TERMINAL CONTEXT IN

CONTEXT-SENSITIVE GRAMMARS+

by

Ronald V. Book

10-71




TERMINAL CONTEXT IN

CONTEXT-SENSITIVE GRAMMARS+

by

Ronald V. Book

10-71

Center for Research in Computing Technology
Harvard University

Cambridge, Massachusetts 02138

This research was supported in part by the National Aero~
nautics and Space Administration under Grant No. NGR-22-007-176
and by the National Science Foundation under Grant No. GJ-803,
Part of this research was performed while the author was visiting

the Department of System Science, University of Califormia, Los
Angeles.



Terminal Context in Context-Sensitive Grammars
by

Ronald V. Book

Abstract

If every nén-céntext-frée rule of a context-sensitive (with erasing)
grammar has as left context a string of terminal symbols and the left
context is at least as long as the right context, then the language
generated is context-free. If every non-context-free rule of a context~-
sensitive (with erasing) grammar has as left and right context strings

of terminal symbols, then the language generated is context-free.



Introduction,

It is well-=known that the family of context-sensitive grammars
generates languages which are not context-free and that it is un-
decidable whether a context-sensitive grammar generates a context-free
language. However the mechanism by which the use of context allows a
non-context~free languagé to be generated is not well understood (in
fact, the question itself is vague: what does_context do for you?)o
In this paper it is shown that when certain nontrivial constraints are
placed on the form of the rules of a conﬁext-sensitive (with erasing)
grammar only context-free languages will be generated. These constraints
involve the use éf terminal strings as part‘of context. The first
restriction is that for evefy non~contekt-free rule, the left context is
a string of terminal symbols which is at least as long as the (arbitrary)
right context. (It is shown that the length restriction cannot be
weakened.) The éecond restriction is that both left and right context be
strings of terminal symBols.

If one is constructing a context-sensitive grammar to generate some
non—context-free language, then one often proceeds as if context can be
used to "store and transmit" information. Thus one builds rules so that
"messages' or "pulses' are transmitted along a string in the course of
the derivation. Sometimes this effect is achieved by building a grammar

which imitates the action of a Turing machine; hence, the action of the



read-write head must be imitated as it fravels back and forth across
the tape. |

The 'ability to send messages" has mot been formalized'in such a
way as to explain "what context does for you,' although some properties
of the structure of derivations have been studied [1,5,6]}. However this
notion does provide an intuitive "handle" for studying some questiomns
and for gaining perspective on some results on context-sensitive grammars
an@ languages.1 The results established in this paper may be interpreted
as constraining the "meséage-sending" capacity by means of strings of
terminal symbols which act as "barriers’” when used as context.

There are two somewhat related results in the literature. Hibbard
[7] has shown that if G = (V,Z,R,X) is a gramﬁar énd < -as a partial

order on V with the property that for every rule Z....2_~> Y ...Yq

1 p 1

in R, there exists ¥ € {Y.,...,Y } such that for every Z e {Z ,...,Z2 J,
1 q P

1

Z <Y, then L(G) 1is context-free, Ginsburg and Greibach {[4] have shown

&

the

-ty

that if G = (V,L,R,X) 1s a grammar such that every rule in R 1is o
form p » © where p e (V-2)* and 0 ¢ V*ZV*9 then L(G)} is context-
free. Both of these results may be interpreted as contraining the "message-
sending" capacity by erecting "barriers." Neither result‘apﬁears to imply

or be implied by the results established here.

There are two other approaches to these problems. In [2,8,9,10] it is
shown that for an arbitrary grammar certain types of derivations yield only
context-free languages. Also, one can consider "regulating' the application
of rewriting rules, such as in matrix grammars, programmed grammars, etc.
See [11] for a summary of results in this area. A




Section 1,

For the most part the notation used in»this paper is that of [3] and
the reader is referred to [3] for facts about context-free languages,
regular'sets, and gsm mappings. However there are certain cbnventiwns
which need to be emphasized here.

A grammar is quadruple G = (V,I,R,X) where V is a finite set of
symbols, [ CSV‘ is the set of terminal symbols, X e V = Zm' an& R is

a finite set of rewriting rules (productions) of the form Q1Y eeel Y O .

wo ol W QO

X - ‘* -7 - e B
vy n n n+l e L%, vy € (V=-20)"(V =1}, W, € V*, and

with each o

for some 1, W # yl.2 If p >0 ¢ R, then for any a,B8 ¢ V*, write

i

apf => aO8 and say that the rule p -~ O 1is applicable to the string
apB and that p - 0 transforms apB. A derivation in G is a sequence

FO,TI,..ﬂ,Fn ¢ V¥ such that for i = Iseveshly = Fi. The transitive

Tia1

reflexive closure of => is <>, The language generated by G is

L(G) = {we £¥ | X == w}.
1f 6 = (V,i,R,X) is a grammar and T=> Ty 7= «ee =T 1s a

derivation in G, then a production sequence [5] for this derivation is a

. n _
sequence of n ordered pairs, {<(Bi,Pi,Ci),(Bi,Qi,Qi)>}i=l where for

i = . = ] = -> . R.
each 1 . 1ye00,04 BiPiCi Fifl’ BiQiCi .Ti, and Pi Q1 €

A grammar G = (V,I,R,X) is Type O (br context-sensitive with erasing)

E % .
if each rule in° R is of the form aZB - ayB, o,B,y eV, Z gV - L,

2For any set T  of symbols, T* is the free semigroup with identity
generated by T.



It is well-known that a set L is recursively enumerable if and only if
there is a Type O grammar G such that L(G) = L.

A grammar G = (V,Z,R,X) 1is context-free if each rule in R is of

. ' ‘ ® :
the form Z+vy, ZeVa~L, veV . (In any grammar a rule of this form
is called a context-free rule.) A language L is context-free if and only

if there is a context-free grammar G such that L(G) = L.

The length of a string w is denoted by lw



Section 2.

In this section we establish Theorem 1 below and show that the

hypothesis cannot be weakened.

Theorem 1. Let G = (V,I,R,X) be a Type O grammar. If each non=-context=
free rule inv R is of the form oZB »+ ayB where ua ¢ Z*, ZeV~-1L,
8,y € V¥, and [af > !6{, then L(G) 1is context-free,

A non-context-free rule in R has left context which is a terminal
string and right context which is no loﬁger than the left (no other
restriction is plaﬁed on the right context). These two réstrictians imply
thgt a "message".cannot be "transmitted" to the left over a string of
symbols longer tham 1 + ﬁ(m+l)/2 where m = max{!al | aZB > ayB & Rl.
Thus any w e L{(G) can be generated by a derivation such that at each
step the transformed symbol is no farther than m(m+l)/2 from the leftmost
nonterminal symbol in the string being transformed--hence, L{G) is contextw
free, 1In order to prove this, we first state some definitions and review
some facts about grammars and languages.

Let G = (V,I,R,X) be a grammar. For [,% e V¥, ¢ > 1, if I = ¥
where T = aZ...YB, Z 1is the leftmost nonterminal symbol in T (i.e.,

@elf* and ZeV - L), Y 4is the transformed symbol in T = ¥, and '

|z...Y| <t, then T = ¥ is t bounded. If T'= ¥ is t Dbounded,
then it is r bounded for every r > t. A derivation is a t-bounded

derivation if each step is t bounded. For any ¢ > 1 LEFT(tgG) =



{w e ¥ | there is a t-bounded derivation X = ,,. => w in G}. Clearly,
for ever& € > 1, LEFT(F,G)‘E L{G). 1In [2,8] it is showmn that fdr any
grammar G and any t > 1, LEFT(t,G) is a context-free language.
For any t > 1, let M(t) = t(t+l)/2. For a Type O grammar G = §V929RQX}$
let m = max{|a| | aZB ~ ayB € R} and let M.o=1+ M(m); If G satisfies
the hypthesis of Theorem 1, then for any rule aZB - ay8 ¢ R,
[8] < M(|B]) < M. since la| > |B|. To prove Theorem 1 we shall show that

LEFT(M;,6) = L(G) so that L(G) is context-free because LEFT(M,,G) is

context-free.

The formal argument provinnghEQrem 1 is based on the foilowing
observation:
(i) Comsider HOZX) o0 oX where wH,a € I¥, Suppose one wishes to
apply the fule GZB + oyR in order to transform Z. Consider

Xpeerx o If B is a prefix of xj...x, then this rule can be

b

applied. If not, then other rules must be applied to XpoeoX

in order to obtain a string with B as prefix.
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(ii) Suppose.that g = x

l...xq where ¢ < n and that some rule

SO

1 n

must be-applied to x +1

+».X_ in order to transform X
that eventually § is obtained as a prefix. Fufther, suppose
that the rule to be applied is a context-sensitive rule, so
that its left context is a suffix of xi...xq (since Z eV - L,
Z cannot occur as part of terminal left context). Thus the
rule to be applied must have left context which is shorter than
g+ 1< |&{. But [o] > i8] so that the left con;ext-of this
rule is shorter than a.

(iii) By induction, it is seen that if it is possible to apply rules
L0 XjeeeX in ordervto obtain a string with B8 as prefix,
then it is possible to do this by transforming symbols that are
no farther than 1+2+...+la§ from Z, so that each step in
the resulting derivation is M(ja|)+l bounded . Since
MG >1+ M(ial), the resulting derivation is 'MG bounded.

| The result of these observations is argued formally through two

lemmas (the proof of Lemma 1 containing the main argument). The theorenm

then follows easily.
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Lemma 1. Let G = (V,Z,R,X) be a Type O grammar which satisfies the

hypothesis of Theorem l. For any 8 e V¥ and any n > 1, if

FO==> B Fn is a derivation of length =n in G such that ¢

is not a prefix of FO but is a prefix of Fn, then there exist

* ‘
I - — -3 -y
AO,n..,H eV such that HO = PO’ n =T, HO==> eee => I is &

derivation of lemgth n in G, and the step Iy=>1, is M(|B]) bounded.

Proof, Since B8 1is not & prefix of FO’ B # e. The proof procesds
by induction on fBi.

(1) For any n > 1, let T0:=> vee => Tn. be a derivation of length

. n . >
n in G, let {<(Bi’Pi’ci)’(Bi’Qi’Ci)>}i=l be a production

sequence for this derivation, and let Tg = Yjeeo¥y, €21,

each Yi e Vo If |[8] =1, then B e V. Since B is not a

prefix of T, = Y....Y

o 1 B # Yl. But B8 1is a prefix of T

t’

3

so that there is some step in FO==b oo o == Fn which transforms

Yle Hence, Y1 e V-2, Thus Y, does not occur as part of

1

the left c¢ontext of any rule in R (sSince such context is in

Z*). Let Tee1 = Tp be the first step which transforms Yl”

Since Yl is the leftmost symbol in YO and since T, . =>

is the first step which transforms Y19 for each 1 = 1,...,k

Y is the leftmost symbol of T

= " ¥ iy Y i Il
1 BiPiCi Thus cannot

i-1 1

be used as part of right context for any of the rules Pi > 0.,

1 <1i<k-1. Hence for each 1 = 1,...,k~1, Bi = YlDi for

some Di € V%, Bk = e, and Pk -+ Qk is a context-free rule



with P, = Y., Thus the derivation 1 = .,, = I can be
k 1 0 n
constructed by first applying Pk -+ Qk to Yl in Tog then
3 > o N 3 — — - ) L.',‘I::,;p T R
1m1tat1qg the derivations FO D e TP rk—l and Tk =L, n

Since Yl is transformed by HO = Hl, this step is M(|B|) = 1

bounded. - The construction of the derivation HO = ir
i

is carried out below.

et Dy =e Thus Ty = Bi®e1Cie1 ® YPie1%erCien
and rk—l = BkPka = chk so that Ck = nk—lqk-lck—l° Comstruct
Mgseoasll as follows. Lel Bl =e, BPj=Y =7, 0 =q,
and Cl = Y,...¥ = DlPlcl;»iet N, = BIPIC} = P,D.P.C. and

&= ’ ¥ § = p = ‘ -
My = BjQ;C; = QD.?;C; so that Ty =Y ...Y =T, and

HO = Hl' For j = 2,...,k, let BJ’, = Qij_l, PJﬁ = Pj“lg

Qg = Qj-l' Cé = Cj-l’ and Hj = B%Q%C% . Then BéPéCs =

QDPC; = I, and for j = 2,...,k, T, = BSQECS = QD 0. ¢ ;=
QDP.C, = 55+IP§+1C3+1 (since T, , =B, ,Q, ;C, ;=

k= Py Qg By = 8 =
T.. Thus
1

Y.D, .Q. C. . = B,P.C.)s Thus I
1 J‘lQJ'l j-1 373 J)

Tk. For i = ktl,.eoon, let I

]

i

#

M, = .= ] = Py = ees = 1

T is a derivation of
0 k n

length n in G, I, =T

is M(|8]) = 1 bounded.

and the step I, =» 1

0° n n’® o0 = 1

(ii) Assume the result for all B e¢ V¥ such that 8] < r for some

r>1, all n >1, and all derivations of length n in G.



(iid)

Consider B € V¥ such that !B! = r and a derivation
FO =P ., T Tn of length n in G such that B is not a
prefix of TO and £ 1is a prefix of Fn. Let

n 2 - ol G e
{<(Bi’Pi’Ci)’(Bi“Qi’Ci)>}i=l be a production sequence for this
derivation, Let PO = Yl"'Yt’ t > 1, each Yi e V. 1If some

step of FO=:¢ ose =D Fn transforms Yl’ then the argument is

just as in (i). Suppose no step of T,= .,. = r transforms

0

any part of Yl"°Yq-l for some ¢ < t but some step transforms

Yq. Since £ 1is mot a prefix of TO = YI"'Yt’ this implies
q < i63= r. Since Yq is transformed at some step, Yq g Vo= I,
Let Fk—i = T be the first step such that Yq is transformed.
Since no part of Yl“'yq-l is transforged in Ty= oo =T
and Y € V -~ £, no part of Yl"'Yq can serve as part of left
i : :.$ ﬁ00=> I‘ (]

context in any step of FO k-1

If the rule applied in Fk_ltzj Tk is a context-free rule,

then the argument is just as in (i). If the rule used in

Tk—l::b rk is a non-context-free rule, say aquaz > o YO,

then by choice of 9, @; must be a suffix of Yl““'yq»I” and

1 ’ i - - ) v - -
s0 !ql‘ <q=1<gq < [8] = r. Thus Iyeq = By PyCy where

P, = a.¥Y o

Kk 7% Y.o..Y If B a,Y o is a prefix

and Bpag = ¥pee Y- k*17q%2

" of Tys then the argument is just as in (i), applying

aquaz > aqve, first and noticing that this stgp is

q < {8l < M(|g]) bounded.




If Bkaquaz is not a prefix of T

the application of rules in T

0

= ...:'::.> I‘

0

symbolsAin FO = Yl”.Yt to the left of Yq+1

k-1

i

use no part of B . a,Y

*1Yq Yi"‘Yq as context.

, then by choice of

transform no

q

and these steps

Thus for each

i=1,000,k-1, BKuqu = Yl"'Yq is a prefix of Bi’ say

B, =B o.Y D, for some D, ¢ V*. If for some 1 = 1,...,k-1,
i k'l'q i i

Ai-l = DiPiCi’ and Ak—l k—le 1 k 1° then AO =P 60 = 4,

| 2551

is a derivation of length k-1 in G (with production sequence

k-1
{<(Di,Pi,Ci)g(Dﬂ,Q.,C.)>}.= )} such that o,

of A but «

0 2 is a prefix of & Since

k=-1°
is a rule in R, [al[ azl. Also, iali

iazi <'r and k-1 <n so that the induction

to the derivation AO:=> oo T Akyl and the
is, there is a derivation V0:=> cve = vk—l
G such that V., = A v = A and the

0 0 k-1 k=1°
M(lazi) bounded.

Construct the derivation I = ,,, = Hn

v

]

[
5]
0
j=p
e
¥

= lgsco’k"l, let Hi k l q i

Now HO = BkalY VO B alY AO = kalY Dlplcl

it = B a Y V =B o a, Y D

<

B,a.Y V., so that I

is not a prefix

dqua

2

gl "2
1Y%

< r, Hence,

hypothesis applies

string

o that
219

of length k-1

step Vd =

as follows, ¥

0

k=1 T BT Vee1 T BT otker T B Y Pr-1%e1Cker T

= T For 1 = k,...,n, let

o1 %e-1%-1 7 Tier

[y =1

0 P e => I = T, and T

0o~ k-1~ Tk-1 x = I

so that Iy=> ... 0_. Further, the step

I, =T
i

HO =» I

= ¢ o a

= see = [l =L g
o

1

Thus,

-

o

is

1

o o
ESNY

is

or



=t
<N
@

lBkaqul + M(]azﬁ) bpunded since VO==? Vl is M(]azg)
bounded, But §ququf = q < [8] and lazl < lall < |8 so

that inuqul + M(imzl) : M(1B]). Thus gy => Hl is M(|8l)

bounded. O

Lemma 2. Let G = (V,Z,R,X) be a Type O grammar which satisfies the

=D .. = [ = W

1 i}

is a derivation in G such that there is a least t where the step

hypothesis of Theorem 1. For any w e L(G), if X=> T

. . . * )
=> it [
Tt rt+l is not MG bounded, then ;here ex1s; nl’“"’“n e V such

that X = 0, = ,..,=> Hn is a derivation in G, Hn = w, and the

1
derivation X = Hl > .. = Ht+l is MG bounded.
Proof, Let T_ = a,...a 2...,.2 where each a, € L, each Z ¢ V,
_— t 1 pl q i ]
and Zl €V - L, Since the step Ft => Pt+l is not MG bounded,

. ¥* %* %
Z,...2 # e, Since X == I _=+=> T and [_ =we L, there is some first
2 q B n n

step of Ft::> ces T2 Fn which transforms Z Let Fj==5 Fm+ be that

i+l

seed Z., SBEYVES as
p 1

l‘

step, so that t < j. Since Z, ¢ V - L, no part of a

1 1

part of the left context of any rule applied in Tt::> vos =P th‘ Since

Zl is the leftmost nonterminal symbol in each of rt'rt+l"'°“rj’ no part

of a .a_Z., serves as part of the right context of any rule applied in

1.. pl

Ft = .. = Fj. Thus, as in the proof of Lemma 1, the derivation

X = Hl T o, = nn can be constructed by rearranging the order of

application of rules in the derivation Tt:=> vei T Tj.
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In particular, if the rule applied in. Fj => Tj+l is a context~free

rule Zl + vy or is a context-sensitive rule aZIB > avyf and Ft =

Q.00 Z,oodZ = a

1 %1 q 1 Z , then this rule can be

o.-ap QZIBZEBI_‘_ZoQO q

-|al

applied to Ht to yield Ht+ = a ...apyZ Awhere ﬂi =T  for

l 2.’..Zq, i

i=1yeee,tyj+l,eeayn, and I

1

. +2,...,nj 41 are obtained from

Tt = ., = Fj just as in the proof of Lemma 1. In this case the step

Ht = nt+l is l-bounded.

If the rule applied in Fj => Tj+l is a context-sensitive rule
uZlB -+ ayR and aZlB is not a prefix of Tt, then § is mot a prefix

of Z Z. but is a prefix of 6 where Tj = 0Z, 8, Since the rules

200+ %g 1
applied in‘ Pt 59 e Tj use no part of al...ale as either left oy
right context, ﬁﬁié sequence of rules can be applied to ZZ.HZq to obtain
§ im a derivation of length j=t. By Lemma 1 this derivation cam be
converted to another derivation ZZ"’Zq = ,,. = & of length j~t such

that the first step is M(8) bounded. From the latter derivation (just

as in the proof‘of Lemma 1), Ht = ., = ﬂj is obtained such that

= it = 1 i M + 1 <M bounded.
Ht Tt, Kj = fjg and the step Ht e+l IS (R} < Mg unded
Letting Hi = Ti for 1= ljseu,t=lyj+l,e.0,m, oOne obtains derivation
X=> [I. ==> ... => I =T = w where the derivation X = [, = ... = I _ .
i n n i 1

is MG bounded. e



b
B e

Proof of Theorem 1.

For any w € L(G), consider any derivation X:=»> I, = ,,,==> [ =w

1 !

in G. Either this derivation is MG bounded, or applying Lemma 2 at
most n~-2 times yields a derivation X =» Hi ED ., = Hn =w in G
which is M. bounded. Hence w ¢ LEFT(,G) . Thus L(6) € LEFT(M_,G) <

L(G). Since LEFT(M,G) is context-free, L(G) is context-free, o

Llet G = (V,z,R,X) be a Type O grammar which satisfies the hypothesis
of Theorem 1, so that if uZB -+ ayR £ Ry, then idi > iBi. 1f this
restriction on length is weakened, then L(G) is not necessarily contexi-
free. To see that this is true, note that there exist Type O grammars
G = (V,2,R,X) such that each non—context-frée rule is of the form
ZY + Z2'Y where Z ¢ V-3, and 2',Y ¢ V, and such that L(G) is not
context—free? With no loss of generality, assume that in such a grammar
G, each context-free rule is of the form Z » y where ivl < 2. let ¢

be a mew symbol not in V, B = I {c}, and vy = vu{el. Let

3’I'his fact has been'observed by L.H. Haines and others.
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Ry ={z>e|z>eerlUfiz>y]|2,Yev,z>yeRrIU

{Z > e¥jeYoe, 2 > e¥ie¥,, 2 > cY,¥,, Z > chYzc,

Z > YeYe, Z>Y Yo, 2> Y1°Y2 | Z,Y,,Y, € V, Z>Y

{cZeY + cZ'eY | 2,Y,2' € V, Z¥ + 2'Y ¢ R}.

le e RIUJ

The grammar Gl = (Vl,Zl,Rl,X) is such that each non-context-free rule

is of the form «Zf > oyR where o ¢ Zl and 1= |a] < 8] = 2. 1f

[
®
o
<}
=1

he Zi > ¥ is the homomorphism determined by defining hic)
for every a € I, h(a)yﬁ a, then clearly h(L(Gl)) = L{G). Simce L(G)
is not context-free, L(Gl) is not context-free. Henée, the length

restriction cannot be weakened,

It should be noted that the thé;ry of phrase-structure grammars or
rewriting systems is symmgtric with respect to left and right. Hence,
if the restriction on the form of the rules in Theprem 1 is altered to
aZB -+ ayB where B € E*, ZeVe-IL, a,ye V*, and ial < iSE, then

again L{(G)}) 1is context-free.
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Section 3.

This section is devoted to showing that if the rules of a grammar
have only terminal strings as context, then the language generated is

context-free. Formally, this is stated in the following theorem.

Theorem 2. If G = (V,Z,R,X) is a Type O grammar such that every non-
context-free rule is of the form «Zf - ayR where a € ¥ and g e 5¥ s

ZeV -3, then L(G) is context-free. .

Intuitively one sees that "messages' cannot bé transmitted over
sufficiently long terminal strings and here it is only terminal strings
which are allowed as context. However, the formal proof of the theorem
is based on a lemﬁa which allows one to reduce the length of terminal

context, so that by repeated use a context-free grammar is generated.

Notation., For amy Type O grammer G = (V,IL,R,X}, let LG = max{iaﬁ |

aZB + ayf € R} and R, = max{|8| | a2 » oyB € R},

Lemma 3. Let G = (V,I,R,X) be a Type O grammar satisfying the hypothesis

of Theorem 2., If RG > LG and RG > 1, then one can construct a Type O

grammay Gl’ a regular set T, and a gsm f such that

(i) Gl satisfies the hypothesis of Theorem 2.

(i1) RGl =R, - 1 and LGl = L., and

(iii) f(L(Gl)fl T) = L(G).4

S

4See {3] for definitions and facts about regdlar sets and gsm's.



=
5
o

Proof of Theorem 2.

The theory of phrase-structure grammars is symmetric with respect to

leftr and right, so that Lemma 3 still holds if R, and Lg (and Ry

and LGl) are interchanged throughout--refer to the result as Lemmz 3'.
vGiven' G as in the hypothesis, applying Lemmas 3 and 3' m = RG + EC

times yields a sequence G G_  of grammars, a sequence TiseeesT

m

l,o-s,

of regular sets, and a sequence fl”"’fm of gsm's such that for

i =1,e00,m, fi(L(Gi)’W Ti) = L(Gi—l)’ where GO = G and Gm is context-

free [since L, = R; =0 implies G_ is context-free]. Since the
Gm m m

family of context-free languages is closed under intersection with regular
sets and under gsm mappings, this implies that L(G) = L(GO) is context-

free. [}

The proof of Lemma 3 rests om the following observation. If

X = Tl TP .. =D Tn is any derivation in G and some Fi has a terminal

substring of length RG of greater, then every step of Pi =y, L

£

either transforms a symbol to the right ¢f B independent of what iz to
the left of £ or transforms a symbol to the left of 3 independent of

what is to the right of B.
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Proof of Lemma 3.

Without loss of gemerality, assume that every non-context-free rule
in R either has left context but no right context, or has right context

but no left context. Partition the set R as follows: let

{(Z>yeR| zZeV-~23},

Sl=
§, = {aZ > ay e R laet*, zev-2, and |a| < RG},
83 ={aZ+ayeR | ac ¥, Z eV - I, and ]ui = RG},
S,={z8+>y8eR|Z2eV-1I, 8er* and {8] <R}, and
§5;={z8>y8eR|ZeV=-1,8¢1* and [g] =R},
For each # ¢ I* such that Bt = R, and there exist Z ¢ V - L, v ¢ g*
: G
with 28 - y8 € Sy, let [8] be a new symbol, and let L, be the set of
such new symbols. For each such g, let B8 be the prefix of B of

~1
length iSI -1, i.e., if g = ¢a where a e L, then 8'1 = §; since

[8] = Rgs {831 = R - 1.
Construct the grammar Gl = (Vl,ZL)ZI,Rl,X) as follows. Let

V1 =V U El.

Let Rl = (R =~ SS)L) U50 From the construction it is clear that G; is a

Let Uy ={28_; »vB_;[BIB_, [ Ze V-1 and Z8 - v6 e 5.}

Type O grammar such that LGl = LG and RCl = RG - 1.



fut
bﬁaﬁ

Let T= (GU(Y (g {8})*8 .[B}B))* so that T is a regular
{B]EZL -1 -1

set. Let f be a gsm which yields the identity mapping on I wuntil

a symbol [B] e Zl is scanned. Strings of the form [B]B_i are erased

and f returns to its initial mode of operation. Any other operation

outputs "garbage'. Hence for any [B] e N and any n > 0,

n+l

f(B_l([B]B_l)n[B]B) = 8_;£((BIB_y) "7a) = B_ja =5 where ae I and

8 =8_ja. Also, f(w) =w if and only if w e I¥,
Before proving that f(L(Gl)f\T) = L(G), let us informally explain

the construction of Gl and the role of T and f., Since R = S5 =

Ry =Ug and Uy is a "ecopy" of Sc, it is enough to explain the use of

rules in Ug. When a rule z8_; > yS_l[S]B-l is applied to a string

EZ(B_I[BI)tB_lF to obtain Ey(ﬁ_k{B])t+lB_l F, one "guesses" that £

is a prefix of B_lF so that an application of Z8 » y8 in G is being
imitated. The new occurrence of the symbol [8] serves as a "marker" to
indicate this guess and also as a "barrier" so that further steps take

L. . : S < O . 4l
place either to the right of (g_,[81) or to the eft of ([BIB_)) v,

fa)

The ''mew' copy of _1 in YS_IESEB_I is available for use as right contex:

in the future application of some rule. The '"old" &g ; cam still serve as

part of left context, since if 38 = B one still wishes to be able to

-12»
apply a rule such as 6aY + 6av if such a rule is in R. By hypothesis

L. < RG’ so that lﬁai < iBi = RG. Hence if one were able to apply this
G = - ,

rule in a derivation im G and if the guess that 3 1is present is correct,



then one can still apply this rule in an "imitating" derivation in G, ==
the symbol [B] doeé not cause a conflict since f{8]8~la§‘= 1+ |8
1+ 8] =1+R&, > L. |

The regular set T serves as a "filter" to restrict attention to
terminal strings which do have substrings in (B_IEB])t+lB -— i.e., to
check that the guesses were‘correct. The symbol ({B] also serves as a
marker to tell the gsm to erase the substring [8}8_1.

The equality f(L(Gl)€\T) = L{G} 1is established by showing that a
derivation in G resulting in a string in L(G) caﬁ be imitated by a
derivation in G; resulting in a string in L(Gl)n T, with the role of
f being obvious. The inclusion f(L(Gl)ﬂ T) € L(G) is somewhat more

complicated only because a derivation in G resulting in a string in

1
L(Gl)ﬁ T may need to be "re-arranged" in order to be imitated in G -~
the "guess” may have been made too soon. The proofs of these inclusiocns

are only sketched since the detailed induction arguments do not yield any

additional insight.

Claim 1. L(G) £ £(L(6) N D).

Sketch of the proof. It is sufficient to show that derivations in G

can be imitated in Gl such that any resulting terminal string is alsc in

T. Derivations in G which do not use rules in S5 can be considered to

be derivations in Gl and L(G) = £* < T. Thus one need be concerned only

with those derivations in G which do use rules in S..
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£e2
5

The set R1 of rules of Gl contains all the rules in R - § a8

Ln

A rule in U is of the

well as the set Uy, which is a "copy" of S 5

5.

form zg_, = aB_IEB]B_l where Ze V-2, B.¢el, |B

-1 = R -

_ll G -

and 28 > yB 1is in SS' Hence the symbol [B8] is generated only as part

of a string B 1{8}8 1 If one "imitates" a derivation of G in G., then
- - A

to imitate an application of ZB8 - ¥R, the rule ZB_1 - YS_l{B]B_l in 55
is applied to a string 612(3_1[8})k862, k > 0, to yield dly(ﬁ_liﬁﬁ}ﬁﬁ&ﬁd

B

so that [B] 1is generated as part of (8_1[8])k+18. Thus it is easy to

see that if X = T] = e = r, is a derivation in G with I € F,

then one can construct a derivation X = JI. => ,,, = Hn in G with

1
. * . ’ - “' . o
Hn e (ZL}El) such that Hn e T and f(Hn) e Hence, L{(G) <

f(L(Gl)f\T). o

Claim 2. f(L(Gl)f\T) < L(G).

Sketch of the proof. It is sufficient to show that derivations in G,

e

which generate strings in L(Gl)n T can be imitated in G. Such derivations
in Gl generate strings in L(Gl) N £* 4f and only if they use no rules

from US' But clearly such derivations are already derivatioms in G, s¢
L(Gl)iﬁ ¥ < L{G); also, f(L(Gl) N H= L(Gl)/q 5%, Hence one need

consider only those derivations in G which use at least one application

1

of a rule in US'



Suppese X n>‘Tl = . TP Pn is a derivation in Gl such tha

Y
s

he

£

r e L(Gl):ﬁ T and such that for some k < n the rule applied at

: . ' f 0
step T, , = Pk is a rule in Ug. let \<(Bi’Pi’Ci)°(Bi’Qi’Ci)>}iﬁl

O
- { <3,

be a production sequence for X — T K

¥ Lo > [, and let P
1 n

be ZB~1 - yB_l[B}B_l, where Z e V - I and 8_1 e ",

If Pka = 2(8_1[8])t8D for some t i 0 and D e Vi ., then in

the "imitating" derivation X = Hl TH el T Hn in G, the rule

. «,4»,_.1”‘
28 > Y8 can be applied at the step T, = N. Since £((&_ 181"

1
. t+1 . ;
8, the substring (8_1[8]) B of T is mapped onto the appropriate

substring B8 of I

kl
Suppose for some t > 0, Z(B_l[s})ts_l is a prefix of Pka but
for every m > 0, 2(8-1[8})m8 is not a prefix of P, C ., Let anﬁ =

be the first step which generates an occurrence of [B]. Since no rule o

Rl has any symbol of Zl on.its lefthand side and since iB

-1 7 e,

one loses no generality by assuming that for some m, q < m < n every

step of Fq D e 2D Fm transforms a symbol to the left of [B] and

1

every step of Fm =P vee T Tn transforms a symbol to the right of [3

Since Tn ¢ T, the derivation Pm=rb soe T Fn produces a substring

{g}g. Hence in the imitating derivation X = nl TH e TP Hn in G,

io TP e A imi T 4. = so that
the portion Hq—l > => nq—1+n-m imitates Fm Tn

when imitating Fq = Tq, the string B8 1is available to use as right

context. This step is imitated by I and then

qg-1l+n-m e Hq+n--m

' = o0 5> T is imitated by 1

‘:~>...'—'>H-‘EI
q m gn-m n

4w



A construction similar to that in the proof of Lemma 3 can be used
in conjunction with the result of Ginsburg and Greibach cited in Section 1

to establish the following generalization of Theorem 2.

Corolliary. If G = (V,I,R,X) is a grammar such that every non-context-
free rule is of one of the forms
. ‘ . *
(1) ap > a8 where o e ¥, |al >1, and pe (V- D)7,

(1i) p8 + OB where 8 e I*, [B] > 1, and o e (V - )%,

v

then L{(G) 1s context-free.

There is one further restriction which generalizes the hypothesis of
both Theorems 1 and 2, that is, let G = (V,Z,R,X) be a Type O grammar

such that evéry non~context~free rule is of one of the forms

hY
ko n

(1) ozZB > ayB where a« eI¥, ZeV=-1I, B,ye V¥ and o > 5,

(ii) oZf + oyR where B & 2*, ZeV=-=2, o,ye€V, and [a] < |[B].
Thus it is required that either left or right context be a terminal string
and in either case, the terminal context has length at least as great as
the other context., We conjecture that this restrictdon forces the language

generated to be context-free.
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