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Energy Efficiency in Multiuser Transmission Over

Parallel Frequency Channels
Liang Dong and Xing Meng

Abstract—Energy efficiency is an important design criterion
for wireless communications. When parallel frequency channels
are used for multiuser transmission, the channel bandwidths and
user power are adjusted to maximize the sum information rate
with the bandwidth budget, the transmit power budget, and the
user-specific rate requirements. The maximum sum rate is used in
measuring the energy efficiency. With fixed or flexible bandwidths
of the frequency channels, practical methods are developed to
find the total transmit power with the unique optimal resource
(bandwidth and power) allocation for maximum energy efficiency.
This resource allocation ensures that, while each user’s minimum
rate requirement is satisfied, all the excess resource of the
spectrum and transmit power is dedicated to the one user with
the best channel quality. Simulation results validate the optimal
solutions of total transmit power and resource allocation that
support the energy-efficient multiuser transmission.

Index Terms—Multiuser transmission, sum information rate,
energy efficiency, bandwidth assignment, transmit power alloca-
tion.

I. INTRODUCTION

Energy efficiency is an important metric of wireless com-

munications. It is measured as the communication data rate

per unit of power used. In wireless communications, a large

portion of the energy is consumed for information transmis-

sion. Maximizing energy efficiency is to minimize energy

consumption for transferring a certain amount of information.

Energy efficiency is critical to limit excessive power usage

in the communication network and to reduce the operational

expenditure [1]–[4].

For multiuser transmission, parallel frequency channels

can be used to avoid multiuser interference. The frequency

channels with various bandwidths are assigned to and the

total transmit power is split among the multiple users. The

bandwidth and power allocations are designed to maximize

the sum information rate and hence improving the energy

efficiency. If the transmitter uses one of the parallel channels,

it only transmits the information to one receiver with the best

reception. The optimal power allocation across the channels

is a water-filling solution [5]. When the frequency spectrum

is divided into discrete frequency bins to be assigned to

different users with dedicated power spectral density, a convex

programming relaxation can be exploited to find the optimal

bin assignment and its energy distribution [6], [7]. For practical

applications in [7], computational complexity is reduced by re-

stricting the energy distribution to be constant across the used
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channels. The dynamic bandwidth assignment and adaptive

power allocation are referred to as resource allocation. Over

parallel Gaussian broadcast channels, the optimal resource

allocation is studied to achieve any point on the boundary

of the capacity region [8] and with a sum power constraint

and the receiver-specific rate constraints [9].

The resource allocation algorithms for multiuser trans-

mission over parallel frequency channels can be applied to

the orthogonal frequency division multiple access (OFDMA)

systems [10]–[16]. Because the energy efficiency with optimal

resource allocation is strictly quasiconcave in the total transmit

power, there exists a unique global maximum [17]–[20].

In [17], the energy efficiency is maximized under certain user

quality-of-service requirements. The optimal energy-efficient

resource allocation is derived with a given subcarrier assign-

ment, and a suboptimal algorithm is developed with a flexible

subcarrier assignment.

In this paper, we address the energy-efficient transmission

over parallel frequency channels. The transmission to the mul-

tiple receivers exploits the multiuser diversity, as a different

frequency is chosen for each user around which the channel

response is relatively good. This can be, for example, the

downlink transmission of the contiguous OFDMA system.

Adjacent frequency bins are used for transmission to one user,

and the channel responses across these bins are relatively flat

and can be estimated and fed back to the transmitter.

Each user has an individual requirement of minimum date

rate. With optimal resource allocation, the sum of information

rates is used in measuring the energy efficiency. When the

bandwidth of each parallel frequency channels is given, we

develop a practical method to find the total transmit power

and its user allocation for maximum energy efficiency. When

the bandwidths of parallel frequency channels are undeter-

mined, we develop a practical method for energy-efficient

transmission with joint optimal bandwidth assignment and

power allocation. The maximum energy efficiency is achieved,

which corresponds to a total transmit power with the unique

optimal resource allocation. This resource allocation ensures

that, while each user’s minimum rate requirement is satisfied,

all the excess resource of the spectrum and transmit power is

dedicated to the one user with the best channel quality.

The remainder of the paper is organized as follows. In

Section II, the system model is provided for multiuser trans-

mission over parallel frequency channels. An optimization

problem is formulated to maximize the energy efficiency

while satisfying the minimum rate requirements. With fixed

bandwidth assignment of the channels, the maximization of

energy efficiency is discussed in Section III with the optimal

http://arxiv.org/abs/1606.07142v3
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Fig. 1. Transmission to multiple users over parallel frequency channels.

total transmit power and power allocation. A practical method

is developed to implement the energy-efficient multiuser trans-

mission. With adjustable bandwidths, Section IV gives the

solution of joint bandwidth assignment and power allocation.

Furthermore, in Section V, a practical method is developed

to find the optimal total transmit power and resource allo-

cation for energy-efficient multiuser transmission. Numerical

results validate the optimal solutions for energy efficiency in

Section VI . Finally, conclusions are drawn in Section VII.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider a wireless broadcast scenario, in which a trans-

mitter transmits to K receivers in parallel frequency bands

and thus there is no interference at the receivers. Let K =
{1, 2, . . . ,K} be the set of the receivers. The transmitter

assigns a frequency channel of bandwidth wk and uses trans-

mit power pk to transmit to the kth receiver (∀k ∈ K).

Suppose that, once the nominal carrier frequency of the

channel is determined, the bandwidth wk is adjustable as

long as W =
∑

k∈K wk ≤ WM . W is the total assigned

bandwidth, and WM is the bandwidth budget. An example

is the contiguous subcarrier assignment of the OFDMA in

IEEE 802.16 (WiMAX), IEEE 802.20 (MBWA), IEEE 802.22

(WRAN), and the downlink of the 3GPP LTE mobile broad-

band standard. A group of adjacent subcarriers are assigned to

a single user. The contiguous subcarriers for one user are rel-

atively flat over frequency, and its average channel frequency

response hk can be measured by using pilot subcarriers. Taking

advantage of the multiuser diversity, the transmitter uses a

parallel frequency channel to transmit to each receiver which

avoids deep fades. In Section IV, we assume that {wk} are

continuously adjustable.

With Gaussian channels, the achievable information rate of

the kth user is given by

rk = wk log2

(

1 +
pk|hk|

2

wkN0

)

= wk log2

(

1 +
pkgk
wk

)

(1)

where N0 is the noise power spectral density. The channel gain

is denoted as gk = |hk|
2/N0 and is known to the transmitter. It

is assumed that {gk} are constant during the transmission time

in consideration. Fig. 1 illustrates the multiuser transmission.

The energy efficiency ΓEE is defined as the sum achievable

rate per unit of power in bps/W or bits/Joule. That is

ΓEE ,
R

Ptotal
=

R

P/ζ + PC
. (2)

where R =
∑

k∈K rk , P is the transmit power, ζ is the power

amplifier efficiency to generate transmit power P , and PC is

the circuit power. Here, P =
∑

k∈K pk ≤ PM , and PM is the

transmit power budget.

The optimization of energy-efficient transmission is to max-

imize ΓEE over W , P , and appropriately assigned {wk}k∈K

and allocated {pk}k∈K. It can be formulated as

P1 :

maximize
W,P,{wk},{pk}

ΓEE

subject to rk = wk log2

(

1 + pkgk
wk

)

≥ řk, ∀k ∈ K
∑

k∈K wk =W ≤WM
∑

k∈K pk = P ≤ PM .

where řk is the minimum achievable information rate. It is

required that rk ≥ řk (∀k ∈ K) to guarantee the quality of

service. Let R0 =
∑

k∈K řk .

We approach Problem P1 with a two-step progression. First,

suppose that {wk} are fixed. For any arbitrary P , we derive

the optimal power allocation {pk} that maximizes R. Further,

the optimal P is found with a practical method that maximizes

ΓEE. Second, we address the joint bandwidth assignment and

transmit power allocation that maximizes R and further find

the optimal P that maximizes ΓEE.

III. TRANSMIT POWER ALLOCATION AND ENERGY

EFFICIENCY

A. Optimal Transmit Power Allocation

Suppose that the total bandwidth W and its assignment

{wk}k∈K for transmission to the K receivers are fixed. Given

a total transmit power P ≤ PM that is used by the transmitter,

the optimization problem of transmit power allocation can be

formulated as

P2 :

maximize
{pk}

R =
∑

k∈K wk log2

(

1 + pkgk
wk

)

subject to pk ≥ wk

gk

(

2
řk

wk − 1
)

, ∀k ∈ K
∑

k∈K pk = P

where the constraints are to satisfy the minimum rate require-

ments and the total power limit.

The achievable information rate rk = wk log2(1+pkgk/wk)
is strictly increasing and concave in pk, for any given positive

gk and wk. Problem P2 is a convex optimization problem. The

solution of P2 and its property are summarized in Proposition

1.

Proposition 1: For a total transmit power P that is used, the

power allocation problem P2 is a convex optimization problem

with its optimal solution given by

p̂k = p̌k + wk

(

1

µ
− αk

)+

, ∀k ∈ K (3)
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Fig. 2. Water-filling illustration of optimal transmit power allocation.

where

p̌k =
wk
gk

(

2
řk

wk − 1
)

αk =
1

gk
+
p̌k
wk

and (x)+ represents max(x, 0) and µ is an intermediate vari-

able that makes p̂k’s satisfy the total transmit power constraint.

Define Set I as the set that contains the users transmitting

with their minimum required power, i.e., p̂i = p̌i, ∀i ∈ I ⊆ K.

The maximum sum information rate is given by

R̂ =
∑

i∈I

ři +
∑

j∈K\I

wj log2

(

gj
µ

)

(4)

where

1

µ
=

P − P0 +
∑

j∈K\I wjαj
∑

j∈K\I wj

P0 =
∑

k∈K

p̌k.

Proof: See Appendix A. �

Given P , the optimal power allocation {p̂k} is the water-

filling solution. This can be visualized in Fig. 2. The kth user

occupies a power area with width wk. The initial water level is

αk = 1/gk+ p̌k/wk. The total transmit power P is the shaded

area in the figure. When the total power P > P0, the power

water level raises to 1/µ. In this example in Fig. 2, I = {4},

1/µ < αi, ∀i ∈ I and 1/µ ≥ αj , ∀j ∈ K \ I.

B. Maximization of Energy Efficiency

With total used power P ≤ PM and the optimal power

allocation, the maximum sum information rate and the en-

ergy efficiency are R̂(P ) and Γ̂EE(P ) = R̂/(P/ζ + PC),
respectively. The goal is to find P opt ∈ [P0, PM ] such that

Γ̂EE(P
opt) is maximized while applying the optimal power

allocation.

Proposition 2: The maximum sum information rate R̂(P )
is continuously differentiable, strictly increasing, and concave

in P ≥ P0. The energy efficiency Γ̂EE(P ) is continuously

differentiable, and it is either strictly decreasing or strictly

quasiconcave in P ≥ P0.

Proof: See Appendix B. �

If Γ̂EE(P ) is strictly decreasing, the maximum energy effi-

ciency is achieved while transmitting with minimum power for

every user that meets the rate requirement, i.e., P opt = P0 and

p̂k = p̌k, ∀k ∈ K. If Γ̂EE(P ) is strictly quasiconcave, since

limP→∞ Γ̂EE(P ) = 0, there is a unique global maximum at

some finite transmit power P opt. As Γ̂EE(P ) is continuously

differentiable, its first derivative can be calculated and used to

find P opt that maximize the energy efficiency. The derivative

of Γ̂EE(P ) is given by

dΓ̂EE(P )

dP
=

d

dP

(

R̂(P )

P/ζ + PC

)

=
dR̂(P )

dP

1

P/ζ + PC
−

R̂(P )

ζ(P/ζ + PC)2
. (5)

As P/ζ+PC > 0, the sign of dΓ̂EE(P )/dP is determined by

the sign of Λ(P ) = (P/ζ + PC) · dΓ̂EE(P )/dP as

Λ(P ) =
dR̂(P )

dP
−

1

ζ
Γ̂EE(P ). (6)

C. Practical Method

To implement the transmission with maximum energy effi-

ciency, we develop a method that can be applied to practical

systems. As total transmit power P increases from P0, the

critical levels of P at which Set I changes are found as

follows. Let {αk}
K
k=1 be sorted in the ascending order and

denoted as α′
1 ≤ α′

2 ≤ · · · ≤ α′
K , where α′

k corresponds to

g′k, p̌′k and w′
k. According to the power allocation water-filling

solution, as P increases from P0, the critical levels of P are

the ones at which the water level 1/µ reaches α′
1, α

′
2, . . . , α

′
K

in this order. In an ascending order, the critical levels are given

by

PJ−1 = P0 +
J−1
∑

i=1

(α′
J − α′

i)w
′
i, J = 1, 2, . . . ,K. (7)

According to (4), at the critical level PJ−1, the energy

efficiency is given by

Γ̂EE(PJ−1) =
R0 +

∑J−1
i=1 w

′
i log2(α

′
J/α

′
i)

(

P0 +
∑J−1

i=1 (α
′
J − α′

i)w
′
i

)

/ζ + PC
. (8)

From (36), we have dR̂(P )/dP |P=PJ−1
= (1/ ln 2)(1/α′

J).
Let ΛJ−1 denote Λ(PJ−1), and it follows from (6) that

ΛJ−1 =
1

ln 2

1

α′
J

−
1

ζ
Γ̂EE(PJ−1). (9)

If Λ0 ≤ 0, the optimal total transmit power to maximize energy

efficiency is P opt = P0 with power allocation p̂k = p̌k, ∀k ∈
K. In the situation when ΛJ−1 > 0 and ΛJ ≤ 0, J users

with the J smallest α’s use excess transmit power beyond

their minimum required power to achieve the maximum energy

efficiency, and P opt ∈ (PJ−1, PJ ]. Within this power interval,

the energy efficiency with optimal power allocation can be

calculated from (4) as

Γ̂EE(P ) =
1

P/ζ + PC

(

A+ W̃J log2(P −B)
)

,

P ∈ (PJ−1, PJ ] (10)
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where

W̃J =
J
∑

i=1

w′
i

A = R0 −
J
∑

i=1

w′
i log2 α

′
i − W̃J log2 W̃J

B = P0 −

J
∑

i=1

w′
iα

′
i.

The derivative of Γ̂EE(P ) in this interval is given by

dΓ̂EE(P )

dP
=

W̃J

(P/ζ + PC)(P −B) ln 2

−
A+ W̃J log2(P −B)

ζ(P/ζ + PC)2
. (11)

The sign of the derivative is determined by the sign of Θ(P ) =
ζ(P/ζ + PC)

2 ln 2 · (dΓ̂EE(P )/dP ), which is given by

Θ(P ) =
(P + ζPC)W̃J

P −B
−A ln 2− W̃J ln(P −B). (12)

As Θ(PJ−1) > 0 and Θ(PJ ) ≤ 0, the root of Θ(P ), P ∈
(PJ−1, PJ ] can be found with the bisection method.

The procedure of finding the optimal total transmit power

P opt along with its user allocation {p̂k} that maximizes ΓEE

is sketched in Algorithm 1.

Algorithm 1 Find optimal total transmit power and its user

allocation that maximize ΓEE

0. Calculate minimum transmit power p̌k from minimum rate

requirement řk, ∀k ∈ K;

1. Calculate αk = 1/gk + p̌k/wk, where gk, wk, ∀k ∈ K are

given;

2. Sort {αk} in ascending order as {α′
k}
K
k=1;

3. Calculate the critical levels of total transmit power

PJ−1, J = 1, 2, . . . ,K using (7). The power levels can be

neglected if they are beyond PM ;

4. Calculate Γ̂EE(PJ−1) using (8) and ΛJ−1 using (9), start-

ing with J = 1 and stopping when Λ is negative;

5. If Λ0 ≤ 0, P opt = P0, go to Step 7;

6. When ΛJ−1 > 0 and ΛJ ≤ 0, the optimal total transmit

power is in interval (PJ−1, PJ ]. Establish Set I. Find P opt

as the root of Θ(P ) in (12) using the bisection method;

7. With P opt, calculate the optimal transmit power allocation

using (3) and the maximum energy efficiency using (10).

IV. JOINT BANDWIDTH ASSIGNMENT AND TRANSMIT

POWER ALLOCATION

With a total bandwidth W and total used transmit power

P , what is the best way to simultaneously assign frequency

channel bandwidths and allocate power for transmission to

the K users? Suppose that the transmitter can exploit the

multiuser diversity and determine different nominal carrier

frequencies for transmission to the appropriate receivers. The

channel bandwidths {wk} of the parallel frequency bands are

continuously adjustable [21]. Within the kth frequency band,

suppose that the channel frequency response is flat and the

channel gain gk can be measured.

As the criterion is to maximize the sum information rate R,

the optimization problem of joint bandwidth assignment and

transmit power allocation can be written as

P3 :

maximize
{wk},{pk}

R =
∑

k∈K wk log2

(

1 + pkgk
wk

)

subject to wk log2

(

1 + pkgk
wk

)

≥ řk, ∀k ∈ K
∑

k∈K wk =W
∑

k∈K pk = P.

Suppose that {gk} are distinct and are sorted in the descending

order g1 > g2 > · · · > gK . The sum information rate R is a

concave function of {wk} and {pk}. Therefore, Problem P3

is a convex optimization problem.

Proposition 3: For a total bandwidthW and total used trans-

mit power P , problem P3 of joint bandwidth assignment and

transmit power allocation is a convex optimization problem. If

this problem has a feasible solution, the optimum is achieved

as follows.

1) The K− 1 users with channel gains gi, i = 2, 3, . . . ,K ,

are transmitted to at their minimum rate ři, i =
2, 3, . . . ,K . All of the remaining resources of the spec-

trum and the transmit power is used for transmission to

the user with the best channel gain g1.

2) The bandwidth assigned and the transmit power allo-

cated to the ith user (i = 2, 3, . . . ,K) are respectively

wi =
ři ln 2

W
(i)
0 + 1

(13)

pi =
ři ln 2

gi
·
ψgi − 1−W

(i)
0

W
(i)
0 (W

(i)
0 + 1)

(14)

where W
(i)
0 = W0(

ψgi−1
e ), and W0(·) is the principal

branch of the Lambert W function.

The bandwidth assigned and the transmit power allo-

cated to the user with g1 are respectively

w1 = W −

K
∑

i=2

wi (15)

p1 = P −

K
∑

i=2

pi. (16)

The intermediate coefficient ψ satisfies

ψ =

(

1

g1
+
p1
w1

)

ln

(

1 +
p1g1
w1

)

−
p1
w1
. (17)

3) The maximum sum information rate is

R̂ =
K
∑

i=2

ři +
w1

ln 2

(

W
(1)
0 + 1

)

(18)

where W
(1)
0 = W0(

ψg1−1
e ).

Proof: See Appendix C. �

For i = 2, 3, . . . ,K , it follows (13) that wi is strictly de-

creasing in ψ > 0. Therefore, pi is strictly increasing in ψ > 0.

From (14), we have limψ→0 pi = ři ln 2/gi, i = 2, 3, . . . ,K .
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For i = 1, the maximum information rate of the user with

channel gain g1 is denoted as r̂1, i.e., r̂1 = w1 log2(1 +
p1g1/w1), and (17) can be rewritten as

ψ =
1

g1

(

2
r̂1
w1

(

r̂1
w1

ln 2− 1

)

+ 1

)

. (19)

The bandwidth assigned to this user can be solved as

w1 =
r̂1 ln 2

W
(1)
0 + 1

. (20)

Let us denote w̌1 = ř1 ln 2/(W
(1)
0 + 1) and p̌1 as the

bandwidth and the transmit power, respectively, that just meet

the minimum rate requirement ř1 of user 1. The formula of w̌1

is analogous to (13) which shows that w is strictly decreasing

in ψ. Because r̂1 ≥ ř1, the feasible value of ψ is in the interval

ψ ∈ [ψmin, ψmax], where ψmin is found when w̌1+
∑K

i=2 wi =

W and ψmax is found when p̌1 +
∑K

i=2 pi = P .

If ψmin > ψmax, the minimum rate requirements {řk}k∈K

cannot be simultaneously satisfied with the total bandwidth W
and the total transmit power P . For ψmin ≤ ψmax, it follows

from (20) that

W
(1)
0 + 1 = ln

(

1 +
(P −

∑K
i=2 pi)g1

W −
∑K

i=2 wi

)

. (21)

The left side of (21) is strictly increasing and the right side of

(21) is strictly decreasing in ψ ∈ [ψmin, ψmax]. Define Ψ(ψ)
as

Ψ(ψ) = W
(1)
0 + 1− ln

(

1 +
(P −

∑K
i=2 pi)g1

W −
∑K
i=2 wi

)

. (22)

It has a unique zero-crossing point in [ψmin, ψmax], and ψ can

be obtained using numerical methods.

V. ENERGY EFFICIENCY IN MULTIUSER TRANSMISSION

The total bandwidth W and the total transmit power P
are to be adjusted to maximize the energy efficiency Γ̂EE =
R̂(W,P )/(P/ζ+PC). Of course, with every particular W and

P , the maximum sum information rate R̂(W,P ) is achieved

with the proposed method of joint bandwidth assignment and

transmit power allocation.

Proposition 4: The energy efficiency Γ̂EE =
(

1
P/ζ+PC

)

R̂(W,P ) is continuously differentiable in W

and P , given that the (W,P )-pair can satisfy the minimum

rate requirements. The energy efficiency Γ̂EE is strictly

increasing and concave in W , and Γ̂EE is either strictly

decreasing or strictly quasiconcave in P .

Proof: The proof is similar to the proof of Proposition 2,

starting with that R̂(W,P ) is strictly increasing and concave

in W and P . �

It is evident from Proposition 4 that the multiuser trans-

mission should use total bandwidth as wide as possible, i.e.,

W =WM .

If the total bandwidthW =WM is small, sufficient transmit

power P0 is required to meet the minimum rate requirements.

In this case, it is more likely that Γ̂EE is strictly decreasing in

P . If W =WM is large, there is already adequate bandwidth

that can be used to meet the minimum rate requirements. In

this case, it is more likely that ΓEE is quasiconcave in P . The

derivative-based method can be used to find the optimal total

bandwidth P opt that maximizes Γ̂EE. The partial derivative of

the energy efficiency over P is given by

∂Γ̂EE(P )

∂P

=
∂

∂P

[(

1

P/ζ + PC

)

R̂(W,P )

]

=
1

P/ζ + PC

∂R̂(W,P )

∂P
−

R̂(W,P )

ζ(P/ζ + PC)2

=
1

P/ζ + PC

∂

∂P

[(

W

ln 2
−

K
∑

i=2

ři

W
(i)
0 + 1

)

(

W
(1)
0 + 1

)

]

−
1

ζ(P/ζ + PC)2

(

K
∑

i=2

ři +
w1

ln 2

(

W
(1)
0 + 1

)

)

=
1

P/ζ + PC

[

Ω1

K
∑

i=2

řiΩ
−2
i

gi
ψgi − 1 + exp(Ωi)

+

(

W

ln 2
−

K
∑

i=2

řiΩ
−1
i

)

g1
ψg1 − 1 + exp(Ω1)

]

∂ψ

∂P

−
1

ζ(P/ζ + PC)2

(

K
∑

i=2

ři +

(

W

ln 2
−

K
∑

i=2

řiΩ
−1
i

)

Ω1

)

=
1

P/ζ + PC
F1(W,P )

∂ψ

∂P
−

1

ζ(P/ζ + PC)2
F2(W,P )

(23)

where ψ(W,P ) is obtained following Proposition 3. For

particular W and P that can satisfy the minimum rate re-

quirements, there is a unique ψ that corresponds to R̂(W,P )
in (18). As P changes, ψ changes. With ψ(W,P ) obtained for

a series of P , its partial derivative ∂ψ/∂P can be calculated.

And,

Ωi = W
(i)
0 + 1, i = 1, 2, . . . ,K

F1(W,P ) = Ω1

K
∑

i=2

řiΩ
−2
i

gi
ψgi − 1 + exp(Ωi)

+

(

W

ln 2
−

K
∑

i=2

řiΩ
−1
i

)

g1
ψg1 − 1 + exp(Ω1)

F2(W,P ) =

K
∑

i=2

ři +

(

W

ln 2
−

K
∑

i=2

řiΩ
−1
i

)

Ω1.

The sign of the partial derivative of the energy efficiency

over P is determined by the sign of ΛP (W,P ), which is

defined as

ΛP (W,P ) = (P + ζPC)F1(W,P )
∂ψ

∂P
− F2(W,P ). (24)

If Γ̂EE is strictly decreasing in P and ΛP < 0 (∀P ≤ PM ),

the optimal total transmit power P opt is the minimum required

transmit power, i.e., P opt = P0. If Γ̂EE is quasiconcave, P opt

is found at the zero-crossing point ΛP (W,P
opt) = 0.

The procedure of maximizing the energy efficiency Γ̂EE in

multiuser transmission is sketched in Algorithm 2.
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Algorithm 2 Find P opt that maximizes energy efficiency Γ̂EE

with joint bandwidth assignment and transmit power allocation

0. Different nominal carrier frequencies are chosen for trans-

mission to the K receivers such that each user has a

relatively good channel gain. Sort the channel gains in a

descending order g1 > g2 > · · · > gK ;

1. Total available bandwidth WM is used to assign parallel

frequency channels to the K users. Find ψmin by setting

w̌1 +
∑K

i=2 wi =WM , where (13) is used for {wi};

2. With ψ = ψmin, calculate P0 = p̌1+
∑K
i=2 pi, where (14) is

used for {pi}. If P0 > PM , the minimum rate requirements

cannot be met simultaneously, and Stop;

3. For P ∈ [P0, PM ], find ψ(P ) such that Ψ(ψ(P )) = 0 in

(22). These values can be obtained with simple numerical

methods because Ψ(ψ) is monotonically increasing in ψ.

Calculate ∂ψ(P )/∂P ;

4. For P ∈ [P0, PM ], calculate F1(WM , P ) and F2(WM , P ).
Calculate ΛP (WM , P ) using (24);

5. If ΛP (WM , P ) < 0, ∀P ∈ [P0, PM ], P opt = P0.

Otherwise, P opt is found when ΛP (WM , P
opt) = 0. Simple

numerical methods can be used because ΛP (WM , P ) is

monotonically decreasing in P ;

6. The maximum energy efficiency is Γ̂EE =
R̂(WM , P

opt)/(P opt/ζ + PC), where R̂ is calculated

using (18). With W = WM and P = P opt, the joint

bandwidth assignment and transmit power allocation are

obtained with (13)–(16).

VI. NUMERICAL RESULTS

We simulate a scenario in which a transmitter communicates

with K = 3 receivers over parallel frequency channels.

The channel gains {gk} are arbitrary but fixed during the

transmission. The three users have minimum rate requirements

{řk}.

First, suppose that the bandwidth assigned to the users {wk}
are fixed. We randomly generate gk from (0, 10], randomly

generate wk such that W is in (0, 15], and calculate {p̌k}
from {řk}. The total transmit power P increases starting from

P0. Given P , the transmit power allocation {pk} are found

according to the proposed method in Section III-A. Suppose

that ζ = 0.8 and PC = 10.

The top figure of Fig. 3 shows the sum information rate

R(P ) versus P . The green area contains R(P ) with various

power allocations. The solid red curve represents the sum

rate R̂(P ) with the optimal transmit power allocation. The

bottom figure of Fig. 3 shows the energy efficiency ΓEE(P )
versus P . The green area contains ΓEE(P ) with various power

allocations. The solid red curve represents Γ̂EE(P ) with the

optimal transmit power allocation, which is quasiconcave.

Fig. 4 reflects the accuracy of Algorithm 1 in Section III-C

for transmission at maximum energy efficiency. In this ex-

ample, the maximum energy efficiency is within interval

(P0, P1]. Therefore, only Θ(P ) within this interval needs to

be calculated and the zero-crossing point corresponds to P opt

that maximizes Γ̂EE.

Fig. 3. Sum information rate and energy efficiency with transmit power
allocations. Fixed bandwidth assignment.
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E
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Θ
(P

)

-10
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30

40
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Fig. 4. Search of P opt that maximizes the energy efficiency. Fixed bandwidth
assignment.

Second, transmission efficiency is achieved with joint band-

width assignment and transmit power allocation. We randomly

generate gk from (0, 10] and řk from (0, 10]. Fig. 5 shows the

concave envelope of the sum information rate R(W,P ) with

W = 10, P = 20, and various bandwidth assignments. Fig. 6

is a contour plot and the red star indicates the peak R̂(W,P )
with joint optimal bandwidth assignment and transmit power

allocation. The calculation of R̂(W,P ) follows (18) in Sec-

tion IV.

As W and P change, Fig. 7 shows the sum rate R̂(W,P )
with joint optimal bandwidth assignment and transmit power

allocation. R̂(W,P ) increases as W or P increases. Fig. 8

shows the energy efficiency ΓEE. For various W ’s, the solid

red curve indicates the peak Γ̂EE(P
opt) that is found with the

derivative-based method in Section V. Γ̂EE(P
opt) increases as

W increases, and the maximum is at W =WM . Fig. 9 shows
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Fig. 5. Sum information rate with arbitrary bandwidth assignment. W = 10,
P = 20.

Fig. 6. Contour plot of sum information rate. Red star indicates R̂ with joint
optimal bandwidth assignment and transmit power allocation.

the sign indicator ΛP (W,P ) of the efficiency derivative. The

zero-crossing curve corresponds to the total transmit power

P = P opt.

VII. CONCLUSIONS

Over parallel frequency channels, the problem of energy-

efficient multiuser transmission is formulated with the band-

width and transmit power constraints and the user-specific rate

requirements. The nominal carrier frequency of the channel

for each receiver is pre-determined, and the channel fre-

quency response is constant and known to the transmitter.

With fixed bandwidths of the parallel channels, a practical

method is developed to find the total transmit power along

with its optimal user allocation that maximizes the energy

efficiency. The optimal power allocation follows a multi-level

water-filling solution. With flexible channel bandwidths, joint

0
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4

Fig. 7. Sum information rate R̂(W,P ) with joint optimal bandwidth
assignment and transmit power allocation.
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Fig. 8. Energy efficiency of the multiuser transmission. Solid red curve

indicates Γ̂EE(P
opt).
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Fig. 9. Sign indicator ΛP (W,P ) of the efficiency derivative. The zero-
crossing curve corresponds to ΛP (W,P opt).

bandwidth assignment and power allocation are developed. To

maximize the energy efficiency, all the available bandwidth is

used for multiuser transmission, and the optimal total transmit
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power P opt is found with an effective method. The optimal

solution of resource allocation is unique, and it guarantees the

minimum rate requirement of each user while dedicating the

excess spectrum and power resources to the one user with the

best channel quality.

APPENDIX A

PROOF OF PROPOSITION 1

Problem P2 is a convex optimization problem. Using the

Karush-Kuhn-Tucker (KKT) conditions, we have (∀k ∈ K)

p̌k ≤ pk,
∑

k∈K

pk = P

λk ≥ 0, λk(p̌k − pk) = 0

−
wkgk

wk + pkgk
− λk + µ = 0.

As λk acts as a slack variable, it can be eliminated that yields

µ >
wigi

wi + pigi
and pi = p̌i, ∀i ∈ I ⊆ K (25)

µ =
wjgj

wj + pjgj
, ∀j ∈ K \ I. (26)

Set I is the set of users that are transmitted to with their

minimum required transmit power. Therefore, the optimal

transmit power allocation is given by

p̂i = p̌i, ∀i ∈ I (27)

p̂j = wj

(

1

µ
−

1

gj

)

, ∀j ∈ K \ I. (28)

With the total power constraint, we have

1

µ
=
P −

∑

i∈I p̌i +
∑

j∈K\I wj/gj
∑

j∈K\I wj
(29)

These equations can be combined as

p̂k = p̌k + wk

(

1

µ
− αk

)+

, ∀k ∈ K (30)

where

αk =
1

gk
+
p̌k
wk

. (31)

The maximum sum information rate with the optimal power

allocation is

R̂ =
∑

i∈I

ři +
∑

j∈K\I

wj log2

(

gj
µ

)

. (32)

APPENDIX B

PROOF OF PROPOSITION 2

Since rk is strictly increasing with pk and the optimal {p̂k}
is the water-filling solution, the maximum sum rate and the

allocated transmit power for each user are nondecreasing in

P . Consider the derivative of R̂(P ) for P ≥ P0. Increasing

the total power by ∆P , if Set I has no change, the limit is

lim
∆P→0+

R̂(P +∆P )− R̂(P )

∆P

= lim
∆P→0+

1

∆P

∑

j∈K\I

wj

(

log2 gj

(

1

µ

)

P+∆P

− log2 gj

(

1

µ

)

P

)

= lim
∆P→0+

1

∆P

∑

j∈K\I

wj log2 (1

+
∆P

P −
∑

i∈I p̌i +
∑

j∈K\I wj/gj

)

=
1

ln 2
·

∑

j∈K\I wj

P −
∑

i∈I p̌i +
∑

j∈K\I wj/gj
. (33)

If Set I contracts, i.e., the kth user is excluded,1 the new sets

are expressed as I ′ = I \ {k} and J ′ = K \ I ′ = J ∪ {k}.

With the optimal transmit power allocation, we have

(

1

µ

)

P

=
P − P0 +

∑

j∈J wjαj
∑

j∈J wj

= αk (34)
(

1

µ

)

P+∆P

=
P +∆P − P0 +

∑

j∈J wjαj + wkαk
∑

j∈J wj + wk

= αk +
∆P

∑

j∈J wj + wk
. (35)

Therefore,

lim
∆P→0+

R̂(P +∆P )− R̂(P )

∆P

= lim
∆P→0+

1

∆P





∑

i∈I′

ři +
∑

j∈J ′

wj log2 gj

(

1

µ

)

P+∆P

−
∑

i∈I

ři −
∑

j∈J

wj log2 gj

(

1

µ

)

P





= lim
∆P→0+

1

∆P

[

−řk + wk log2 gk

(

1

µ

)

P+∆P

+
∑

j∈J

wj

(

log2 gj

(

1

µ

)

P+∆P

− log2 gj

(

1

µ

)

P

)





= lim
∆P→0+

1

∆P

[

wk log2

(

1 +
∆P

αk(
∑

j∈J wj + wk)

)

+
∑

j∈J

wj log2

(

1 +
∆P

αk(
∑

j∈J wj + wk)

)





1With multiple users simultaneously being excluded from Set I due to the
increase in total transmit power by ∆P , the limit can be calculated using a
similar approach with ∆pk = (wk/

∑
j∈J ′ wj)∆P .
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=
1

ln 2

wk +
∑

j∈J wj

αk(
∑

j∈J wj + wk)

=
1

ln 2

1

αk

=
1

ln 2
·

∑

j∈J wj

P − P0 +
∑

j∈J wjαj
. (36)

The existence of the same limits indicates that R̂(P ) is con-

tinuously differentiable in P ≥ P0. Accordingly, the energy

efficiency with optimal transmit power allocation Γ̂EE(P ) =
R̂(P )/(P/ζ + PC) is continuously differentiable in P .

As P ≥ P0, dR̂(P )/dP > 0. The second derivative is given

by

d2R̂(P )

dP 2
= −

∑

j∈J wj

(P − P0 +
∑

j∈J wjαj)2 ln 2
< 0. (37)

Therefore, R̂(P ) is strictly increasing and concave in P ≥ P0.

Denote the superlevel sets of Γ̂EE(P ) as

Sβ = {P ≥
∑

k∈K

p̌k | Γ̂EE(P ) ≥ β}. (38)

For β ≥ 0, Sβ = {P ≥
∑

k∈K p̌k | βP/ζ+βPC−R̂(P ) ≤ 0}.

Sβ is strictly convex in P because R̂(P ) is strictly concave

in P . Therefore, Γ̂EE(P ) is strictly quasiconcave in P [22].

In addition, since R̂(P ) is strictly concave in P , we have

lim
P→∞

Γ̂EE(P ) = lim
P→∞

R̂(P )

P/ζ + PC
= 0. (39)

It follows that Γ̂EE(P ) is either strictly decreasing or strictly

quasiconcave in P ≥ P0.

APPENDIX C

PROOF OF PROPOSITION 3

With r = w log2 (1 + q/w), where q = pg > 0, the first

and second derivatives of r with respect to w are

dr

dw
= log2

(

1 +
q

w

)

−
q

(q + w) ln 2

d2r

dw2
= −

q2

w(q + w)2 ln 2

Let Φ(x) = ln(1 + 1/x) − 1/(1 + x), ∀x > 0. Because

limx→∞ Φ(x) = 0 and dΦ(x)/dx = −x/(1 + x)2 < 0, ∀x >
0, we have Φ(x) > 0, ∀x > 0. The first derivative is

positive dr/dw > 0 using x = w/q. The second derivative

is negative d2r/dw2 < 0. Therefore, r is strictly increasing

and concave in w > 0. It follows that Problem P3 is a convex

optimization problem with variables {wk} and {pk}. Using

the KKT conditions, we have (∀k ∈ K)

řk − wk log2

(

1 +
pkgk
wk

)

≤ 0

∑

k∈K

wk =W,
∑

k∈K

pk = P

λk ≥ 0, λk

(

řk − wk log2

(

1 +
pkgk
wk

))

= 0

(−1− λk)

(

ln

(

1 +
pkgk
wk

)

−
1

1 + wk

pkgk

)

+ ν1 = 0

(−1− λk)
wkgk

wk + pkgk
+ ν2 = 0.

Suppose that λi > 0, ∀i ∈ I ⊆ K and λj = 0, ∀j ∈ K\I. Set

I is the set of users that are transmitted to with their minimum

data rates, i.e., wi log2(1 + pigi/wi) = Ri, ∀i ∈ I. It follows

that

ν1 > Φ

(

wi
pigi

)

and ν2 >
wigi

wi + pigi
, ∀i ∈ I (40)

ν1 = Φ

(

wj
pjgj

)

and ν2 =
wjgj

wj + pjgj
, ∀j ∈ K \ I

(41)

where Φ(x) = ln(1 + 1/x) − 1/(1 + x), ∀x > 0. Because

dΦ(x)/dx = −x/(1 + x)2 < 0, ∀x > 0, Φ(x) is a strictly

decreasing function of x > 0. If there are two distinct users

k, l ∈ K \ I, (41) gives no positive solution for wk/pk and

wl/pl. Therefore, Set (K \ I) contains at most one user to

achieve the maximum sum rate R̂. The other K − 1 users are

in Set I which are transmitted to with their minimum data

rates. Suppose that user k ∈ K \ I. From (40) and (41), we

have (∀i ∈ I)

pk
wk

gk >
pi
wi
gi and

1

gk
+
pk
wk

<
1

gi
+
pi
wi

(42)

If follows that gk > gi, ∀i ∈ I. The only user that

is transmitted to with a data rate more than its required

minimum data rate is the user with the best channel gain

gk = max{g1, g2, . . . , gK}. Suppose that the minimum rate

of each user can be satisfied by the total bandwidth W and

the total used transmit power P . The bandwidth assigned and

the transmit power allocated for the kth user are respectively

wk = W −
∑

i∈I wi > 0 and pk = P −
∑

i∈I pi > 0. The

maximization problem of the sum information rate becomes

the maximization of the achievable information rate of the kth

user with the best gk. It is simplified as

maximize
{wi},{pi}

rk = (W −
∑

i∈I wi)

· log2

(

1 +
(P−

∑
i∈I

pi)gk
W−

∑
i∈I

wi

)

subject to wi log2

(

1 + pigi
wi

)

= ři, ∀i ∈ I.

It can be shown that rk is a concave function of {wi}
and {pi}. The maximum can be found by taking the gradient

∇rk = 0, which yields

1

gi

(

2
ři

wi

(

ři
wi

ln 2− 1

)

+ 1

)

= ψ, ∀i ∈ I (43)
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(P −
∑

i pi)gk
W −

∑

iwi
+ ψgk

=

(

1 +
(P −

∑

i pi)gk
W −

∑

i wi

)

ln

(

1 +
(P −

∑

i pi)gk
W −

∑

i wi

)

(44)

where ψ is the intermediate coefficient. With ψ, the bandwidth

and the transmit power of the ith user (i ∈ I) can be solved

as

wi =
ři ln 2

W
(i)
0 + 1

(45)

pi =
(exp(W

(i)
0 + 1)− 1)

(W
(i)
0 + 1)

·
ři ln 2

gi

=
ψgi − 1−W

(i)
0

W
(i)
0 (W

(i)
0 + 1)

·
ři ln 2

gi
(46)

where W
(i)
0 = W0(

ψgi−1
e ), and W0(·) is the principal branch

of the Lambert W function. From (44), ψ can be expressed as

ψ =

(

1

gk
+
pk
wk

)

ln

(

1 +
pkgk
wk

)

−
pk
wk

. (47)

Since the maximum achievable rate of the kth user is given

by

r̂k = wk log2

(

1 +
pkgk
wk

)

(48)

and pk = wk

gk
(2r̂k/wk − 1), it follows that

ψ =
1

gk

(

2
r̂k

wk

(

r̂k
wk

ln 2− 1

)

+ 1

)

. (49)

Solving for wk , we have

wk =
r̂k ln 2

W
(k)
0 + 1

. (50)

Therefore, the maximum rate of the kth UE is given by

r̂k =
wk
ln 2

(

W
(k)
0 + 1

)

(51)

and the maximum sum information rate R̂ is given by

R̂ =
∑

i∈I

ři + r̂k

=
∑

i∈I

ři +
wk
ln 2

(

W
(k)
0 + 1

)

. (52)
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