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Abstract—Reconfigurable intelligent surface (RIS) provides a
promising way to build programmable wireless transmission envi-
ronments. Owing to the massive number of controllable reflecting
elements on the surface, RIS is capable of providing considerable
passive beamforming gains. At present, most related works
mainly consider the modeling, design, performance analysis
and optimization of single-RIS-assisted systems. Although there
are a few of works that investigate multiple RISs individually
serving their associated users, the cooperation among multiple
RISs is not well considered as yet. To fill the gap, this paper
studies a cooperative beamforming design for multi-RIS-assisted
communication systems, where multiple RISs are deployed to
assist the downlink communications from a base station to its
users. To do so, we first model the general channel from the
base station to the users for arbitrary number of reflection links.
Then, we formulate an optimization problem to maximize the sum
rate of all users. Analysis shows that the formulated problem is
difficult to solve due to its non-convexity and the interactions
among the decision variables. To solve it effectively, we first
decouple the problem into three disjoint subproblems. Then,
by introducing appropriate auxiliary variables, we derive the
closed-form expressions for the decision variables and propose a
low-complexity cooperative beamforming algorithm. Simulation
results have verified the effectiveness of the proposed algorithm
through comparison with various baseline methods. Furthermore,
these results also unveil that, for the sum rate maximization,
distributing the reflecting elements among multiple RISs is
superior to deploying them at one single RIS.

Index Terms—Reconfigurable intelligent surface (RIS), coop-
erative beamforming design, multi-hop transmission

I. INTRODUCTION

RECONFIGURABLE intelligent surface (RIS) has

emerged as a promising tool in improving the

transmission environments for the wireless communications

[1]–[3]. Specifically, RIS can be a planar surface, which

comprises a large number of low-cost passive reflecting

elements. Each element can be digitally controlled and
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induce an independent amplitude change and/or phase shift

to the incident signals, thereby collaboratively altering the

wireless channels [4]–[6]. Besides, from the implementation

perspective, RISs possess appealing features such as low

profile and lightweight, thus can be easily mounted on walls

or ceilings without significantly damaging the aesthetic

beauty of the environment [7]. Since RISs are complementary

devices, deploying them in the existing wireless systems only

need necessary modifications of the communication protocols,

and no other changes on standards and hardware are required

[8]. Furthermore, RISs are usually much cheaper than active

small base stations (SBSs)/relays, therefore can be easily

deployed rapidly [9].

Due to such great advantages, RISs have attracted intensive

attentions lately and a lot of related research works have

been done, including transmission protocol designs [10]–

[12], system capacity analysis [13]–[18], energy/spectral ef-

ficiency [19]–[24], physical layer security [25]–[28], modu-

lation/coding schemes [29]–[31], and so on. And a compre-

hensive introduction to RIS can be found in [32]. Existing

works mainly consider one or multiple distributed RISs,

where each RIS individually reflects the signals to users,

and there is no signal cooperation among multiple RISs.

This simplified approach generally contribute to sub-optimal

performance [33], since the multi-hop links that can provide

high cooperation beamforming gains are not well utilized.

In addition, multi-hop reflections established through inter-

RIS links can provide higher channel diversity, therefore can

bypass the dense obstacles and provide blockage-free links

with higher transmission quality.

Inspired by the advantages of cooperative transmission in

multi-RIS-assisted systems, Han et al. investigated a double-

RIS aided single-user wireless communication system. In

[34], it is demonstrated that by cooperatively designing the

phase shifts, a double-reflection link can provide passive

beamforming gain that increases quartically with the total

number of RISs’ reflecting elements, which is significantly

higher than the quadratic growth of the passive beamforming

gain of single-RIS link with the same number of total reflecting

elements. This work has been further extended to multi-user

setups [33], [35], where the superiority of deploying double-

RIS is further confirmed compared with single-RIS models.

Specifically, Zheng, You and Zhang [33] have investigated a

double-RIS-assisted multi-user uplink communication system.

By jointly designing the receive beamforming at the BS and

the cooperative reflection at these two RISs, the minimum

signal-to-interference-plus-noise ratio (SINR) is maximized.

http://arxiv.org/abs/2209.15156v1
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With similar system setups made in [33], a double-RIS-

assisted system is designed to enhance the secrecy perfor-

mance [35]. The above works only consider double RISs,

Huang et. al [36] then extended to more general multi-

RIS scenarios. In [36], only the multi-hop link established

through multiple RISs is utilized to bypass the severe ob-

stacles between the transmitter and the receivers, and their

results also prove that the multiplicative beamforming gain

obtained through inter-RIS channels can significantly improve

the system capacity.

Except the aforementioned works, general multi-RIS-

assisted multi-user communication systems have not been fully

investigated. Under the general setups with more available

RISs, users at different locations can be served via various

rich paths established through multi-hop reflections as shown

in Fig. 1. And this gives rise to a new cooperative beamform-

ing design problem, where multiple RISs serving multi-user

through cooperative transmissions. In this work, we have been

devoted to solve this problem to maximize the system sum

rate. The main contributions are summarized as follows.

• We establish a multi-RIS-assisted multi-user commu-

nication system, where the general channel model for

arbitrary reflection links is formulated. Different from the

traditional multiple RIS-assisted systems, where only one

multi-hop link that established through all the RISs is

utilized. We address the possibility of distributed RISs

in providing higher access flexibility. With this general

setups, users at different locations can be served via var-

ious rich paths established through multi-hop reflections,

which significantly improve the system capacity.

• Based on the proposed channel model, an optimization

problem is formulated to maximize the sum rate of all

users, which is multivariate and non-convex. To solve it

effectively, we decompose the original problem into three

disjoint sub-problems by utilizing closed-form fractional

programming techniques. Specifically, we first decou-

ple the sum-of-logarithms-of-ratio problem into sum-

of-logarithms and sum-of-ratio problems by introducing

auxiliary variables, then utilize quadratic transform to

further simplify the sum-of-ratio part.

• The formulated problem is a computationally intensive

task due to the large number of RISs’ reflecting elements

and the interaction among different RISs. To facilitate

the cooperative beamforming design, we reformulate the

user’s equivalent channel, so that the coupled phase shift

matrix of each RIS can be extracted and iteratively

updated. With the reformulated equivalent channel, we

are also able to derive the closed-form optimal expression

for each RISs’ phase shift matrix, thereby significantly

reduce the computational complexity.

• To further simplify the overall computational complex-

ity for cooperative beamforming design, we derive the

closed-form optimal expressions for all the decision vari-

ables, and design a low-complexity cooperative beam-

forming algorithm to maximize the sum rate of the

system. Analysis shows that the complexity of the pro-

posed algorithm linearly increases with the number of
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Fig. 1: The proposed multi-RIS-assisted cooperative transmission
system, where users at different locations can access the BS

through proper RIS-assisted links.

RISs’ reflecting elements. Extensive simulations have

been conducted and demonstrated that the proposed al-

gorithm achieves significantly higher sum rate than the

baseline schemes. Furthermore, the results also unveil

that distributing the reflecting elements among multiple

RISs is preferable to deploying them at one single RIS

in achieving higher sum rate.

The remainder of this paper is organized as follows. The

system model and problem formulation are introduced in

Section II. In Section III, we introduce the proposed coop-

erative beamforming algorithm for multi-RIS-assisted multi-

user communication systems. To verify the superiority of the

proposed method, simulation results are presented in Section

V. Finally, we conclude this paper in Section VI.

The notations used in this paper are listed as follows. Bold

symbols in capital letter and small letter denote matrices

and vectors, respectively. CN (µ, σ2) denotes the circularly

symmetric complex Gaussian (CSCG) distribution with mean

µ and variance σ2. ||w|| denotes the Euclidean norm while

||W||F denotes the Frobenius norm. IM represents the M×M
identity matrix. GT and GH denote the transpose and con-

jugate transpose of matrix G, respectively. G−1 represents

the inverse of G. ⊗ is the Kronecker product. E{·} denotes

the statistical expectation. For any real number,
√
a denotes

the square root of a. For any complex variable x, |x| denotes

the absolute value, ∠x represents its phase angle, x∗ denotes

its conjugate, ℜ{x} and ℑ{x} represent its real part and

imaginary part, respectively. Ai,j represents the element at row

i, column j of matrix A and an represents the n-th elements

of vector a. A = diag(a) means that A is the diagonal matrix

of the vector a. 0 is the zero matrix.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System and Channel Model

We consider a cooperative multi-RIS-assisted multi-user

communication system as shown in Fig. 1, in which L dis-

tributed RISs are deployed to assist the downlink transmission

from the M antenna BS to K single-antenna users. It is

assumed that the direct links between the BS and users are

severely blocked by the obstacles, and L RISs are deployed

between the BS and user cluster to assist the downlink

transmissions. Without loss of generality, RIS 1 is deployed

very close to the BS to guarantee line-of-sight (LoS) channel,
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Fig. 2: The channel model for multi-RIS-assisted system.

i.e., directly above the BS, other RISs (i.e., RIS 2, 3, ..., L) are

deployed sequentially to form multi-hop links. The l-th RIS,

l = 1, 2, ..., L, is composed of Nl reflecting elements, and each

RIS is connected to a controller that adjusts its phase shifts.

To be specific, we consider the general case where there exist

arbitrary reflection links in the communication systems. We

let G1 ∈ CN1×M , Hl−1,l ∈ CNl×Nl−1 and gl,k ∈ C1×Nl

denote the channels from the BS to RIS 1, from RIS l− 1 to

RIS l and from RIS l to user k, respectively. The reflection

coefficient matrix of RIS l can be expressed as Φl ∈ CNl×Nl ,

which can be further expressed as Φl = diag(φφφl). φφφl =
[φl,1, φl,2, ..., φl,Nl

]T is the corresponding reflection vector

of the l-th RIS, where φl,n = βl,ne
jθl,n , n = 1, 2, ..., Nl.

Moreover, θl,n ∈ [0, 2π) and βl,n ∈ [0, 1] represent the phase

and amplitude change brought by the n-th reflecting element

of RIS l to the incident signals. Without loss of generality, we

set βl,n = 1, which implies that all the elements of the RISs

are switched on to fully reflect the incident signals.

We assume that all the channels follow Rician fading.

Similar to [37], we further assume that the antenna elements

form a half-wavelength uniform linear array (ULA) configu-

ration at the BS, and the reflecting elements form a uniform

planar array (UPA) configuration at RISs. RIS l consists of a

sub-wavelength UPA with Nl = NlxNly passive reflecting

elements, where Nlx and Nly denote the number of the

reflecting elements along the x- and y-axis as shown in Fig. 2,

the adjacent elements are separated by dx and dy , respectively.

We use G1 and g1,k as examples to illustrate the adopted

channel model in detail. Specifically, G1 can be modeled as

G1=
√

βG1

(
√

FG1

FG1
+ 1

G1,LoS+

√

1

FG1
+ 1

G1,NLoS

)

,

(1)

where βG1
denotes the free-space path loss; FG1

repre-

sents the corresponding Rician factor; the matrices G1,LoS

and G1,NLoS represent the line-of-sight (LoS) and non-LoS

(NLoS) components of the channel G1, respectively. The LoS

component G1,LoS can be expressed as

G1,LoS = a1,R(η1,R, ϑ1,R)a
H
T (ϑ1,R), (2)

where a1,R(η1,R, ϑ1,R) ∈ CN1×1 represents the receiving

array response of RIS 1 and aT (ϑ1,R) ∈ CM×1 denotes the

transmit array response of the BS. Let λ denote the signal

wavelength, by defining d̄x = dx/λ and d̄y = dy/λ, we

express the response vector a1,R(η1,R, ϑ1,R) as

a1,R(η1,R, ϑ1,R) =[1, ..., ej2π(N1x−1)d̄xΘ1,R ]T

⊗ [1, ..., ej2π(N1y−1)d̄yΩ1,R ]T ,
(3)

where Θ1,R = sin(ϑ1,R) cos(η1,R) and Ω1,R =
sin(ϑ1,R) sin(η1,R) are the angle parameters with ϑ1,R

representing the zenith angle of arrival (AoA) and η1,R
being the azimuth AoA at RIS 1 as shown in Fig. 2. The

transmit array response aT (ϑ1,R) can be similarly obtained

as aT (ϑ1,R) = [1, ejπ sinϑ1,R , ..., ejπ(M−1) sinϑ1,R ]T with

ϑ1,R representing the angle of departure (AoD) from the BS

to RIS 1. The matrix G1,NLoS represents the NLoS part,

whose elements are chosen from CN (0, 1). Following the

same processes, we obtain the channel g1,k from RIS 1 to

user k as

g1,k=
√

βg1,k

(√

Fg1,k

Fg1,k
+ 1

g1,k,LoS+

√

1

Fg1,k
+ 1

g1,k,NLoS

)

,

(4)

where βg1,k
represents the free-space path loss; Fg1,k

is

the corresponding Rician factor; the vectors g1,k,LoS and

g1,k,NLoS are the LoS and NLoS components of the channel,

respectively. The LoS component g1,k,LoS can be represented

by g1,k,LoS = aT1,T (η1,T , ϑ1,T ) with a1,T (η1,T , ϑ1,T ) de-

noting the transmit array response of RIS 1. Similarly, by

defining the angle parameters Θ1,T = sin(ϑ1,T ) cos(η1,T ) and

Ω1,T = sin(ϑ1,T ) sin(η1,T ) with AoDs ϑ1,T and η1,T , we

express a1,T (η1,T , ϑ1,T ) as

a1,T (η1,T , ϑ1,T ) =[1, ..., ej2π(N1x−1)d̄xΘ1,T ]T

⊗ [1, ..., ej2π(N1y−1)d̄yΩ1,T ]T .
(5)

The vector g1,k,NLoS in (4) is the NLoS component, whose

elements are chosen from CN (0, 1). The other channels can

also be generated by following the same processes, we will not

go into details here. The channel state information (CSI) for

the BS-RIS 1 link and the inter-RIS links can be considered to

be known in advance, since once they are properly deployed,

high-quality LoS channels can be established between them

and those CSI can be directly utilized. For the RIS-user

channel information, there are two types of approaches to

acquire CSI in the RIS-assisted systems, depending on whether

the RIS’s reflecting elements have the capability of sensing or

not. For the case that RIS has only passive elements, since

the RISs are usually properly deployed at the places that can

establish LoS links to the users, such as the facade of the

tall buildings, the location based channel estimation schemes

can be used to get the CSI to assist the beamforming design

[38], [39]. Besides, some other advanced channel estimation

methods were also proposed to perform separate channel

estimation in RIS-assisted systems. For example, Wei et al

[40] proposed a parallel factor decomposition based method

to unfold the cascaded channel model, which can also be

adopted. For the second case, where there is semi-passive RIS

architecture, a small portion of the RIS’s reflecting elements

are able to process the received signal for facilitating the

channel estimation. Based on the pilot signals received by
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these semi-passive elements, the RIS can estimate the channels

between itself and the user through various existing estimation

methods [41]. With the CSI, the cooperative beamforming can

be done. In the following, we will focus on the cooperative

beamforming design for the multi-RIS-assisted communica-

tion system.

B. Problem Formulation

Let xk denote the transmitted signal from the BS to user

k with E{|xk|2} = 1, k = 1, 2, · · · ,K . Then, the transmitted

signals for all users at the BS can be expressed as

x =

K
∑

k=1

wkxk, (6)

where wk ∈ CM×1 is the corresponding transmit beamform-

ing vector for user k. The equivalent channel from the BS to

user k can be represented as

hH
k = g1,kΦ1G1 +

L
∑

l=2

gl,k
∏

i=l,l−1,...,2

ΦiHi−1,iΦ1G1, (7)

the first term g1,kΦ1G1 in (7) represents the single-reflection

channel from the RIS 1 to the user k, the second term in

(7) is the multi-hop links established through the multiple

RISs. Considering that the obstacle may very close to the BS,

which can block the direct link from BS to the users and the

other RISs excerpt for RIS 1. Thereby in the proposed channel

model, we let BS generate narrow beam with the total transmit

power directly towards RIS 1. With the equivalent channel hH
k ,

the received signal at user k can be expressed as

yk = hH
k x+ nk, (8)

where nk ∼ CN (0, σ2
0) denotes the complex additive white

Gaussian noise (AWGN) at the k-th user. The k-th user

treats all the signals for other users as interference. Thus, the

corresponding SINR at user k can be expressed as

γk =
|hH

k wk|2
∑K

i=1,i6=k |hH
k wi|2 + σ2

0

, (9)

with
∑K

k=1 ||wk||2 ≤ PT being the power constraint and PT is

the maximum transmit power at the BS. When the BS utilizes

all the power to transmit signals for user k, i.e., ||wk||2 = PT ,

the maximum SINR γmax
k = PT ||hH

k ||2/σ2
0 can be achieved,

therefore we have 0 ≤ γk ≤ γmax
k .

Let W = [w1,w2, ...,wK ] ∈ CM×K denote the overall

transmit beamforming matrix. In this paper, we aim to maxi-

mize the sum rate of all users at the downlink transmission by

jointly designing the active beamforming W at the BS and the

passive beamforming φφφl, l = 1, 2, ..., L at each RIS, subject

to the BS’s transmit power constraint and RISs’ phase shift

constraints. Mathematically, the optimization problem can be

formulated as

(P1) max
W,φφφ1,...,φφφL

f(W,φφφ1, ...,φφφL) =

K
∑

k=1

log(1 + γk),

(10)

s.t. |φl,n| = 1, l = 1, ..., L, n = 1, ..., Nl,
(11)

K
∑

k=1

||wk||2 ≤ PT . (12)

In (P1), the objective variables that need to be obtained

are W and φφφ1, ...,φφφL, which are the active beamforming

at the base station and the passive beamforming for RIS

l, l = 1, 2, ..., L. By cooperatively designing the transmit

beamforming matrix W and the passive beamforming vectors

φφφl, the inter-user interference at the receiving sides can be

mitigated, leading to the improvement of the sum rate. How-

ever, solving (P1) is extremely challenging since the objective

function f(W,φφφ1, ...,φφφL) and the phase shift constraint (11)

are non-convex. Moreover, the optimization variables W and

φφφl are coupled with each other in the expression of the

sum rate. All these bring great difficulties to find the global

optimal solution. As an alternative, we attempt to find a low-

complexity sub-optimal solution to (P1).

III. LOW COMPLEXITY BEAMFORMING DESIGN FOR

MULTI-RIS-ASSISTED MULTI-USER SYSTEMS

In this section, the cooperative beamforming at both the

BS and RISs are carefully designed to mitigate the inter-

user interference and maximize the sum rate. In the original

objective function (10),
∑K

k=1 log(1+ γk) is a sum-of-log-of-

ratio term, and the objective variables W and φφφl are coupled

together. In order to solve the optimization problem efficiently,

we first introduce several auxiliary variables to transform (P1)

into a problem of much low-complex by applying the closed-

form fractional programming (FP) techniques [42], [43]. The

closed-form FP techniques is proposed to deal with the sum-

of-log-of-ratio problem as follows

max
x

K
∑

k=1

log

(

1 +
|Ak(x)|2

Bk(x)− |Ak(x)|2
)

,

where Bk(x) ≥ |Ak(x)|2 for all k. Conceptually, the closed-

form FP approach has two key steps:

a) Lagrangian Dual Transform. By introducing an auxiliary

variable αk, the logarithm function can be tackled based on

the following equation

log(1 + γk) = max
αk≥0

(

log(1 + αk)− αk +
(1 + αk)γk
1 + γk

)

.

And the equivalency is guaranteed when αk = γk. Then, the

original problem is equivalently transformed to

max
x,α

K
∑

k=1

(

log(1 + αk)− αk + (1 + αk)
|Ak(x)|2
Bk(x)

)

,

s.t. αk ≥ 0, ∀ k = 1, 2, ...,K,

where α = [α1, α2, ..., αK ]T is the auxiliary variable vector.

b) Quadratic Transform. Given α, we then focus on the

following sum-of-ratios problem

max
x

K
∑

k=1

|Ak(x)|2
Bk(x)

.
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The key idea is introducing auxiliary variables β =
[β1, β2, ..., βk]

T , and then the above problem is equivalently

translated to

max
x,β

K
∑

k=1

(

2ℜ{β∗
kAk(x)} − |βk|2Bk(x)

)

.

The equivalence can be verified by substituting βk = Ak(x)
Bk(x)

into the above equation.

Based on the reformulated problem, we aim to derive

the closed-form optimal solutions for each decision variable.

Specifically, the reformulated problem can be written as

(P2) max
ααα,W,φφφ1,...,φφφL

f2(ααα,W,φφφ1, ...,φφφL),

s.t. |φl,n|=1, l = 1, 2, ..., L,

n = 1, 2, ..., Nl,
K
∑

k=1

||wk||2 ≤ PT ,

αk ≥ 0, k = 1, 2, ...,K,

(13)

where

f2(ααα,W,φφφ1, ...,φφφL) =

K
∑

k=1

log(1 + αk)−
K
∑

k=1

αk

+

K
∑

k=1

(1 + αk)γk
1 + γk

.

(14)

In (P2), the objective variables that need to obtain are ααα, W

and φφφ1, ...,φφφL. ααα = [α1, α2, ..., αK ]T is the auxiliary variable

vector, each element αk in it is an auxiliary variable that

introduced for user k. By doing so, we decouple the sum-of-

log-of-ratio term
∑K

k=1 log(1 + γk) into the sum-of-log term
∑K

k=1 log(1 + αk) and the sum-of-ratio term
∑K

k=1
(1+αk)γk

1+γk

as shown in (14), which greatly reduces the difficulty in finding

the optimal solutions. In the following, we further decouple

(P2) into three disjoint subproblems, and target to find the

closed-form optimal solutions for each subproblem.

1) The closed-form optimal solution for ααα. First, we aim to

find the optimal closed-form expression of ααα for given W and

φφφl, l = 1, 2, ..., L. By assuming the other parameters are fixed,

the objective function in (P2) can be seen as an optimization

problem only with respect to ααα, and we have the following

proposition regarding its solution.

Proposition 1. When W and φφφ1, ..., φφφL are fixed, the optimal

αk can be expressed as

αop
k = γk. (15)

Proof: The partial derivative of f2(ααα,W,φφφ1, ...,φφφL) with

respect to αk can be written as

∂f2(ααα,W,φφφ1, ...,φφφL)

∂αk

=
γk − αk

(1 + γk)(1 + αk)
. (16)

By setting
∂f2(ααα,W,φφφ1,...,φφφL)

∂αk
= 0, it is easy to find

that αop
k = γk maximizes f2(ααα,W,φφφ1, ...,φφφL), since

∂f2(ααα,W,φφφ1, ...,φφφL)/∂αk > 0 when αk < γk and

∂f2(ααα,W,φφφ1, ...,φφφL)/∂αk < 0 when αk > γk.

Besides, by defining αααop = [αop
1 , αop

2 , · · · , αop
K ]T and sub-

stituting αop
k = γk into (14), we have

f2(ααα
op,W,φφφ1, ...,φφφL)=

K
∑

k=1

log(1 + γk)=f(W,φφφ1, ...,φφφL),

which guarantees the equivalence between the original prob-

lem (P1) and the reformulated problem (P2).
2) The closed-form optimal solution for W. When ααα is

fixed, the variable left for optimization in (P2) is γk only.

Then the corresponding optimization problem can be rewritten

as

(P2.1) max
W,φφφ1,...,φφφL

K
∑

k=1

α̃kγk
1 + γk

,

s.t. |φl,n| = 1, l = 1, 2, ..., L, n = 1, 2, ..., Nl,
K
∑

k=1

||wk||2 ≤ PT ,

(17)

where α̃k = 1 + αk for k = 1, 2, ...,K . Substituting the

expression (9) of SINR into (17), we can reformulate the

objective function in (P2.1) as

K
∑

k=1

α̃kγk
1 + γk

=
K
∑

k=1

α̃k|hH
k wk|2

∑K
i=1 |hH

k wi|2 + σ2
0

. (18)

Then, with given ααα and φφφ1, ...,φφφL, optimizing W becomes

(P2.1a) max
W

f2.1a(W)=

K
∑

k=1

α̃k|hH
k wk|2

∑K
i=1 |hH

k wi|2+σ2
0

,

s.t.

K
∑

k=1

||wk||2 ≤ PT .

(19)

In (19), (P2.1a) is a multiple-ratio fractional programming

problem. Using the quadratic transform proposed in [42],

[43], (P2.1a) can be reformulated as a biconvex optimization

problem with a new objective function as

f2.1b(W, ξξξ) =
K
∑

k=1

√

α̃k

(

ξ∗kh
H
k wk +wH

k hkξk
)

−
K
∑

k=1

|ξk|2
(

K
∑

i=1

|hH
k wi|2 + σ2

0

)

,

(20)

where ξ1, ξ2, ..., ξK are the newly introduced complex auxil-

iary variables and ξξξ = [ξ1, ξ2, ..., ξK ]T is the auxiliary variable

vector. Then, as proved in [42] and [43], solving (P3.1a) with

respect to W is equivalent to solving the following biconvex

problem with respect to W and ξξξ, which can be further

represented as

(P2.1b) max
W,ξξξ

f2.1b(W, ξξξ),

s.t.

K
∑

k=1

||wk||2 ≤ PT .
(21)

By analyzing (P2.1b), we have the following proposition

regarding to its solution.
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Proposition 2. The optimal beamforming vector wk can be

updated by

w
op
k =

√

α̃kξ
op
k

(

K
∑

i=1

|ξopi |2hih
H
i + λopIM

)−1

hk, (22)

where

ξopk =

√
α̃kh

H
k wk

∑K
i=1 |hH

k wi|2 + σ2
0

. (23)

In (22), λop is the Lagrangian dual variable introduced for the

power constraint
∑K

k=1 ||w
op
k ||2 = PT , which can be further

expressed as

λop = min

{

λop ≥ 0 :

K
∑

k=1

||wop
k ||2 = PT

}

. (24)

Proof: See Appendix A.

3) The closed-form optimal solution for phase shift vectors

φφφ1,φφφ2, ...,φφφL. For the optimized ααα, the objective function in

(P2) is reduced to (P2.1) in (17) as discussed above. By as-

suming that the beamforming matrix W at the BS side is fixed,

we will optimize the reflection vector of each RIS iteratively,

i.e, optimizing the reflection vector φφφl, l ∈ {1, 2, .., L}, of RIS

l by assuming the rest are fixed. In the original expression

of the equivalent channel for user k in (7), we can see that

the phase shift matrix of each RIS is coupled together due

to the multi-hop transmission, which makes it impossible to

solve them out. In order to overcome this, we perform channel

reformulation as shown in the following, with which we can

extract the phase shift matrix of each RIS as an individually

objective variable. This will help us derive out the closed-form

expression and thus they can be updated one by one with quite

low complexity. Specifically, the reformulated channel model

is represented as

hH
k = φ̄φφlAl + bl. (25)

In (25), φ̄φφl is a row vector that is composed of L − l + 1
reflecting vectors φφφH

l of RIS l, i.e., φ̄φφl = [φφφH
l , ...,φφφH

l ] ∈
C1×(L−l+1)Nl . The matrix Al ∈ C(L−l+1)Nl×M is repre-

sented as

Al = [diag(gl,k)Rl, diag(ul+1)Rl, ..., diag(uL)Rl]
T
, (26)

where

Rl =







G1, l = 1,
∏

i=l,l−1,...,2

Hi−1,iΦi−1G1, l = 2, ..., L, (27)

and

ui = gi,k

∏

j=i,i−1,...,l+1

ΦjHj−1,j , i = l + 1, l+ 2, ..., L. (28)

In (25), bl ∈ C1×M is represented as

bl =























0, l = 1,

g1,kΦ1G1, l = 2,

g1,kΦ1G1+

l−1
∑

i=2

gi,k

∏

j=i,i−1,...,2

ΦjHj−1,jΦ1G1, l = 3, ..., L.

(29)

With the reformulated hH
k , we can rewrite the objective

function in (17) with respect to φφφl as

f3.1a(φφφl) =

K
∑

k=1

α̃k|(φ̄φφlAl + bl)wk|2
∑K

i=1 |(φ̄φφlAl + bl)wi|2 + σ2
0

=

K
∑

k=1

α̃k|φ̄φφlzl,k + cl,k|2
∑K

i=1 |φ̄φφlzl,i + cl,i|2 + σ2
0

.

(30)

In (30), the vector zl,i ∈ C
(L−l+1)Nl×1 = Alwi and the

complex number cl,i = blwi. According to the quadratic

transform proposed in [42], we further transform (30) into

f3.2b(φφφl, εεε)=

K
∑

k=1

√

α̃k

(

ε∗k(φ̄φφlzl,k + cl,k)+(z
H
l,kφ̄φφl

H
+c∗l,k)εk

)

−
K
∑

k=1

|εk|2
(

K
∑

i=1

|φ̄φφlzl,i + cl,i|2 + σ2
0

)

,

(31)

where ε1, ε2, ..., εK are the newly introduced complex aux-

iliary variables and εεε = [ε1, ε2, ..., εK ]T is the auxiliary

variable vector. Then, as proved in [42] and [43], optimizing

f3.2b(φφφl, εεε) with respect to φφφl, l = 1, 2, ...L, is equivalent to

solving the following problem with respect to φφφl and εεε, and

we have the following objective function

(P3.2b) max
φφφl,εεε

f3.2b(φφφl, εεε),

s.t. |φl,n| = 1, n = 1, 2, ..., Nl.
(32)

By analyzing (P3.2b), we have the following conclusion

regarding to the optimal solution for φl.

Proposition 3. The optimal expression φl,n, n = 1, 2, ..., Nl,

of the reflecting vector φφφl, l = 1, 2, ..., L, is updated by

φop
l,n = e−j∠ηn , n = 1, 2, ..., Nl, (33)

where

ηn = dl,n −
(L−l+1)Nl
∑

j=1,j 6=n

pn,j φ̄
∗
l,j , (34)

with dl,n being the n-th element of vector

dl =

K
∑

k=1

√

α̃k(ε
op
k )∗zl,k −

K
∑

k=1

|εopk |2
K
∑

i=1

zl,ic
∗
l,i. (35)

Among the denotations, pn,j represents the element at row n

and column j of matrix P =
∑K

k=1 |ε
op
k |2∑K

i=1 zl,iz
H
l,i, and

φ̄l,j represents the j-th element of the vector φ̄φφl. Finally, εopk
is proved to be

εopk =

√
α̃k(φ̄φφlzl,k + cl,k)

∑K
i=1 |φ̄φφlzl,i + cl,i|2 + σ2

0

. (36)

Proof: See Appendix B.

Following the above approach, the phase shift of each

RIS can be updated iteratively until the objective function

converges. The overall algorithm to optimize the multi-RIS-

assisted multi-user communication system is summarized in

Algorithm 1, where we optimize the active beamforming
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Algorithm 1 :Cooperative beamforming design for multi-RIS-

assisted multi-user systems.

1: Initialization: Initialize φφφ1, ...,φφφL that satisfy (11). Initial-

ize W that satisfy (12). Set the threshold value ℓ and the

maximum number of iterations Im. Iteration time i = 1.

2: Step 1: Update αk according to (15).

3: Step 2: Update wk, ξk and λ according to (22), (23) and

(24), accordingly.

4: Step 3: Update φl,n, l = 1, 2, ...L, n = 1, 2, ..., Nl, and

εk according to (33) and (36), respectively.

5: i = i + 1.

UNTIL

The objective function in (14) satisfies

f2(ααα
i,Wi,φφφi

1, ...,φφφ
i
L)−f2(ααα

i−1,Wi−1,φφφi−1
1 , ...,φφφi−1

L ) ≤ ℓ

or the iteration time i = Im.

matrix W and the phase shift vectors φφφ1, ...,φφφL iteratively to

maximize the sum rate. Algorithm 1 is guaranteed to converge

(c.f. Proposition 4) and its computational complexity mainly

comes from the process of optimizing the active beamforming

and updating the phase shifts. In the cooperative beamforming

design processes, we first update αk, k = 1, 2, ...,K , accord-

ing to (15), whose computational complexity is O(K). To

update the active beamforming matrix W = [w1,w2, ...,wK ]
at the BS side, we derive the closed-form optimal solution for

k-th user’s beamforming vector wk as shown in (22) with the

required auxiliary variable ξopk shown in (23). The complexity

for updating ξopk is O(K) and the complexity for calculating

W is O(M3K), thereby the overall computational complexity

for updating W is O(M3K +K). Finally, for the phase shift

design at each RIS, we iteratively update each RIS’s phase

shift vector φφφl. The optimal expression φl,n, n = 1, 2, ..., Nl,

of the reflecting vector φφφl, l = 1, 2, ..., L, is updated according

to (33) with an auxiliary variable εopk calculated according

to (36). The complexity for updating εopk , k = 1, 2, ...,K ,

is O(K). And we iteratively update each RIS’s phase shift

vector φφφl according (33) and its computational complexity

is O(Nl). Thus, the aggregated complexity for getting φφφl

is O (Nl +K). Since we deploy L distributed RISs in the

system, the overall complexity for updating RISs’ phase shift

is represented as O(KL+
∑L

l=1 Nl). Summarizing all above,

the complexity of the proposed algorithm can be expressed as

O
((

(M3 + L+ 2)K +
∑L

l=1 Nl

)

I1

)

, with I1 denoting the

required number of outer iterations.

Proposition 4. Algorithm 1 is guaranteed to converge.

Proof: See Appendix C.

IV. PERFORMANCE EVALUATION

In this section, performance evaluations are done to show

the effectiveness of the proposed algorithm. We first inves-

tigate the convergence property of the proposed cooperative

beamforming algorithm, and then simulate its performance in

terms of the complexity and the sum rate. For comparison

TABLE I: SIMULATION SETUPS

The central location A of the user cluster (10m, 0m, 0m)

The radius r of the target area 8 m

The transmit power PT at the BS 10 dBW

The Rician factor for all the channels 3

The noise power σ2

0
-110 dBm

The carrier frequency 2.4 GHz
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Fig. 3: The convergence property of the proposed beamforming
algorithm. There are L = 2 RISs (RIS 1 and RIS 2). RIS 1 is

deployed at (1m, 0m, 3m) and RIS 2 is deployed at
(9m, 0m, 3m).

purpose, we also adopt some existing cooperative beamform-

ing algorithms for baselines. We investigate the impacts of the

number of the reflecting elements and the channel estimation

error on the sum rate. In our simulations, we assume that

there are L RISs (RIS 1, RIS 2,..., RIS L) deployed to assist

the downlink communications, and RIS l has Nl reflecting

elements. Since the RIS-reflected channel follows the product-

distance path loss model, thereby we always deploy RIS 1

near the BS and RIS L near the users to produce smaller

multiplicative poss loss. Other RISs are deployed sequentially

between RIS 1 and RIS L to form multi-hop transmission

links. Under the 3D Cartesian coordinate, the BS is deployed

at (0m, 0m, 0m), the deployment location of RIS l, l =
1, 2, ..., L, is represented by (xl m, yl m, zl m). The users are

located within a target circular area A, where A is centered

at A = (Dm, 0m, 0m) with the radius of r m. At the BS

and user sides, we consider the widely used half-wavelength

dipole antennas with corresponding maximum effective area

0.13λ2 [44], and the size of each RIS element is λ/5 × λ/5
[45]. By considering the physical area of the RIS element

as the effective area, we can calculate the corresponding free-

space path loss of each channel according to Friis transmission

formula [46]. Other system parameters are summarized in

Table I according to [37]. All presented results are obtained by

averaging 1000 independent realizations of the users’ locations

and the wireless channels.

A. The Convergence Property of the Proposed Cooperative

Beamforming Algorithm

The convergence property of the proposed cooperative

beamforming algorithm is first investigated under various

system settings. The results are illustrated in Figs. 3 and
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Fig. 4: The convergence property of the proposed beamforming
algorithm. There are L = 3 RISs (RIS 1, RIS 2 and RIS 3). RIS 1

is deployed at (1m, 0m, 3m), RIS 2 is deployed at
(5m, 0m, 3m) and RIS 3 is deployed at (9m, 0m, 3m).

4. Specifically, Fig. 3 shows the convergence property of

the proposed beamforming algorithm for L = 2 RISs (RIS

1 and RIS 2), where RIS 1 is deployed at (1m, 0m, 3m)
and RIS 2 is deployed at (9m, 0m, 3m). In the simulations,

the numbers of the reflecting elements at these two RISs

are set to be equal, i.e., N1 = N2. It can be observed in

Fig. 3 that the proposed beamforming algorithm converges

within several iterations in cases with N1 = N2 = 9,

N1 = N2 = 16 and N1 = N2 = 25, respectively. This verifies

Proposition 4 and the fast convergence implies a relatively

low computational complexity of the proposed cooperative

beamforming algorithm.

Fig. 4 shows the convergence behavior of the proposed

beamforming algorithm for L = 3 RISs, where RIS 1 is de-

ployed at (1m, 0m, 3m), RIS 2 is deployed at (5m, 0m, 3m)
and RIS 3 is deployed at (9m, 0m, 3m). In the simulations,

the numbers of the reflecting elements at these three RISs

are also set to be the same, i.e., N1 = N2 = N3. Similarly,

for the 3 RISs case, the proposed algorithm also converges

within several iterations. Comparing with Fig. 3, we observe

that although the number of the deployed RISs increases, our

proposed algorithm can still converge quickly. This implies

that the proposed beamforming algorithm does have a good

expandability.

B. Comparisons with the Existing Cooperative Beamforming

Algorithms

For comparison, we choose the semidefinite relaxation

(SDR)-based and alternating direction method of multipliers

(ADMM)-based algorithms as benchmarks. We choose these

two algorithms because they are two different methods han-

dling non-convex rank-one constraint optimization problems,

which is also the constraint in our design. The SDR-based

method can directly relax the rank-one constraint, while

ADMM-based algorithm transfers the non-convex constraint to

the objective function by adding a penalty factor. Specifically,

• The SDR-based algorithm [47] can relax the non-

convex rank-one constraint of the RIS’s phase shifts,

and transform the original objective function into a con-

vex semidefinite program (SDP) to make such problems

TABLE II: COMPUTATIONAL COMPLEXITY FOR DIFFERENT

COOPERATIVE BEAMFORMING ALGORITHMS

Algorithm Computational complexity for L = 2 RISs

Proposed algorithm O
(

(M3K +N1 +N2 + 4K)I1
)

ADMM-based algorithm O
(

(M3K +N3

1
+N3

2
+ 2K)I2

)

SDR-based algorithm O
(

(M3K +N6

1
+N6

2
+ 2K)I3

)

* In with n = 1, 2, 3 is the number of outer iterations when the algorithm
converges.
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Fig. 5: The convergence properties of different algorithms.There are
L = 2 RISs (RIS 1 and RIS 2). RIS 1 is deployed at

(1m, 0m, 3m) and RIS 2 is deployed at (9m, 0m, 3m). M = 10
and K = 3.

easily be solved through existing convex optimization

methods.

• The ADMM-based algorithm [48] solves such problem

by introducing an auxiliary vector ql, then adding a

penalty term into the objective function. By doing so,

the objective function can be reformulated into Lagrange

dual problem and solved by gradient descent method.

The computational complexity of these algorithms are listed

in Table II. We can observe from Table II that the complexity

of the proposed algorithm linearly increases with the number

of the RIS’s reflecting elements, which indicates that the pro-

posed algorithm can be easily extended to systems with more

RISs. On the contrary, the SDR- and ADMM-based algorithms

cannot be directly applied to systems with large-scale RISs

because of the prohibitively high computational complexity.

For comparsion purpose, we show the convergence property of

these algorithms in Fig. 5. It is observed that the convergence

speed of the proposed algorithm is obviously faster than the

SDR- and ADMM-based algorithms. The reason is that in each

iteration, our proposed algorithm is updated with the closed-

form optimal solutions, which not only improves the sum rate,

but also reduces the computational complexity.

Fig. 6 shows the sum rate performance of these cooperative

beamforming algorithms for different SNR values. It is ob-

served that as the SNR increases, the proposed algorithm can

always achieve the highest sum rate. This is owing to that the

closed-form optimal solutions of the individual variables are

obtained in each iteration. Based on the above observations

in Table II, Fig. 5 and Fig. 6, we claim that the proposed

algorithm can provide higher sum rate with much lower

computational complexity.
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Fig. 6: The sum rate comparison for different SNR values. There
are L = 2 RISs (RIS 1 and RIS 2).

RIS 1 is deployed at (1m, 0m, 3m) and RIS 2 is deployed at
(9m, 0m, 3m). M = 10 and K = 3.
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Fig. 7: The sum rate performance with different numbers of
quantization bits b. There are L = 2 RISs (RIS 1 and RIS 2).
RIS 1 is deployed at (1m, 0m, 3m) and RIS 2 is deployed at

(9m, 0m, 3m), N1 = N2 = 25, M = 10 and K = 3.

Considering the deployment cost of RIS, is it possible

to consider discrete values for the RIS’ phase shifts in the

practical implementations. In discrete phase case, we refer to

b as the number of quantization bits and B = 2b as the discrete

phase shift level. Thus the set of discrete phase-shift values

at each element is given by F = {0,∆θ, ..., (B − 1)∆θ},
where ∆θ = 2π/B. To investigate the impact of the discrete

phase shift level on the sum rate performance, we depicts

the sum rate of all users versus the number of quantization

bits b in Fig. 7. As the number of quantization bits increases,

the sum rate obtained with discrete phase shifts approaches

that in the continuous case and our proposed algorithm can

always achieve the best sum rate performance compared with

the benchmark schemes.

C. Impacts of the Number of Reflecting Elements and the

Channel Estimation Errors

The performance of the RIS-assisted communication sys-

tems greatly depends on the number of the reflecting elements.

To investigate the dependency between them, we simulate the

sum rate performance of the proposed algorithm for different

numbers of the RISs’ reflecting elements. In the simulations,

L = 3 RISs (RIS 1, RIS 2 and RIS 3) are deployed, and these
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Fig. 8: The sum rate with different reflecting element numbers for
L = 3 RISs (RIS 1, RIS 2 and RIS 3).

RIS 1 is deployed at (1m, 0m, 3m), RIS 2 is deployed at
(5m, 0m, 3m) and RIS 3 is deployed at (9m, 0m, 3m).

three RISs have the same number of reflecting elements. The

SDR- and ADMM-based cooperative beamforming algorithms

are also simulated for comparison. For M = 10, K = 3,

the simulation results are shown in Fig. 8. It is observed that

as the number of the RISs’ reflecting elements increases, the

sum rates of all the three algorithms increase and the proposed

algorithm always achieves the highest sum rate compared with

the chosen baseline algorithms. We can also observe from

Fig. 8 that the improvement of the sum rate is limited by

the inter-user interference. Since the RISs do not have any

signal processing ability and they reflect the overall aggregated

signals, thereby as the reflecting element number continuously

increases, the sum rate performance tends to converge to

ceiling.

For the beamforming algorithms, imperfect CSI will affect

the final sum rate performance. To show how the channel

estimation ambiguity impacts the system performance when

applying our proposed algorithm, we conduct simulations to

evaluate the sum rate under different channel estimation errors.

Specifically, we model all the estimated channel vectors or

matrices, i.e., BS-RIS 1 channel, inter-RIS channels and RIS-

user channels, as r̂ = r + re or Υ̂ = Υ + Υe with r and

Υ representing the actual channel, re and Υe denoting the

channel estimation error. Each element in re and Υe is chosen

from CN (0, σ2
e). And σ2

e can reflect the level of the channel

estimation ambiguity. when σ2
e is bigger, it indicates that the

channel estimation error is larger, and vice versa indicates

that the channel estimation error is small. It is observed from

Fig. 9 that as the channel estimation error increases, the sum

rate obtained by all the three algorithms decrease and our

proposed algorithm always achieves the best sum rate. It is

also shown that when the channel estimation error is small,

e.g., σ2
e = 10−4, the sum rate achieved by our proposed

algorithm is even better than that of the ADMM- and SDR-

based algorithms with perfect CSI.

D. Comparisons with Existing Design Strategies for Equal

Total Reflecting Elements

To show how much sum rate gains can be obtained by the

proposed transmission strategy, we also compare the sum rate
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Fig. 9: The sum rate comparison for different channel estimation
errors. There are L = 2 RISs (RIS 1 and RIS 2).

RIS 1 is deployed at (1m, 0m, 3m) and RIS 2 is deployed at
(9m, 0m, 3m). N1 = N2 = 16, M = 10 and K = 3.
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Fig. 10: The sum rate comparison for the proposed channel model
and existing baseline schemes with equal total reflecting elements.

In double-RIS systems, RIS 1 is deployed at (1m, 0m, 3m), RIS 2
is deployed at (9m, 0m, 3m). In single-RIS systems, the RIS is

deploying at three different locations, i.e., (1m, 0m, 3m),
(5m, 0m, 3m) and (9m, 0m, 3m).

for double- and single-RIS-assisted systems with equal total

reflecting elements, the results are shown in Fig. 10. Specif-

ically, for the double-RIS systems, we compare the proposed

multi-reflection transmission model with the baseline scheme

that only studies the single reflection links, i.e., only BS-RIS

1-user links and BS-RIS 2-user links. And in these two double-

RIS scenarios, we assume RIS 1 has N1 reflecting elements

and deployed at (1m, 0m, 3m), RIS 2 has N2 reflecting

elements and deployed at (9m, 0m, 3m). We also compare

the proposed cooperative transmission strategy with single-

RIS scheme for equal total reflecting elements. In single-RIS

scenario, the RIS has N = N1 + N2 reflecting elements

and for thorough comparison, the performance is simulated

for the N elements in different locations, (1m, 0m, 3m),
(5m, 0m, 3m) and (9m, 0m, 3m). We can observe that it

is beneficial to adopt the proposed cooperative transmission

scheme in most cases, since the multi-reflection link estab-

lished through RIS 1 and RIS 2 can bring significant multi-

plicative beamforming gains compared with other benchmark

schemes. We also observe that the number of the reflecting

elements at RIS 1 and RIS 2 have great effect on the sum
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Fig. 11: The sum rate comparison for the proposed channel model
and existing baseline schemes when D increasing. In double-RIS

scenario, RIS 1 is deployed at (1m, 0m, 3m), RIS 2 is deployed at
(D − 1m, 0m, 3m). In single-RIS scenario, the RIS is deployed at

three different locations, i.e., (1m, 0m, 3m), (D/2m, 0m, 3m)
and (D − 1m, 0m, 3m).

rate, and the peak sum rate is obtained when N1 = 40 and

N2 = 20 for the simulated scenario. In particular, for the

baseline scheme that only considers the single-reflection links

of these two distributed RISs, due to the smaller number of

reflecting elements at each RIS and the lack of multiplicative

beamforming gains, its performance is even worse than single-

RIS schemes.

To further verify the superiority of the proposed multi-

RIS cooperative transmission scheme, we study the sum rate

performance when the distance D between the center of the

user cluster and the BS varies. In Fig. 11, we show the sum

rate achieved by double- and single-RIS-assisted systems. In

double-RIS scenarios, we also compare the proposed multi-

reflection transmission model with the baseline scheme that

only studies the single reflection links, i.e., only BS-RIS 1-user

links and BS-RIS 2-user links. And for these two schemes, we

use the same systems setup, i.e., RIS 1 has N1 reflecting ele-

ments and is deployed at (1m, 0m, 3m), RIS 2 has N2 reflect-

ing elements and is deployed at (D − 1m, 0m, 3m). For the

comparative single-RIS case, we consider equal total reflecting

elements, the RIS has N = N1 + N2 reflecting elements,

and again the system is simulated when the RIS is depoyed

at different locations, i.e., (1m, 0m, 3m), (D/2m, 0m, 3m)
and (D − 1m, 0m, 3m). It can be observed from Fig. 11

that as D increases, the sum rate of both the single- and

double-RIS assisted systems decrease due to the increasing

transmit distance. However, the proposed cooperative multi-

RIS transmission scheme can always achieve higher sum rate

with the help of the multiplicative beamforming gains provided

by the multi-reflection links.

E. The Impact of the Number of Distributed RISs and the

Deployment Location on Sum Rate

To gain some useful insights for the optimal deployment

locations of the RISs, we simulate the sum rate performance

under different RISs’ deployment locations in Fig. 12 with

L = 2 distributed RISs. In doing so, we consider a double-RIS

setup. At the beginning, RIS 1 and RIS 2 are closed to the base
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Fig. 12: The sum rate performance under different RISs’
deployment locations. In double-RIS scenario, RIS 1 is deployed at

(x1m, 0m, 3m) while RIS 2 is deployed at
((20− x1)m, 0m, 3m). In single-RIS scenario, the RIS is

deployed at (2m, 0m, 3m), (10m, 0m, 3m) and
(18m, 0m, 3m), respectively.

station and the user cluster, respectively, then they gradually

move closer to each other. The results in Fig. 12 show that the

placement of the RISs have great influences on the sum rate

performance. For the double-RIS scenario, the best placement

for RIS 1 and RIS 2 are the points of (2m, 0m, 3m) and

(18m, 0m, 3m), since the RIS-reflected channel follows the

product-distance path loss model, it is better to make some

channels have longer transmission distance while some chan-

nels have shorter transmission distance. As RIS 1 and RIS

2 are getting closer to each other, the sum rate performance

first decreases then gradually increases. This is because when

the two RISs getting closer, the transmission distance between

the BS and RIS 1 becomes longer, resulting in heavier channel

pass loss, which severely restricts the sum rate performance.

However, when RIS 1 and RIS 2 are getting even closer, the

inter-path between these two RISs can provide considerable

multiplicative beamforming gain, thereby improves the sum

rate. For single-RIS case, when the RIS is deployed close to

the base station, the sum rate performance will be better, but

when the RIS is deployed in the middle between the BS and

the user cluster, the sum rate will be worse due to the heavy

product-distance path loss.

To investigate the impact of the distributed-RIS number

on the sum rate performance, we simulated the sum rate

performance under different distributed-RIS numbers in Fig.

13. Specifically, with fixed total available reflecting elements

N = 60, we change the number L of the distributed

RISs, and each RIS has Nl = N/L reflecting elements.

For L-RIS scenario, when L = 1, the RIS is deployed at

(1m, 0m, 3m); when L = 2, these two RISs are deployed

at (1m, 0m, 3m) and (9m, 0m, 3m), respectively, and each

RIS has N1 = N2 = 30 reflecting elements. When L = 3,

RIS 1, RIS 2 and RIS 3 are deployed at (1m, 0m, 3m),
(5m, 0m, 3m) and (9m, 0m, 3m), each RIS has N1 =
N2 = N3 = 20 reflecting elements. When L = 4, these

four RISs are deployed at (1m, 0m, 3m), (3m, 0m, 3m),
(6m, 0m, 3m) and (9m, 0m, 3m), each RIS has N1 =
N2 = N3 = N4 = 15 reflecting elements. When L = 5,
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Fig. 13: The sum rate performance under different distributed-RIS
number L with fixed total available reflecting elements N = 60,

each RIS has Nl = N/L reflecting elements.

these RISs are deployed at (1m, 0m, 3m), (3m, 0m, 3m),
(5m, 0m, 3m), (7m, 0m, 3m) and (9m, 0m, 3m), each

RIS has N1 = N2 = N3 = N4 = N5 = 12
reflecting elements. When L = 6, these RISs are de-

ployed at (0m, 0m, 3m), (2m, 0m, 3m), (4m, 0m, 3m),
(6m, 0m, 3m), (8m, 0m, 3m) and (10m, 0m, 3m), each

RIS has N1 = N2 = N3 = N4 = N5 = N6 = 10
reflecting elements. From Fig. 13, we observe that when the

total number of the available reflecting elements is fixed,

the number of distributed RISs has a significant impact on

sum rate performance. When L increasing, the sum rate first

increases due to the multiplicative beamforming gains obtained

through multi-reflection channels, and then decreases. This

is because with fixed total available reflecting elements, the

continuous growth of L will lead to a decrease in the number

of available reflecting elements per RIS, resulting in a smaller

passive beamforming gain at each RIS and finally a decrease

of the sum rate performance.

V. CONCLUSIONS

In this paper, we have investigated the cooperative beam-

forming design for multi-RIS-assisted multi-user communica-

tion systems. We have formulated a downlink sum rate opti-

mization problem for arbitrary reflection links. The formulated

problem is diffcult to solve due to the non-convexity and the

interactions among the decision variables, we have decoupled

the original problem into three disjoint subproblems. By intro-

ducing appropriate auxiliary variables in each subproblem, we

have derived the closed-form expressions for the optimization

decision variables. Based on these closed-form expressions,

we have designed a low-complexity cooperative beamformig

algorithm. We have carried out extensive simulation studies

and shown that the proposed algorithm has linear complexity

with the number of RISs’ reflecting elements. We have also

verified that the proposed algorithm achieves higher sum

rate with lower complexity compared with other commonly

used alternative approaches. The results have also unveiled

that appropriately distributing the reflecting elements among

multiple RISs performs better than deploying them at one

single RIS in terms of achievable sum rate.
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APPENDIX A

PROOF OF PROPOSITION 2

The optimization problem is

(P2.1b) max
W,ξξξ

f2.1b(W, ξξξ),

s.t.

K
∑

k=1

||wk||2 ≤ PT .
(37)

with

f2.1b(W, ξξξ) =

K
∑

k=1

√

α̃k

(

ξ∗kh
H
k wk +wH

k hkξk
)

−
K
∑

k=1

|ξk|2
(

K
∑

i=1

|hH
k wi|2 + σ2

0

)

.

(38)

First, when W is fixed, the partial gradient of f2.1b(W, ξξξ)
with respect to ξk can be expressed as

∂f2.1b(W, ξξξ)

∂ξk
=2
√

α̃kh
H
k wk−2ξk

K
∑

i=1

|hH
k wi|2−2ξkσ

2
0 . (39)

By solving ∂f2.1b(W,β)/∂ξk = 0, the optimal ξopk can be

derived as shown in (23). Next, with fixed ξopk , f2.1b(W, ξξξ)
can be rewritten as

f2.1b(W, ξξξop) =

K
∑

k=1

√

α̃k

(

ξop
∗

k hH
k wk +wH

k hkξ
op
k

)

−
K
∑

k=1

|ξopk |2
K
∑

i=1

wH
i hkh

H
k wi.

(40)

Considering the power constraint
∑K

k=1 ||wk||2 = PT , we

write the Lagrangian function of f2.1b(W, ξξξop) as

f
(L)
2.1b(λ,W, ξξξop)=

K
∑

k=1

√

α̃k

(

ξop
∗

k hH
k wk+wH

k hkξ
op
k

)

−
K
∑

k=1

|ξopk |2
K
∑

i=1

wH
i hkh

H
k wi−λ

(

K
∑

k=1

wH
k wk−PT

)

,

(41)

where λ is the Lagrangian dual variable. Taking the partial

derivative of f
(L)
2.1b(λ,W, ξξξop) with respect to wk, we obtain

∂f
(L)
2.1b(λ,W, ξξξop)

∂wk

=

2
√

α̃khkξ
op
k −2

K
∑

k=1

|ξopk |2
K
∑

i=1

hkh
H
k wi−2λIMwi.

(42)

Then, by solving ∂f
(L)
2.1a(λ,W, ξξξop)/∂wk = 0, we can get the

optimal expression of w
op
k in (22). For λop, taking the partial

derivative of f
(L)
2.1b(λ,W, ξξξop) with respect to λ, we have

∂f
(L)
2.1b(λ,W, ξξξop)

∂λ
= −

K
∑

k=1

wH
k wk+PT . (43)

By solving the equation ∂f
(L)
2.1b(λ,W, ξξξop)/∂λ = 0, i.e.,

∑K
k=1 ||wop

k ||2 = PT , we can obtain all the feasible solutions

for λop. Among all the solutions, the smallest one is chosen

since λ ≥ 0,
∑K

k=1 w
H
k wk−PT ≤ 0, and the dual function of

f
(L)
2.1b(λ,W, ξξξop), i.e., min

λ
G(λ) = min max

W,ξξξop
f
(L)
2.1b(λ,W, ξξξop)

increases with λ. Among all the feasible solutions, the smallest

one is selected since minimizing G(λ) equals to maximize

f
(L)
2.1b(λ,W, ξξξop). Finally, we can get λop in (24). �

APPENDIX B

PROOF OF PROPOSITION 3

The optimization problem is

(P3.2b) max
φφφl,εεε

f3.2b(φφφl, εεε),

s.t. |φl,n| = 1, n = 1, 2, ..., Nl,
(44)

with

f3.2b(φφφl, εεε)=
K
∑

k=1

√

α̃k

(

ε∗k(φ̄φφlzl,k + cl,k)+(z
H
l,kφ̄φφl

H
+c∗l,k)εk

)

−
K
∑

k=1

|εk|2
(

K
∑

i=1

|φ̄φφlzl,i + cl,i|2 + σ2
0

)

.

(45)

In (P3.2b), taking partial derivative of f3.2b(φφφl, εεε) with respect

to εk, we obtain

∂f3.2b(φφφl, εεε)

∂εk
=2
√

α̃k(φ̄φφlzl,k + cl,k)

− 2εk

(

K
∑

i=1

|φ̄φφlzl,i + cl,i|2 + σ2
0

)

.

(46)

By setting ∂f3.2b(φφφl, εεε)/∂εk = 0, we can get the optimal εopk
in (36) as

εopk =

√
α̃k(φ̄φφlzl,k + cl,k)

∑K
i=1 |φ̄φφlzl,i + cl,i|2 + σ2

0

. (47)

Substituting εopk into f3.2b(φφφl, εεε), we have

f3.2b(φφφl, εεε
op)

=

K
∑

k=1

√

α̃k

(

(εopk )∗(φ̄φφlzl,k+cl,k)+(zl,kφ̄φφl
H
+c∗l,k)ε

op
k

)

−
K
∑

k=1

|εopk |2
(

K
∑

i=1

|φ̄φφlzl,i + cl,i|2 + σ2
0

)

= −φ̄φφlPφ̄φφl
H
+ 2ℜ{φ̄φφldl + q1} − c1.

(48)

where

P =
K
∑

k=1

|εopk |2
K
∑

i=1

zl,iz
H
l,i, (49)

and

dl =

K
∑

k=1

√

α̃k(ε
op
k )∗zl,k −

K
∑

k=1

|εopk |2
K
∑

i=1

zl,ic
∗
l,i. (50)

Among the denotations, q1 and c1 are complex numbers,

which are given by q1 =
∑K

k=1

√
α̃k(ε

op
k )∗cl,k and c1 =
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∑K
k=1 |ε

op
k |2∑K

i=1 cl,ic
∗
l,i +

∑K
k=1 |ε

op
k |2σ2

0 , respectively. In

(48), the first term φ̄φφlPφ̄φφl
H

can be further expanded as

φ̄φφlPφ̄φφl
H

=

(L−l+1)Nl
∑

i=1

(L−l+1)Nl
∑

j=1

φ̄l,ipi,j φ̄
∗
l,j

=φ̄l,npn,nφ̄
∗
l,n +

(L−l+1)Nl
∑

j=1,j 6=n

φ̄l,npn,j φ̄
∗
l,i

+

(L−l+1)Nl
∑

i=1,i6=n

φ̄l,ipi,nφ̄
∗
l,n+

(L−l+1)Nl
∑

i=1,i6=n

(L−l+1)Nl
∑

j=1,j 6=n

φ̄∗
l,ipi,j φ̄l,j

(a)
= φ̄l,npn,nφ̄

∗
l,n + 2ℜ







(L−l+1)Nl
∑

j=1,j 6=n

φ̄l,npn,j φ̄
∗
l,i







+

(L−l+1)Nl
∑

i=1,i6=n

(L−l+1)Nl
∑

j=1,j 6=n

φ̄l,ipi,j φ̄
∗
l,j .

(51)

In (51), (a) holds since P =
∑K

k=1 |ε
op
k |2∑K

i=1 zl,iz
H
l,i is a

Hermitian matrix and satisfies pi,j = p∗j,i.
The second term φ̄φφldl of (48) can be further expanded as

φ̄φφldl =

(L−l+1)Nl
∑

i=1

φ̄l,idl,i = φ̄l,ndl,n +

(L−l+1)Nl
∑

i=1,i6=n

φ̄l,idl,i.

(52)

Substituting (52) and (51) into (48) and ignoring the con-

stant term c1, f3.2b(φφφl, εεε
op) can be rewritten as

f3.2c(φ̄l,n, εεε
op) =− φ̄l,npn,nφ̄

∗
l,n

+2ℜ







φ̄l,n(dl,n−
(L−l+1)Nl
∑

j=1,j 6=n

pn,jφ̄
∗
l,j)







+c2

(b)
= − pn,n + 2ℜ{φ̄l,nηn}+ c2,

(53)

where (b) holds since φ̄l,nφ̄
∗
l,n = 1 always holds and ηn =

dl,n−
∑(L−l+1)Nl

j=1,j 6=n pn,j φ̄
∗
l,j , the constant term c2 is represented

as

c2 =−
(L−l+1)Nl
∑

i=1,i6=n

(L−l+1)Nl
∑

j=1,j 6=n

φ̄l,ipi,j φ̄
∗
l,j

+ 2ℜ{
(L−l+1)Nl
∑

i=1,i6=n

φ̄l,idl,i + q1},
(54)

which is independent of φ̄l,n.

From (53), we obtain that maximizing f3.2c(φ̄l,n, εεε
op) is

equivalent to maximizing 2ℜ{φ̄l,nηn}, which gives rise to the

solution in (33). �

APPENDIX C

CONVERGENCE ANALYSIS OF ALGORITHM 1

In Algorithm 1, Proposition 1 ensures that the update of ααα
always produces an improving value, thus the objective func-

tion in (14) always satisfies f2(ααα
i,Wi−1,φφφi−1

1 , ...,φφφi−1
L ) ≥

f2(ααα
i−1,Wi−1,φφφi−1

1 , ...,φφφi−1
L ) in the i-th iteration.

For the BS’s transmit beamforming optimization, when ααα
and φφφ1, ...,φφφL are fixed, the function in (20) is a biconvex

problem with respect wk and ξk. For fixed W, the optimal

ξopk can be obtained by setting ∂f2.1b(W, ξξξ)/∂ξk = 0. For

fixed ξk, the optimization problem to get the optimal W can

be expressed as

max
W

f2.1b(W) =

K
∑

k=1

√

α̃k

(

ξ∗kh
H
k wk +wH

k hkξk
)

−
K
∑

k=1

|ξk|2
K
∑

i=1

wH
i hkh

H
k wi,

s.t.

K
∑

k=1

||wk||2 ≤ PT .

(55)

The corresponding Lagrangian function is given by

f
(L)
2.1b(W) = −

K
∑

k=1

|ξk|2
K
∑

i=1

wH
i hkh

H
k wi

+

K
∑

k=1

√

α̃k

(

ξ∗kh
H
k wk+w

H
k hkξk

)

−λ
(

K
∑

k=1

wH
k wk−PT

)

.

(56)

By setting ∂f
(L)
2.1b(W)/∂wk = 0, the optimal expression wk

in (22) can be obtained. Thus, f2(ααα
i,Wi,φφφi−1

1 , ...,φφφi−1
L ) ≥

f3(ααα
i−1,Wi−1,φφφi−1

1 , ...,φφφi−1
L ) is guaranteed.

With fixed W, the objective functions f3.2b(φφφl, εεε) in (31) is

solved by deriving the optimal solution for φφφl, l = 1, 2, ..., L
and εεε, respectively. Specifically, we get the optimal εopk by set-

ting ∂f3.2b(φφφ2, εεε)/∂εk = 0. Thus, we can optimize φφφl sequen-

tially according to (33). Based on the above analysis, we have

f3(ααα
i,Wi,φφφi

1, ...,φφφ
i
L) ≥ f3(ααα

i−1,Wi−1,φφφi−1
1 , ...,φφφi−1

L ) af-

ter the i-th iteration. Thus, the algorithm generates a non-

decreasing sequence.

To prove the convergence of Algorithm 1, we

also need to show that the sequence generated from

Algorithm 1 is upper bounded. As shown in (16), for

αk ≥ 0 and ααα = [α1, α2, ..., αK ]T , f2(ααα,W,φφφ1, ...,φφφL)
is an increasing function with respect to ααα. The

maximum value of f2(ααα,W,φφφ1, ...,φφφL) with respect

to ααα is achieved by setting αop
k = γk, leading to

f2(ααα,W,φφφ1, ...,φφφL) = f(W,φφφ1, ...,φφφL). This shows

that f2(α,W,φφφ1, ...,φφφL) is upper-bounded by the original

objective function f(W,φφφ1, ...,φφφL). Since γk ranges from 0
to γmax

k , f(W,φφφ1, ...,φφφL) must have a finite upper bound.

Thus, Algorithm 1 generates a bounded non-decreasing

sequence and hence converges. �
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