r > |p[A]|r for all A C AP,
3) lol = [flat(p)[F-
We prove Items [Tl andBl Item 2] follows easily by definition.
Proof of Proposition dl{Il): We proceed by induction on
the structure of the flat formula.

True, atomic propositions and operator G. It follows trivially

from () \ {¢} = 0.
Conjunction. Let ¢' € (o1 Ap2) \ {p1 A p2}. By definition,

@ € {1 Aihg 1 ihy € U(p1), 12 € U(p2)} \ {@1 A w2}

Thus, we have ¢’ = 1)1 A1s where 1 € (1), P2 € h(p2),
and either 17 # 1 or 1y # 2. Let us consider the first case.
The second one is symmetric. We have:

' |F = [¢1 A palF

= [Y1]r + [¥2|F

< |e1lr + [¥2lr  (by ind. hyp. as 91 # ©1)
<lp1lr +[p2lr  (by ind. hyp. or 12 = p2)
= |1 A palF.

Operator F. Let ¢' € U(Fp) \ {Fp}. By definition, it is the
case that ¢’ € $l(y). We have |Fplr > |¢/|r since

IFolr =1+ |olF

> 1+ |¢|e (by ind. hyp. or ¢’ = ). [

Proof of Proposition B3): We prove this by structural
induction: [flat(¢)F < [¢l, |fata(¢)lF < o), ater(p)lF <

l¢| and |flateg(¢)|F < [e].
Let ¢ be of the form o) A A\;.; Gs A /\je] Foj.



Case G. We have
[flatg (¢)|F = Bier|flatg(vi)|F + Xjeslflatar (v))IF
< Bierlei] + Zjerlej] (by ind.)
<ol
Case GF. We have
[flatgr(v)|F =
< Bierlpil + Xjeslpsl
< el

Case FG. We have

[flatra (0)|F = 1+ Zier|flatra(vi)|F + Zjes[fatar () |F
< Y|+ Bierles| + Ejesle;]
<ol

Yierflatrg (s)|F + XjesHatar(v;)|F
(by ind.)

General case. We have

[flat(p)[F = [1|F + Xicrflata(w:)|F + Xjes[fat(p;)[F
< Y| + Bicrlei| + Xjesle;l (by ind.)
< el 0

Proposition 27: Let ¢ € LTL({F, G, A}) be flat, and let
A, A" C AP. Tt is the case that [A][A'] € {p[A], false}.
Proof: If @[ A] = false, then ¢[A][A’] = false. Otherwise,
by definition, p[A][A’] is either p[A] or false. O
Proposition 5: Let rg A e A2 o A e pe g
simple path of A,. It is the case that |ri[f > -+ > |ry|f.
Proof: Let i € [1..n — 1]. By definition of A, there exist
P; € ﬂ(’f‘i_l) and wi-l-l € ﬂ(T‘i) such that r; = ; [Al] 75 false
and 7,41 = ¥it1[Ai+1] # false. There are two cases.

Case ;11 = r;. We have

:Q/Ji-kl[Ai-‘rl]:Tl[ z+1] ¢1[ l][ z+1]'

As iy 75 false, it is the case that ’lﬁz[ z][ i+1] =; [Al] =7
by Proposition 271 Therefore, r; = r;,1, which contradicts the
fact that the path is simple.

Case Vi1 # ri. We have [rip1]F = [iy1[Aita]lF < [VigalF
by Item 2] of Propositiondl Moreover, we have [1; 11| < |r;|¢
by Item [1] of Proposition @] since ;1 € U(r;) \ {r;}. O
Lemma 1: Let ¢ € LTL({F, G, A}) be a flat formula. These
two properties are equivalent to w = ¢:
1) there exists ¢’ such that ¢ =) " and w[l..] = ¢';
2) there exist i € N and ¢’ such that p —@(©)w@=1)
|¢' | =0 and w[i..] E ¢
Proof of Item 1: We proceed by induction on |p|f.
If |p|lF = 0, then ¢ is of the form ¢ A Gy’ A A, GFyy'.
Let ¢ := p[w(0)]. Note that U(p) = {p}. We have

Wy

< prop(¢ AY') C

Ti+1

w(0) Aw[l.] = (G’ /\/\GFd/’

JE ¢lw(0)]
TE¢.

= plw(0)] # false Aw[l.

= =0 Y AWl

Now, assume that ¢ = 0 A Fi) where 6 and ) are flat.

=) Let w |= ¢. We have w |= 6 and w = Ft). By induction
hypothesis, there exists 6’ such that § =) ¢’ and w[l..] |=
¢’. By definition of {(-), we have § A Fyp —%(©) ¢’ A F). So,
if w[l..] = F4, then we are done by taking ¢’ := 6’ A Fi.
Otherwise, we must have w = . By induction hypothesis,
there exists ¢/’ such that 1 —*(©) ¢ and w[l.] E ¥
Since $(y)) C U(Fy), we have Fyp —w(©) ¢/, and hence
OAFyp =) ¢/ Ay, So, we are done by taking ¢’ := 6 A9,

<) Let ¢ satisfy ¢ =% ¢ and w[l..] = ¢'. By
definition of —, there exist #,¢’ such that § —»(©) ¢,
Fyp —»© o/ and ¢’ = ¢ A, Thus, w[l..] = €' and

w[l..] E ¢'. By 1nduct10n hypothesis, we have w = 6. It
remains to show that w = Fi).

If ¢/ # Fi, then |[¢'|¢ < |Fy|r by Proposition 4 and
hence w = Fi by induction hypothesis. Otherwise, we have
' = Ft and so w[l..] = Fy, and in particular w = Fip. [

Proof of Item 2: We proceed by induction on |p|p. If
|ple = 0, then the claim trivially holds. Let ¢ = 6 A F¢)
where ¢ and ¢ are flat.

<) Since p =0 wlE=1) o and w[i..] E ¢/, repeated
applications of Item 1 yields w = ¢.

=) Let w |= . It is the case that w |= 0 and w = Fy. Let
j € N be such that w[j..] |= 9. By Item 1, there exists ¢’ such
that ¢» =) ¢’ and w[j + 1..] = ¥’. By definition of —,
there exists 10" € (1)) such that ¥ = " [w(j)]. As U(y) C
U(Fp), we have o0 € {U(F), and so Fyp —() 4/ Moreover,
we have Fip —w(0)wl=1) Fyy Thus, Fip =0 w() 4

By repeated applications of Item 1, there exists 6’ such that
0 —w©)w(l) 9" and w[j + 1..] |= ¢'. Hence,

(0 A Fy) =2 Ov@ 9/ Ay') and wlj + 1. | O A%

By Proposition @ we have |0]r > |0’ and |Fy|r > |¢'|F.
Thus, [0 AF|r > |6’ AY'|g. So, by induction hypothesis, there
exist k > j+1 and ¢’ such that (8’ Arp’) =G+ -wlk=1) o7
|¢'|[F =0 and w[k..] = ¢'. We are done since

= (0 AFyp) - Owl) (9 ') —

Proposition 8: Let q,r € Q. It is the case that

1) X, is either empty or simple,

2) if Xy, # 0, then X, # 0,

3) if X44#0, then Xy D X,

Moreover, given 6 € U(q) and A C AP such that r = 0[A],
the representation of X, can be obtained in polynomial time.
Proof:

1) We assume that X, , # (), as we are otherwise trivially
done. Let us first show that X, is closed under inter-
section. Let A, B € X ,. By definition of —, there must
exist 6 € 4(q) such that r = 0[A] = 0[B]. Moreover, 0
is of the form

0=y AGY A N\GFyY! A N Foj,

i€l jeJ

w(j+1)--w(k—1) <P/- 0



and it is the case that prop(¢) A ¢’) C A and prop(y) A
¥") C B. This means that prop(y» A ¢') C AN B, and
hence that » = §[A N B], which implies ¢ =475

Since X, is closed under intersection, it has a minimal
element A, which is in fact A := prop(y) A ¢)') and can
thus be obtained in polynomial time from 6. We have

Xqr =TA, as for any A’ D A, we have prop(yy AY) =
AC A, and so g =4 O[A"] =r.

2) Since X, # 0, there exist § € 4(q) and A C AP such
that r = #[A]. Thus, 7 is of the form G’ A\, ; GF;’ A
Njes Fe;j. Note that € $U(r) and r[B] = r where B =
prop(¢). Thus, r =B r, and so B € X, .

3) Since X, 4 # 0, g is of the form ¢ = Gy’ A\, ; GFy A
Njes Fej. Let 6 € $l(q). The latter is of the form

0 =vu NG AP A\ GFo A N Fooj.

€1y JE€Ju

Testing prop(¢)’) C A is less restrictive than prop(yy A

P Ny) € A. So, if 0[A] # false, then ¢[A] # false.

As q € $4(q), this means that ¢ —* r implies ¢ = ¢. [J

Theorem 2: The model-checking problem is in P for these

fragments: LTLg({F, G, —}), LTL({F, V}) and LTL({G, A}).

Proof: Let us give the details missing from the main text.

1) We show that =y F-Z iff € ¢ Z or there exists a
mode m € M such that m # 0.

=) For the sake of contradiction, suppose that € Z
and that there is no m € M with m # 0. Clearly, we
can never reach a point other than x.

<) If « & Z, then clearly & =) F-Z. Otherwise, we
have m € Z with m # 0. Since we assume Z to be a
bounded zone, it must hold that by simply scheduling m
forever, we eventually leave Z.

2) We show that x =) G—Z iff @ ¢ Z and there exists a
mode m € M such that for all & € Ry it is the case
that € + am & Z.

<) It is easy to see that the execution obtained by
scheduling m for an infinite duration satisfies the formula
since ¢ + am ¢ Z for all a € R+g.

=) Clearly, it must hold that x ¢ Z. Let the modes of
M be {mq,...,m,}. To prove the other half, assume
for contradiction that for all ¢ € [1..n], it holds that = +
a;m; € Z for some «; € R-o. Let us demonstrate that
for any non-Zeno infinite schedule p, it is the case that
exec(p, x) = G-Z. We do so by showing the existence
of 7 € R>g and z € Z such that & —°l-7) 2

Let m} := a;m;, and let us consider the MMS M’ :=
{a;m; : i € [1..n]}. Clearly, schedules of M and M’ can
be related: A schedule m of M amounts to the schedule
7w’ of M’ where we replace we replace each occurrence
(8, m;) with (ﬂ/az, 1). Thus, for every y, y’, we have
y ="y iff y =" 3.

Let us consider a schedule = of M’, and let p = 7[..1].
It is the case that x —* z with

n
z=x+ E Aim,
=1

for some Aq,..., A, such that Z?:l A; = 1. Thus, z
is a convex combination of the points & + m/ for any
i € [1..n]. But note that £+m/, = x+a;m; by definition
of M’, and & + ay;m; € Z by definition of «;. So, z
is a convex combination of points from Z, and is thus
included in Z, as it is convex.

3) The proof for GF—Z is as in Item[I] except that it remains
to note that once an execution has left Z by scheduling
m, if it keeps scheduling m, then it will not re-enter Z.

4) The proof for FG—Z is as in Item [3 O

Theorem 3: The model-checking problem is P-hard for both
LTLg({F}) and LTLg({G}).

Proof: Fragment LTLg({F}). We reduce from linear pro-
gramming feasibility. This problem asks whether a given zone
7 C R4, described by a system of inequalities Az < b, has a
non-negative solution. The problem is P-complete even if zone
Z is bounded [23| Prob. A4.1]. Let M = {e; : ¢ € [1..d]}. It
is readily seen that Z # ) iff 0 = FZ.

Fragment LTLg({G}). We reduce from the monotone circuit-
value problem (CVP) [23| Prob. A.1.3]. Let C(z1,...,2,) be
a boolean circuit with gates from {A, V}, and let wy, ..., wy,
€ {0,1}. We construct a d-dimensional MMS M, = € R? and
a bounded zone Z C R? such that C(w) = 1 iff = =) GZ.

Each gate g is associated to a dimension g. We add two
dimensions {©, O}. Let == eo + Y 1, w; - €4,. Let Z be
the zone defined by c¢ € [0, 1] for every dimension c.

We denote as gou the output gate of C'. We associate a mode
my, to each gate g = uAv, defined by my, = —e, —e, +e,.
We associate the modes m, and m; to each gate g = u Vv,

defined by my, := —e, +e4 and m, = —e, +e,4. We add two
modes: mo = —egy,, —ev + ey and my = ey, +€v — €g.
Let g1,...,9m be a topological ordering of the gates of

C. Let C; be the subcircuit obtained by setting g; as the
output gate. A routine induction shows that C;(w) = 1 iff
there exists y such that * —% y and y(g;) > 0. The claim
implies that C(w) = 1 iff =5 GZ. Indeed, any non-Zeno
infinite schedule must use m. Moreover, upon reaching some
y such that y(gow) = « > 0, it is possible to alternate between
amg and amg indefinitely. O
Proposition [10 follows inductively from this lemma:
Lemma 8: Let p(a,m)p’ (8, m)p” be a schedule. This

holds: o
o If = _> pla,m)p’ (B,m)p’ y then o _>Z(06 m) 75507 p"]
o Ifx —>p "(Bm)p (cam)p vy, then —>“+5[p #l(em)p

Proof: We only prove the first item. The second follows
symmetrically. We have  —7, u for some w. By convexity,
there exist v, v’, w such that:

u_>§+g[(0‘m)P (8,m )]’U—>§Tﬁp w



and

(a,m) 3550
U=y, T

Let us show that v = v':

v=u+ iﬁ(am—l—Ap/—l—ﬁm)
«
= —A/
u+ am + 15 o
=
(am)a+5p

From this, we get * =% u —, _>§+BP w. O
Lemma 2: Let p(a, m)p be a schedule. This holds:

pla,m)p’ then:c—>( )m)zp(a7m)’

v, then _>(27 )§P (E)m)P y.

. If$—>

o If - o/ omyp

Proof: We only prove the first item. The second follows

symmetrically. By convexity, there exist ¢’ and w such that
o 1 1/
w_>/;(2,m)2p Y’ and$_>p(a7m)gp

Moreover, we have y’ —(3™) w. Since y/,w € Z, by
convexity, we conclude that

(gxm)

p(§,m)5p y - w. n

T —y

Proposition II Let © —7 y. There exist 8 € N>, @ —>Z

yz and xz —>Z y such that |7| = |7| = |#”|, supp(w) =
supp(7’) = supp(n”’), and, for every m € supp(7), it is the
case that Tz —>Z1 )™ and _>(Zl/5)m

Proof: By Lemma 2] we can pick

ey S |
7= 1_[1 (5 .W(l)) , = 1_[1 (m . W(l)) )
and 3 := 2/ . [time(7)]. O

Proposition 12: Letx —™ y, k := || and § € N>; be such
that & —5/?™ and /PO v hold for all i € [1 K] Tt
is the case that & —7 v, where 7' = ((1/(Bk))m)P*

Proof: Let m = (al,ml)(ag,mg)~-~(ak,mk). Let

z) =z, w’éhl =y and &} = a9, . Let

Z o

; ahmh
i
T; = :130 + E

Oéhmh ahmh Oéhmh
=@+ Z =1 Z Z
h= 1+1
ahmh ahmh
=@+ Z Z

_:c0+]zahmh.

Let A€ < b be the system of inequalities that represents zone
Z. By assumption, the following holds for all ¢ € [1..k]:

A(mg+%) gbandA(mgk_l _Tm) <b.

The following holds:

1 1
0 arm(l) 4 3rm(2) o
Ty —z Ty —z Ty —z

since

Q1M

AmO_A:cO—l-ZA o

Jj=1

k—i o i, o 1¢
J=

Q1M

B

k—i 1< aym;
_ Am8+—ZA<m8+ ; >
k kal B

k

k—
< Z
-k k
=b.
Similarly, the following holds:
—=7(1) 2= m(2) 2w (k)
w%kfl -z }31@ = [25k71 ey w;’?kfl-
It remains to show that, for all i € [1..k], j € [ (Bk -1)],
we have 2% = (1 — M)z + A@p;,_; where A = 51+
We have:

Oéhmh
w = :co + E
_ i Oéhmh
=x E
Z S

k
=(1—- Nz} + A <mg +(BE—-1)) anmn
h=1

=(1- /\)mf‘J + /\wf@,g_l.

Since A € [0, 1], each :c; belongs to Z by convexity. O
Proposition 15: Let Z be a zone, let m be a schedule, let
x, ',y € Z and let § € (0,1]. Let z := Sz + (1 — B)y and
"= pa’ + (1 - B)y. If ¢ =7 ' holds, then z —>gﬂ z'.
Proof: Let us prove the case where m = am for some
o € Ryp and mode m € M. The general case follows by
induction. Note that ' = x + am and =’ € Z. Let 2’ =
z+ Barm. We clearly have z —5™ 2/, Tt remains to show that
z —>g” z'. By convexity of Z, it suffices to show that 2’ is
on the line passing through ' € Z and y € Z:

= (Bz + (1 - B)y) + fam
= fx+am)+(1- Py
= pz’ + (1 - B)y. O
Within the proof of Proposition we have claimed that
f(x,y) > A. Let us prove this.
Proof of Proposition 16| (missing claim): We first make

two additional claims. Given € X’ and y € Y’ such that
z =T x —7 y, it is the case that:



D f(x,y) > A and
2) fl(®,y) <vi(y—x)

To prove Claim 1, note that we have

flla,y) = — (] As(z — 2) +v3 Aoy — 2)) +

v As(y — @) + 5 (y — )

= —(wlA(xz —2) + vl As(y — 2)) +

byxe X' yeV)

(v AoM + vI M7’
> — (v] Ai(x — 2) +v; As(y — 2))
Z — ('Uzlr(bl — Alz) —+ Ug(bQ — AQZ))
=\

Next, to prove Claim 2, we have
[z, y)
= — (v] Ai(m — 2) +v3 As(y — 2)) +
v; Ag(y — ) +v3 (y — @)

(by @)

= — (vlTAl(:B—z)+v2TA2(:B—z)) —i—ng(y—:B)

= — (vipAlM + 'UQTAQM)W + 'U;;F(y —x)
< v (y—x)

(by (@y).

Finally, by using Claims 2 and 1, we can prove the original
claim: f(xz,y) =vi (y—x) > f'(z,y) > \

Proposition 18: For every n € N, it is the case that x,, =
Axg 4+ (1= A"y and y, = \"yo + (1 — A\")yy.

Proof:

O

By unrolling the definition of x,, and y,,, we have

Ln

1+e€

n—1
: A, — A _
To+ Y </\Z <Am/ + L) +(1- AZ)Ap,pN)
=0

a7)

n—1
i Ay — Arp i
wO‘F;(/\ (Aww/‘FT)'i‘(l_/\)'O)

1+e€

)\n—l A —EA ’
A Zp T
To + A—1 ( + 1+e¢ )

S N

n—1
- NN
$O+Z)\z (Aﬂ_ﬂ_, + L)
=0

—1/(1+e€ 1+e
zo— (A" — 1)(1+e¢) (AM/ + %
o+ (1 -N")(14+e)Arr+ A, —eArrr)
xo+ (1 —=N")Arrp
Axg + (1 — A") (2o + Arrrp)
ANxg + (1 — A"y,

)

(18)

where (I8) follows from 37" 'z~ 1 = (2" — 1)/(z — 1).
Furthermore, we have

Yn =Tn + A"Ar+ (1 - A"A,
= Nzo+ (1= A)x; + A"Ar + (1= AMA,  (19)
=N"(xo+ Az + (1 =XN")(xr+Ap)
= A"yo + (1= A")yy,

where (T9) follows from the fact that @,, = A\"@xo+(1—A")x
for all n € N, as proven above. O

Proposition 21: If z =) GZ, then there exist m and 2’
such that z —»™ 2/, Az’ < Az and ||«|| > 1.

Proof: We define M as the matrix such that each col-
umn is a mode from M. Observe that the following set of
constraints S is equivalent to Im, 2" : z =T 2/ A Az’ <
Az N|w| > 1:

AM 0
du>0: [_1T] u < {_J .

For the sake of contradiction, suppose that z = GZ and that

S has no solution. By Farkas’ lemma, the following system
&’ has a solution:

3’0120,’02201

[MTAT 1] [”1} >0, [07 1] [”1} <0.

U2 U2
The latter can be rewritten equivalently as follows:

dv; > 0,03 > 0: MTAT’Ul —1vy >0, —vy <0
— Ju; >0,v2>0:v] AM > 170y, v5 >0
= Fv; > 0,12 >0: v AM > 17v, > 07,

Since z |= GZ, there exists a non-Zeno infinite schedule 7
such that z —% . Letn € N, m,, := 7w[..n] and z,, := 2+ A,,,.
We have z,, € Z and hence Az, < b. Thus,

’U21T7Tn < vlTAMﬂn
=vlA(z, — 2)

<vl(b—Az). (20)

Since 7 is non-Zeno, we further have lim,,_, o v217 7, = 0,
which contradicts @0). O

Proposition 22: Let z,2’ € Z and p be a finite schedule.
If z -7 and Az’ < Az then 2’ —7,.

Proof: We consider the case case where p = am. The
general case follows inductively. Since z —,, we have Az +
Aam < b. Thus, Az’ + Aam < Az + Aam < b. O

Proof of the construction in Lemma 3Bt

=) Let m be a non-Zeno infinite schedule that satisfies
exec(m, &) = ¢. We construct a non-Zeno infinite schedule
7' such that exec(n’, (x,...,x)) | ¢’. By definition of ¢,

for each i € [1..n], there exist 7,0 < 731 < --- € R>¢ and
T;i0,Lil,y--- € R? such that Tio =0, z;0 =« and
T —>ZE}”“"”’”” Tij+1 € Z; for all j € N.

Without loss of generality, we may assume that 7; ; < 71 ; <
7;j+1 forall ¢ € [1..n] and j € N. Indeed, the values can be
chosen this way since each zone Z; is visited infinitely often.



Let m; denote the schedule obtained from 7 by replacing
each mode m € M with m; € M'. Let ©’ = ugvouivy - - -
be the infinite schedule, where

U = Wl[Tl,j--Tl,jJrl] 7T2[7—1,j--7-2,j+1] "'Wn[Tl,j--Tn,jJrl];

vy - 771[7-1.,j+1--Tl,j+1]7r2[72,j+1--Tl,jJrl] s 7Tn[7'n,j+1--7'1,j+1]-

By definition, we have

(,....,x) =% (x11,...,n1) €X
=% (T1,1,...,211) €Y
—>721 ($172, ,:13,172) cX
—>%1 ($172, ,$172) cY
-7

Thus, it follows that (z,...,x) = ¢’

<) Let 7’ be a non-Zeno infinite schedule that satisfies
exec(n’, (x,...,x)) = ¢’. There exist 0 = 79 < 71 < 71 <
Y2 < T2 < -+ € Rsg and @1, Y1, T2, Y2, - .. € R™ such that
' [10..

il xr €X

Tl]

(e,...,2) =

7' [y1.. Y1 € Y

<2 xro € X

..T2]

Yy €Y
sl

For every i € [1..n], let 7 denote the schedule obtained
from 7’ by keeping only the modes from {m; : m € M},
and changing each occurrence of m; to m. Let

7= m[10..71] 71[1.-71]

7T2[7'1..")/2] 7T2[")/2..7'2]

Tn [Tn—l . ’Yn] Tn [’Yn . 'Tn]

T[T Ant1] T1[Vng1.-Trg1)

Recall that y;[i] = y,[i'] for all 4,4’ € [1..n]. So, by definition,

we have
- _>7Zrt)[70,,71] 1131[1] _>7'th)[’>’1.-7'1] Y1 [1] =1y [2]
_>7Zfi[n~'y2] x5[2] _>7Z’i['y2' 7] Y2[2] = y2[3]
_>7Zrz [Tn—1.vn] wn[n] _>7Z"z [Yn--7n] Yn [n] =Yn [1]
71 [Tn - Ynt1] T[] _>TZFL[’Yn+1..~rn+1] Yni1[l] = yna1[2]

Recall that «;[i] € Z; for all i € [1..n] and j € N. Thus, each
zone Z; is visited infinitely often, and so exec(m, z) | ¢. [J
Proof of Theorem 6| (correctness of reduction): Let us
show that O =)y ¢ iff there is a solution V' to the SUBSET-
SUM instance (S, ¢). Recall that O |=5; ¢ holds iff M has a
non-Zeno infinite schedule 7 such that exec(m, 0) = .

<) Let V. C S be such that }° ., v = t. We define a
schedule 7 that satisfies ¢. Let 7 := myma - - - mp, ¢, Where

)Yy,
T =
n;,n;

=) Let 7 be such that o := exec(mw, 0) = . By definition
of ¢, there exist 77, 7v,, TNy, ..., Ty,, TN, € R>o such that
o(rr) € T, o(1y;) € Y; and o(7n,) € N; for all i € [1..n].
Let all of these be minimal.

Let ¢’ := o[0..77]. Since 7 is a schedule for o, there exists
a schedule 7’ such that ¢/ = exec(n’, 0). We will show that:

()

From (), we can finish the proof. Indeed, by definition of 7’
and of the modes, we have

o(rr)(c*) = Z time,, (1) - ;.

if s, €V,
otherwise.

time,, (7'), timey,, (') € {0,1} for all 7 € [1..n].

Additionally, o(7r)(c*) = t holds by definition of zone T
Since each time,, (7’) € {0,1}, we obtain a solution V :=
{si: timey, (7") = 1} to the SUBSET-SUM instance.

It remains to show (®). We first make the following claims

for every i € [1..n]:

(1) TY; S TT and TN, S TT.

(2) timey, (7') + timen, (') =1 and
timey, (7') + timeg, (7') = 1.

Let us prove these two claims.

(1) We only show that 7y, < 77, as 7y, < 7 is symmetric.
We proceed by proving that for any € T\ Y;, it
is the case that & [~ FY;. By definition of T and
Y;, we have x(c¢;1) € [-0.5,0.5), (c;2) = 2 and
x(c;3) = x(c;4) = 1. Note that the only modes
affecting {c;1,...,¢ia} are {y;,n;,Y,;,;}. The only
modes affecting ¢; 1 positively, and that could thus lead it
to 0.5, are y; and ;. However, both affect ¢; o positively,
and no mode decreases c; 2. Hence, using either mode
from & can never lead to a point in Y;. Thus, x [~ FY;.

(2) By o(mr) € T, we have o(7r)(c;2) = 2. Since
yi(ci2) = milci2) = Yi(ci2) = Nilez) = 1,
and since no mode decreases c; o, it is the case that
timey, (7') + timen,, (7') 4 timey, (7') +timeg, (1) = 2.
Since T requires c¢; 3 = 1, and no mode decreases c; 3,
we have time,, (7') + timep, (7") = 1. Similarly, as T'
requires ¢; 4 = 1, we have timey, (7") + timeg, (1') = 1.

It remains to use the above claims to prove (). Note that
Ty, # Tn, as the constraints of Y; and N; conflict on ¢; ;. Let
us assume that 7y, < 7, (the other case is symmetric). Let
1 and 1’ be schedules such that exec(¢,0) = o[0..7y;] and
exec(y', o(1y;)) = o1y, ..TN;].

By definition of Y; and NV;, we have o(7y,)(c;;3) = 1 and
o(7n,)(ci,;3) = 1. Since no mode decreases c; 3, modes y; and
n; are not used in ¢’. Further, note that o(7y;)(c;1) = 0.5
and o (7, )(c;1) = —0.5. Therefore, it must be the case that

0.5 — timeg, (') + timeg, (1) = —0.5.



Thus, timey, (¢') — times, (1) = 1. As ¢ arises from 7/,

Claim 2 yields
timey, (¢') + timeg, (¢') < 1.

So, we have timey (¢') = 1 and timeg,(¢') = 0. From
Claim 2, we further derive timey, (1)) = timeg, (¢) = 0.

By definition of Y;, we have o(7y;)(¢;1) = 0.5. Since y;
and n; are the only modes possibly used in 9 to change ¢; 1,
we have 3 - timey, (¢) — 1 - timep, (1)) = 0.5. By Claim (2),

time,, (¢) + timey,, (¢') < 1.

So, we have timey, (¢) = 1 and timey,, () = 0, which, by
Claim (2), yields time,, (') = 1 and time,, (7’) = 0. O

In Section we implicitly assume that Petri nets with
inhibitor arcs have no transition that consumes from, and
produces in, the same place. We can make this assumption
without loss of generality. Roughly, it is possible to split a
transition t that consumes and produces in the same place
into two transitions fye and t,05, While being equivalent with
respect to reachability. We let ¢,,e consume from the place and
realize the effect of ¢ on all other places, and let ¢, produce
in the place. We can ensure that when ¢, then immediately
afterwards t,os is fired by adding a new place p;, adding an
arc from tpe to p; and an arc from p; t0 £,05, and adding an
inhibitor arc from p; to all other transitions, thus preventing
any transition other than ¢, from being fired until ¢,, was
fired to consume the token from p;.

Now, let us prove the statements from Section

Lemma 4: Let x 4,2’y € A and let 7 be a finite schedule
such that x4(t4) = 1, |7| > 0, and x4 —7%p ', holds
with no intermediate points in A, i.e. exec(m,x4)(7) € A iff
7 € {0,time(n)}. It is the case that 7 = a;b;c; and there
exist xg € By, ¢ € C; such that

at b, Ct /
TraA — rp — o — Z,.
A Al B B, C c; A

Proof: Let ¢ 4,2’y € A and 7 be as described.

Let m = (o, m)n’. By definition of A, we must have m =
a; for some t € T. Since x4(t4) = 1, we have o € (0, 1]. If
a < 1, then zone A} \ A is reached, and the only mode that
can be used is a;. Thus, we can assume w.l.o.g. that @ = 1.
Let g '= x4 + a;. We have

xy =% xpand xp € B;.
t

Let 7’ = (o/, m/)7”. By definition of By, we have m’ = b;
or m’ = a, for some s # t. Since no zone allows for tg > 0
and sp > 0, we must have m’ = b;. Since xp(tg) = 1, we
have o/ € (0,1]. If & < 1, then zone B; \ B; is reached,
and, again, the only mode that can be used is b;. So, we can
assume w.l.o.g. that o’ = 1. Let ¢ = xp + b;. We have

g —>'§, xc and x¢o € C;.
t

Let 7”7 = (o, m"")n""". By definition of C}, we have m” =
c; orm” = ag for some s # t. Since no zone allows for tc >
0 and sp > 0, we must have m” = ¢;. Since z¢(tc) = 1,
we have o’ € (0,1]. If o < 1, then zone Cj\ C; is reached,

and, again, the only mode that can be used is ¢;. So, we can
assume w.l.o.g. that o = 1. Let y :== ¢ + ¢;. We have

TCo —>°C‘; y and y € A.

Since execution exec(m, € 4) does not contain intermediate
points in A, we have y = «/, and hence 7" is empty.
Consequently, m = a;b;c;. O

Proposition 25: Given a Petri net with inhibitor arcs " and
Tgrc, Tigr, 1t is possible to compute an MMS M, points x, x’,
and a finite set of zones AP closed under scaling, such that

1) &ge =1 @ in N iff € =75, @’ in M for some finite

schedule m with time(w) > 1,

2) 0 A%, 0in M.

Proof: We show the proposition with M and AP de-
scribed above. Let @ be the point such that x(¢4) := 1 for all
teT, x(p) = xgc, and x(j) := 0 for any other j. Let =’ be
defined in the same way, but with x, rather than x..

Ttem [2] follows from the fact that zones from AP are non-
negative, and each mode of M decreases some dimension. It
remains to show that g = @ in N iff z =%, 2’ in M.

=) Let @y =™ Xy in N, where m = 1 -+ - t). Let 7’ ==
ay, by ey, - ay, by, cr, . We have @ —>’;{P x in M.

<) Let € =7 p ' in M where 7 is nonempty. As x,x’ €
A, repeated applications of LemmaMlyield ¢y, ...,¢; € T and
points Ya 1, YB,1> YC,1» - -+ YAk> YB.k» YC,k» YA,k+1 Such
that 7 = a4, by, ¢y, - - - @y, by ¢y, and for all ¢ € [1..k]:

1) ya,; € A yp; € By, and yc; € Cy,,

2) yag =z and Y4 141 = T/, and
by
3) yAz_>A/ YB,i — B/ Yo, — C/ Ya,it1 in M.

By definition of the modes and zones, Item [3 yields

yai(p) =" yai(p) in N forall i € [1.k].

Thus, Tge = Ya,1(P) =" Yaps1(p) =T in N. [

Lemma 5: Given v, ..., 1, ¢ € LTLg({U}), it is possible
to compute a formula from LTLg({U}) that is equivalent to
formula (1 V -+ Vb)) U .

Proof: The two following equivalences hold for LTL

formulas interpreted over infinite words:

) (v )Ue= (@ Uy)U ([ Ug)Ue),

2) pU@vy)=(eUy)VvieUy).
By Propositions [1l and 2] these equivalences also hold for
negation-free LTL formulas interpreted over executions.

We proceed by induction on n. If n = 1, then the claim is

trivial. Assume n > 2. Let ¢’ := )5 V - - - V 1,,. We have:
(1 \/1/12\/"'\/1/%)[-]%0
= (VYU
<w BNV <<w U ) Ugp) 2D
= (1 Uy U (9 Uy) (22)
=[(v1 U 1/)2) V(i Ugn)U (@ Uy) (23)
=0, (24)

where and follow from Items[Iland 2] and where
and yield 6,6 € LTLg({U}) by induction hypothesis. [
Theorem 7: LTLg({U}) and LTL5({G, V}) are undecidable.



Proof for LTLp({G,V}): Let N be a Petri net with
inhibitor arcs and let Ty, Ty Let M, x, x’ and AP be given
by Proposition 24l We modify M and AP as follows. We add
dimension O to indicate that &’ was reached and extend the
execution to an infinite one.

Each mode m € M is extended with m(Q) := 0. Each
zone of AP is extended with the constraint © = 0. We add
modes {ag,ay} and zone Ao defined by:

J ao(j) ao(j) Ao
V 1 -1 © €10,1]
else 0 0 rest =z

Let M’ and AP’ be the resulting MMS and set of zones.
Let ¢ == G(\ 4capr Z). Let y == (0,x). By Proposition 24,
it suffices to show that x —% p «’ in M iff y = .

=) Let 7 be a finite schedule such that © —7% =’ in M.
Let 7’ = Tagpayagay ---. We have y —>’XP, in M’, and
hence exec(n’,y) Em ¢, since 7’ is non-Zeno.

<) Let 7 be an infinite non-Zeno schedule of M’ such that
exec(m,y) E ¢. Let o := exec(m, y). By Proposition 24] we
have y 7L>ZXP’\{A@}'

So, there exists 7 € R>( such that o(7) € Ao. By definition
of M’, there is a minimal 7/ < 7 with o(7’) = (0,2’). Let 7’
be a finite schedule such that exec(n’,y) = o[0..7']. We have
y—)’;{P,\{AU} (0,2') in M'. Hence, x —%p ' in M. [
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