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Abstract

In this paper, we propose a novel class of Nash problems for Cognitive Radio (CR) networks, modeled as
Gaussian frequency-selective interference channels, wherein each secondary user (SU) competes against
the others to maximize his own opportunistic throughput by choosing jointly the sensing duration,
the detection thresholds, and the vector power allocation. The proposed general formulation allows
to accommodate several (transmit) power and (deterministic/probabilistic) interference constraints,
such as constraints on the maximum individual and/or aggregate (probabilistic) interference tolerable
at the primary receivers. To keep the optimization as decentralized as possible, global (coupling)
interference constraints are imposed by penalizing each SU with a set of time-varying prices based
upon his contribution to the total interference; the prices are thus additional variable to optimize. The
resulting players’ optimization problems are nonconver; moreover, there are possibly price clearing
conditions associated with the global constraints to be satisfied by the solution. All this makes the
analysis of the proposed games a challenging task; none of classical results in the game theory literature
can be successfully applied.

The main contribution of this paper is to develop a novel optimization-based theory for studying the
proposed nonconvex games; we provide a comprehensive analysis of the existence and uniqueness of
a standard Nash equilibrium, devise alternative best-response based algorithms, and establish their
convergence. Some of the proposed algorithms are totally distributed and asynchronous, whereas some
others require limited signaling among the SUs (in the form of consensus algorithms) in favor of better
performance; overall, they are thus applicable to a variety of CR scenarios, either cooperative or non-
cooperative, which allows the SUs to explore the existing trade-off between signaling and performance.

1 Introduction

Over the past decade, there has been a growing interest in Cognitive Radio (CR) as an emerging paradigm
to address the de jure shortage of allocated spectrum that contrasts with the de facto abundance of unused

spectrum in virtually any spatial location at almost any given time. The paradigm posits that so-called
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cognitive radios |also termed as secondary users (SUs)| would use licensed spectrum in an ad-hoc fashion
in such a way as to cause no harmful interference to the primary spectrum license holders |also termed as
primary users (PUs)|. Evidently, such an opportunistic spectrum access is intertwined with the design of
multiple secondary system components, such as (but not limited to) spectrum sensing and transmission
parameters adaptation. Indeed, the choice of the sensing parameters (e.g., the detection thresholds and
the sensing duration) as well as the consequent design of the physical layer transmission strategies (e.g.,
the transmission rate, the power allocation) have both a direct impact on the performance of primary and
secondary systems. The interplay between these two interacting components calls for a joint optimization

of the sensing and transmission parameters of the SUs, which is the main focus of this paper.

1.1 Motivation and related work

The joint optimization of the sensing and transmission strategies has been only partially addressed in
the literature, even for simple CR scenarios composed of one PU and one SU. For example, in [Il 2],
the authors proposed alternative centralized schemes that optimize the detection thresholds for a bank of
energy detectors, in order to maximize the opportunistic throughput of a SU, for a given sensing time and
constant-rate/power transmissions. The optimization of the sensing time and the sensing time/detection
thresholds for a given missed detection probability and constant rate of one SU was addressed in [3] 4]
and [5], respectively. A throughput-sensing trade-off for a fixed transmission rate was studied in [6]. In [7]
(or [8]) the authors focused on the joint optimization of the power allocation and the equi-false alarm rate
(or the sensing time) of a SU over multi-channel links, for a fixed sensing time (or detection probability).
All the aforementioned schemes however are not applicable to scenarios composed of multiple SUs (and
PUs). The case of multiple SUs and one PU was considered in [9] (and more recently in [I0]), under the
same assumptions of [7]; however no formal analysis of the proposed formulation was provided.

The transceiver design of OFDM-based CR systems composed of multiple primary and secondary
users have been largely studied in the literature of power control problems over the interference channel,
and have been traditionally approached from two very different perspectives: a holistic design of the
system and an individual selfish design of each of the users. The former is also referred to as Network
Utility Maximization (NUM) (other approaches within this perspective are based on Nash bargaining
formulations) and has the potential of obtaining the best of the network at the expense of a centralized
computation or heavy signaling/cooperation among the users; examples are [11, T2, T3], [14] (15} 16l [17]. The
latter fits perfectly within the mathematical framework of Game Theory and usually leads to distributed
algorithms at the expense of a loss of global performance; related papers are [18| 19l 20, 211 22| 23], and
two recent overviews are [24], 25]. In both the aforementioned approaches and classes of papers the sensing
process is not considered as part of the optimization; in fact the SUs do not perform any sensing but
they are allowed to transmit over the licensed spectrum provided that they satisfy interference constraints
imposed by the PUs, no matter if the PUs are active of not.

When the sensing comes explicitly into the system design, the application of the holistic approach
mentioned above leads to nonconvex NP hard optimization problems. These cases cannot be globally solved
by efficient algorithms in polynomial time; one typically can design (centralized) sub-optimal algorithms

that converge just to a stationary solution. Their implementation however would require heavy signaling



among the users (or the presence of a centralized network controller having the knowledge of all the
system parameters); which strongly limits the range of applicability of such formulations to practical CR
networks. For these reasons, in this paper, we attack the multi-agent decision making problem from a
different perspective; we concentrate on optimization strategies where the SUs are able to self-enforce the
negotiated agreements on the usage of the licensed spectrum either in a totally decentralized way or by
requiring limited and local signaling among the SUs (in the form of consensus algorithms). Aiming at
exploring the trade-off between signaling and performance, the proposed approach is then expected to be

more flexible than classical optimization techniques and applicable to a wider range of CR scenarios.

1.2 Main contributions

This paper along with our companion work [26] advances the current approaches (based on the optimization
of specific components of a CR system in isolation), in the direction of a joint and distributed design of
sensing and transmission parameters of a CR network, composed of multiple PUs and SUs.

We study a novel class of Nash equilibrium problems as proposed in [26], wherein each SU aims at
maximizing his own opportunistic throughput by jointly optimizing the sensing parameters—the sensing
time and the false alarm rate (and thus the decision thresholds) of a bank of energy detectors—and the
power allocation over the multi-channel links. Because of sensing errors, the SUs might access the licensed
spectrum when it is still occupied by active PUs, thus causing harmful interference. This motivates the
introduction of probabilistic interference constraints that are imposed to control the power radiated over
the licensed spectrum whenever a missed detection event occurs (in a probabilistic sense). The proposed
formulation accommodates alternative combinations of power/interference constraints. For instance, on
top of classical (deterministic) transmit power (and possibly spectral masks) constraints, we envisage the
use of average individual (i.e., on each SU) and/or global (i.e., over all the SUs) interference tolerable at
the primary receivers. The former class of constraints is more suitable for scenarios where the SUs are
not willing to cooperate; whereas the latter constraints, which are less conservative, seem more realistic
in settings where SUs may want to trade some limited signaling for better performance. By imposing a
coupling among the transmit and sensing strategies of the SUs, global interference constraints introduce
a new challenge in the system design: how to enforce global interference constraints without requiring
a centralized optimization but possibly only limited signaling among the SUs? We address this issue by
introducing a pricing mechanism in the game, through a penalization in the players’ objective functions.
The prices need to be chosen so that the interference constraints are satisfied at any solution of the game
and a clearing condition holds; they are thus additional variables to be determined.

The resulting class of games is nonconvex (because of the nonconvexity of the players’ payoff functions
and constraints), lacks boundedness in the price variables, and there are side constraints with associated
price equilibration that are required to be satisfied by the equilibrium; all these features make the analysis
a challenging task. The convexity of the players’ individual optimization problems is, in fact, one indis-
pensable assumption under which noncooperative games have traditionally been studied and analyzed.
The classical case where a NE exists is indeed when the players’ objective functions are (quasi-)convex in
their own variables with the other players’ strategies fixed, and the players’ constraint sets are compact

and convex and independent of their rivals’ strategies (see, e.g., [27, 28]). Without such convexity, a NE



may not exist (as in the well-known case of a matrix game with pure strategies); analytically, abstract
mathematical theories granting its existence, like those in [29] [30], are difficult to be applied to games
arising from realistic applications such as those occurred in the present paper.

The main contribution of this work is to develop a novel optimization-based theory for the solution
analysis of the proposed class of nonconvex games (possibly) with side constraints and price clearing con-
ditions, and to design distributed best-response based algorithms for computing the Nash equilibria, along
with their convergence properties. Building on [31], the solution analysis is addressed by introducing a
“best-response” map (including price variables) defined on a proper conver and compact set, whose fixed-
points, if they exist, are Nash equilibria of the original nonconvex games; the obtained conditions are in
fact sufficient for such a map to be a single-valued continuous map; this enables the application of the
Brouwer fixed-point theorem to deduce the existence of a fixed-point of the best-response map, thus of a
NE of the whole class of proposed games. While seemingly very simple, the technical details lie in deriving
(reasonable) conditions for which the best-response map is single-valued and for the boundedness of the
prices in order for the existence of a compact set on which the Brouwer result can be based. Interestingly,
the obtained conditions have the same physical interpretation of those obtained for the convergence of
the renowned iterative waterfilling algorithm solving the power control game over interference channels
[18], 191 20, 211 22]. We then focus on solutions schemes for the proposed class of games; we design alterna-
tive distributed (possibly) asynchronous best-response based algorithms that differ in performance, level
of protection of the PUs, computational effort and degree of cooperation/signaling among the SUs, and
convergence speed; which makes them applicable to a variety of CR scenarios (either cooperative or nonco-
operative). For each algorithm, we establish its convergence and also quantify the time and communication
costs for its implementation. Our numerical results show that: i) the proposed joint sensing/transmission
optimization outperforms current centralized and decentralized state-of-the-art results based on separated
optimization of the sensing and the transmission parts; ii) our algorithms exhibit a fast convergence behav-
ior; and iii) as expected, some (limited) cooperation among the SUs (in the form of consensus algorithms)
yields a significant improvement in the system performance. The proposed solution schemes can also be
used to compute the so-called Quasi-NE of the associated games, a relaxed equilibrium concept introduced
and studied in our companion paper [26].

The paper is organized as follows. Sec. [ briefly introduces the system model, as proposed in [26];
Sec. B focuses on the system design and formulates the joint optimization of the sensing parameters and
the power allocation of the SUs within the framework of game theory; several games are introduced. The
solution analysis of the proposed games is addressed in Sec. Hl where sufficient conditions for the existence
and uniqueness of a standard NE along with their interpretation are derived. Distributed algorithms
solving the proposed games along with their convergence properties and computational /communication
complexity are studied in Sec. Numerical experiments are reported in Sec. [0, whereas Sec. [ draws
the conclusions. Proofs of our results are given in Appendix [AHFl The paper requires a background
on Variational Inequalities (VIs); we refer to [32] B3] for an introductory overview of the subject and its
application to equilibrium problems in signal processing and communications. A comprehensive treatment
of VIs can be found in the two monographs [34], 35]; a detailed study of convex games based on the VI
and complementarity approach is addressed in [36, 22]. The main properties of Z and P matrices, which
are widely used in the paper, can be found in [34] [37].



2 System Model

We consider a scenario composed of @) active SUs, each consisting of a transmitter-receiver pair, coexisting
in the same area and sharing the same band with PUs. The network of the SUs is modeled as an N-
frequency-selective SISO Interference Channel (IC), where N is the number of subcarriers available to
the cognitive users. We focus on multicarrier block-transmissions without loss of generality. In order not
to interfere with on-going PU transmissions, before transmitting, the SUs sense periodically the licensed
spectrum looking for the subcarriers that are temporarily not occupied by the PUs. A brief description of
the sensing mechanism and transmission phase performed by the SUs as proposed in the companion paper
[26] is given in the following, where we introduce the basic definitions and notation used throughout the

paper; we refer the reader to [26] for details and the assumptions underlying the proposed model.

2.1 The spectrum sensing phase

In [26], we formulated the sensing problem as a binary hypothesis testing; the decision rule of SU ¢ over

carrier k =1,..., N based on the energy detector is
a1 adl 2 ok
Dqx = K. Z lyernl® 2 gk (1)
4 p=1 HO,k
where y, [n] is the received baseband complex signal over carrier k; K, = |14 fq| 2 74 f is the number

of samples, with 7, and f, denoting the sensing time and the sampling frequency, respectively; 7, ;. is the
decision threshold for the carrier k; H j represents the absence of any primary signal over the subcarrier
k, whereas Hi j, represents the presence of the primary signaling.

The performance of the energy detection performed by SU ¢ over carrier k is measured in terms of the
detection probability P‘j‘k(’y%k, 74) & Prob {D, ;> v,x | H1k} and false alarm probability P{E}Q(’yq,k, Ty =

q q
Prob{Dg 1, > 74k | Hox}. Under standard assumptions in decision theory, these probabilities are given by

[26]

f Ja.k — Hg,k|0 d Tak — Mgkl
Pq,éllc (’Yq,ka Tq) =Q <\/ 74 fq 7) and Pq,k (’Yq,ka Tq) =Q <\/ T fq—" 1, (2)
Tq,k[0 Tq,k[1
where Q(z) £ (1/v/27) f;o e~ /24t is the Q-function, and Hq,kl0s Haq,k|1s Tgklo, and o k1 are constant
parameters, whose explicit expressions are given in [26]. The detection probability quk can also be

rewritten as a function of the false alarm rate qu‘}; as:

P (P ) = 0 (00 (pfy) - VA ML M) £ 1 ey, PR

Tq,k[1 Oq,kl1

where we also introduced the definition of the missed detection probability P;}iss(Tq, qu’i) = 1—Pi w(Tgs qui).
The interpretation of quz (Vg.k» Tq) and Pq(}k (Vg.ks Tq) within the CR scenario is the following: 1 — qu"i
signifies the probability of successfully identifying from the SU ¢ a spectral hole over carrier k, whereas the
missed detection probability quf}ﬁiss represents the probability of SU ¢ failing to detect the presence of the
PUs on the subchannel k and thus generating interference against the PUs. The free variables to optimize

are the detection thresholds 7, ;’s and the sensing times 7,’s; ideally, we would like to choose v, ’s and



T,'s in order to minimize both qui and Prglqi’slz), but (3]) shows that there exists a trade-off between these

two quantities that will affect both primary and secondary performance. It turns out that, v, x’s and 7,’s
can not be chosen by focusing only on the detection problem (as in classical decision theory), but the
optimal choice of v, and 7, must be the result of a joint optimization of the sensing and transmission

strategies over the two phases; such an optimization is introduced in Sec. Bl

Robust sensing model. The proposed sensing model can be generalized in several directions; see
[38, 26]. For instance, one can explicitly take into account device-level uncertainties (e.g., uncertainty in
the power spectral density of the PUs’ signals and thermal noise) as well as system level uncertainties
(e.g., the current number of active PUs) by modeling the detection process of the primary signals as a
composite hypothesis testing. This leads to a uniformly most-powerful detector scheme that is robust
against device-level and system-level uncertainties; detailed can be found in [38 26] and are omitted here.
It is important however to remark that the resulting detection probability and false alarm rate of the
aforementioned robust scheme are still given by ([2) and (@), but with a different expression for Hak|i S
and 027 k‘i’s [38]. This means that analysis and results developed in the next sections are valid also for this

more general model.

2.2 The transmission phase

The transmission strategy of each SU ¢ is the power allocation vector p, = {pq,k}]kvzl over the N subcar-

riers, subject to the following (local) transmit power constraints

N
N N
Py & {Pq 2 (Pg)k=1 € R™ : qu,k <P, 0<p;< pf;nax} ) (4)
k=1
where p,*** = (pgjgx)szl denotes possibly spectral mask [the vector inequality in (@) is component-wise].

According to the opportunistic transmission paradigm, each subcarrier k is available for the transmis-
sion of SU ¢ if no primary signal is detected over that frequency band, which happens with probability
1— qu?}f. This motivates the use of the aggregate opportunistic throughput as a measure of the spectrum
efficiency of each SU ¢. Given the power allocation profile p = (pq)ff:1 of the SUs, the target false alarm
rate qua (assumed to be equal over the whole licensed spectrum), the sensing time 7,, and taking the log

of the opportunistic throughput, the payoff function of each SU ¢ is then (see [20] for more details)

- N
Rq (TQ7 P, qua) = IOg <<1 - Tq> (1 - qua) Z Tq.k (p)> (5)
k=1

q

where 1 — 7,/T,, with 7, < T, is the portion of the frame duration 7, available for opportunistic trans-
missions and r, ;(p) is the maximum information rate achievable on link ¢ over carrier k when no primary

signal is detected and the power allocation profile of the SUs is py 1, ..., pQ i:

Pq,k
Tek(P) =log | 1+ - . 7 6
o P) < Ug,k + Zr;éq ‘qu(k')‘zpr,k> (6)

with H, (k) 2 Hy(k)/Hg(k) and &27,€ = aik/]qu(k:)]z, where {H,,(k)}4_, is the channel transfer

function of the direct link g and {H,,(k)}i_, is the cross-channel transfer function between the secondary



transmitter r and the secondary receiver ¢; and 0’2’ . 1s the power spectral density (PSD) of the background
noise over carrier k at the receiver ¢ (assumed to be Gaussian zero-mean distributed).

As a final remark note that the throughput defined in (B is not the average throughput experienced by
the SUs, which instead would include an additional rate contribution resulting from the erroneous decision
of the SUs to transmit over the licensed spectrum still occupied by the PUs. We have not included this
contribution in the objective functions of the SUs because in maximizing the function we do not want
to “incentivize” the undue usage of the licensed spectrum. Moreover, differently from the opportunistic
throughput in (@), the maximization of the average throughput would require the knowledge from the SUs

of the a-priori probabilities of the PUs’ spectrum occupancy, which is in general not available.

2.3 Probabilistic interference constraints

Due to the inherent trade-off between qua and P;}iSS(P]gg)) [see @) and (3], maximizing the aggregate
opportunistic throughput (B) of SUs will result in low qua and thus large P, hence causing harmful
interference to PUs. To allow the SUs’ transmissions while preserving the QoS of the PUs, we envisage
the use of probabilistic interference constraints that limit the interference generated by the SUs whenever

they misdetect the presence of a PU. Examples of these constraints are the following:

- Individual overall bandwidth interference constraint: for each SU gq,

N
Z misS (1, P cwg g - pep < 10, (7)
k=1

- Global overall bandwidth interference constraints:

Q

DD Pk (o P7) - page < 17, (8)

q=1kelp
where [} [or ™| are the maximum average interference allowed to be generated by the SU ¢ [or all the
SU’s| that is tolerable at the primary receiver; and wy ;’s are a given set of positive weights. If an estimate
of the cross-channel transfer functions {Gp4(k)}2_, between the secondary transmitters and the primary
receiver is available, then the natural choice for wyy is wer = |Gpy(k)|?, so that (@) and (§) become
the average interference experienced at the primary receiver. Methods to obtain the interference limits
along with some implementation aspects related to this issue and alternative interference constraints are
discussed in Sec. G111

We wish to point out that other interference constraints, like per-carrier interference constraints, as

well as multiple PUs can be readily accommodated, without affecting the analysis and results that will be

presented in the forthcoming sections. For notational simplicity, we stay within the above setting.

3 System Design based on Game Theory

We focus now on the system design and formulate the joint optimization of the sensing parameters and
the power allocation of the SUs within the framework of game theory. We consider next two classes of

equilibrium problems: i) games with individual constraints only (Sec. Bl below); and ii) games with



individual and global constraints (Sec. [B] and Sec. below). The former formulation is suitable for
modeling scenarios where the SUs are selfish users who are not willing to cooperate, whereas the latter
class of games is applicable to the design of systems where the SUs can exchange limited signaling in favor
of better performance. Indeed, being less conservative than individual interference constraints, global
interference constraints are expected to yield better performance of the SUs at the cost of more signaling.

The aforementioned formulations are thus applicable to complementary CR scenarios.

3.1 Game with local interference constraints

In the proposed game, each SU is modeled as a player who aims to maximize his own opportunistic
throughput R, (Tq, P, qua) by choosing jointly a proper power allocation strategy py = (pq,k){zv:l, sensing
time 74, and false alarm rate qua, subject to power and individual probabilistic interference constraints.

Stated in mathematical terms we have the following formulation.

Player ¢’s optimization problem is to determine, for given p_, = ((pr(k:)l{y:l)LIQ;,,ST:1 >0, a
tuple (74, Pqs qua) in order to
maximize R, (Tqv P, qua)
TQ7p¢J7qua
subject to
N
(a) Z k(P 7q) - W Page < I, 9)
k=1
(b) qua < B, and P;lkiss(qua,Tq) < agr, Yk =1,---,N,
(c) p; € P, and T;nin <7 ST

In @) we also included additional lower and upper bounds of 7, satisfying 0 < T;nin < T <TG
and upper bounds on detection and missed detection probabilities 0 < oy < 1/2 and 0 < 3, < 1/2,
respectively. These bounds provide additional degrees of freedom to limit the probability of interference
to the PUs as well as to maintain a certain level of opportunistic spectrum utilization from the SUs
[1-— qua > 1 — f,]. Note that the constraints o, < 1/2 and 8; < 1/2 do not represent a real loss of
generality, because practical CR systems are required to satisfy even stronger constraints on false alarm

and detection probabilities; for instance, in the WRAN standard, oy = B4 = 0.1.

3.2 Game with global interference constraints

We add now global interference constraints to the game theoretical formulation in ([@). This introduces
a new challenge: how to enforce global interference constraints in a distributed way? By imposing a
coupling among the transmissions and the sensing strategies of all the SUs, global interference constraints
in principle would call for a centralized optimization. To overcome this issue, we introduce a pricing
mechanism in the game, based on the relaxation of the coupling interference constraints as penalty term
in the SUS’ objective functions, so that the interference generated by all the SUs will depend on these

prices. Prices are thus addition variables to be optimized (there is one common price associated with any



of the global interference constraints); they must be chosen so that any solution of the game will satisfy
the global interference constraints, which requires the introduction of additional constraints on the prices,
in the form of price clearance conditions. Denoting by 7 the price variable associated with the global

interference constraint (§), we have the following formulation.

Player ¢’s optimization problem is to determine, for given p_, > 0 and 7, a tuple (Tq, Pq; qua) such
that N

maximifze R, (Tq, p, qua) — T Z P;}fs(qua, Tq) * Wq k * Dg.k

Tq7pq7an =1 (10)

subject to constraints (a), (b), (¢) as in ().

Price equilibrium: The price m obeys the following complementarity condition:

N Q
0 < L I™™ =N PUS(PP,7,) wen per > 0. (11)
k=1q=1

In (I, the compact notation 0 < a L b > 0 means a > 0, b > 0, and a - b = 0. The price clearance
conditions (IIJ) state that global interference constraints (8) must be satisfied together with nonnegative
price; in addition, they imply that if the global interference constraint holds with strict inequality then
the price should be zero (no penalty is needed). Thus, at any solution of the game, the optimal price is

such that the global interference constraint is satisfied.

3.3 The equi-sensing case

The decision model proposed in Sec. 2] is based on the assumption that the SUs are somehow able to
distinguish between primary and secondary signaling. This can be naturally accomplished if there is a
common sensing time (still to optimize) during which all the SUs stay silent while sensing the spectrum.
However, the formulation (I0), in general, leads to different optimal sensing times of the SUs, implying
that some SU may start transmitting while some others are still in the sensing phase. To overcome this
issue, several directions have been explored in the companion paper [20], under the model (I0)-(II]). Here
we follow the approach of modifying the formulation in (I0) in order to “force” in a distributed way the
same optimal sensing time for all the SUs. Roughly speaking, the idea is to perturb the payoff functions of
the players by a penalty term that discourages the players to deviate from equi-sensing strategies. Stated

in mathematical terms, we have the following formulation.

Player ¢’s optimization problem is to determine, for given ¢ > 0, p_, > 0, (7'70)%&:1 >0and 7w >0,
a tuple (Tq, Pq> qua) in order to

N
.. i f: C 1
maximize R, (19, Pf*) =7 E IS (PR T) wa g Pak — 5 "5 E T
Tq;Pa: P, P Q

subject to constraints (a), (b), (c) as in (@)).

Price equilibrium: The price m obeys the complementarity condition ().




The third term in the objective function of each SU in (I2)) helps to induce the same optimal sensing
time for all the SUs. Roughly speaking, one expects that for sufficiently large ¢, the aforementioned term
will become the dominant term in the objective functions of the SUs, leading thus to solutions of the game
having sensing times that differ from their average by any prescribed accuracy. This intuition has been
made formal in our companion paper [26] for stationary solutions of the game (I2]), and it can be similarly

extended to the Nash equilibria; we omit the details because of space limitation.

3.4 Unified formulation and summary of notation

In this section, we introduce a compact and unified formulation of the proposed games that simplifies
their analysis. Let us start by separating the convex constraints in the feasible set of the players from
the nonconvex ones. The interference constraints (a) in (@) are bi-convex and thus not convex, whereas

constraints (b) are convex in qua and ,/7,. This motivates the following change of variables:

T TSNl =10, (13)

so that the constraints on P;lkiss(qua, 7,) in each player’s feasible set become convex in the tuple (qua, Tq)
[with qua < By |- Indeed, for each k =1,..., N, we have
= Faklt — Heklo

Takl0 -1 (pfay — 7 Hakl ZHakl0 -1y _ g ) (14)

PIsS(Pf 1) < g &
UQ7k|1 Uq,k|l

q
where Q! (-) denotes the inverse of the Q-function [Q(x) is a strictly decreasing function on R], which
are convex constraints in (qua,?q) [provided that qua < B4 |- Using the above transformation, we can
equivalently rewrite the missed detection probability P;n]iss(qua,Tq) and the throughput R, (7, p, qua)
of each player ¢ in terms of the tuples (?q, Py qua) ’s, denoted by ﬁ;f}iss(qua,?q) and ﬁq(?q, p, qua),

respectively; the explicit expression of these quantities is:

Tq,k[0 Q! (qua) - (“q7k|1 — Hq,kl0 ) Tq
Oq,kl1

P (P i, my) = P (P, 7) 2 Q( (15)

. 7\ o
Rq (Tqv p, qua) =Ry (Tqv p; qua) = log <<1 B quTq ) Z (1 - qu?’f) Tqk (p)) : (16)

k=1
To incorporate the equi-sensing case in our unified formulation, we introduce the functions 6,(x,, x_4),
which represent the objective functions of the users including the equi-sensing term, with (7, p, Pf) £

((7/':1, Pgs qua))qQ:l denoting the strategy profile of all the players:

~ Q  ~
~ 2 N A c T, 1 Ty
eq(T7 P, Pf ) é Rq(Ttp p, qu ) - 5 ( i — Z > . (17)

We can now rewrite the feasible set of each player’s optimization problem in terms of the new variables
(?q, Py qua), denoted by Xj: for each ¢ =1,...,Q, let

Xy = {(?lﬁ Pg; qua) €Yy | 1y (?qv Py, qua) < 0} (18)
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where we have separated the convex part and the nonconvex part; the convex part is given by the poly-
hedron ), corresponding to the constraints (b) and (c) in (@) under the transformation (I3)) [cf. (I4))]:

~ Oq,kl0 ~_ ~ Mg k|1 — Hqk|0 ~
q, 1 f: q, q,
o | Gope PR PR<p, 2 o-t(ply g Tt L0050k =1,....N
yq = O-QJCH Jq,kll ;
~min -~ ~max
Pq € Pq7 Tq < q < Tq

(19)

a%k A Q—l (1 . aq,k)y ?qmax L /Tqmax fq, and 7/:qmin 4L /Tqmin fq’ (20)

whereas the nonconvex part in (8] is given by the constraint (a) that we have rewritten as I,(7;, pq. qua) <

with

0 by introducing the local interference violation function

N
Iy (74 Py, qua) = Z A;flliss (qua’?q) “Wek - Pak — Iy (21)
k=1
This measures the violation of the local interference constraint (a) at (7, pqg, qua). Similarly, it is con-
venient to introduce also the global interference violation function I(7, p, P™), which depends on the
strategy profile (7, p, P™) of all the players:
N Q R
I(7,p, P™) £ P (P2 7,) - wek - pak — 1™ (22)
k=1g¢=1
I(7, p, P™) measures the violation of the global interference constraint (§) at (7, p, P); global inter-
ference constraints (8) can be then rewritten in terms of I(7, p, P*) as I(F, p, P™) < 0.

Based on the above definitions, throughout the paper, we will use the following notation. The convex
part of the joint strategy set is denoted by Y = Hqul Y,, whereas the set containing all the (convex
part of) players’ strategy sets except the g-th one is denoted by Y_, = IL, £q Y,; similarly, we define
X & Hqul Xy and A_ = IL. £q X,. For notational simplicity, when it is needed, we will use interchangeably

either (7, py, qua) or X, = (T4, Py qua) to denote the strategy tuple of player ¢; similarly, the strategy

Q

profile of all the players will be denoted either by x £ (xq) g1

or (7, p, P®), with 7 £ (?q)ff:l, p=
(pq)le, and Pf2 £ (Pfa)Q whereas x_, £ (xr)(?#r:l is the strategy profile of all the players except

q Jq=1
the g-th one. All the tuples above are intended to be column vectors; for instance, (7, p, P™) signifies
~ ~T T s~ ~ ~ ~
(7. p, PR) = 77, pT, PR )T with 7 £ (7)), = [F1,....7q)", p2 (p))y = [pT.....ph]"., where
each p; = (Pgk)i_y = [Pg1,---,PgnN]T, and P = (qua)qul = [Pfa,...,Péa]T. For future convenience,

Table [ collects the above definitions and symbols. Using the above notation, the games introduced in the

previous sections can be unified under the following reformulation.

Players’ optimization. The optimization problem of player ¢ is:

maximize 04(xq, X—g) — - 1(X)
. q(Xgy X—¢q (23)
subject to Xq = (?q, Pq; qua) € &,

Price equilibrium. The price obeys the following complementarity condition:

0<wm Ll —I(x)>0. (24)
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Throughout the paper, we will refer to the game ([23) along with the side constraint [24]) as game

g(X7 0)’ where 6 = (eq(xfbx—q’ﬂ-))qQ:l‘

Table 1: Glossary of notation of game G(X, 6) [cf. (23)-(24)]

Symbol Meaning
Tq sensing time of SU ¢
py = (qu)ivzl power allocation vector of SU ¢
T scalar price variable
qua false alarm probability of SU ¢
P missed detection probability of SU ¢ on carrier k [cf. (3]
Te & \/Talq normalized sensing time of SU ¢ [cf. (I3])]
x, = (74, Py qua) strategy tuple of SU ¢
x_q = (77, Pr, P,,fa)#q strategy profile of all the SUs except the ¢-th one
x £ (xq)?:1 = (7, p, P™)  strategy profile of all the SUs
04(xq, X—q) payoff function of SU ¢ including the equisensing penalization [cf. ([I7)]
I,(xq) local interference constraint violation of SU ¢ [cf. (ZI])]
I(x) global interference constraint violation of SU ¢ [cf. ([22)]
X, X £ Hqul X, feasible set of SU ¢ [cf. ([I8)], joint feasible strategy set of G(X, )
X, = H#q X joint strategy set of the SUs except the g-th one
YV, V& H(?:l Y, convex part of A; [cf. ([I3)], Cartesian product of all V,’s

Needless to say, when m# = 0 and ¢ = 0, G(&X, 0) reduces to the game in (@) where there are only
individual interference constraints (7)), whereas when ¢ = 0, G(X, 0) coincides with the game in (I0)-(II])
with local and global interference constraints.

As a final remark, we observe that the proposed formulations may be extended to cover more general
settings, without affecting the validity of the results we are going to present. For instance, the case of
multiple active PUs and additional local/global interference constraints (such as per-carrier constraints)
can be readily accommodated: Instead of having a single price variable, we associate a different price
to each global interference constraint and proceed similarly as in ([23)-(24). Also, the sensing model
introduced in Sec. 1] can be generalized to the case of multiple active PUs, and the presence of device-
level uncertainties (e.g., uncertainty in the power spectral density of the PUs’ signals and thermal noise) as
well as system level uncertainties (e.g., lack of knowledge of the number of active PUs). The mathematical
details of these more general formulations can be found in our companion paper [26]; for notational

simplicity, here we will stay within the formulation (23)-(24]), without loss of generality.

4 Solution Analysis: Nash Equilibria

This section is devoted to the solution analysis of the games introduced in the previous section. In order
to provide a unified analysis, we focus on the general game G(X, 8) with side constraints; results for the

other proposed formulations are obtained as special cases. We start our analysis by studying the feasibility
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of each optimization problem in (23] (cf. Sec. E1l); we then extend the definitions of NE to a game with

side constraints and establish its main properties (cf. Sec. [.2]).

4.1 Feasibility conditions

Introducing the SNR, detection snrg i = 0? k/ O'g . experimented by SU ¢ over carrier k£ and using the
) q,k }

definitions given in Sec. 2] sufficient conditions guaranteeing the existence of an optimal solution for

each player’s optimization problem (23] are the following: For all ¢ = 1,...,Q and k = 1,..., N, there

must exist a common sensing time 7 (corresponding to normalized sensing times 7, = /7 f;) such that
?;nin ?;nax Q_l(ﬁq,k) + |Q_1(O‘q,k)| (Uq,kll/aqykIO)
=<V < , and JqT = d .

fq \/f_q snr
The first set of conditions in (25) simply postulates the existence of an overlap among the (normalized)
sensing time intervals [?(Zmin /N for 78 /\/ fq in @3], which is necessary to guarantee the existence of a

common value for the sensing times in the original variables 7,’s. The second set of conditions guarantees

(25)

that the strategy sets V,’s (and thus X,’s) are not empty. Interestingly, they quantify the existing trade-off
between the sensing time (the product “time-bandwidth” f,7 of the system) and detection accuracy: the
smaller both false alarm and missed detection probability values, the larger the sensing time (the decision
process must be more accurate).

When the sensing times are not forced to be the same, as in the formulations (@) and ([I0)-(II), the
feasibility conditions (25]) can be weakened by the following: For all ¢ =1,...,Q and k =1,..., N,

-1 —1
/qu;“aXZ Q  (Byk) +1Q (azl,k)’ (O'q,k\l/o'q,k\o)' (26)

snrq’k

Throughout the paper, we tacitly assume that each user’s optimization problem under consideration has

a nonempty strategy set (the associated feasibility conditions above are satisfied).

4.2 Existence and uniqueness of the NE

We focus in this section on the NE of G(X, 8). The definition of NE for a game with price equilibrium
conditions such as G(X, ) is the natural generalization of the same concept introduced for classical

noncooperative games having no side constraints (see, e.g., [27]) and is given next.

Definition. A Nash equilibrium of the game G(X, 6) is a strategy-price tuple (x*, ), such that

X, € argmax {Hq(xq,x*_q) — 7 I(xq,x*_q)}, Vg=1,...,Q, (27)
Xq € Xy
and
0 <7 L —I(x*)>0. (28)
A NE is said to be trivial if the power-component p; = 0 for all ¢ =1,...,Q. O

In words, the proposed notion of equilibrium is a stable state of the network consisting of an equilibrium

power /sensing profile x* and price 7*: at (x*,7*), the SUs have no incentive to change their power/sensing
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profiles x* based on the current state of the network [represented by (27))], while the optimal value 7* of
the price is such that all global interference constraints are met [a situation represented by (28)]. Note
that, for a set of fixed price 7*, the equilibrium power/sensing profile x* can be interpreted as the NE of
a classical noncooperative game (having thus only local constraints), wherein the payoff function of each
player g is 6,(e,x_4, 7*) and the strategy set is X,. The proposed equilibrium concept is thus a NE of the
aforementioned game with an appropriately selected price.

The game G(X, 0) is nonconvex with the nonconvexity occurring in the players’ objective functions
and the local/global interference constraints; moreover, the feasible price [satisfying (28])] is not explicitly
bounded [note that this price cannot be normalized due to the lack of homogeneity in the players’ opti-
mization problem (23])]. Because of that, the existence of a NE is in jeopardy. The rest of this section is
then devoted to provide a detailed solution analysis of the game; we derive sufficient conditions for the
existence and the uniqueness of a NE.

Mathematically, a NE can be interpreted as a fixed-point of the players’ best-response map. When
this map is a continuous single valued function, the existence of a fixed-point can be proved by using
the renowned Brouwer fixed-point theore (see, e.g., [35, Th. 2.1.18|), provided that one can identify
a convex compact set for the application of the theorem. Our goal is then to derive a set of sufficient
conditions under which the best-response map associated with G(X, 0) is a single-valued continuous map
over a proper compact and conver set; this is a nontrivial task, because of the nonconvexity of the players’
optimization problems and the potential unboundedness of the price. The new line of analysis we propose

is based on the following three steps:

Step1: To deal with the unboundedness of the price, we introduce an auxiliary price-truncated game

Gi(X, ), where the price 7 is constrained to be upper bounded by a given positive constant ¢;

Step 2 : We derive sufficient conditions for the nonconvex players’ optimization problems in the game
Gi(X, 0) to have unique optimal solutions; building on such solutions we introduce a continuous
single-value map—the best-response associated with the game G, (X, 8)—defined on a convex and
compact set, whose fixed-points are the Nash equilibria of the game G;(&X, 8). We can then apply
the Brouwer fixed-point theorem to deduce that G,(X, 8) has a NE;

Step 3 : The final step is to demonstrate that there exists a sufficiently large ¢ such that the price trun-
cation in the game G;(X, @) is not binding. This will allow us to deduce that a NE of Gy(X, 0) is
also a NE of the original, un-truncated, game G(&X, ).

Step 1: The price-truncated game G, (X, 0)

To motivate the price-truncated game, observe first that the price complementarity condition in (28]) is
equivalent to

7 € argmax {7 - I(x*)}. (29)
>0

'Brouwer fixed-point theorem states that every continuous (vector-valued) function @ : C ++ C defined over a nonempty

convex compact set C C R"™ has a fixed point in C.
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In order to bound the price 7 in (29), let us introduce the price interval defined as: given ¢ > 0,
S 2 {r|0<T <t} (30)

and truncate in ([29) the nonnegative axis 7 > 0 by S;. We then replace (29) with the following price-
truncated optimization problem:

7y € argmax {m - I(x*)}, (31)
T ES:

where instead of m we used m; to make explicit the dependence of the optimal solution of (3Il) on ¢. Using
(310, the price-truncated game G;(X, ) can be defined as follows.

Game G, (X, 0). The game is composed of @ + 1 players’ optimization problems: the following nonconvex

optimization problems for the ) players

maximize 0, (x4, X_q) —m - I(x), ¢=1,...,Q, (32)

Xq€Xy

and the price-truncated optimization problem for the (Q + 1)-st player

imi L I(x). 33
maximize (x) (33)

Note that in the game G;(X, €) there are no side constraints, but the price complementarity condition
in (28)) is treated as an additional player of the game, at the same level of the other @ players. In fact,
this formulation facilitates the solution analysis of the game, as detailed next.

Let us start our analysis by rewriting the NE of Gi(X, €) as fixed-points of a proper best-response
map defined on a convex and compact set, which allows us to apply standard fixed-point arguments.
Given t > 0, suppose that each optimization problem in (B2]) has a unique optimal solution for every fixed
X_q € Y_qand m; € §; (we derive shortly conditions for this assumption to hold; see Proposition [2 below);
let denote such a solution by x7(x—g, m), i.e.,

XZ(X—KI7 ) £ argmax {0, (z¢, X—¢) — 7t - 1(2¢,X—¢)}, (34)
zq€Xy

where in ([B4) we made explicit the dependence of xj (x4, m) on the strategy profile x_, of the other

players and the price ;. In order to have a unique solution also of the price-truncated linear optimization

problem (33), we introduce the following proximal-based regularization in ([B3): given ¢t > 0, x € ), and

m € Sy, let
77 (%, ) £ argmax {m ()~ 5 (e m>2} | (33)
ut €St
Note that, thanks to the proximal regularization, the optimization problem in (BE) becomes strongly
convex for any given (x, m;), and thus has a unique solution 7} (x, m), which depends on (x, 7). Building
on ([34)) and (B3], we can introduce the following best-response map B : ) x S — Y x S; associated with

the price-truncated game G,(X, 0):

X1 X7 (x—1, ™)

YxSaxm2| | ~Bxm)E (36)
XQ x()(X—q; )
Tt W;(X7 ﬂ-t)
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Note that, even though the feasible sets X of the players’ optimization problems in (B2)) are nonconvex,
the map B(e) is defined over the conver and compact set ) x S; which is a key point to apply the Brouwer
fixed-point theorem. Moreover, the set of fixed-points of B(e) coincides with that of the NE of the game
Gi (X, 0), establishing thus the desired connection between the map (36]) and the game G;(X, ). More

formally, we have the following.

Lemma 1. Suppose that each optimization problem in (34) has a unique optimal solution for every given
X_q € Vg and m € S;. A tuple (x*, 7}) is a NE of G(X, 0) if and only if it is a fized-point of the map
B(e); that is (x*, my) = B (x*, 7}).

Based on Lemma[I], we can now study the existence of a NE of G;(X, 8) by focusing on the fixed-points
of the map B.

Step 2: Existence of a NE of G,(X, 0)

We provide now sufficient conditions guaranteeing that each nonconvex problem (32)) has a unique optimal
solution, for every given x_, € V_, and m; € §;. Then, we show that these conditions are also sufficient
for the existence of a fixed-point of the map B in ([Ba]), and thus a NE of the game G;(X, 8).

It is well-known that, under some Constraint Qualification (CQ), a locally/globally optimal solution of
a (possibly nonconvex) nonlinear program satisfies the Karush-Kuhn-Tucker (KKT) conditions associated
with the optimization problem; such solutions are called stationary solutions of the optimization problem.
It turns out that to establish the single-valuedness of the players’ best-response map it is enough to derive
conditions guaranteeing the uniqueness of the stationary solutions, provided that a suitable CQ holds. The
classical approach to write the KKT conditions of each player’s optimization problem would be introducing
multipliers associated with all the constraints in the set A;;—both the convex part ), and the nonconvex
part I,(x,) < 0 [cf. (I8)]—and then maximizing the resulting Lagrangian function over the whole space
(i.e., considering an unconstrained optimization problem for the Lagrangian maximization). The study
of the uniqueness of the stationary solutions based on the “standard” KKT conditions is however not an
easy task. To simplify the analysis, we propose here a different approach: instead of explicitly accounting
all the multipliers as variables of the KK'T system, for each player’s optimization problem, we introduce
multipliers only for the nonconvexr constraints I,(x,) < 0, and retain the convex part ), as explicit
constraints in the maximization of the resulting Lagrangian function. More specifically, denoting by A,
the multiplier associated with the nonconvex constraint I,(x,) < 0 of player ¢, the Lagrangian function

associated with the optimization problem ([B2) of player ¢ (rewritten as a minimization) is
Lq((xg,0q) s X—qs ) & —0g(Xg,X—q) + Ag - Ig(xq) + 7 - 1(%q, X—g), (37)

which depends also on the strategies x_, of the other players and the price ;. Given x_, and 7, it is not
difficult to see that if x7 is an optimal solution of the g-th player’s optimization problem in (23) and some
CQ holds at x}, there exists a multiplier \} associated with the local nonconvex constraint I,(x,) < 0
such that the tuple (XZ, /\;) satisfies
(i):  x} € argmin {Ly((xq,A}), X—g,m) }
Xxq € Vg

(38)
(ii) - 0 <A\ L —I(x3)>0.
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Note that each Lagrangian minimization in (i) is constrained over the convex part ), of the player’s local
constraints X;. Since ), is a convex set, we can invoke the variational principle for the optimality of xj

in (i), and obtain the following necessary conditions for ([B8]) to hold:

(i) : (xq — x;)T Vi Lg((x5,A0), X, m) >0 Vxg € Yy
(39)

(i) : (Mg =) - (= 1g(x7)) 20, VA, €Ry

where (i') is just the aforementioned first-order (necessary) optimality condition of the (nonconvex) opti-
mization problem in (i), albeit with a convex feasible set ),; and (ii') is equivalent to (ii). Finally, since
there is no coupling in the constraints involving the variables x, and A, in (i/)—(ii/), we can equivalently

rewrite the two separated inequalities (il)-(ii/) as one inequality, obtaining

T
Xy — X5 Vi Lg((X2,A5), X_g, T
v Lol o) >0, Vi(xg,Aq) € Vg xRy (40)
)\q _ )\q* —Iq(XZ) SN——
2Kq

2F, ((X} )‘2)7 X—q» 7Tt)

The above system of inequalities defines the so-called VI problem in the variables (x4, A\q) for fixed
(x_q, ), whose defining vector function is F (e; x_4, 7;) and feasible set is ICg, both defined in ([@0) 1 such
a VI is denoted by VI(Ky, Fy). According to the implications (B8)=-(@0), the VI(XC,, Fy) is an equivalent
reformulation of the KKT conditions of the g-th player’s optimization problem in (23]), wherein the convex
constraints V,’s (and thus the associated multipliers) have been absorbed in the VI set /C;, which is thus
convex. It turns out that the nonconvex problem in (23]) has a unique optimal solution for any given x_,
and 7;—the best-response of ([B6]) is unique, and thus xj(x_4, m;) is well-defined—if the VI(K;, F,) has a
unique z,-component solution and some CQ holds. Proposition2Ibelow shows that Abadie CQ [35, Ch. 3.2
is satisfied by any nontrivial optimal solution of ([23]) and establishes the uniqueness of the x,-component
under the positive definiteness of the Hessian matrix Viqﬁq ((xq, Ag)s X—q,mt) of Lg((Xq, Ag) s X—g, ), for
all (x4,\q) € K and any given x_, € J_, and m > 0. The matrix Viqﬁq ((xq,Ag), X_q,7¢) |interpreted

as a function of (x4, A,), for fixed x_, and 7| is given by
viqﬁq ((%g5 Ag), X—q,7t) 2 —Vquq(Xq,x_q) + A Viqlq(xq) + 7 Viql(qux—q)- (41)

Lemma [[2] in Appendix [Al shows that all the A,-solutions of the VI(K,, F,) are bounded from above,
for every given x_, € V), and m; € §;. Specifically, it holds that any \j satisfies A} € [0, A™*] (see Lemma
in Appendix [Al), with

Q 1/ [ min {Iénax, min pgl,?x}
1<q< 1<k<N~ T
max £ 37 =120 == - (42)
q:1 pmlzsx
min log | 1+ L min {02,
1<k<N O-gk + Z |qu(ki)|2pglzsx 1<k<N { q, }
r#q

2Given a set @ C R™ and a vector-valued function ¥ : Q — R"™, the VI(Q, ¥) problem is to find a point z* € Q, termed
a solution of the VI, such that (z —z*)T ®(z*) > 0 for all z € Q [37].
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This allows us to restrict the requirement on the positive definiteness of Viqﬁq ((xq,Ag), X—g,m) on all

Xq € Vg and Ay € [0, ], The above discussion is made formal in the following proposition.

Proposition 2. Let x_, € Y_, and m; € S; for some t > 0. Suppose that Viqﬁq ((xg, Aq), X—q, ) in
(41) is positive definite for all x, € Y, and Ay € [0, N™**]|. Then, the q-th nonconvex optimization problem

in (38) has a unique optimal solution x}, € Xy that is necessarily nontrivial.

Proof. See Appendix [Al O

Note that under conditions in the above proposition, the optimization problems in ([32]) remain non-
convex (the constraint set A} is indeed nonconvex). To shed light on the physical interpretation of the
obtained result, we provide in Corollary [ below easier conditions to be checked (but more restrictive)
under which Proposition 2is true. To state the corollary, we use as weights w, ;’s involved in the interfer-
ence constraints () and (8) the cross-channels between secondary and primary users, i.e., wq; = Gpgq(k),

forallg=1,...,Q and k =1,...,Q (more general conditions are given in Appendix [A]).

Corollary 3. Proposition[d holds if the following sufficient condition is satisfied:

1 G pg(k)?
e .ki??%N{ L <y, (43)

where ’y(gl) is a positive constant that depends only on system/sensing parameters and it is defined in (I02)

(cf. Appendiz[B)
Proof. See Appendix [Bl O

The condition in ([A3]) has an interesting physical interpretation: the nonconvex problem in (32) has
a unique solution provided that the (normalized) cross-channels between the secondary and the primary
users are “sufficiently” small, meaning that there is not “too much” interference at the primary receivers;
see Sec. for more details on the physical interpretation of the above conditions.

Based on Proposition 2l and Lemmal[Il we can now establish the existence of a NE of the game G;(X, )
invoking the existence of a fixed-point of the single-valued mapping B(e) defined in (36l).

Proposition 4. Given t > 0, suppose that each matrix Viqﬁq ((xqs Aq), X—q, ™) tn [{1]) is positive definite
Jor all (x4, Ag) € Vg x [0, A", x_4 € Vg, and 7, € S;. Then, the game G,(X, 0) has a (nontrivial) NE.

Proof. Under the positive definiteness of each matrix Viq Ly ((X4,Ag), X—q, ), the optimization problems

*
q

x € Y and 7w € S;. Since these optimal solutions are unique, it is not difficult to show that they are

(B4) and (B5) have a unique optimal solutions x}(x_g, m)’s and 7} (x, m;), respectively, for any given

continuous functions of the parameters (x, m;) (see, e.g., [39]), implying that the single-valued map B
in ([B6) is a continuous function on the convex and compact set ) x &;. It follows from the Brouwer
fixed-point theorem, that B has a fixed-point, which is a NE of the game G;(&X, 8) (Lemma [I]). It follows
from Proposition 2] that such a NE must be nontrivial. O
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Step 3: Existence and uniqueness of a NE of the game G(X, 0)

To pass from a NE of the price-truncated game G;(X, €) to a NE of the original game G(X, ), we argue
that there exists a sufficiently large ¢ > 0 such that the truncation constraint m; < ¢ in &; is not binding
at the optimal solution 7 of the price-truncated optimization problem (B3]), corresponding to a NE of
Gi(X, 0). This implies that a NE of G;(X, 0) is also a NE of G(X, ) and, as such, existence conditions
given in Proposition [ for the game G;(X, ) apply also to G(X, 0). This is made formal in Theorem
below, where we derive sufficient conditions for the existence and uniqueness of a NE of G(X, 0).

To introduce the theorem, we follow a similar approach as in Step 2: i) we first write the KKT
conditions associated with the game G¢(X, 0), which under some CQ, are necessary conditions for a tuple
(x*,7f) to be a NE of G(X, 0) along with some multipliers associated with the local nonconvex constraints
{I;(x4) <0, ¢=1,...,Q} and the truncation in S;; and then ii) we rewrite this KKT system as a proper
VI problem, whose solution analysis leads to the desired results (c.f. Theorem [l).

Under a suitable CQ, every NE (x*,7}) of Gi(X, 6) will satisfy the KKT conditions of the game,
which are obtained by aggregating the KKT conditions of players’ optimization problems in (32)) and (B3]).
Denoting by A; and 7y the multipliers associated with the nonconvex constraint I,(x;) < 0 of player ¢
and the price truncation 7} <t in Sy, respectively, and proceeding as in (38)-([0), the KKT conditions of
Gi (X, 6) that are necessarily satisfied by any NE (x*,7}) can be written as:

T *
X1 —X’f ercl((xlv)‘?l()a thvﬂ'z)
(i) : : : >0, Vx,€), and ¢=1,...,Q,
XQ —Xa VXQﬁQ((X67Aa)7 XtQﬂT:)
N T/ Ix* (44)
(A1 —AT) 1(x7)
(ii) : : : >0, VA>0 and ¢=1,...,Q
(Ao —2p) —Ig(xg)
(iii) 0< 7w L —I(x*)4+n >0 and 0<n; L t—mf>0.

Observing that the complementarity conditions in (iii) of (4] are equivalent to the VI problem in the 7
variable:

(7Tt - W:) : (_’[(X‘*)) 2 07 Vﬂ-t € St7

the KKT system (@) can be equivalently rewritten as

X — x* T (quﬁq((x* Ar), x* 7Tt*))§:

q’7q —q’ 1
A=\ (—Iq(xg))f:1 >0, V(x,A m)eYxRExS,
T — T —I(x%) 22

2W(x*, A%, 7))

which represents a VI problem in the tuple (x, A, my), i.e., VI(Z;, ¥), with x = (xq)qQ:1 and A £ (Aq)?zl.
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Based on the VI formulation (45]), in Appendix [C] we prove that the following two properties are
satisfied by any solutions (x*, X*, 77) of VI(Z;, ¥) and thus by any NE of G,(X, ) (under some suitable
CQ): i) at any (x*, A*, 77), 7/ is bounded from above by 77 < A™#* with A™®* defined in ([42)); and ii)
the x-component of (x*, A*, 7}) is unique if the Jacobian matrix of (Vyx,Lq((Xq,Aq), x_q,m))qul with
respect to x, denoted by A(x, A, m;), is positive definite on J x [0, A™aX]Q x S, with A(x, A, m;) given
by:

Vxlﬁl((xl, )\1), X_1, 7Tt)
Ax, A\ m) =) | : (46)
VxoLa((xQ, AQ), X-@; )
Building on the established connection between the NE of Gi(X, @) and the solutions of the VI(Z;, ¥)
and using properties i) and ii) above, we can finally obtain the desired existence and uniqueness result:
(a) It follows from property i) that since the truncated game G;(X, ) has a NE for ¢t > A™®* (which is
guaranteed under conditions in Proposition M), the original game G(X, 8) must have a NE as well; and
(b) According to property ii), if there exists a ¢ > A™* such that A(x, A\, m;) is positive definite for
all (x, A\, 1) € YV x Rg x &, the x-component of the solution of the VI(Z;, ¥)—and thus of the NE of
G(X, 0)—is unique. These results are collected in Theorem [ below and formally proved in Appendix

Theorem 5. Given the game G(X, ) and \™* defined in ({{3), the following hold:

(a) Suppose that there exists a t > X" such that each matriz Vi Lq ((Xg, Ag), X—q,7¢) in [{1)) is positive
definite for all (xq,\g) € Vg x [0, \™*], x_g € Yy, and my € S¢. Then, every NE (x*,7}) of Gi(X, 0)
is a NE of G(X, 0); therefore G(X, 0) has a NE;

(b) If the condition in (a) is strengthened by the following: the matriz A(x, X, m¢) in ([{6]) is positive
definite for all x € Y, X € [0, \"*]9, and m; € S, then the x-component of the NE of the game
G(X, 0) is unique.

Proof. See Appendix O
Sufficient conditions for the matrix A(x, A, m;) to be positive definite are given in the following.

Corollary 6. Statement (b) |and thus also (a)| of Theorem [A true if the following sufficient conditions
are satisfied: for allq=1,...,Q,

1 [STAQIE 2 | Hr (F)I? | Hyq(F)I?

R e e B Bl B e R R L SR
T#q 9

where 7[51) and 7[52) are positive constants depending only on system/sensing parameters and are defined

in (I08) and [{I19), respectively (cf. Appendiz[D).

Proof. See Appendix O
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4.3 Discussion on the existence/uniqueness conditions

CorollaryBland Corollary [flsuggest an intuitive physical interpretation of the equilibrium existence /uniqueness
conditions: existence of an equilibrium and uniqueness of the x-component are ensured if the MUI in
the network is sufficiently small (compared to the background noise). More specifically, existence re-
sults in ([@3) impose a limit (only) on the maximum interference that the the SUs are allowed to gen-

erate at the primary receivers, measured by knllaxN{]qu(k)\2 /I'*°'}. Uniqueness conditions in (E7)

impose instead a limit on the maximum MUI experienced at both primary and secondary receivers.
This is clear looking at the LHS of ({@7): the first term on the LHS, knllaxN{]qu(k)\2/ItOt}, co-

incides with that of (A3]), imposing thus a limit on the MUI at the PU, whereas the second term,
2/ 2 2/ 2 . :
> rtq jmax {\qu(k)] /O'q7k} + D zg QA {]Hrq(k)] /Ur,k}7 limits the overall MUI in the secondary

network; indeed, the quantity >, max {\Hrq(k)lz Jo? k} is an estimate of the maximum interference

generated by each SU ¢ against all the other SUs r’s; and z#qk max {]qu(k‘)ﬁ/aik} can be inter-
preted as a limit on the maximum MUTI tolerable by each secondary receiver q and generated by all the
other secondary transmitters r’s. These two sources of MUI affect the uniqueness through the constants

(1) (2)
Vg

and 7q2 , which depend on the fixed sensing/device-level parameters as well as on the SU/PUs’ QoS
requirements (e.g., maximum false alarm rate/minimum detection probability, and maximum sensing time
constraints).

Interestingly, conditions in ([@T]) are of the same genre as those obtained in the literature to guarantee
the uniqueness of the NE of conver games modeling the power control problem in ad-hoc networks [I8],
40, 19l 20] and CR systems [41, 21]. The main difference is that, because of the nonconvexity of some
constraints and the joint optimization of sensing and transmission strategies, in (47]), there is an extra term,
Qe {|Gpy(k)[>/I'°"}, limiting the interference generated also against the PUs and the two weights

(1) (2

vq ' and -, capturing the sensing/QoS requirements.

5 Distributed Algorithms

This section is devoted to the design of distributed algorithms that solve the proposed class of games and
the study of their convergence. Before analyzing the most general game G(X, ), we focus on solution
methods for the game where the price 7 is a fixed exogenous parameter (and thus there are only local
interference constraints). The resulting algorithms will be used as a subroutine in an extended iterative

algorithm solving the more complex game G(X, @) wherein the prices are endogenous variables to optimize.

5.1 Game with exogenous price

When the price 7 is an exogenous fixed parameter, game G(X, 0) reduces to the following game.

Game G, (X, 0). The optimization problem of player ¢ is: given x_, € X_, and 7 > 0,

maximize 0, (Xq, X—q) —7-I(X4,X—g) ¢=1,...,Q. (48)
Xq€EXy

We have denoted such a game by G.(X, ), making explicit the fact that 7 is an exogenous fixed
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parameter. Note that G.(X, @) contains as special cases the game with zero price (and thus no global
interference constraints) as introduced in Sec. Bl and the equisensing game with constant price 7w (and
local interference constraints only), which is an instance of the game G(X, ) introduced in Sec.
Therefore, Algorithms for G, (X, 8) apply also to the aforementioned special cases.

We are interested in iterative schemes based on the best-response mapping: according to a given
scheduling (e.g., sequentially, simultaneously, or asynchronously), each SU solves his own optimization
problem in (48)), given the strategies of the others. If this procedure converges and some suitable conditions
are satisfied, it will converge to a NE of the game G, (X, 0). The Jacobi version of the proposed class of

algorithms wherein the users update their strategies simultaneously is formally described in Algorithm [l

Algorithm 1: Jacobi Best-Response-Consensus Algorithm for G, (X, 0)

(8.0) : Choose any feasible x(9) € X and set n = 0.

(S.1) : If x(™ satisfies a suitable termination criterion: STOP.
(n)

T

7

)

\]

Q

1
(S.2) : Run a consensus algorithm to locally compute the average Z
r=1

Q|

(8.3) : for¢g=1,...,Q,compute

x((l"H) € argmax {Hq (xq, x(_"q)) - I(xq,x_q)} . (49)

Xq€Xy

(8.4) :n<n+1;goto (5.1).

In order to relax constraints on the synchronization of the players’ updates, totally asynchronous
schemes (in the sense specified in [42]) can be considered, where some SUs may update their strategy profile
more frequently than others and they may even use an outdated measurement of the interference generated
by the others (we refer to [42] and [20] for a formal description of asynchronous algorithms). The analysis of
this general class of algorithms is addressed in Appendix[E] where we provide sufficient conditions for their
convergence; see Theorem and Corollary 7 Since Algorithm [Il is an instance of these asynchronous
schemes, it converges under the same aforementioned conditions. It is worth remarking that the obtained
convergence conditions have the same physical interpretation of that given for the existence/uniqueness
of the NE (cf. Sec. E3]). Roughly speaking, they require “low” interference in the network, meaning
“small” values of the (normalized) secondary cross-channels |Hy,(k)[*/ O’;k as well as secondary-primary
cross-channels |G py(k)|?/1%°t. Interestingly, they do not depend on the specific updating scheduling used
by the users, meaning that the whole class of asynchronous algorithms converges under the same set of
unified conditions. The main implication of this result is that all the algorithms obtained as special case
of the asynchronous scheme, such as the sequential (Gauss-Seidel scheme) and the simultaneous (Jacobi

scheme) best-response algorithms, are robust against missing or outdated updates of the players.

5.1.1 Discussion on the implementation

We discuss now some implementation issues related to the proposed algorithms; for notational simplic-
ity, we will focus only on Algorithm [I but similar conclusions can be drawn also for the asynchronous

implementation.
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In Step 3 of the algorithm, each user ¢ needs to compute its best-response, knowing the information

(_nq) = ( S«n))gﬁq:l, with each x, = (7, pr, P*). Given the structure of the

feasible set X, [specifically, the presence of local interference constraints ()] and the functional dependence

on the strategies of the others x

of the objective function in @8] on x_, [see ([23))], this knowledge requires each SU ¢ to estimate: i) the
overall Power Spectral Density (PSD) of the MUI at each subcarrier, >, [H o (K) Py k; ii) the primary-

secondary cross-channel function (G pq(k:))]kvzl [if the weights w, ;’s in the local interference constraints ()

are chosen as wy , = G pg(k)]; and iii) the average of the (normalized) sensing times (1/Q) Z?Zl(?r / y))
of all the SUs. Among other remarks, we discuss next alternative distributed protocols to obtain these
estimates, each of them being characterized by a different level (albeit limited) of signaling among the

SUs and computational complexity.

Estimate of the MUI and the primary-secondary cross-channels

To measure the MUI in a totally distributed way, it is enough for the SUs to perform a preliminary
noise calibration of their receivers (during this phase of course the SUs must stay silent). After this
noise calibration phase, to acquire the MUI, the SUs just need to locally measure the global interference
experienced at their receivers. Note that this procedure does not require the SUs to be able to distinguish
between primary and secondary signaling.

Because of the presence of the individual interference constraints in the set X, each SU needs to
estimate also the secondary-primary cross-channel transfer function (G pq(k;));f\[:1 [if in () one uses wy j, =
Gpq(k)]. This knowledge can be acquired by each SU in advance by using classical channel estimation
techniques, and updated at the rate of the channel coherence time. In the CR scenarios where the PUs
cannot communicate with the SUs (e.g., when the PUs are legacy systems) and thus cannot be involved
in the (cross-)channel estimation, and the primary receivers have a fixed geographical location, it may
be possible to install some monitoring devices close to each primary receiver having the functionality of
(cross-)channel /interference measurement.

In scenarios where the above options are not feasible and the channel state information cannot be
acquired, a different choice of the weights coefficients w, x’s and the interference threshold I;*** in () can
be made, based on worst-case channel/interference statistics. More specifically, one can replace the in-
stantaneous value of the secondary-primary cross-channel transfer function (G pq(k:))]kvzl with its expected
value; the expected value of each Gpy(k) is

E{IGrq (k) } o

= T4 (dpy/do) (50)

where o, is a positive constant depending on the number of resolvable paths and their variance; < is the
path loss exponent, which generally is 2 < ¢ < 6; dp, is the distance between the SU ¢ and the PU; and

dp is the Fraunhofer distance. The interference constraints imposed to each SU ¢ become then

N

i g
pmiss Pfa L9 . < [max 51
kZ_l o o B) gy ok < (51

which is still in the form of ([l), with weights coefficients wq , = 04/(1 + (dpy/do)®).
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When the distance dp, in (BI) is unknown, one can instead consider a probabilistic (conservative)
version of (B1l), based on the worst-case interference scenario, as proposed in [43]. Modeling dp, as a

random variable, we can impose

N
- o

Prob S (7q Pfa) e SIS > Py (52)
where 0 < Pr < 1 is a given positive constant guaranteeing the desired QoS at the primary receiver. To
obtain an explicit expression of the probability above, we consider next a more conservative constraint
implying (52). More specifically, denoting by dpyin = min, dp, the distance between the PU and the

nearest SU ¢, the following interference constraint implies (52)):

N
Prob miss (- play. % ., < maxl s p 53
{kZZI q,k (q q) 1+(dmin/d0)§ q,r = “q = ( )

Assuming that the SUs are randomly distributed according to a homogeneous Poisson point process with
spatial density p, dmin = min, dp, is Rayleigh distributed; the probability in (G3) can be then evaluated

in closed form and we obtain [43]

SN f f o In(Py)]
E ;f,;ss (Tq, qua) “Pak < I;“ax, with Ij;“ax £9 . (1 + 72 > (54)
P Og Torg

which is still in the form of (), where wyj = 1 and the interference threshold I, g is replaced by I .

Estimate of the average sensing time [Step 2]

The average of the sensing times can be locally computed by each SU by running a consensus based
algorithm that requires the interaction only between nearby secondary nodes, as stated in Step 2. Con-
sensus algorithms have become popular over the past few decades since [44] as a practical scheme for the
in-network distributed calculation of general functions of the node values; several protocols suitable for dif-
ferent applications and working under different network settings have been proposed and their properties
analyzed; see, e.g., [45], 46] for a good overview of recent results. In order to minimize the running time of
the consensus iterates and thus the amount of signaling to be exchange in Step 2 by the SUs, we suggest
here to use the finite-time distributed convergence linear scheme proposed in [47]. The main advantage
of this scheme with respect to the more classical consensus/gossip algorithms whose convergence is only
asymptotic (i.e., exact consensus is not reached in a finite number of times) is that, at no extra signaling,
each node can immediately calculate the consensus value after observing the evolution of its own value
over a finite number of time-iterations (specifically, upper bounded by the size of the network).

The consensus scheme we consider in Step 2 of Algorithm Plmakes use of the following liner iterations:

(n)

given the (normalized) sensing times 7, '’s obtained as output of Step 3 at iterations n, and setting

zéo) = ?q(n)/ \/fq, each SU ¢ updates at each (inner) time-iteration ¢ its value as

2t = age2) + Z Agr <Zv(°i) - Zé“) (55)
reNg
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where NV is the set of neighbors of user ¢, which are the nodes that interfere with node ¢ (the SUs’ network
is modeled as a directed graph); the cardinality of N, the number of neighbors of node ¢, is denoted by
degln = V| (also called in the graph theory jargon the in-degree of node ¢); and the ag’s are a set of
given coefficients. These weights represent a degree of freedom in the algorithm design; here we focus on

the following choice that can be made locally by each SU g¢:

1, it re N
agr =14 0, it r ¢ N (56)
F — deg;n if r =gq,

where [’ is any integer number. Associated with the SUs’ network topology, there are some absolute
quantities that play a role in the stopping criterion of the iterates (B5) and the computation of the final
consensus value. More specifically, for each node ¢, there exist a scalar 0 < L, < Q — degq and a (L +1)-
length vector m, € R+ having the following properties [47]: given the samples zéo), .. ( 2 collected

by the SU ¢ in the first L, + 1 iterations of (B3), it holds that

o ZQ: 0 Z 7
m : == A . (57)
| | TR TOHVE

According to (B7)), each SU ¢ can obtain locally the desired average of the sensing times after running the
linear iterates (B3) for L, + 1 time-steps; this will require at most @ —deg, + 1 time-iterations. Note that,
to calculate the quantity in (B7)), the SUs do not need to store the entire set of samples z(o) ..,zéLQ);
instead one can compute the scalar product in (57) incrementally, as the iterations progress.

To implement the above protocol distributively, each SU ¢ has to preliminarily estimate his own L,
and mg; for time-invariant topologies this can be done just once; the cost of this computation will then be
amortized over the number of times the consensus algorithm is performed. In [47], the authors proposed
a decentralized protocol still based on the updating (B5]) to perform such a computation in (at most)
Q(Q — 1) iterations; we refer the interested reader to [47, Sec. V] for details. The consensus protocol
discussed above is formally described in Algorithm Rl below, which represents the subroutine to implement
Step 2 of Algorithm [

Algorithm 2: Finite-time Consensus Algorithm in Step 2 of Algorithm [
forallg=1,...,0Q.

Data : Tq [from Step 2 of Algorithm [J, Ly, m,, and (aqT)
(8.2a) : Set zé ) :Té ), forg=1,...,Q and set i = 0.
(8.2b) : fori=1,...,max, Ly,

— Each SU ¢ updates zéi) according to (55

r=1»

Q
1
— if 4 == L, for some ¢, then SU ¢ computes (07) and gets Z

end (for).

In Algorithm Bl the number of iterations i required to propagate the consensus over the whole network

is maxo{L,} +1<Q — minq{degq} + 1. One can reduce such a number by slightly changing the above
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protocol: SU ¢ runs the iteration (B3] for L, + 1 consecutive time-steps, or until he receives the consensus
value from a neighbor. If L, + 1 iterations passes without receiving the consensus value, SU ¢ calculates
that value and broadcast it to his neighbors, along with a flag indicating that it is the consensus value
(and not just an intermediate value). In this way, “slower” SUs r’s will receive the final value at most one

iteration after node q.

On the time-complexity and communication costs

We quantify now the complexity of Algorithm [ (whose Step 2 is implemented using Algorithm [2) in terms
of the minimum number of iterations required to reach the desired convergence accuracy and communica-
tion costs (number of message passing among the SUs). Both results come readily from the following two
facts.

Fact 1. The convergence conditions of Algorithm [ as given in Theorem [I6] in Appendix [E] are based on
the contraction properties of the best-response mapping By, (x) £ (xg(x_q, Wt))qul associated with the
game G (X, 0) in @S), with each x} (x4, m) defined in ([B4): under assumptions in Theorem [I6 there

exists a constant cg € (0,1) such that [see (I39) in Appendix [E]
1Br, (%) = Br, W) < e [[x=vl, vxyed, (58)

where an explicit expression of the contraction constant cg is given in (I39) (cf. Appendix [Ed). If the
“suitable termination criterion” in Step 2 of Algorithm [I]is chosen as the smallest iteration n = ny, at
which the relative error HBm (x(™) — X*H / HX(O) — X*H is less than a prescribed tolerance €max > 0 [with
x* being the NE of G (X, 0)], (E8)) leads to

In (1/€max)

In |eg| (59)

Nmin =
which provides the number of iterations n required for Algorithm [I] to reach convergence (within the
accuracy €max)-

Fact 2. The consensus algorithm described in Algorithm 2l was shown to converge in at most max,{Lq} +
1 < Q—ming{deg,} + 1 iterations. The communication cost incurred by the protocol can be characterized
as follows. Given the directed graph modeling the network topology (the outgoing edges from each node ¢
link the nodes associated with the SUs who receive interference from SU ¢), each SU ¢ transmits a scalar

value on each outgoing edge at each time-step 4; since there are at most max,{L,} runs, each SU ¢ will

out out
q q

g (i.e., the number of SUs having user ¢ as interferer). Thanks to the broadcast nature of the wireless

have in principle to transmit (max,{L,} + 1) - degi™* messages, where deg{™ is the out-degree of node

channel, however, a single transmission of each user ¢ will be equivalent to communicating a message along

out
q

Summing over all nodes in the network, there will be E(?:l

each of degi" outgoing edges, and thus each node would only have to transmit max,{L,} + 1 messages.
(maxy{Lg} + 1) overall messages that have to
be transmitted to run the consensus protocol.

Using Facts 1 and 2 above, one can conclude that Algorithm [0 (whose Step 2 is implemented by
In (1/€max)
In |cg|
iterations, which is also the number of per/user message passing.

Algorithm [2) converges (within the accuracy €pax) in - (max4{Lq} +1) (outer plus inner-loop)
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A special case: fixed equi-sensing times

In the scenarios where no coordination is allowed among the SUs to run a consensus algorithm, one can
implement a special case of Algorithm [l where the SUs’ sensing times are fixed a-priori and thus not
optimized. This would correspond to solving the game G, (X, 6) in ([48) where the sensing times 7, are
fixed and equal to a common value 7; the resulting solution scheme will be like Algorithm [I] where there is
no Step 2 and the optimization problems in (8 are solved only with respect to the tuple (pg, qua), given
Ty = 7. The time and communication complexity of such an algorithm is of the same order of that required
by the well-known iterative waterfilling algorithm proposed and studied in many papers [I8] 19, 20} 24]
to distributively solve the rate maximization game over interference channels (there is no optimization of
the sensing part in any formulation of that game). The price in the reduction of signaling obtained with
the fixing of sensing times may be paid in terms of overall performance; in Sec. [0, we numerically quantify
the loss in using a fixed sensing time rather than optimizing it. This sheds some light on the trade-off

between performance and signaling in the proposed games.

On the best-response computation

A last comment deals with the computation of the best-response of each optimization problem (Zg]), which
would require the capability of solving a nonconvex problems. This is not a difficult task under the
assumption of Theorem (cf. Appendix [E)), which ensures that each of such (nonconvex) optimization
problems has a unique stationary point (cf. Proposition [2) that can be computed by any of nonlinear
programming solvers, provided that each SU ¢ has the information on the strategies x_, of the other SUs.

Finally, observe that, when conditions in Theorem [[6]are not satisfied, every limit point of the sequence
generated by the proposed algorithms, wherein the best-response solution is replaced by a stationary
solution, has still some optimality properties: it is guaranteed to be a QNE of the game, whose properties

have been studied in our companion paper [26].

5.2 Game with endogenous prices

We focus now on distributed algorithms for solving the general game G(X, 0). The main challenge here is
to obtain distributed algorithms in the presence of coupling nonconver constraints. The proposed approach
is to reduce the solution of the nonconvex game G(X, @) with side constraints to a solution of a sequence
of (compact and) com;ezH games of a particular structure with no side constraints. The advantage of
this method is that we can efficiently solve each of the convex games with convergence guarantee using
the best-response algorithms introduced in Sec. [l for the game G (X, ) with exogenous price; the
disadvantage is that, to recover the solution of the original game G(X, ), we have to solve a (possibly
infinite) number of convex games. However, it is important to remark from the outset that this potential

drawback is greatly mitigated by the fact that, as we discuss shortly, (i) one only needs to solve these

3 According to the terminology introduced in [27], a game is said to be compact and convex if: i) the feasible set of each
player is a convex and compact set; and ii) the cost function of each player (to be minimized) is a convex and continuously
differentiable function of the strategy of that player, for any given strategy profile of the other players. The desired properties
of such games are: i) each player optimization problem is a convex problem and thus it can be solved using efficient numerical
algorithms; and i) they always have a NE.
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games inaccurately; (ii) the (inaccurate) solution of the NEPs usually requires little computational effort;
and (iii) in practice, a fairly accurate solution of the original game G(X, ) is obtained after the solution
of a limited number of games in the sequence.

Before introducing the formal description of the algorithm, let us begin with some informal observations
and intermediate results motivating how the sequence of convex games is built; the mathematical details
can be found in Appendix [El At the basis of our analysis there are two results, namely: i) an equivalence
(under some conditions) between the game G(&X, 8) and the VI(Z;, ¥) introduced in ([@0); and ii) the
reformulation of the VI(Z;, ) as a convexr game with no side constraint. The former connection, which is
made formal in Lemma [7 below, allows us to remove side constraints from the game G(X, 0), whereas the
latter, given in Lemma [§] below, paves the way to the use of best-response algorithms for convexr games

with no side constraints, as introduced in Sec. 5.1

Lemma 7. Given the game G(X, @), suppose that there exists some t > A" such that the matriz
A(x, A\, 1) in ([{0) is positive definite for all x € Y, A € [0, \**]9 and 7, € S;. Then G(X, 0) is
equivalent to the VI(Z;, W), which always has a solution. The equivalence is in the following sense: for
any solution (xw, AV 7rtw) € Z; of the VI, the tuple (xw, 7TtVI) is a NE of G(X, 0); conversely, the game
G(X, 0) has a NE (x*,77), and for any such a NE there exist multipliers X* € [0, \™*]% associated with
the nonconvex constraints {1,(x3), ¢ =1,...,Q} such that (x*, X*, ) is a solution of the VI(Z;, ¥).

Sufficient conditions for A(x, A, ) to be positive definite along with their physical interpretation
are given in Sec. 3] (cf. Corollary ). Under conditions of Lemma [7, one can solve the VI(Z;, ¥) and
obtain the NE of the original game G(X, 8). Since we are interested in using best-response algorithms as
those developed in Sec. ] for games with exogenous price and no side constraints, we rewrite next the
VI(Z;, ¥) as a game, and then use best-response algorithms to solve that game. More formally, let us

introduce the following game with no side constraints wherein the players, anticipating rivals’ strategies,

solve
(i) : minimize L, ((Xq,A\g), X—q, ™), ¢=1,...,Q
quyq
1) : minimize —M\; - 1,(x,), =1,...,0,
(i2) e g 1q(xq) q Q (60)
) - o e Ix).
(13i) minimize (x)

The following connection holds between the above game and the VI(Z;, ¥).

Lemma 8. Under the setting of Lemmald, the VI(Z;, W) is equivalent to the game in (60), which always
admits a NE.

Note that the game in (60) is composed of 2Q) + 1 players. The first @) players in (i) correspond to the
players of the original game G(X, @)—the SUs in the system—that now optimize a different cost function,
which is the “Lagrangian” function associated with their original cost functions in (23]), for a given set
of price m and multiplies A. In addition to the @) SUs, there are () + 1 more players solving problems
(ii) and (iii); they act as virtual players who aim to compute the optimal multipliers \,’s associated with
the nonconvex local interference constraints {I,(x,), ¢ =1,...,Q} and the optimal price 7, respectively.

By introducing these virtual players, the original game G(X, ) can be transformed (under the setting of
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Lemma [7) into the desired (compact and) convexr game with only local constraints, which paves the way
to the design of best-response algorithms for the game G(X, 9).

We proved in Appendix [E] that the best-response algorithms introduced in Sec. [EJ] converge under
conditions implying the uniqueness of individual player’s optimization problems. The game in the form
([60) however may never satisfy such conditions; indeed, the linear programming problems in (ii) and (iii)
have multiple optimal solutions whenever some I,(x,) = 0 or I(x) = 0. To overcome this issue, we follow
a similar idea as in Step 1 of Sec. and introduce in (ii) and (iii) of (G0) a proximal-based regularization
of the A-variables and price 7, so that the resulting modified optimization problems become strongly

convex. Given the center of the regularization of the A-variables, say A’ £ ()\0) and the price 7y, say

q=1
7¥, and the proximal gain o > 0, the regularized version of the game in (B0), denoted by Gi(X, 8, A°, ?)

is the following.

Game G, (X,0,2\° 7%). Anticipating rivals’ strategies and given A’ £ (/\O)q L ), and @ > 0, the

2@ + 1 players solve the following optimization problems:

minimize Lg ((Xq, Ag), X—q,7t), qg=1,...,Q
xq€Vq
inimi —Aq - 1, — (N, =0 =1,...
)\I?é%lglr}uzag] ¢(x )+ 5 (Mg ) qg=1,...,Q, (61)
. . . a ( )
minimize —m; — (m—
T €St 2 t t

The main (desired) property of game G¢(X,0, A%, 7?) is that, under the setting of Lemma [7 the NE
is unique and it can be computed with convergence guarantee using best-response algorithms as those
introduced in Sec. [E] (we make formal this statement shortly). Nice as it is, this result would be of no
practical interest if we were not able to connect the solutions of G;(X, 0, A0, 7)) with those of the game in
@0) and thus the original game G(X, 6). In fact, the solution of G,(X,0, A%, 79) and (B0) are in general

different but, nevertheless, there exists a connection between them, as stated in the following lemma.

Lemma 9. Under the setting of Lemmald, a tuple (x*, X, 7f) is a NE of the game in ([G0) if and only if
it is a NE of the game Gi(X,0,X*,7f). Therefore, such a (x*,7}) is a NE of the original game G(X,0).

Providing the relationship between G(X,8), the game in (0), and G;(X,0, A, ), Lemma [ opens
the way to the design of best-response algorithms that solve the original game G(X, 0): instead of solving
G(X,0) directly, starting from an arbitrary regularization tuple ()\0, 7?) > 0, one can solve the sequence
of games G¢(X,0, X0, 7)) — - — G,(X,0,\", 71}) — ---, where the center (A", 7}) of the regularization
of the game at stage n is just the (A, m;)-component of the (unique) NE of the game Gi(X, 0, A" !, 7~ 1)
in the previous stage. If this procedure converges, it must converge to a tuple (x*, A*, 7r}) that necessarﬂy
is a NE of the game G;(X, 8, A\*, 77), which implies by Lemma [ that (x*, A*) is also a NE of the original
game G(X,0). A flow-chart with the connection of all these games along with an informal description of

the above ideas is given in Figure [1l
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(x,m) = game variables A(x,A,m) =0 (x,\, ) = VI variables
x = players’ strategy profile [Lemma 7] ;7( :’ primal variable
7 = price variable associated with X = dual variables of {Iq (Xq) <0,¢=1,...,Q}
the side constraint I(x) <0 (x*,7) = x", 7" 7 = dual variable of I(x) <0
(x*,m*) =NE

(x4, AV, 7¥1) = VI solution

(xVI7 AVI77TV]) = (x*7 A*7 ﬂ—;)

A (x,A,7) >0
[Lemma 8]

(d) (c)
Solve the sequence of games G;(X,0, A", 7))

Augmented game in (60)

A (x,\,m) =0

(x, A, m) = game variables
[Theorem 10]

x = player’s strategy profile
(A, ) = virtual players’ strategies

G(X,0,X°,70) — o — G (X,0, 2%, 7°)

500 X*%0_10%%) Z NE of Gy(X, 0, A, 75°
(X 7A 3 T ) ) gt( ; 7A ,'/Tt) (X*aoo7)\*’o°?ﬂ—:’oo):(x*y)\ﬂﬂ—;) (X*,A*,’]TZ():NE

Figure 1: Connection among G(X,8), VI(Z;, ¥) , and the sequence of games G;(X,0, A", 7). Under the setting of Lemma
[ we have the following: i) G(X,0) in (a) is equivalent to the “augmented” VI(Z;, ¥) in (b), where the local interference
constraints {I,(xq), ¢ = 1,...,Q} are “relaxed” by introducing the multipliers A £ ()\q)qul and 7 is a variable of the VI; ii) the
VI(Z,, ¥) can be interpreted as a (compact) convezr “augmented” game with no side constraints as represented in (c) [see ([G0))],
where there are () real players, the SUs, and Q41 virtual players who aim to optimize the multipliers A\,’s and the price variable
m¢; 1ii) a NE of the augmented game (G0, and thus the original game G(X,0), is computed via best-response algorithms
solving the sequence of regularized convex games with no side constraints G,(X,0, A, 70) — --- — Gi(X,0, A, 7°) as

shown in (d).

A formal description of the above solution method is given in Algorithm B below, which provides the de-
sired best-response based scheme solving the game G(X, 0); the convergence conditions are given in Theo-
rem[I0 In the algorithm we use the following notation: given (A", 1}"), we denote by (x*(A", 7}"), X* (A", 7}"),
77 (A", 7)) the NE tuple of the game Gy(X, 0, A", 7)), where we make explicit the dependence on the reg-

ularization offset (A", 7f").
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Algorithm 3: Best-Response Algorithm for G(X,0)

(8.0) : Choose any tuple (/\0,77,9) > 0, with A" £ ()\2)?:1, and some € € (0,1); set n =0.
(8.1) : If (x*(A", 7)), AX (A", ), (A", ")) satisfies a suitable termination criterion: STOP.
(S.2) : Solve the game G,(X,0, A", 7]"); let (x*(A",7}"), X (A", 7)), 7 (A", 7)) be the NE.
(8.3) : Update the center of the regularization:

)\Z+1é(l—e)-)\g—ke')\(*]()\”,ﬂf), g=1,...,Q, (62)
A (1 =€) af +e-mF (A, 7).

(8.4) :n<+n+1;goto (8.1).

Theorem 10. Under the setting of Lemmal[d, the sequence {(x*(A",m}), mf (A", 7{'))} 22 generated by
Algorithm [3 globally converges to a NE of G(X,0).

Proof. See Appendix [El O

It is interesting to observe that Algorithm [B] converges under the same conditions introduced in Propo-
sition [{ and guaranteeing the uniqueness of the z-component of the NE of G(X, 8); we refer to Corollary
and Sec. for easier conditions to be checked as well as a detailed discussion on their interpreta-

tion in terms of the system parameters. We discuss next some practical implementation issues related to

Algorithm [3

5.2.1 Discussion on the implementation

Algorithm [ is conceptually a double-loop scheme wherein at each (outer) iteration n, given the current
values of the regularization parameters (A", 7)), the SUs solve the game G¢(X, 0, A", 7)) (with ¢ > \™a¥)
[Step 2|, which requires an inner iterative process. Once the NE of Gy(X,0, A", 7)) is reached, the reg-
ularization parameters (A", 7}") are updated according to (G2) [Step 3|, which represents the outer loop,
and the new game G;(X, 8, A" 1, 77" is played again (if the convergence criterion in Step 1 is not met).
In practice, however, Algorithm [l is implementable as a single-loop scheme: the SUs play the game
Ge(X,0, A", 7)), wherein from “time to time” (more precisely, when a NE is reached within the required
accuracy) the objective functions of the virtual players are changed by updating the regularization terms
from §(A\g — A2) and §(m — 7}") to $(Ag — A0T!) and §(m — 7T respectively.

In order to implement the aforementioned single-scale scheme, the following issues need to be addressed:
1) How to solve each inner game G;(X, 0, A", 7rj") via distributed best-response algorithms? 2) How to
update the regularization parameters in a distributed way? and 3) How to check the terminations of
the inner process in Step 2—the SUs have reached a NE of the game G;(X,0, A", 7}") within the desired

accuracy? We provide an answer to these questions next.

On the inner game and price/multipliers update [Steps 2 and 3]

Capitalizing on the solution methods that we developed in Sec. [5.1] for games with exogenous price and

no side constraints, a natural choice for computing a NE of each Gi(X,0, A", 7)) in Step 2 of Algorithm
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is applying those best-response asynchronous algorithms to G;(X', 8, A", 7}"). For instance, if a Jacobi
scheme is chosen (cf. Algorithm [), Algorithm [B] reduces to Algorithm [ below, which sheds light on the
signaling and complexity requirements of the proposed class of algorithms. In Algorithm M we use the
following notation: (x*(X,7), A*(X,7;), 77 (X, 7)) denotes the NE of G;(X,0,X,7,), and [z]y" in (63)
is the Euclidean projection onto the interval [0, A™®] ie., [z])"" £ max(0, min(x, A™2X)).

Algorithm 4: Jacobi Best-Response-Consensus Algorithm for G(X,0)

(8.0) : Choose i) any arbitrary starting point (x(?, )\(0),71'150)) with x(0) 2 (7 70 ), pgo), P, a(O)) €
Y and (A(O),WIEO)) > 0; ii) any regularization tuple (X,7;) > 0 , and iii) some € € (0,1); set
n=0.

(8.1): If (x*(A, ), A*(A,7p), (X, 7)) satisfies a suitable termination criterion: STOP
(S.2a) : Run a (vector) consensus algorithm to locally compute the current values of — Z \/JT

q
and I (x ZI [Cf Algorithm 2];

(8.2b): Update the players’ strategies simultaneously:

X((1n+1) € argmin {Eq ((xq, AS{‘)), x(_nq),ﬂf)} , Vgq=1,...,Q

quyq
_ (n) max

A _ |5, 5 ) ) Yg=1,...,Q

q - q a 9 q_ b '7 (63)
L 0
r A

n I (x™

) _ |y 1)

L 0

(8.3) : If (x("+1), A+ 7T§n+1)) is a NE of G;(X,0, X, 7;), then
1) update the regularization tuple (X, ﬁt):

Ny = At g =1,...,Q and 7 = ﬂ§n+1); (64)

q )

2) set (X*(X,ﬁt), )\*(X’ ), W;(X,ﬁt)) — <X("+1), )‘(n-i-l)’ 7_‘_l$n+1));
3) n < n+ 1 and return to (S.1).
else: n <+ n + 1 and return to (S.2a).

The convergence analysis of the algorithm follows from that of Algorithm [ (the outer loop) and
Algorithm [ (the inner loop) and thus is omitted. It is worth mentionig that Algorithm M converges
under similar conditions obtained for Algorithm [ provided that a sufficiently large proximal gain « is
chosen; this is not surprising, since the core of Algorithm [ is the updating rule used in Algorithm [I]
whose convergence conditions imply those of the outer loop (cf. Theorem [I0]). We refer to Sec. [5.1] for an

interpretation of these convergence conditions.
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Algorithm @] is mainly composed of two-subroutines: a consensus-based scheme [Step 2a] and a best-
response update [Step 2b], both implemented locally by the SUs. More specifically, the inner game
Gi(X,0,\,7) is solved in a fairly distributed way by following a two-steps procedure. Fist, in Step
2a, the SUs run a consensus algorithm to locally acquire the global information required to perform the
update of their sensing/transmission variables as well as the multipliers A,’s and the price m;, which
is represented by the average sensing time (1/Q) ZQ A(n / \/Tq ) and the global level of interference

(x(” ) = z ( ) generated at the primary receiver; this procedure requires an exchange of infor-
mation among nelghborlng nodes, as already discussed in Sec. .1l where we refer for details. Once the
aforementioned information is available at the secondary transmitters, each SU ¢ locally updates his own
sensing/transmission strategy x, as well as the multiplier A\, and the price 7, according to (G3) [Step2b];
he just needs to measure the MUI experienced at his receiver and solve his own optimization problem.
Note that: i) the updates of the multipliers A,’s and the price m; have an explicit closed form expres-
sion, and thus are computationally inexpensive; and ii) there is no need of a centralized authority for the

optimization of the price 7, which is instead updated locally by each SU.

On the inner termination criterium [Step 2]

The only issue left to discuss is how to check the termination criterion of the inner process in Step 2
of Algorithm [} similar discussion applies to Algorithm Fl In practice, Step 2 is terminated when the
NE (x*(A"™,77), X(A", 7p), mf (A", 7)) of Gi(X,0, A", m}") is reached within the prescribed accuracyE
say £ where we let £™ to depend on the (outer) iteration index m. Stated in mathematical terms,
this means that the players leave Step 2 as soon as their current strategy profile (x, A, m;) satisfies the

following inequality:

x s, ) ||
A= | A < el (65)
Tt W:(Ana W?)

where ||e|| is any vector norm. Denoting by z = (x, A, m;) the players’ strategy profile and by Sg, (A", 7})
the (unique) NE of G,(X,0, A", 7}"), which depends on the regularization parameters (A", 7}"), the stop-
ping criterium in (B3) can be equivalently written as ||z — Sg,(A™, 7")||?> < ™). Using the above nota-
tion/terminology, Step 2 of Algorithm [ reads as

(S.2a) : Solve the game G;(X,0, A", /) within the accuracy €™: find a z = (x, A, ;) such that
Iz — Sg, (A", 7 [|* < £ (66)
(S.2b) : Set (x*(A",7"), X*(A", "), mp (A", 7)) = z.

In general, the test in (66]) would require some coordination among the players; nevertheless, we suggest
next two simple distributed protocols to do that, building on the error-bound analysis of VIs [35, Ch. 6].

Observe preliminarily that an error bound on the distance of the current strategy profile z from the
NE Sg, (A", ") can be obtained by solving a convex (quadratic) problem (see, e.g., [35, Prop. 6.3.1], [35]
Prop. 6.3.7]). Indeed, under the convergence conditions of Algorithm [ [cf. Theorem [I0], one can write

4Recall that, under the convergence conditions in Theorem [I0] each Gi(X, 0, X, 7¢) has a unique equilibrium,
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each game Gy(X,0,\",7}") as a (strongly monotone) VI problem, for which the following error bound
holds [35, Prop. 6.3.1]: a (finite and absolute) constant n > da exists such that for every z,

Iz — Sg, A", 7P)[I> < nl|®h (2) [, (67)
with
Q
xq — Iy, (Xq — Vx, Lq((%q, Afnz;xx‘q’ 7Tt))
I,(xq) n Q
A - mu] L, ()]

nat (2) = ! [ I a ] - | = ( t q)qzl , (68)

1™ T (@)]o

T — [ﬂf + —]
0

and ILy, (a) denoting the Euclidean projection of the vector a onto the closed and convex set V,, where
in ([68) we made explicit the partition of ¥ (z) in @ + 1 (vector) components, ([¥] (z)]q)qQ:'i'll, each
of the first @@ being associated with one different player q. The important result here is that each SU g

can compute his own component [¥] . (z)], (as well as the last component [¥7,, (z)]g+1) efficiently and

nat
locally. Indeed, capitalizing on the information already acquired for the computation of the best-response,
he just needs to solve a quadratic programming [corresponding to the evaluation of the projection IIy, (e)],
for which no extra signaling/coordination with the others is required.

A simple application of the error bound (67)) for the test in (G0 is to let each SU ¢ to choose a
local termination error ¢, < n-¢/Q, with € = £(™ being the desired accuracy in (©7), and perform the
termination criterion ||[®7,, (z)]4]|> + [|[®%; (2)]g+1]> < &4; which is locally implementable, provided
that an estimate of the absolute constant n in (G7) and the number of the active SUs can be preliminary
obtained.

When this information is not available, one can consider a variation (inexact version) of Algorithm
Bl Instead of solving each game Gi(X,0, A", 7}") exactly, the players compute at every stage n only an
approzimated solution of G(X,0, A", 7}") that becomes tighter and tighter as the iteration in n proceeds.
Stated in mathematical terms, we have that the sub-iterations in Step 2a are terminated according to a
prescribed error sequence {a(")}n that progressively becomes tighter as the iteration in n proceeds. For
instance, a suitable termination sequence in (B8] is any {¢(™},, C [0,00) satisfying 3.°°, e < oo; since
the latter condition implies e(™ | 0, when the iterations n progress the NE Sg, (A", m}") will be estimated
with an increasing accuracy. One can show that the aforementioned inexact version of Algorithm [
converges under the same conditions given in Theorem [0} we omit the details because of the space
limitation, and we refer to [22] for a similar approach valid for conver games. The termination protocol
for the inexact version of Algorithm [3is then the following. Each player ¢ choses preliminarily a suitable
local termination sequence {6((1")}” C [0,00) such that > 07, sé”) < 00; the termination criterion of each
player ¢ becomes then [|[[®7, (2)]4]1* + [|[®% (2)] 01 ]* < z—:((]n), which can be locally implemented. Once
the desired local accuracy is reached by all the players, they can all update the center of their regularization,
according to (62]). This protocol guarantees that the resulting sequence g & Zqul 551") in ([66) will satisfy

the required condition > 2, e(™ < 00, without the need of any information exchange among the players.

5An explicit expression of 77 can be obtained as a function of the system parameters, based on [35] Prop. 6.3.1].
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The last issue to address for a practical implementation of the two protocols above is to understand
how the players can know that also the others have reached the desired termination criterion. This can
be done by exchanging one bit of information; otherwise each user can just update his regularization after
experiencing no changes in [|[¥], (2)],|| and ||[[¥],; (z)]+1]| for a prescribed number of iterations.

Two last comments about the proposed class of algorithms solving G(X,0) are in order. To obtain
decentralize algorithms even in the presence of global (nonconvex) interference constraints, we have intro-
duced multipliers and relaxed the global constraints. As a side effect of the proposed approach, we have
that global interference constraints are met only at the equilibrium of the game; implying that during
the iterations of the algorithms they might not be satisfied. This issue is alleviated in practice by a fast
convergent behavior of the proposed algorithms, as shown in Sec. Note that this issue is quite common
to many power control algorithms subject to QoS or coupling interference constraints (see, e.g., [48] and
references therein). Finally, we wish to point out that when the sufficient conditions for the convergence
of the proposed algorithms are not satisfied, still we can claim some optimality property for the proposed
algorithms, namely: every limit point of the sequence generated by the our algorithms is a quasi-NE of the
game under consideration; the analysis of such relaxed equilibrium concept along with its main properties

is addressed in the companion paper [26].

5.3 A bird’s-eye view

In the previous three sections we proposed several distributed algorithms to solve the general game G(X, 0)
and its special cases. The algorithms differ from computational complexity, performance, and level of
signaling among the SUs; making them applicable to several different scenarios. It is useful to summarize
the results obtained so far, showing that, in spite of apparent diversities, all the algorithms belong to a
same family; Figure 2] provides the roadmap of the proposed distributed solution methods along with the

signaling required for their implementation.

6 Numerical Results

In this section, we provide some numerical results to illustrate our theoretical findings. More specifically, we
first compare the performance of our games with those of state-of-the-art decentralized [2I] and centralized
[14] schemes proposed in the literature for similar problems; such schemes do not perform any sensing
optimization using thus all the frame length for the transmission, and the QoS of the PUs is preserved by
imposing (deterministic) interference constraints (we properly modified the algorithms in [I4] to include the
interference constraints in the feasible set of the optimization problem). Interestingly, the proposed design
of CR systems based on the distributed joint optimization of the sensing and transmission strategies
is shown to outperform both centralized and decentralized current CR designs, which validates our new
formulation. Then, we provide an example of signaling/performance trade-off, showing the throughput
gains achievable by the SUs if the sensing time is included in the optimization. Finally, we focus on the

convergence properties of the proposed algorithms.

Example #1: Comparison with state-of-the-art algorithms. In Fig. Bl we compare the perfor-
mance achievable by the proposed joint optimization of the sensing and the transmission strategies with

those achievable using the sum-rate NUM-based approach subject to interference constraints [I4] and the
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Game G(X,0) [cf. (23)-(24)]

NO some YES

signalling
W

Game G,—o(X,0) [cf. (48)] Game G, (X,0) [cf. (48)] Game G(X,0) in the general form (23)-(24)
- only local interference constraints - only local interference constraints - local/global interference constraints plus pricing
- fixed (equi)sensing times 7, = 7 for all ¢ - optimization of the sensing times - optimization of the sensing times
Solve Gr—o(X,6) using Algorithm 1 Solve G, (X, 0) using Algorithm 1 Solve tgle sequence of games in (61)
0 >
- asynchronous implementation g"(Xj 6,2 'ﬂt? == G, 9 A%, )
- asynchronous implementation - signalling among the players in the using Algorithms 3 (or Algorithm 4)
- no signalling among the players sensus i
s N & Py form of consensus (Algorithm 2) - signalling among the players in the
form of consensus (Algorithm 2)

Figure 2: Road-map of the proposed algorithms solving G(X,0) and its special cases along with the resulting sig-

nalling/optimization tradeoff.

game theoretical formulation in [2I]. More specifically, we plot the (%) ratio (SRgor — SR)/SR versus

the (normalized) interference constraint bound P/I™® (P, = P. = P for all q # r and [[}** = ["™** for

2
q,k>

achievable at the (Q)NE of the game G.—o(X, 0) (local interference constraints only), whereas SR is either

all q), for different values of the SNR detection snry; = O'%qyk /o7, where SRgE is the sum-throughput
the sum-rate achievable using the scheme in [14] (red line curves) or the sum-rate at the NE of the game in
[21] (black line curves). We simulated a hierarchical CR network composed of two PUs (the base stations
of two cells) and ten SUs, randomly distributed in the cells. The (cross-)channels among the secondary
links and between the primary and the secondary links are FIR filters of order L = 10, where each tap
has variance equal to 1/L?; the available bandwidth is divided in N = 1024 subchannels. From Fig. []
we clearly see that the proposed joint optimization of the sensing and transmission parameters yields a
considerable performance improvement over the current state-of-the-art CR centralized and decentralized

designs, especially when the interference constraints are stringent.

Example #2: Sensing time optimization. Fig. dl shows an example of the achievable throughput of
the SUs when the sensing time is included in the optimization. More specifically, in the picture, we plot
the (normalized) sum-throughput achieved at a (Q)NE by one player of the game versus the (normalized)
common sensing time, for different values of the (normalized) total interference constraint (the setup is
the same as in Fig. ). In the same figure, we plot also the sum-throughput achieved at the (Q)NE of the
game Gr—o(X,0) (square markers in the plot), where ¢ is set to ¢ = 100. According to the picture, the
following comments are in order. There exists an optimal duration for the (common) sensing time at which
the throughput of each SU is maximized, implying that the SUs can achieve better performance if some

(limited) signaling is exchanged in order to optimize also the sensing time. Second, as expected, more
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stringent interference constraints impose lower missed detection probabilities as well as false-alarm rates;
requirement that is met by increasing the sensing time (i.e., making the detection more accurate). This is
clear in the picture where one can see that the optimal sensing time duration increases as the interference
constraints increase. Third, the proposed approach based on a penalty function leads to performance
comparable with those achievable by a centralized approach that computes the optimal common sensing

time based on a grid search.

Example #3: Algorithms for G,—((X,0) (local constraints only). In Fig. [l we plot an instance of
the sequential and simultaneous best-response based algorithms, proposed in Sec. 1] to solve the game
G-(X,0) in {@8), with 7 = 0 (cf. Algorithm [I). We considered the same setup as in Fig. @l but with
15 active SUs; the SNR detection snry = U%q,k/ag,k is set to snry = 0dB, for all ¢ and k; the SNR of
the SUs snry, = P,/o7(k) is snrgy = 2dB for all ¢ and k, and the (normalized) inter-pair distances
dgr/dgq > 3 for all g # r, with dg, denoting the distance between the receiver of SU ¢ and the transmitter
of SU r, which corresponds to a “low/medium” level of interference among the SUs; the bounds ¢, and
Bqk are both equal to 0.5 for all ¢ and k; and the constant c is set to ¢ = 100. In Fig. Bla), we plot the
opportunistic throughput evolution of the SUs’ links as a function of the iteration index, achieved using
the sequential best-response algorithm (solid line curves) and the simultaneous best-response algorithm
(dashed line curves); whereas in Fig. Bl(b) we plot the evolution of the optimal (normalized) sensing times
of the SUs versus the iteration index. To make the figures not excessively overcrowded, we report only
the curves of 3 out of 15 links. As expected, the sequential best-response algorithm is slower than the
simultaneous version, especially if the number of active links is large, since each SU is forced to wait for
all the users scheduled in advance, before updating his own strategy. However, both algorithms converge
in a few iterations (this desired feature has been observed for different channel realizations), which makes
them appealing in practical CR scenarios. Observe also that, thanks to the penalty term on the sensing
times in the objective function of each SU, the algorithms converge to the same optimal sensing time for
all the SUs [cf. Fig. B(b)]. Roughly speaking, these algorithms share the same features of the well-known
iterative waterfilling algorithms solving the power control game over 1Cs [I8], 19, 20} 21 22].

Finally, observe that, even when the theoretical convergence conditions we obtained are not satisfied,
still we can claim that every limit point of the sequence generated by our algorithms is a QNE of the

game.

Example #4: Algorithms for G(X,60) (global constraints). In Fig. [0 we tested the convergence
speed of Algorithm 1 applied to the game G(X,0) in the presence of global interference constraints. The
system setup is the same as the one considered in Fig. Bl for the low/medium interference regime, with
the only difference that now, instead of the overall bandwidth interference constraints (), we assume that
the PUs impose the global interference constraint (8)); for the sake of simplicity we considered the same
interference threshold for both the PUs. In Fig. [l we plot the opportunistic throughput evolution of 4
(out of 15) SUs’ links and the worst-case average violation of the interference constraints as a function of
the iteration index (counted considering both the inner and the outer iterations), achieved using Algorithm
[ As expected, Fig. [Blshows that the algorithms proposed to solve the game G(X, 0) with side constraints
require more iterations to converge that those used to solve the game G,—o(X,0). On the other hand,

global interference constraints impose less stringent conditions on the transmit power of the SUs than
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those imposed by the individual interference constraints, implying better throughput performance of the

SUs (at the price however of more signaling among the SUs) [26].

100 ‘ ——
4 NUM (snrd:—SdB)
80 o NUM (snrd=—7dB) 4
< GT (snrd:—SdB)
60 - OT (snrd:—7dB) 7

N
o

20

Sum-throughput gain (%)

1072 - 107°

Figure 3: Comparison of proposed joint sensing/transmission optimization with state-of-the-art NUM (cooperative)
and game theoretical (noncooperative) schemes where no sensing is optimized: (%) ratio (SRor — SR)/SR versus

the (normalized) interference constraint bound P/I™#*.
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game G(X,0)
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Figure 4: Normalized throughput versus the normalized sensing time, for different values of the (normalized)

interference threshold. The square markers correspond to the (Q)NE of the game G(X, ), achieved with ¢ = 100.
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Figure 5: Example of convergence speed of sequential (solid line curves) and simultaneous (dashed line curves)
best-response based algorithms applied to the game G, (X, @): Secondary users’ opportunistic throughput (subplot

a) and normalized sensing times (subplot b) versus the iteration index.
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39



7 Conclusions

In this paper, we proposed a novel class of noncooperative games with (possibly) side constraints, where
each SU aims to maximize his own opportunistic throughput by choosing jointly the sensing duration, the
detection thresholds, and the vector power allocation over SISO frequency-selective interference channels,
under local and (possibly) global average probabilistic interference constraints. In particular, to enforce
global interference constraints while keeping the optimization as decentralized as possible, we proposed a
pricing mechanism that penalizes the SUs in violating the global interference constraints. The proposed
games belong to the class of nonconvex games and lack boundedness in some of the optimization variables,
which makes the analysis quite involved. A major contribution of this paper was to introduce a new
methodology for studying the existence and the uniqueness of the solution of nonconvex games with
side constraints and design distributed solution algorithms. The proposed class of algorithms spans from
noncooperative settings modeling selfish users to cooperative scenarios where the users are willing to
exchange limited signaling (in the form of consensus algorithms) in favor of better performance. Numerical
results showed the superiority of the proposed design (in terms of achievable system throughput) with
respect to the state-of-the-art centralized and decentralized resource allocation algorithms for CR systems.

Together with their fast convergence behavior, this makes them appealing in many practical CR scenarios.

Appendix

A Proof of Proposition

A.1 Intermediate results

To prove the proposition we need two intermediate results, stated in Lemma [I1] and Lemma below.
Lemma[IT] proves that the Abadie Constraint Qualification (ACQ) holds true at every (nontrivial) optimal
solution of (32]), which implies that any of such solutions must satisfy the KKT conditions associated
with ([32). Lemma proves the boundedness of the multipliers A7 associated with the local nonconvex

constraint /(x;) < 0 at any solution x; of (32)).
Lemma 11. The ACQ holds at every feasible solution of problem (33).
Proof. The proof follows similar steps of |26, Prop. 8] and thus is omitted. O

Lemma 12. Let x4 € V4 and 7y € S; for some t > 0. At every solution x; of (32), any optimal
multiplier Ay associated with the constraint I(x}) < 0 satisfies X\ < A with XM defined in (43).

Proof. First of all, observe that the nonconvex problem (32) admits a solution x; = (7/'\*(], Py qua*), for
every given x_, € J_, and m; € S;; by Lemma [}, x;; must satisfy the KKT conditions of the problem,
for some multipliers A} associated with the constraint I(x}) < 0. Given the KKT conditions (which are
omitted here), starting from the complementarity of the p, j-variables, summing over k, and invoking the

orthogonality condition, we obtain: denoting by xj and 52 ;. the multipliers associated to the power budget
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and the spectral mask constraints, respectively,

N N
(X +m0) Z ok By Gra 0 P+ Pk D&k Phk
k=1 k=1

= Zr (0" 1 P—q) + ST Hye (B Do + | Hog(K) 20
Q7 q, k>’ q k qr T qq qu (69)

T#q
< ! 4 )\max7
H, 2pmax
min log | 1+ [Hog (8)] qk min {aqk}
1<k<N O_g(k) + Z \H,, (k p;}laX(k) 1<k<N

T#q

where in the last inequality we used the following property of the logarithmic function, which is an
immediate consequence of its concavity: for any scalar @ > 0 and ¢ > 0, it holds that log(l + cy) >
y log(1+4ca), for all y € [0, a]. Inequality in (69) together with the complementarity conditions associated
to the power constraints p; < pg'** and Zé\le p;k < F,, and the individual nonconvex interference
constraint I,(x;) < 0 lead to

N
A 1g™ A+ Xq Py + ngkpg}zx S A (70)
k=1
The desired result A\j < A™* follows from ({0)) and min {Pq, miny {pgjgx}} = miny p'p* for ¢. O

A.2 Proof of Proposition

The proof is organized in the following two steps:
Step 1. We show first that under the assumptions in the proposition, each problem (B32) has a unique
optimal solution, for any given x_, € V_,.
Step 2. Then, we prove that any optimal solution of (82]) is nontrivial.
Step 1. Given x4 € V4 and 1 € &, let xj = (?;, P, qua*) be a solution of (32); by Lemma [T
there exists a multiplier A} such that (xj, ;) satisfies the VI(Ky, F;) in @0); by Lemma [I2] it must be
Ay < AT Tt turns out that to prove Proposition 2] is sufficient to show that, under the condition in the
proposition, the VI(K,, Fy) has a unique solution in the z,-variables.

Suppose by contradiction that there are two distinct solutions of the VI(K,, F,), denoted by ygl) =

(xgl), )\gl)) € YV, x [0, A™*] and Y«(z ) & (xg ), ) € Vg x [0, A™*] with xgl) # x((f). Then, we have

(y(z) B yl(ll)) F, (y((ll); X_q) Wt) >0

<y(1) - y[(f)) F, (y((}z); X_ g, m) > 0.
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Summing the two inequalities yields to

T
0< (v =y@) (Fyyis xg ) = Fy(y P %, 1)) - (71)

Invoking the mean-value theorem applied to to the univariate, differentiable, scalar-valued function

T
§el0, 1] (yg” . ygz>) F, (yo(0); X_q, ) ; (72)

we deduce that there exists some 0 < § < 1, such that (I)) can be written as

0 < (v @) (Fu s 3. )~ By xog m0) (73)
= - (yél) - yﬁf))TquFq (vq(0); x—g, ) (yél) — yff)) (74)
(xR L, (%00 %) 7 A(D)) s Vi Ty (x(8) | x8D — xP)

N < AP =AY ) Vi, Ly (x4(9)" 0 ] ( AN AP ) (75)
- — (X((Il) — x((f))TV?{qﬁq ((xq(g), X_q), Tt )\q(S)) <x((11) — x((f)) , (76)

where in (Z3) Jy Fq(-; x_q, m) denotes the Jacobian matrix of Fy(-;x_q, m) with respect to y, =

(xq, Ag). Since x4(0) € Y, (recall that ), is a convex set) and A\;(6) < A™**, the inequality in (Z6)

contradicts the positive definiteness of Viq Ly ((x4(0), x_g), T, Ag(d)), as assumed in Proposition 21

Step 2. To complete the proof it is enough to show that the p,-component of any optimal solution
Xy = (?g, P, qua*) of (B2)) is such that ), p;(k) is lower bounded by a positive constant; see Lemma [I3]
below. To state the lemma, we need the following intermediate definitions. Let pgef = (pff,ﬂ) € P, be any
tuple such that

> 1Grg(R)P P < 21, (77)
k

so that for all pairs (7,, Pf) satisfying ([[2)(b), the interference constraints [2)(a) evaluated at (7, p*, Pi?)
hold; and let

re g (/)[\ + - Tmin
qua " A nax o) a.k1 Oqk + (Hg k1 — Fqkjo) Vg ‘ (78)
k Tq.kl0
Note that, under the feasibility conditions (2], such a quaref satisfies [see (I2)(b)]
g re -
Zkl gt (prt) -7 et L0 < G L k=1, LN, (79)

Oq,kl1

for any 7, > \/fy ™. Finally, given ¢t > 0, let

re t
> +log (1 PP™) + log (Z ran (PL, pff3X)> -3 (kgfaxN{|Gp,q(k)|2p;?,§ > .
k

ey

Oq,k|1

min

fry A T
g () = log <1 T

(80)

We can now introduce Lemma that provides a lower bound for the optimal sum-power allocation of

each player.
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Lemma 13. Given t > 0, and feasible m, € S;, p—q € P—q and 7, € [\/fr qmin_/f, Tmax] for all r # q,

the power-part p;; of any optimal solution of the q-th nonconver optimization problem in (12) satisfies

S 1> (,in, (7)) en 570 o

Proof. Lett >0, m € S, 0 < p, < p®* with r # ¢, and 7, for r # ¢ satisfying 7, € {\/fr rmin_/f Tmax]

be given. Let define 7 ref 4 Ja > ™ we then have /rmin < L ?ref 1 Q Tr < |/7max
Q -1 r7a \/ﬁ vV fq B fr N

Therefore, if x; = (77, Py, qua*) is player ¢’s best-response corresponding to 7, T_g4, and p_g, then

ref

~ ref i ~
Ry (7, 0 pg), P = - SRS, B |Gy ()2 pich
k

* ax miss [ ~re aref C 1 Ty 1 § : /7::
SR‘] (%\;7 (pq7p—q)7 qu ) - T § :Pq,k (Tq f7 qu )‘Gp,q(k)Pp;,k_ 5 <1_@> \/qJT_a \/f_
q T

k

<qu’k pq7 —q) ) < log (Zlog <1 + = )) < log <Z <p2k> ,
k k q,k ~ \Oqk
(2)

where ﬁq (?q, p, qua) and 74 (Pg, P—g) are defined in (@) and (@), respectively. On the other end, we

have:

5) ref miss ( are aref re re
Ry (T ( cr;efa (Ptr;ef7p ) Pfa > - Tt Z q.k (Tq f7 qu )’GP,q(k)quzg >y f( t), (83)
k
with 7;(t) defined in (B0), and in (B3) we used m € S; and P;f}iss < 1/2. The desired bound in (&l
follows readily from (82]) and (83]). O

B Proof of Corollary

The proof is based on the following two steps.
Step 1. We introduce a symmetric matrix, denoted by V§ £, € RWV+2)x(N+2) ‘having the property that:
given t > 0,

T (v,{ch (x, 7, )\q)) y > ly|" V2 Lolyl V(% m, A €Y xS x [0,A"], and y € RV?, (84)

which guarantees that Viqﬁq (x, ¢, Ag) is positive definite if m is so.

Step 2. We derive sufficient conditions for Viqﬁq to be positive definite.

Step 1. It is not difficult to see that (84)) is satisfied if Viqﬁq is built such that: for all (x, m, A\) €
Y x [0,t] x [0, \max]]

< [vich (x, )\q)]ij if i = j,

VEE, = (85)
< - ‘ [vich (x, T, )\q)] it
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To construct such a matrix, we need to bound properly the entries of Viqﬁq (x, T, Ag). Recalling that

Viqﬁq (x, T, Aq) has the following expression [cf. ({I))]:
Viqﬁq (x, 72, Ag) 2 —Viq%(x) +Ag- Vinq(Xq) + 7 Viq[(x) (86)

we focus next on each term in (80) separately.
—Matrix —Viqeq(x): Introducing

N N pmzx
i) Yoo <3 (1) 2 &

k=1 k=1 q,k

with 74 (p) defined in (@), —Viqeq(x) is given by
2 (14 |
2
faTy faTq 1-1/Q
s +c O1xn 0
) ) 7’:(12 Nor
- vxqeq(x) = B fq Ty ) (88)
Onx1 V%q (_IOgrq(p)) Onx1
1
0 O1xn =
L (1 B qua) -
with
—V3,7(P) | Vp,74(P) Vp,rq(p)”
vQ _1 P _ Pq 4 + Pq'q Pq'q ]9
pq( Ogrq(pq p q)) Tq(pq) Tq(pq)g ( )
N
1
VpqaTq(P) = vect (90)
Aq k + Z |qu | pT
k=1
N

2 . —1

V5,Tq(p) = Diag 5 (91)
<Aqk+Z|HqT | prk)
k=1

We provide now some bounds of the above quantities that will be used to define the diagonal entries
of V,%q L4. The minimum eigenvalue of the positive definite matrix V%q (—logry(p)) is lower bounded by:

forallpe P = H?:l Py,

. min 1/rmax min
Amin (ng (—logrq(p))) > min 9 d™ = 5 a £ dm Ry (92)

324+ > [Hor (k) pii*
r=1
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whereas a lower bound of the first and last diagonal elements in (B8] are: for all feasible (7, qua) [see

conditions (b) and (c) in ([I2)],

72 min )2
2 (140 2 1+u
faTy faTq - faTq 1, a

min and ! > 1 £

fa T, 1y
(93)
- \V4 Tmax min
where we used the following lower bound of qua: qua > miny Q ((M%ku Mq,k\o) fa ) £ qua .
9q,kl0
This bounds will be used to define the diagonal entries of the candidate matrix V3 L.
—Matrix Viq I;(x4). Let introduce first the following quantities and their associated bounds:
HPmiss (2 ) Pfa 1 _
ws, & = B (Aq o) and  |ws, x| < (uq’kll Mq,k|0> 2wy (94)
07y NoXs Tkl

aPmiss P , Pfa o _ 2
Wpta k £ —q’ka;ga i) and ’nga,k’ < (—q’ko ) exp { <7uq’k|l Ha.k[0 \/W) /25 2 wgfl’fk, (95)
q

Oq,k|1 Oq,k|0

82Pmliss(%qa Pfa) _ Haq,k|1 — Hq,k|0
Wz, Plak £ W and Wz, Pte < max< Q 1(aq7k)’ ‘1707‘17 [/ f rmax
k|1
q q q,k| 5 (96)
cexp (et ROk pamm ) o A e,
O4q,k|0 Tete
82Pmiss (71 Pfa) 82Pmiss (71 Pfa)
A q,k 9 *q A q,k q> *q
(= k= T /= o0 and (.Upfapfa)k =~ (97)
TqTq 6(7_(1)2 qq 8(Pf(;1))2

which can be collected in the vectors wz £ (wz k)neq, Wpla = (Wpta p)hey W=, pra £ (wz, pra TN
? - q q°’ - q qa’ -

A N max A max\N max A max \N max A max N ;

Wptapfa = (WPgana,k)k:p and wz = (W?mk)k:p wpga (wpga7]€)k:17 W=, pia = ( % P§a7k)k:1' Finally,

. N .

we introduce the column vector Gpg £ (|Gpgq(k)[?) ,—p Of the cross-channel transfer function between the

secondary transmitter ¢ and the PU, and the notation a ® b £ (ay, - by)I_, for given a £ (ai)i_, and

b £ (b)Y, Then, matrix Viqlq(xq) can be written as

T
17 vect (w?q?q ©GpqO pq) , vect (w?q ® Gp,q) , 1Tvect (w?qp;q) ©Gpg©® pq>

Vinq(xq) =9 vect (w?q O] GP,q)v OnxnN, vect wPf(j) ® Gp,q)
T
1Tvect (w?qpm ©Gpq© pq) , vect (wP @ ©® Gp,q) . 17vect (wp(q)P<q> ©Gpgy©® pq)
fa fa fa fa
(98)

Based on (@8)), let us introduce the matrix [Viqlq(xq)} Hobtained from Viqlq(xq) by setting to zero
O
the diagonal terms ([A] g denotes the off-diagonal part of the matrix A) and take an upper bound of its
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off-diagonal entries (the inequalities below have to be intended component-wise):

T
0, vect(wz, @ Gpg) ,  1Tvect (“’?qpf(jj) ©Gpg© pq)
{VinQ(Xq)] F =2 vect (w7, © Gpg), Onxn, vect (wpf(Q) © GP’q)
) .
T
17vect (w?qu(j) ©Gpg©® pq) , vect (“"Pf(;’) © GP,q) ) 0
T
0, vect (w%ﬁx) . 1Tvect (w;’:‘};’}a ® pfznax)
Smax{Grg)P) -2 | veot (w2™). Ovs, — veet (wp)
17 vect (w%}’}a ) pfznax) , vect (wrﬁgx) ) 0
A up
R w :[viq Iq]oﬁ'
2 max {|Grg(R)} - [V2,1,] .
off
(99)

—Matrix Viq[ (x). Following similar steps as for (@9]), we obtain

[|V2,1(x)

| <max{|Grgh)P} - [v2,0)". 00)

We are now ready to introduce the matrix V%qﬁq satisfying (B5]). Given ¢ > 0, and the definitions in

[©4)-[©d) and (I00), we define

2 : min min min max up
V2,Lq 2 Diag { (@2, (@2, )Ry, dp) | =2 max {t, A"} max {|Grg (W)} - [V2,0,] © (101)

Step 2. It follows from Step 1 that Vi L, in (I0I]) satisfies the desired property (84). Condition (3] of

the corollary is readily obtained by imposing that Viq L, is row-diagonal dominant, and setting

2 max(t, A™X)
WY = _ : (102)
J@in Jmin Dia
min T min €t fa

> [[Viqlq]gff} U’i:l,...,N > [[viqlq]gff] i ,Zj [[Viqlq]gff} N2

C Proof of Theorem

To prove the theorem we need the following lemma whose proof follows the same idea of that in Lemma
and thus is omitted.

Lemma 14. Let t > X" with \™** defined in (43). Then, at every solution (x*, X*,7tf) of the VI(Z;,¥)
defined in [{f7) [stationary solution of Gi(X, 0)|, the price constraints (30) are not binding, i.e., 7} < t.

Proof of Theorem [Bl We prove only statement (a); the proof of the second part (b) follows similar
steps of those in the proof of Proposition 2l and thus is omitted. Given ¢t > t*, under the assumptions in
(a), Proposition Ml states that the game G;(X, @) admits a nontrivial NE (x*,77); by Lemma [[1] there
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exist multipliers A* such that (x*, \*, 7}) satisfies the VI(Z;, ®) in [T [or equivalently ([@4])|. Lemma [I4]
shows that the upper bound constraint on the price in S; is not binding at (x*, A*,#}), implying from
iii) of (4) that nf = 0 and thus 0 < 7y L —I(x*) > 0. Hence, (x*,77) must be a NE of the original
un-truncated game G(X, €) [recall that, under the positive definiteness of the matrices Viq Ly(x, T, Ag)
on Y x 8 x [0, \"*], each optimization problem in (B2)), with x_, = x*, and 7, = 77, has a unique

stationary (and thus optimal) solution, which then must be equal to xj; see Proposition []. O

D Proof of Corollary

In order to obtain more general conditions than those in Theorem B by Lemma [I3] we can restrict the
check of the positive definiteness of the matrices Viqﬁq(x, T, Ag) and A(x, A, ) as required in Theorem
Blto the subset of the feasible set where any solution of the game lies. More specifically, let us introduce the

restriction of the sets P, and ), defined in () and (I3]), respectively, to the power allocations satisfying
[®I): given t > 0,

N
Py = {p €Py i ) Pk > (H}jﬂ@iﬁ) exp (néef(’f))} ¢=1...,0 (103)

k=1

Pyt o HJA}Z’ (104)
q

where 372 is defined as ), in (I9), but with P, replaced by 735 By Lemma [I3] instead of checking the
positive definiteness of Viqﬁq(x, T, Ag) and A(x, A, m) on the feasible set J x & x [0, \"*], we can
restrict this requirement to the subset Y x & x [0, \max].

We can now prove the corollary. We show next that (7)) are sufficient conditions for the matrix
A(x, A\, ) to be positive definite on Y x & x [0, \™**]. Fist of all, observe that matrix A(x, A, 7) can

be written as

Vilﬁl |c 0’ v3<1X291 |c:0 o Vileel c=0
Al A ) 2 ; : (105)
2 2 2
vXQx1 9@ =0’ e vafoleQ =0 VxQﬁQ c=0
E A(xv >‘7 ﬂt)lc:O
_ 11T
D' (Ip-—)D;! o
re-10)| P <Q Q) f 7 (106)
0 0

up to a permutation

where Dy, £ diag{(\/ fQ)le}' Since the matrix in (I06) is positive semidefinite, we can focus only on

A(x, X\, m)|._o- To obtain a sufficient condition for A(x, X, m)|._, to be positive definite on VxS x
[0, AM2X] " we follow a similar idea of that in Corollary Bl Namely, we build a proper matrix A such that,

for some ¢t > \™aX,

Y (A A 7o)l —) ¥ = [y" Ayl ¥(x m A) €V x S x 0,4, and y e ROYVTD - (107)
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To this end, we focus on each term in (I05]) separately and derive proper bounds.

—Matrix ‘V . Recalling the definition of 74(p) £ >, rqx(P), With r,(p) given in (B)), we have

XqXr q —
0 01xn 0
Vi ls = | Onat V3, (<logry(p) Ona |, (108)
0 01><N 0
with , .
Vo "a(P) | Vp,14(P) Vi, 74(P)
V2, (—logr,(p)) = |[—22 TP YeaTolP) Tp TalD) | (109)
pabr ! rq(Pq) 7q(Pq)?
Vp,7q(P) given in (89) and
N
—|Hye ()2
Vp,7¢(P) = vect Hor (DI po : (110)
( k""Z‘qu ‘ prk) qk+Z’qu ‘ Prk
r#q k1 /
N
. —[Hy (k)2
Vi,p,7a(P) = Diag Hor(£)] 5 (111)

(Aqk+Z’HqT ’ prk)

Using the following lower bound for the rate function r,(p): given ¢ > 0 and p, € Pt,

k=1)

pmzx
<qu7 ) - min {log | 1+ — e — (112)

7 7N 02,k+Z’HqT pT
T#q
értrznin
= <k:r?inN {3§k}> exp (mp (1)) - it £ (1), (113)

where the second inequality follows from Lemma[I3] we have for
and p, € [0, p"®*] with r # ¢,

V%qpr (—log rq(p))‘: givent > 0, p, € ﬁé

N
N —~
. | Har (K)[” 1 [ Har (k) Pg.k
V2 —logr (p))‘ < Diag + vect — - vect .
‘ pqu q rq(p) (A2 )2 ,r.q(p)Q ng - (6.\2 )2
Tq.k k1 - a.k
N N N T
2] r k 2 7 . k 2
< Diag | Hor( )L + —— vect = vect | Hor( )L
g™ (¢) =2 Ok =2
(oq k) 4 k=1 o, k)
. k=1 k=1
L 2
[qum 94} )
(114)
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which leads also to

Hor (K)” ! Lol .
@ (] | < | . N ] (s
H . (—logrq(p))|| < k:HllaXN{ U;l,k rlow (1) + rlow (7) rmin k:nllaxN O.;l’k (115)

q q

6 ()

Using V% L, defined in (I0T]), we are now ready to introduce the matrix A, defines as: given t > 0,

>

_ V2 L, ifg=r,
A{ a7 1 (116)

= (er)grzl with  Agr = —Diag{ {0 [V%qprg }up, 0] }, otherwise,

which satisfies the desired property in ([I07]).
A sufficient condition for (I07)) can be obtained as in (47)), by imposing that (the symmetric part of)

A is row diagonal dominant. More specifically, introducing

1 1 1 1 &
¢(t) & max max < —5— ¢ - + C— = (117)
g=1,..Q | k=1,..N 0§7k r}low(t) r}low(t) rmin k;::l 037#
the diagonal dominance conditions is: for each ¢ =1,...,Q andi=1,..., N,
up upy 7' (t) H, (k) H,, (k)2
_zz[pp ]+ ([0 ")| <Y > (e, HyWEL e HBEL
qPr qPr . 2 o k k=1,..,.N g, k
r#q j=1 ) #q q, T

(118)
up
After substituting the explicit expression of [V%qprﬂq] and doing some manipulations, (II8) leads to

the desired condition (7)), where we defined 7[52) as

AP 2 () oY) (19)
with ’y(gl) given in (I02) and
(ry e 0. 1 . (20)
win {5, [1v3,008]+ win {5, (03,008, b 5 (0,008,

where [V I,]of and ((t) are defined in (@) and (IIT), respectively.

E Convergence of Asynchronous Best-Response Algorithms for G,(X, 0)

In this section, we study the convergence of asynchronous best-response algorithms solving the game
Gr(X,0) in [{@8); an instance of such algorithms is represented by Algorithm [ Since the study of
convergence is based on contraction arguments of the best-response map associated with game G (X, ),
we derive first sufficient conditions for this best-response to be a contraction; see Sec. [E.Il We then

provide the main theorem stating convergence of the asynchronous best-response algorithms; see Sec.
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E.1 Contraction properties of the best-response of G, (X, 0)

Before introducing the main result of this section, we need the following intermediate definitions. Given
L, defined in [37), let By (x, Ay, m) be the 2 x 2 matrix, defined as

V% Ly (%, T, Ag)

R L TR

o (2)
%2, piyn o (5 7 A s <V(pmpga)£q(x, 7 Ag))

where ||A| £ p (ATA) Y2 and Aleast(B) denote the spectral norm of A and the minimum eigenvalue of
the symmetric matrix B, respectively. Given t > 0 and Y as defined in ([I03) (cf. Appendix D)), we also

introduce

ﬁq(t) £ min {/\least (Bq (X7 >‘¢I7 Wt))} ) if ﬁq(t) > 0,

N G yt )\max
- e s (122)

0, otherwise;

Pq(t)

and the diagonal matrices Dy(¢, ¢) and Eg, (x)

1-— 1/Q 2 0
N ) 0 N TqT (X) » 0
DQ(tv C)2 = pq(t) e < \/f_q ) and Eq?“ (X) = L ! ‘ HVZ 0 (X)H ’
0 pult) |
(123)
with 6,(-) defined in (7). Given the coefficients
Byr(t, c) = max |Dg(t, ) ' Eqr (x) Do(t, )7, (124)

(xq, qu)ej}é xY—q

forr,g=1,...,Q and r # ¢, we can finally define the @ x @ matrix I'(¢) that plays a key role in studying

contraction properties of the best-response map associated with the game G, (X, 0):

if r =g,

A L,
[F(t)]qm = { _5qr(t, C), otherwise. (125)

It is important to remark here that the off-diagonal entries of the matrix I'(¢) depend, among other
quantities, on the cross-channels {|ﬁqr(k)|2} and {|Gpq(k)|*}. Roughly speaking, this dependence is
such that the 5,,.(t, ¢)’s tend to decrease as the aforementioned cross-channels decrease, meaning that the
Bgr(t, ¢) remains “small” as long as the overall MUI in the system remains “small”. We will show shortly
that this is what one needs to guarantee the convergence of the distributed best-response based algorithms
introduced in Sec. [.J1 More formally, by postulating that I'(¢) is a P-matrix, Theorem [IH] below states
the contraction properties of the best-response mapping of the game G, (X, 8) with respect to the suitably

defined block maximum norm [see proof of the theorem for details].

Theorem 15. Given the game Gr(X, 0) with exogenous (fixed) price m > 0, suppose that T'(t) in (123)
is a P-matriz. Then the following hold:
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(a) Each nonconvex optimization problem in ({3) has a unique (nontrivial) optimal solution By(x_,) =

<5'\q*(x_q), P, (X—q), Pga*(x_q)), for every given x_4 € Y_, and ™ > 0;

b) The best-response map Y > x — B(x) £ (B, (x_ Q_ s a block-contraction; the unique fixed-point
of B is the unique x-component of the NE of the game.

Proof. To prove contraction of the best-response, we need to specify first under which norm the best-
response map contracts. We will use the following norms: the block-maximum norm on R(N+2) defined

as [22]
N il

Iy Ioa 2 , e for y = (yi)iZ, € RO, (126)
7 7Q wl
where [|-]|; is a valid vector norm on RV¥*2 and w £ [wy,...,wg]T > 0 is any given positive weight

vector. In particular, we choose ||-||; as follows: partitioning the vector y; € RN*2 asy; = (yi1,yi2:N+2),

with y;o.n+2 (or y;1) being the (N + 1)-length vector containing the last N + 1 components (or the

first component) of y;, and given the matrix D;(¢, ¢) as defined in (23], let the vector norm |||, be
A . . .

llyll; = H(\y,ll, |]y,~72:N+2H2) HDi(t,C)Z’ where HxHDi(t’c)g 2 ||D;(t, ¢) x||,. As it will be clarified shortly, the

choice of such a norm is instrumental to obtain convergence conditions that can be satisfied for all ranges

of ¢ > 0. We also need to introduce the (weighted) maximum norm on R?, defined as [49]

1[5 vee =
oco,vec
) =1

for x e RY; (127)

and the matrix norm ||-||% R@*@ induced by 1% vec » given by [49]

oo,mat on

A|lY —max— lijlw;, for A e R@*C 128
71 Wy

oo,mat —

We are now ready to prove the theorem.

(a): Given t > 0, the P property of matrix I'(¢) implies p,(t) > 0 for all ¢, and thus Viqﬁq(x, T, Ag) = 0
for all (x4, \g) € j)\é X [0, "] x_, € Y_g4, and m > 0. According to Proposition [2] this guarantees the
uniqueness of the optimal solution By(x_) = (75 (x—q), Pj(x_q), qua*(x_q)) of each nonconvex problem
in [@8), for every given 7 > 0 and x_4 € Y.

(b): Given the unique solution B,(x_,), by Lemmal[IT] it follows that there exists a multiplier ), associated
with the nonconvex constraint I,(x,) < 0 such that the tuple (B,(x_,), \;) satisfies the KKT optimality
conditions of the optimization problem in (@S], or equivalently, the VI(K,, F;) defined in ({@Q), which we

rewrite here for the reader’s convenience:

_ T _ _
Yq — Bg(x—¢) Vx,Lq ((Bq(x—q)a Ag)s X—477T)
Ag — Xq —1Iq (Bq(x—q))

with Vy, £, defined in ([B7). Recall that A, € [0, \™*] (Lemma [2)) and By(x_,) € JA}t (Lemma [I3).
Consider now two feasible points x(1) £ (xél))(?zl, x? 2 (x ((12)) ", €Y, with x(l) (’7:(1(2), p((;), qua(l))

) >0, Y(ygAg) €Yy x RY, (129)

fori=1,2,and ¢ =1,...,Q, and let ij) ’s be the multipliers associated with the nonconvex constraints
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{I,(x4) < 0}’s at the optimal solutions Eq(x@l) = (ﬁ( ()) P (x ()) Pl (x (z)))7 for i = 1,2. Eval-
uating (I29) first in the solution (Bq(x(lg),Xf]’

1
= (2 v . 1), ~(1) . . .
(By(x), X, ") given (yg, Ag) = (Bg(x,), A, ), and summing the resulting inequalities, we obtain

) given (yq, A\g) = (By(x (2)) )\( )) then in the solution

5 ¥ T B x) 70y 5 32
Oz[zsq(x_(n)_gq(x(f;)] (quﬁq((Bq(xlq),)\q ) %)) = Vi, £ By X)), %), )

1 _~x® B
A —1 (Bq(x(—lg)) - (‘Iq (Bq(x(—)))>

(130)
By the main-value theorem we deduce that there exists a § € (0,1) and a pair (x4(0),x—4(8), \g()) =

J- (Bq(x(_;) (1;5,(1”) +(1—=9)- (Eq(x(f;) ( 3,)\((1 )> such that

_ _ T _ —
0 > (B,x%)-B <x<2>>) (V2,24 (020 6); A(6)), x-4(8),m)) (By(x)) = B,(x)))

4 (Byx) ~ ByxD)) SV b (xg(0), x4(8) (30— x2) (131)

T#q

Using the definition of B, (x, 7, Ag), pe(t), &7, and Dy(t, ¢) and E,, (x) as given in (I21), (I22), (I23),
and (IIH)), respectively, let us introduce for each g=1,...,Q, the error vectors:

2 1 ~(2 ~(1
) = )] 72—
A A
eg, = p(x)) — p;<x_1;> , and e, = p'? — pi (132)
qu *(ng) qua*(x 1;) qua(2) _ qua(l)

and the matrices

V2 L ((x(8), Aq(8). x-4(8). 7). —|v2
(92, pioy 2, £a (%0 6), Ag(0)), X—g(6),)| s Aunin (v(p Pfayc ((%4(8), Ag(8)), x—q(8),m)

C, (x(9), Ag (6)7 ) £

c 1-1/Q 2 0
— B, (x(0), A, (0), 7) + T ) Y =D, o2 (133)
0 0
and
E, (x(6)) = ‘qun (x(6))|, 0 e (1?/1]7/@) (i//fg) 0
r = = q T
! L 0’ Hv%qpreq (X(é))H 07 Hv%qp ( IOgTq
[ (1—1/62) (1/@) .
< Via Vi _ 2 gsup (134)
- 0 max _’H‘l’“(k)P sup "
I ’ k=1,...N 8§7k 1

where the upper bound in ([I34]) follows from Lemma [[3land (II35]). Then, from inequality (I31), we deduce

zq Cy (x(8), \g(0),7) eg, < egq > Eq (x(9)) e, (135)
r#q

oy
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which, using the bounds in (I33) and (I34) and the definition of 54, (¢, ¢) in (I24]), leads

[Datt, creg, |, < S0Pyt )7 By (x(0)) Doty )7 IDr(Es ) eslly < 37 Bt €) Dy (2, el
r#q r#q
(136)

for all ¢ = 1,...,Q (the inequality in (I31)) is trivially satisfied if HDq(t, c) eEqHZ = 0). Introducing the

t £ ¢ dep £ ¢ d th trix E(t) £ I —T'(t), the set of
vectors eg p, = { |leg, Du:)) o and ep = ([legllp, . o) jop 2nd the matrix (t) 21 —T(t), the set o

inequalities in ([I30) can be written in vectorial form as
egp <E()ep, vx xPey, (137)

and thus, for any given w > 0, we have

w w

|Bex®) — Bx)|

‘Xa) _ X<2>‘

W
= e . < IEOI e oDl vee = BN o
(138)
for all x(V),x®e Y. To complete the proof we need to show that [E()[|% mar < 1 for some w > 0.

Invoking Lemma [34] Lemma 5.2.14] and [42] Cor. 6.1], we obtain the desired result:

block

I'(t) is a P-matrix & Jw >0 such that cg = HE(t)HZ"O’mat <L (139)

O

E.2 Asynchronous convergence theorem

Convergence of best-response algorithms solving the game G, (X, ) follows readily from the block-contraction
properties of the best-response, as proved in Theorem [[3l and is thus guaranteed under the same conditions
given in Theorem

Theorem 16. Given the game G(X, 0) with exogenous (fivzed) m > 0, suppose that T'(t) in (123) is a
P-matriz. Then, any sequence generated by the asynchronous algorithm based on the best-response B and
starting from any point in Y converges to a NE of the game, for any given updating feasible schedule of

the players.

E.3 On the contraction/convergence conditions

We derive here easier conditions to be checked implying those in Theorem [I6] (and Theorem [TH)); this sheds
light also on their physical interpretation. The approach is similar to that followed to prove Corollary [Gt
we thus provide only a sketch of the proof.

The main idea is to build a matrix, say T'°%(¢), such that T'(t) > T'°V(¢) [the inequality has to be
intended component-wise|, implying that if TV (#) is a P matrix, then T'(#) is so [34], which is the condition
required by Theorem Then, we provide sufficient conditions for Flow(t) to be a P matrix.

To obtain such a Flow(t), it is sufficient to properly upper bound (the modulus of) the off-diagonal
entries [y, (t,¢) of I'(t). Given the expression of Sy, (t,¢) [cf. (I24)], a way to do that is to find a matrix
B*™ such that By (x, Ag,m) > BI™, and a diagonal matrix D°¥ (¢, ¢) such that Dg(t,c) > DI™(t,¢),
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where B, (x, Ay, m¢) and Dy (¢, ¢) are defined in (I2I]) and ([I23]), respectively. Skipping tedious intermediate

derivations, we obtain the following

[ "
Rlow & 7 140
=" (1) Meast <[viq£q]2;N+2>

where dmm is defined in (@3], [ xqﬁqL N denotes the (N + 1)-dimensional lower right block of the
+
matrix Viqﬁq defined in ([I0I]), and <5 (¢) is given by

Gpg(k)|? vect (wE’aX
SP(1) £ 2 max (£, A} . max_{ 1GPalRITL m .
k N _[maX ]_TVeCt < ngfa max

max

with w2®* and w%“}%a defined in ([@4]) and (@), respectively. Note that, since the following bounds hold

between the entries of B, (x, Ay, ™) and B}IOW:
> dmln
=0
V2, ey £ (5, A, )| < 3P0,
/\least <v?xq’p§a)£q (X, ’?l't, Aq)) > >\1east ([quﬁ :|2 N+2>

matrix B;‘)W satisfies the desired property B, (x, Ay, m) > B;"W.
Finally, using B"™, we can introduce a lower bound of the quantities py(t) in (I22)

VELy (x, e, Ag)

! (142)

0, otherwise,

IOW( ) { ﬁ;ow( ) £ Aleast (BEIOW) s if plow( ) >0,

and define the matrix DIV (¢, ) as

ow 1- 1/Q
Dzow(t,C)2 AL pl] (t) t+c < \/.]Tq ) ) 0 , (143)
0 P ()

which satisfies Dg(t,c) > D}Iow(t,c). Using the above matrices, the desired upper bound SByr (¢, ¢) of the
coefficients By, (t, ¢) is

Wit o) 2 D o) B DI (o)

= max c1/@-1) ,  max { ’qu( )‘ } 7 > Bar(t, ©),
\/ low( ) fa +c\/ 10W( ) £ . k=1,...,.N / 10W /p}f’w
(1-1/Q) (1-1/Q)?
(144)
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with &P and Eg;” defined in (IT5) and (I34), respectively. Using these quantities it is not difficult to see
that the matrix T'¥(t) defined as

1 ifr=gq
I\lOW t é ! ’ 145
[ )]q’r { —Bgr (¢, ), otherwise, (145)

satisfies the desired property T'(t) > T'°%(¢t) for any ¢ > 0.
Since T'°%(t) is a P matrix if and only if p (I- r'°(t)) < 1 [34, Lemma 5.2.14], imposing that
I- I‘low(t) is row or column diagonal dominat, leads to the desired sufficient conditions guaranteeing
convergence of asynchronous algorithms based on the best-response B. This is made formal in the corollary

below.

Corollary 17. Statements in Theorem[IQ (or Theorem[I3) hold true if one of the two following conditions
1s satisfied:
- Low received MUI: for allq=1,...,Q,

D Bt o) <1, (146)
r#q

- Low transmitted MUI: for allr=1,...,0Q,

> Bt o) < 1. (147)
qF#r

The physical interpretation of the above conditions is similar to that given for the existence /uniqueness
of the NE (cf. Section 3]). Roughly speaking, conditions (I4€) or (I47)) require “low” interference in

the network, meaning “small” values of the (normalized) cross-channels |1T/1\Tq,1(l’<:)|2 /33 , as well as large

low
q

are “sufficiently small”. An illustrative example is obtained in the two opposite cases where there is no

values of coefficients pl°V(¢), which is met if, among all, the (normalized) cross-channels |Gp,(k)|?/I ™
optimization of the sensing times (and thus ¢ = 0) or the sensing times are optimized by imposing a
common optimal sensing time by choosing a (sufficiently) large constant ¢ (and there are many active
SUs). For those two cases, conditions (I46) and (I47) reduce respectively to

ﬁr’ k 2 f‘jr k 2
max {‘?}f()’} ’qu’<17 and maXN{#} ’qu<1a (148)

o
r#q q,k

with sup
a q

Tar =T T )
\/ P () o ()

Note that 7,,’s, among all, depend on the cross-channels |Gp,(k)[>/1™* and become “small” when
|G pq(k)|?/I™ are small. Conditions ([48)) are thus satisfies if there is not “too much” interference in the

System.
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F Convergence of Best-Response Algorithms for G(X', 0)

F.1 Proof of Theorem

First of all note that, given A’ > 0 and 79 > 0 and under the setting of Lemmal[Z, the game Gy (X, 8, A°, 7?)
has a unique NE, denoted by (x*()\o, 70), A (A0, 79), 7F (X0, ) )), where we made explicit the dependence
on the regularization tuple (A°, 7). This makes the sequence {(x*(A™,7}), \*(A™, 7}), 7F (A", 7)) }°2,
generated by Algorithm [B] well defined. The uniqueness of the NE of G;(X, 8, )\O,ﬂ'g) can be proved by
exploring the connection between the game and a suitably defined VI, as briefly outlined next. Under the
positive definiteness of matrix A (x, A,7;) (as required by Lemma [7), G;(X,0, A% 7?) is equivalent to the

VI(Z,, \PAO’W?), with Z; given in (@3] and the VI function W50 70 (x, A, m¢) defined as

Og(N+2)x1

W0 o(x, A7) = ¥(x, A m) + € << A ) - < A0 )) . (149)
Tt 7Tg

In other words, the VI(Z;, ¥yo Wg) is obtained by the VI(Z;, ¥) in ([@3) introducing the proximal regu-
larization of some of the VI variables, namely the A-variables and m-variable. The Jacobian matrix of
W0 70 (x, A, ;) denoted by JW 50 0 (x, A, ) Is

A (X7 A,ﬂ't) VXI(X) Vx[(x)
JWpo 0, A m) 2 | =V Ix)T eI 0 , (150)
~VxI(x)T 0 €

where VyI(x) £ Vi[[1(x1), -, Ig(x0)]. If A (x,A,m) is uniformly positive definite, then so is JW 50 70 (x,
A, 7). It turns out that, under the setting of Lemmal[7l the regularized VI(Z;, ¥ Ao,ﬂ?) is strongly monotone
[35, Prop. 2.3.2(c)|] and thus has a unique solution [35, Th. 2.3.3], implying the uniqueness of the NE
(x* (A0, 70), XX, 70), mr (Y, 7D)) of Gi(X, 0, A%, 7).

Once we have proved that (x*(A, ), A*(A, 7)), 7 (X, 7)) is well defined for any given A > 0 and
m > 0, we can derive the main properties of such a tuple [interpreting its components as functions of
(X, m)], along with its connection with the NE of the game G,(X, 8) |and thus G(X, 0)]; these properties

will be instrumental to prove Theorem

Proposition 18. Given t > 0, suppose that A (x,A,m) in (40) is uniformly positive definite for all
(x, A, m) €Y x [0, AR x S, and let € > 0 be given. Then the following hold:

(a) The mapping associated with the A-components and m-component of (x*(X,7), N (A, m¢), 7 (A, 7)),

< Aj(') ) 5 s < A (A,m) ) (151)

i.e.,

(- 7 (A, )
has a fived point, and it is nonexpansive on [0, \"*¥]Q x S;;

(b) The mapping associated with the x-components of (X*(A, ), X (A, ), mF (X, 7¢)), i.e.,

x* (1) 1 [0, AP¥]9 xS, 5 (A, ) = X5 (A7) (152)
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is Lipschitz continuous on [0, \™*]9 x S;, i.e., there exists a constant 0 < v < +0o such that
e AW 7)) =3 A w )l < v [AD,mY) = A7), (153)

for all AW, 7YY, (A® 7)) € [0, Amx]Q x S

(c) For any fized-point (X, 7;) € [0, \™3X]|Q x S; of (N*(-), 7 (+)), the tuple (x*(X, ), X, 7) is a solution
of the VI(Z;, W); therefore, it is a NE of Gi(X, ).

Proof. We prove next only (a) and (b); (c) follows similarly.

(a) Let (X,X,7¢) € Z; be a solution of the VI(Z;, ¥) in (), whose existence is guaranteed by Lemma [T}
recall that, by Lemma[T2] it must be (i, A, ﬁt) € Yx[0, \"*]|QxS;. Tt follows that: i) (x*(X,7r), A*(X, 7T,
77 (X, 7)) is the unique solution of the VI(Z, Uy ) and ii) (X, A, ;) is also a solution of VI(Z;, Uy o)
Hence, it must be x*(A,7;) = X, A*(A\, 7)) = A, and 7} (X, 7)) =7, which implies the existence of a
fixed-point of the mapping (A*(-), 7/ (+)) in (IZI]); moreover, since (i, A, ﬁt) €Y x [0, \mX]Q x S, such a
fixed point is in [0, \"*]¥¢ x S;.

We prove now that (A*(:),77(-)) is nonexpansive on [0, \™#]9 x &;. Given two distinct tuples
(A(l),wgl)), (A, 7Tt(2)) € [0, \2x]@ xS, by definition, the tuples (x*(A®, ﬂt(i)), A0, ﬂt(i)), F(AD, ﬂt(i))),
with 7 = 1, 2, satisfy the following:
w02\ (Tl (A0, A7), 0, 0),))
A A*(A(i),w,gi)) (Iq (XZ(A(i)’Wt(i))))Q 1 )\*(A(i)’wgi)) NG >0, (154)
m — mr(A®)] ﬂél)) B I (x*(A(i),w,fi))) e < W?(A(i),wgi)) - F,Ei) )

for all (x, A, ) € Y x [0, \"®*]Q x S; and i = 1,2. Thus, similar to the proof of Theorem [[5] we deduce

(A, 1) — P

_ n 09 * > 0.
(1 (=) (o |1
)

(155)
By the mean-value theorem, it follows that there exists a tuple (x5, A, ms) lying on the line segment joining

AL, 2M) AAD 2D) o AM 7)) and ((A®), 72), A2 (AP 72) 75 (A®) 7)) such that [see
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also (I20)]
T
(@, 2) — (A0, (D)) A (x5, Ag, m3) (AP, 7 ?) —x*(AD, 7))

* 2 * 1 T * 2 * 1 2
(e (o) ()
7Tt*()‘(2)7 ) — 7Tt*(>\(1)7 ) Tt Tt 7Tt*(>\(2): ) — W:(A(l)aﬂt ) 9
(156)
Applying the Cauchy—Schwartz inequality and reorganizing terms we obtain:
H( A* A(2 )) _ A*(A(l)’ﬂ_lgl)) > 2
FA@, ) — (A0, V) )|

MA@ 7@y (A 70 A2 M
mrA®, 7®) — iAW) S|\ P -
T
_Z ()‘ )77152)) _ X*(A(l),ﬂ'lgl))) A (x5, Ag, 75) (X*()‘@)’ﬂ.g?)) _ x*()\(l),ﬂ'lgl)))

€
A2 M
7Tt(2) - Wt(l)

( A*<A<2>,7r£2)> =20, ) )
where the last inequality follows from the positivity of the quadratic form, due to the positive definiteness

2 2

<

mr(A®, 73y — (AW 7y

2 2

of A (x5, As, ms); which proves the desired nonexpansive property of the mapping (A*(-), 7/ (+)):
)\ )) - A*(A(l A(Q A(l
Tr (A )) — (AW 7} (

and using the Cartesian structure of the set Z; we deduce that, for any

(157)

2

(b) Following similar steps as in (a)
given (A(l),ﬂgl)), ()\(2),77152)) € [0, \"3X]Q x S, there exists a tuple (x,), A, 7,) lying on the segment joining
G AD, ), (A0 7ty ar AW, 7)) and (AP, 72, MA@, 7)), 77 (AP, 7*))) such that

T
(X*()\(2) : 77152)) B X*()\(l) : 77151))> A (XW AU’ 7T77) (X*()\(2) : 77152)) B X*()\(l), 7_[_t(l))>

< (x (A7) —x (A 2 M)) " [Vid(x,), Vil i '
< (A0 m?) = A0 V6, VT o)l | L G 0) ey 1)

A2 A
<|
< 7T§2) _ ng)
where the last inequality follows from the Cauchy—Schwartz inequality and the nonexpansive property of

(A*(4), 75 () [ef. @ED)], and VxI(x) £ Vi [I1(x1), -, Ig(xg)]. Invoking the uniform positive definiteness
of A (x,, Ay, m,;) and the boundedness of the set ), we deduce from (m)

x* (A7) —x A0, 7|V, Vil ()]

)

2

2) 2)
(fu”ﬁ% ‘ Hv1&7v1mu M - M2
~ Aeast (A Xny Ar]y 7Tn — 7Tt o ( — 7Tt
for some finite positive v, which proves the desired Lipschitz continuity of x*(-) on [0, A™a¥]@ x St. D
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Proof of Theorem We are now ready to prove the theorem. The outer loop of Algorithm [0 [see
([62)) in Step 3] is an instance of the Jacobi Over Relaxation, JOR, method [50] applied to the mapping

(A*(+), 77 (+)); which, using the notation introducing above, can be equivalently rewritten as:

C(1—e). Le. ) 160
( () (1—¢) () € E A, ) (160)

Since (A*(+), 77 (+)) is nonexpansive on [0, A9 x S, [Proposition I8(a)], the sequence {(A™, 7715")) o0

n=1
generated by the JOR scheme (IG0) converges to a fixed-point (X,7;) of (A*(-),77(+)) [50, Th. 12.3.7).
By Proposition I8(b) [see [I53)], the convergence of {(A™), 7715")) o°_, implies also the convergence of the se-
quence {x*(/\("),ﬂ'lgn)) o° , in the inner loop of Algorithm [[0to x* (X, ﬁt); the limit point (x* (X, ft) DY ft)
is the claimed NE of G;(X, 8) [Proposition [[8]¢c)], and thus G(X, 0), if ¢ > A™®* (Theorem [l). O
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