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Abstract. Time-optimal control problems for a class of linear multi-input systems are consid-
ered. The problems are regularized and the asymptotic and monotone behavior of the regularization
procedure is investigated. For the regularized problems the applicability of semismooth Newton
methods is verified. First numerical tests are presented which show that the proposed approach is
different from other methods in that it does not rely on a priori information about the switching
structure.
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1. Introduction. This paper addresses time-optimal control for a class of linear
multi-input controls systems for ordinary differential equations. Due to their practi-
cal relevance and inherent structural difficulties, time-optimal control problems have
received a considerable amount of attention for decades. Much of the literature up
to the late 1960s is covered in [HL]. Many recent results can be found, or are refer-
enced, in [BPW, KLM, MO]. Time-optimal control for infinite dimensional systems
is considered in [Fa], for example.

The optimality system associated to time-optimal control problems with pointwise
constraints on the controls is complicated due to lack of smoothness of the optimal
controls. In fact, the first order optimality system for time-optimal control problems
contains a multivalued operation which impedes the use of fast numerical methods.
For this reason we introduce a regularization to the time-optimal problem. In sec-
tion 2 the behavior of the solutions of the regularized problems as the regularization
parameter ¢ tends to zero is investigated. In particular, monotonic structure of the so-
lutions with respect to € is shown. An optimality system for the regularized problems
is derived under a condition which is stronger than controllability and weaker than
normality. The optimal controls of the regularized problems are W1> regular and
converge to a minimum norm solution of the original problem as the regularization
parameter tends to zero.

The optimality system of the regularized problems is still not C'*, and thus second
order methods with local quadratic convergence order are not directly applicable.
However, sufficient conditions will be obtained in section 3 which imply that semi-
smooth Newton methods [IK2] are well-posed and locally superlinearly convergent.
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Section 4 contains a brief description of numerical results. We compare the cho-
sen regularization to an alternative one, which has stronger regularization properties.
Since the optimal controls of the original time-optimal problems are typically not
continuous, it appears that our choice of regularization which leads to W1 regular-
ized controls is preferable over other regularization strategies which provide smoother
controls. More detailed numerical tests are available in [XK].

Let us note that the approach that we propose for solving time-optimal problems
deviates from traditional approaches, which are frequently grouped into direct and
indirect methods. Indirect methods based on multiple shooting techniques [Ke] solve
the two point boundary value problem describing first order necessary conditions.
Equipped with a good initial guess for all unknowns, including the switching func-
tion, the shooting method is reported to converge fast and to generate very accurate
solutions. The methods that we propose also originate from the first order condi-
tion, but it is different from the shooting method in that it does not require accurate
information about the switching structure in advance.

Direct methods, on the other hand, consider time-optimal problems as genuine
nonlinear programming problems. They are used in several variants, which frequently
involve reparametrization of the controls as the unknowns. The new unknowns can
be the switching times, as in [MB], or the arc durations, as in [KN].

2. The time-optimal problem and its regularization. Consider the time-
optimal control problem for the linear multi-input system,

min,>g fOT dt
(P) subject to
Ga(t) = Az(t) + Bu(t), [u(t)|e~ <1, 2(0) = 2o, x(1) = a1,

where A € R"*™ B € R"™*™ 17 € R", 21 € R™ are given, u(t) € R™, u is measurable,
and | - |¢~ denotes the infinity-norm on R™. The columns of B are denoted by b;.
It is assumed that x; can be reached in finite time by an admissible control. Then
(P) admits a solution with optimal time denoted by 7*, and associated state z* and
control u*.

The first order optimality system for (P) can be expressed in terms of the adjoint
p and the Hamiltonian

H(x,u,po,p) = po + p* (Ax + Bu)
as
& = Az + Bu, z(0) = xo, z(7) = 21,
—p=ATp,
u = argmin,, . < H(x,v,po,p) a.e. in (0,7),
po +p(t)" (Az(t) + Bu(t)) =0, po > 0,

where the superscript T denotes transposition; see, e.g., [MS, Chap. V, pp. 109-110].
Further, p is not identically 0, and thus there exists a nontrivial vector ¢ € R™ such
that

p(t) = exp (AT (T — 1)) q.
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Due to the special structure of H, the optimal control can be expressed as

(2:2) u; = —o(bi p) = —o (b exp (~AT (T — 1)) q),
where o denotes the coordinatewise operation

-1 if s <0,
(2.3) o(s) € <[-1,1] if s=0,

1 if s> 0.

The last equation in (2.1) holds everywhere rather than almost everywhere (a.e.) on
[0,7]. In fact, p and x are continuous, and p(t)T Bu(t) = — >~ |p(t)Tb;|.

Let us recall the notions of controllability and normality, which will be referred
to as follows:

(2.4) The pair (A, B) is called controllable if
2.4

rank {B, AB,..., A" 1B} = n.
25) The pair (A, B) is called normal if (A4, b;)
2.5

is controllable for all columns b; of B.

Normality of (A, B) implies controllability. Moreover, if (A4, B) is normal, then the
optimal control u* to (P) is unique, bang-bang, and piecewise constant; see, e.g.,
[MS, HLJ.

The requirement

(26) po >0

is referred to as strict transversality. In this case it can be assumed that py = 1,
which can be achieved by scaling ¢. If strict transversality holds, then (z*,u*,7*) is
a strict local minimum, in the sense that there exists § > 0 such that x; is not in the
attainable set for ¢ € (7% — §,7*); see [HL, p. 89].

With (2.6) holding, we can express the optimality condition as

@ = Az + Bu, z(0) = xg, z(7) = 11,

_p = ATpa
(2.7)
u = argmin,|,.. <; H(z,v,p) a.e. in (0,7),

1+ p(7)T(Az(r) + Bu(r)) = 0.

Here we eliminate the variable py from the notation for H since it was fixed to be 1.

Introducing the transformation ¢ = % and setting

2(t) = x(rl) = x(t), p(f) = p(rl) = p(t), a(f) = u(r) = u(t),
we obtain the following equivalent system to (2.7), where, for the ease of presentation,
we omit the superscript hats

& = 7(Az + Bu), z(0) = zg, z(1) = 1,
_p = TATpv
(2.8)

u = argmin,|,.. <; H(z,v,p) a.e. in (0,7),

1+ p(1)T(Az(1) + Bu(1)) = 0.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/25/14 to 143.50.47.57. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

4000 KAZUFUMI ITO AND KARL KUNISCH

The nondifferentiable operation involved in characterizing the optimal control,
u=—a(Bp)

(cf. (2.2)), prohibits the use of Newton-type methods for solving (2.8) numerically.
Therefore a family of regularized problems given by

mingso 7 (1+ 5 [u(®) ) dt
(Pe) subject to
Fa(t) = Ax(t) + Bu(t), |u(t)]e= <1, 2(0) = zo, (1) = 1,

with € > 0 considered. The norm |-| used in the cost-functional denotes the Euclidean
norm. It is straightforward to argue for the existence of a solution (uc,z., 7¢).
Convergence of the solutions (z., pe, ue, 7e) of (P¢) to a solution (z*, p*, u*, 7%)
of (P) is considered next. Note that 7* is unique.
PROPOSITION 2.1. For every 0 < g9 < €1 and any solution (7, u*) of (P), we
have

(2.9) T < Teg <Tey <TF (1 + %) ,

(2.10) [uey 220, 70,) < [UeolL2(0,7y) < |U*[L2(0,77)-
If u* is a bang-bang solution, then
(2.11) 0< |u*|2L2(07T*) - |u5|2L2(07TE) < meas {t € [0,7%] : |uc(t)] < 1}

for every e > 0.
Proof. From the definition of 7* and 7., we have

7" <71. forevery € >0

and
TE—I—E/ |u€|2dt§7*+i/ |u*|2dt;
2 Jo 2 /o

hence

. €
luc|z2(0,r) < [u*|p2(0, 7y and 78 <70 <7 (1 + 5) .

For 0 < g9 < €1 we have

Teo e Teq e
/ (1 4+ |u50|2) dt < / (1 L |u51|2) dt,
0 2 0 2

where we used the fact that the pair (7., ue,) is optimal for (P.,). Adding % (1 —
£0) Ju°* |ue,|? dt on both sides implies that

e Teq € Teq Teq
@12) o+ 3 [ P+ (/ ue Pt~ [ |u51|2dt>
0 0 0
Tey €1 2 €1 Teo 2
< L+ 5 fue, |7 dt < 7oy + = |ue, | dt.
0 0
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It follows from (2.12) that

7—51 7—50 7—51 7—50
e </ |u51|2dt—/ |u50|2dt) §50</ |u51|2dt—/ |u50|2dt),
0 0 0 0

and hence

(2.13) ey |22(0,72,) < [teo|r2(0, 70y

From the first inequality in (2.12), we obtain
€o €o
Teo + ? |u50|2L2(07 Teg) STt 3 |u€1|i2(0,7—51)a
and by (2.13),
T < Tey < 7oy

These estimates imply (2.9) and (2.10).
If u* is bang-bang, then

0 < [ 720,y = lUelT2(0,m)

<

/ (1= [uc(®)2) dt < meas{t € (0,7*) : [uc(t)] < 1},
{t€(0,7%):|uc ()| <1}
and thus (2.11) holds. O

THEOREM 2.2. For e — 0% we have 7. — 7*, and every convergent subsequence
of solutions {(uc, xc)}eso to (P.) converges in L?(0, 7;R™) x W12(0, 7¢; R™) to a
solution (u*, z*) of (P), where u* is a minimum norm solution.

Here convergence of u. to u* is defined as

1
/ (e t) — w (7 )2 dt — 0
0

and is defined analogously for {z.} and for weak convergence.

Proof. The first claim follows from Proposition 2.1. Since {us(7c")}es0 and
{2-(7:")}es0 are bounded in L2(0, 1;R™) and W2(0, 1; R™) there exist weak ac-
cumulation points u* € L2(0,7*;R™)and z* € WH2(0, 7*; R"). Subsequently we
avoid subsequential indices. Passing to the limit in & (7 ) = 7. (Az (7 -) + Bu:(7: -))
and z.(0) = g, x(7:) = z1, it follows that =* is admissible. Due to weak closedness
of {u € L?(0, 1;R™) : |u(z)|s=~ < 1 a.e.} we have that u* is admissible as well. Since

e [7¢
lim 7. 4+ = lue|? dt = 7%,
e—0t 2 0

the triple (7%, u*, *) is optimal for (P). By Proposition 2.1 and weak lower semi-
continuity of norms,

(214) gli% sup |UE|L2(O,TE) S |u*|L2(O7T*) S ;%mf |UE|L2(O,TE)7

and hence lim. o |uc|p2(0,r;rm) = |[U*|£2(0,7+;rm)- As a consequence, u. and z. con-
verge strongly in L?(0, 7.) (respectively, in W12(0, 7.; R")) to u* and x*. Let 4
denote another optimal control for (P) with |4| < |u*|. Then by (2.10) and (2.14),

lim sup [ue|L2(0,7eimm) < |U]L2(0,775mm) < [U*[L2(0,7mm) < lim inf |uclp2(0,rmm),

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/25/14 to 143.50.47.57. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

4002 KAZUFUMI ITO AND KARL KUNISCH

which is a contradiction. Consequently (P) has a minimal norm control, and the
claimed strong convergence properties hold. O

COROLLARY 2.3. If (2.5) holds, then the solution u* to (P) is unique and bang-
bang, and ue — u* in L? as e — 0.

Proof. Equation (2.5) implies that the solution to (P) is unique and bang-bang.
The remainder of the corollary follows from Theorem 2.2. |

We turn to the optimality condition for (P.). Let

-1 if s < —¢,
if [s] < ¢,

(2.15) o:(s) € 2
1 if s> e.

If 0. is applied to a vector, then it acts coordinatewise.
We shall use the following controllability assumption which is stronger than con-
trollability and weaker than normality:

(H1) There exists i* such that (A, b;«) is controllable.

THEOREM 2.4. Assume that (H1) holds, and let (., u.,7.) be a solution of (P¢).
If there exist n > 0 and an interval I;» C (0,1) such that

(2.16) | (Gie)ix (t)|ee <1 —m for a.e. t € Ijx,
then there exists an adjoint state p. such that
e = Axe + Bue, x:(0) = zo, z(7:) = 1,
—Pe = ATpa,
(2.17)
Ue = _UE(BTps)a

1+ §|u5(7€)|§m +pa(T€)T(A$6(T€) + Buc(7:)) = 0.

Proof. We use a Lagrange multiplier argument for the reparametrized formulation
of (P¢), which is given by

min, o [, (7 + Z a(t)[?) dt,
(2.18) subject to

L3(t) = T(AR(t) + Ba(t), @ € C, #(0) = zo, 2(1) = a1,

where C = {4 € L*(0,1;R™) : |i|s < 1}. Here (4,7) are treated as independent
variables and Z as a dependent variable. Further, 4 € C is considered as an explicit
constraint, and a Lagrange multiplier po is introduced for the constraint e(a,7) =
Z(1) — 1 = 0. The resulting Lagrangian is

i) = [ (o TR a4+ 1) — o),

where (1) is defined through the differential equation and the initial condition.
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We now argue that e : C' x R C L?(0,1;R™) x R — R" satisfies the regular point
condition in the sense of Maurer and Zowe [MZ]; see also [IK2]. Thus we have to
verify that

(2.19) 0 € int {¢'(,7)((C — @) x R)},
where ¢€/(1,, 7.) denotes the linearization of e at (tc(-7), 7).
Considering €' (1, 7.) in directions 67 = 0 and du satisfying (du); = 0 for 7 # i*
and (0u)i= =01n (0,1) \ (o, @ + 9), with (o, o + 9) := I;», we find
€ (e, 72) (6u — e, 0) = [0 AN 7 by (Su(t) — 1 (t)) s dt
= [0 em AN b (Sult + @) — it + @))ie dt,

where b« = 7emA0=0=a)p.. Then
6 ~
¢, 72) (00— 1,0) = [ e A00bi (S (t) — (0
0
where 0@+ (t) = du= (t + ), Ue i+ (t) = Ue = (t + a). Note that by (2.16),

{(60—c)i- < 0,8] = R' | |(60);-

Sl}DS::{U:[O,d]—HRl, |v|§g}

Observe that controllability of (A,b;.) implies that (A, b;) is controllable as well.
Controllability of the single input system (A, b;«) implies that

0

5
(2.20) 0 € int {/ e A0 v dt | v e S} .

In fact, the set on the right of (2.20) contains 0 and has nonempty interior; see,
e.g., [LM, pp. 77, 133]. Moreover, if 0 were a boundary point of this set, then the
corresponding control v = 0 would be an extremal control, which is impossible; see,
e.g., [LM, p. 133]. Now (2.20) implies (2.19).

With the regular point condition satisfied, we can conclude the necessary opti-
mality

ET(’[]’E7T€7MO) = 07

(2.21)
Lo(liey Te, p10) (0u — Ge) > 0 for all du with [dufpe < 1.

From the second property in (2.21), we have
1
/ (ctic + BTe™ =0 10) (5u — i) dt > 0.
0

Setting
(2.22) p(t) = eiTAth with ¢ = eTAT,uO,

this implies

1
/ (etic + BTp.)(6u —02) dt >0
0
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for all du as in (2.21). The second and third claims in (2.17) follow with p.(t) =
Pe(T71 ).
Exploiting the first property in (2.21) implies that

1
N € N
ET(U€7T€7MO):1+§/ |u€|2dt
0
1 1
+ pud <AeTAx0 + / e A=Y Ba_(t) dt + / A(1 —1)e™ 0D B (t) dt)
0 0
e 1
=1+ / |t |* dt 4 pd <Ae(7(1_t)+”)’4xo
0

1 1 t
+ / e A" Ba (t) dt + / AemA0-1) / eTA(t_S)TBﬁE(S)> dsdt = 0.
0 0 0

This implies

1 1
(2.23) Lf(as,fs,uo):lJr%/ |a5|2dt+/ p’(t) (AZ-(t) + Bi(t)) dt = 0.
0 0

From u. = —o.(BTp.) we conclude that u. € W1>(0, 7; R™).
We introduce the Hamiltonian for (P.) as

e
He(w,u,p) =1+ S|ulfm +p" (Az + Bu).

It is constant along the optimal solution. In fact we have a.e. on (0,1)

d o rd 1d . +~d. R d . R
EHE(%,UE,Z)E) = auETEuE + T—EpETEa:E +pZAEa:5 +pETB
€

d
dat '

. 7 d .
= (et + BTps)TEuE =0.

Combined with (2.23), this implies that
€
1+ §|@5|§m + pL(A#. + Ba.) =0 on [0, 1].

This implies the claim. O

The proof revealed extra regularity of u..

COROLLARY 2.5. Under the assumptions of Theorem 2.4, we have that u. €
Whee (0, 7, R™).

Remark 2.1. Condition (2.16) requires that the modulus of at least one of the
coordinates of 1. is not a.e. equal to 1. Once it is known from Corollary 2.5 that
Ule is continuous, this amounts to requiring that at least one of the coordinates of u*
switches from 1 to —1 or vice versa.

Under the assumptions of Theorem 2.4, the first order necessary optimality con-
dition for (P.) after the transformation ¢ — £ is given by

& = 7(Az + Bu), z(0) = zo, z(1) = 1,
_p = TATpv

(2.24)
U= _UE(BTp)a

14 §u(1)]* + p(1)T (Az(1) + Bu(1)) =0,
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where for convenience of notation the dependence on € and the superscript hat were
dropped.

In the following section we shall investigate semismooth Newton methods for
solving (2.24).

We close this section with a simple example which illustrates some of the features
of the regularization approach.

Ezxample 2.1. Consider the two-dimensional time-optimal problem for the simple

control system
21.31 = Ui,
To = ug,

where A is the zero and B the identity matrix, with initial condition (1,%) and
terminal condition the origin. This system is controllable but not normal. The optimal
time is 7* = 1, and the first coordinate of an optimal control is uniquely determined
to be uf = —1, with associated state 1 =1 —¢. There are infinitely many choices for
optimal solutions u3 of bang-bang and non-bang-bang type. The associated constant
adjoints are (p1,p2) = (1,0). They satisfy

u=-cte( Ty )

The transversality condition 1 + p? Bu = 0 is satisfied.

For the regularized problem we find 7. = 1. Differently from the unregularized
problem, the solution to the regularized problem is unique. The optimal control and
trajectory are given by

(ul,u2) = (—1, —5) with ((El,ﬁg) = (1 - t, 5(1 - t))

In this particular example the solution of the regularized problem does not depend
on €. Note that this solution is also one of the minimum norm solutions of the

unregularized problem. The adjoint is p. = (1 + %‘5, 5). It satisfies

u=—o.(pl) = ( :é )

and the transversality condition 1+ £|u/|? + pZ Bu = 0.

3. Semismooth Newton method. In this section the semismooth Newton
method for solving the regularized optimality system (2.24) is described and ana-
lyzed. It will allow (2.24) to be solved efficiently in spite of the fact that o. is not
differentiable.

Throughout we assume (H1) to hold. We fix £ > 0 and denote by (z¢, ue, 7c) €
W12(0,1) x L?(0,1) x R a solution to (P.) with associated adjoint p. € W2(0, 1).
It is assumed that

1
(H2) there exists § € (0,1) such that ‘g bLp.(5)] = |(uo)i (5)] < 1,
and
(H3) b p-(1)| #¢ forall i = 1,...,m.
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Assumption (H2) corresponds to (2.16), where we now use the fact that, as a conse-
quence of Theorem 2.4, the control u. is continuous. With (H2) and (H3) holding,
there exists a neighborhood U,,_ of p. in W2(0,1;R"), ¢ € (0,1), and a nontrivial
interval (a, a+ &) C (0,1) such that for p € U,_ we have

I p(t)| #eforallt € [t, 1]andi=1,...,m
and
(3.1) [bEp(t)| < € for t € (o, a + 6).
We set U = {u € L*(0, 1;R™) : u|[£, 1] € W12(£,1;R™)}, endowed with the norm
lulv = (ulZeo,1) + [#F2e0))?
and introduce

F:DpC X — L?(0,1;R") x L*(0,1;R") x U x R" x R,

where
Dp =W"%2(0,1) x U,. x U x R,
X =WhH2(0,1;R") x WH2(0,1;R™) x U x R,

and

& — 17Ar — TBu,

—p—T1ATp,
(3.2) F(z,p,u, 7)= | u+o.(BTp),

x(1) — a1,

1+ £lu(1)]* + p(1)" (Az(1) + Bu(1))

Note that F' = (Fi,..., F5) is well defined. This is obvious for Fy, Fy, and Fj.
For Fy, F; it follows from the fact that W12(0,1) embeds continuously into C(0,1).
Moreover, F(zc, pe, ue, 7e) = 0. We shall keep x.(0) = x¢ as an explicit constraint.

Remark 3.1. The need for introducing U in such a way that its elements are
more regular at 1 is due to the fact that we use here the pointwise transversality
condition rather than the integrated form (2.23). Condition (H3) will be needed to
prove superlinear convergence of the Newton-iteration.

Applying Newton’s method to F' = 0 is impeded by the nondifferentiability of o..
We use

l .
(3:3) Go(s) = {S %f |s| < e,

as a generalized derivative and argue that the resulting Newton-iteration is semi-
smooth and hence locally superlinearly convergent. The Newton-iteration step is
given by

(3.4) DF(z, p, u, 7)(dz, dp, du, d1) = —F(z, p, u, 7),
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where dz(0) = 0 and DF denotes the Frechet-derivative in all terms of F' except for
p — o.(BTp), for which the generalized derivative is taken according to (3.3). For
further reference we give the detailed form of (3.4):

45y — rAsz — 7B ou — 07(Az + Bu) = —Fy, 62(0) =0,
—%5}9 —7ATSp — 67ATp = —F,
du+ Go.(BTp)BT6p = — I3,
dx(1) = —Fy,
p(1)T(Adz(1) + Bou(1)) + dp(1)T (Az(1) + Bu(1))
+ eu(1)Téu(l) = —Fs,

where the coordinates of Go.(B”p)BTp are given by Go.((BTp);) (BT 6p);.

A possible initialization may consist of choosing ((u)g, 7o), setting (z)o as the lin-
ear interpolation between xy and x1, and determining (p)o such that the transversality
condition and the adjoint equation are satisfied.

We now briefly summarize those facts from semismooth Newton methods which
are relevant for this paper. Let X and Z be Banach spaces, and let F': Dp C X — Z
be a nonlinear mapping with open domain Dp.

DEFINITION 3.1. The mapping F : Dp C X — Z is called Newton-differentiable
on an open subset U C Dp if for each x € U there exists a generalized derivative
DF(x) € L(X, Z) and

. lim ——
(36) w0 |hlx

|[F(x+h)— F(x)— DF(x+ h)h|z = 0.

THEOREM 3.2. Suppose that x* € U is a solution to F(x) = 0 and that F is
Newton-differentiable in an open set U containing x*. Further, if {|DF(x)7!|| :x €
U} is bounded, then the Newton-iteration Xxi1 = Xx — DF(x;)~! F(xx) converges
q-superlinearly to x*, provided that |xo — x*|x is sufficiently small.

For the statement and proof of superlinear convergence of the time-optimal control
problem, some further notation is required. For (z, p, u, 7) € Dp we define A €

R(n+1)x(n+1) by
An A
A= ,
AQl 0

where
1
(37) All — 6_17'/ eTA(l—t)BXIBT eTAT(l—t) dt c Rnxn’
0
1 1 -
(3.8) 1A19 28_17'/ eTA(l_t)BXIBT/ e A =) AT y(s) ds di
0 t

1
—/ e™ 0D (Ag + Bu)dt € R",
0
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(3.9) Ay = (Az(1) + Bu(1)T — (T (1)B + eu® (1)) Go. (BT p(1))BT € (R™)T,

with x; = diag(xr,,---,x1,,) and Xz, the characteristic function of the set

1
I, =IL(p) = {t:|(BTp)i| < g}, 1=1,...,m,

*

which is nonempty for p € U,, and ¢ = i*. The controllability assumption (H1),
together with (H2), implies that the symmetric matrix A, is invertible with uniformly
bounded inverse with respect to p € U,,. and 7 in compact subsets of (0, c0). In fact,
since ;= (p) D (o, o+ ), we obtain for some ¢ > 0

1 m
Ay = 5_17/ A1) ZbiXIibiTeTAT(l_t) gt
0

i=1

o406 T
> 5—17_/ ETA(l_t) bl*b;ll e7'A (1—t) dt
«

s
_ EflTeTA(lfoz) / e*TAt bz*b,ﬁ ef'rATtdt e7'AT(170¢) dt > e,
0
where we use that the controllability Gramian,

s

/ e A bl e A dt

K3 % bl

0

is uniformly positive definite for 7 in compact subsets of (0, 00).
For our analysis we shall utilize the fact that the Schur complement

A21 Aﬁl A12 cR

of Afor (z, p, u, 7) in a neighborhood of (., pe, ue, 7.) is nontrivial. If Ag; A} A1g #
0 at (z., p, ue, 7), we cannot conclude that Ay A7l A1z # 0 for (z, p, u, 7) in a
neighborhood of (x., pe, ue, 7c) since, with (H2) holding, As; is continuous with re-
spect to (x, p, u, 7) € X. This is not the case for Al_l1 and Ao due to the term x;.
We therefore assume that

there exists a bounded neighborhood
(H4) U C Dp C X of (zc, pe, ue, 7) and ¢ > 0 such that

| Aoy AT Ara| > ¢ for all (z, p, u, 7) €U.

THEOREM 3.3. If (H1)-(H4) hold and (x., uc, 7c) denotes a solution to (P¢) with
associated adjoint p., then the semismooth Newton algorithm converges superlinearly,
provided that the initialization is sufficiently close to (x-,pe, e, Te).

For the proof we require the following lemma.

LEMMA 3.4. Suppose that (H1)—(H4) hold. Then there exists a constant C' such
that for every (x, p, u, 7) €U, and every F € L*(0, 1) x L?(0, 1) x U x R,

DF(z, p, u, 7)(dz, p,0u, 617) = —F
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admits a unique solution (dx, op,du, 1) € X and
(3.10) (62, 6p. 60, 57)]x < C [Flinzawune.
Proof. Let (x, p, u,7) € U, and note that system (3.5) is equivalent to
dx(t) = fg eTAU=) (—F) + 7bdu + 67(Az + Bu)) ds,
p(t) = emA 1=D5p(1) + ftl e~ AT (=) (57 ATp — Fy) ds,
(3.11) du+ Go.(BTp)BT6p = —F3,

533(1) = —F4,

p()T(—AFy + Bu(1)) + dp(1)T (Az(1) + Bu(1)) + edu(l) = —Fs.
On I; we have (Go.(BTp)); = e~!. The third equation in (3.11) can be expressed as
(3.12) ou=—F;—ex;BTép ae in (0,1).

Let us set

1 1 1
B = —/ AR () dt, Fy = 8_17'/ / e A0 By, BT e_TAT(t_S)Fg(s) ds dt,
0 o Ji

1
Fy=—7B / eT A= By (t) dt.
0
From (3.12) and the first and fourth equations in (3.11), we have

(3.13)
—F4 = 5!E(1)

1 1
= —8_17'/ eTA(l_t)BXIBT dpdt + 57/ eTA(l_t)(Ax + Bu)dt + Fy + F3.
0 0

Replacing dp by the second equation in (3.11), we find

1
—Fy = —5717'/ em A0 By BT eTAT(l*t)(Sp(l) dt
0
1 1 - R
— 5_17'57/ eTA(l_t)BXIBT / e A (t_S)ATp(s) dsdt + Fy
0 ¢

1
+ 57’/ e™ A=Y (Ax 4 Bu) dt + Fy + F3,
0

which involves dp(1) and 67 as unknowns and can be expressed as
(3.14) A110p(1) + A1207T = Fl + Fg + F3 + Fy =:71.

Eliminating du(1) from the last equation in (3.11) by means of the third equation
implies

(3.15) Ag10p(1) = —F5 + F3(1)T(BTp(1) + eu(1)) + p(1)T AFy =: rs.
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Combining (3.14) and (3.15), we obtain the following linear system for (dp(1), 07) :

(3.16) A( (1) ) - ( h ) .
57‘ T2

By (H1), (H2), and (H4) its unique solution is given by
(317) 57‘ = (A21 A;ll Alg)_l(Azl A;ll T — 7‘2), 5p(1) = A;ll (7‘1 — A1257‘).

Moreover, there exists a constant C' = C(7, |z|c(0,1), [Plc(o,1), [u|L2(0,1) [w(1)]) such
that

lop(1)[ + [67] < C'|F|r2xr2xUxR-
From (3.5) and (3.11), C can also be chosen such that
[(6z, 0p, bu, 07)|x < C|F|r2xr2xvuxr. O

Proof of Theorem 3.3. We apply Theorem 3.2 with x* = (z¢, pe, e, 7). Lemma
3.4 implies the required uniform bound of the generalized inverses DF in the neigh-
borhood U4 C Dp of (z., pe, ue, 7). Therefore it suffices to argue for Newton-
differentiability of F' in Dp. This is obvious for all coordinates of F, except for
F3, and specifically for the mapping

F:p—o.(BTp)
from U,. € WH2(0, 1; R") — U. Utilizing the definitions of U, and o, it suffices

to consider the restriction of F from W2(0, £; R") to L?(0, £; R'), which we again
denote by F. Note that F can be decomposed as

F=Fz0Fz0F,
where
Fi: W0, 6 R") —» W20, & R), Fo: WH(0, & R) — LY(0, & R),
F3: LY0, t; R) — L*(0, £; R)
are given by
Fi(u) = BTu, Fa(v) = max (—1, S) ,  F3(v) =min(1,v).

In [HIK, IK2] it was shown that v — max(0,v) is Newton-differentiable from LP(f2)
to LI(Q) if oo > p > ¢ > 1, if Q is a bounded domain. Since min(1,v) = 1 +
min(0, v — 1), this implies that F3 and similarly that F» are Newton-differentiable.
From the chain rule for Newton-differentiable mapping in [HK] it follows that F5o F»
is Newton-differentiable. The chain rule for a linear mapping, here F;, followed by the
Newton-differentiable mappings F3 o F» [IK1], implies that F is Newton-differentiable
in DF. a
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4. A numerical example. The semismooth Newton method is used to solve a
classical time-optimal problem related to the harmonic oscillator with three switching
points. We consider

minTZQ fOT dt
(4.1) subject to
G2(t) = Az(t) + Bu(t), |u(t)] <1, 2(0) = o, 2(r) = 21,

(50 50 w=(F) m= ()

The optimal minimal time for the continuous problem is known to be 7* = 10.5871.
To solve (4.1) numerically, a time discretization based on the Crank—Nicolson method
with equidistant grid points was applied to (3.5). The initialization for the state was
chosen as a semicircle connecting zo and x1. Then u(1) was chosen to be active, and
p was chosen so that the transversality condition and the adjoint equation hold. With
respect to the choice of the parameter ¢ = % we utilized a continuation procedure,
starting with a small value and increasing it, using the solution from the smaller
value of ¢ as initialization for the next larger c-value. Certainly this procedure can
be automated, as has been done elsewhere, but this is not the focus of this paper.
In Table 1 we show the number of iterates of the Netwon-iteration (outer loop) that
was required for this continuation procedure with respect to ¢. The Newton-iteration
was stopped when the residual of the optimality system in the L?-norm was below
1078, Also in Table 1 we depict the optimal minimal times 7*(c). These results are
obtained for meshsize h = %

Then the results for ¢ = 1 are interpolated to the finer grid h = %, and the
continuation procedure with respect to ¢ is repeated. The results are depicted in
Table 2. The graphs for the corresponding controls are given in Figure 1.

The same procedure with h = 1/512 and ¢ = 100 gives the optimal time 10.588.
In some cases, typically at the beginning of the iterations and for the lowest values
of ¢, the full Newton step was too large. Therefore we used a one-dimensional line
search based on a quadratic polynomial interpolation for the L?-norm of the residual
combined with an Armijo rule.

where

wPt—u* (e

Table 3 depicts the quotients W
L

discretized version of (2.17) for ¢ = 50. It shows that the algorithm is in fact super-

linearly convergent.

, where u*(c) is the solution to the

TABLE 1
c 1 5 10 20
No. of iterations 8 8 4 7
Final time 11.26515 10.84455 10.82977 10.81781
TABLE 2
c 1 10 50 100 200
No. of iterations 5 46 4 4 3
Final time 11.1088 10.6092 10.6034 10.6033 10.6031
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11.1088 10.6092 10.6033
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control
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control
°

6
time time time

Fic. 1. N =128 and ¢ = 1(left), 10(middle), and 100 (right).

TABLE 3
No. of iterations 1 2 3 4
Ci 0.94138 | 0.00037 | 0.00001 | 0.00000

In this paper we chose to regularize o by the ramp functions o, with increasing
slopes as € — 0T. Certainly other alternatives are possible as, for instance, G.(s) =
% atan(c s). This family of C*°-functions also has the property that it converges to o as
¢ — 0, but it appears to be less apt for the purpose of approximating the discontinuous
switching structure of the optimal controls since ¢ has to be taken significantly larger
for 6. than for o1 to obtain comparable results.
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ical example.
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