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Abstract: We investigate a coupling between the compressible Navier—Stokes—Fourier system and the
full Maxwell-Stefan equations. This model describes the motion of chemically reacting heat-conducting
gaseous mixture. The viscosity coefficients are density-dependent functions vanishing on vacuum and
the internal pressure depends on species concentrations. By several levels of approximation we prove the
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Keywords: mixtures, chemically reacting gas, compressible Navier—Stokes-Fourier system, Maxwell—
Stefan equations, weak solutions.

1 Introduction

Mathematical modelling of mixtures encounters various problems due to wide range of chemical and
mechanical aspects that can become important for a particular phenomena. It turns out that even for one
of the simplest systems Ho — O2, as many as 20 different reactions can occur involving 8 different species
[40]. Moreover, under certain circumstances, all of these reactions can become reversible. Therefore, it
is important to build a rigorous mathematical theory that does not impose any specific bounds on the
size of initial data, range of temperatures, form of the pressure and the extent of reaction.

The purpose of this paper is to present the first complete existence result for such models, in case
when the pressure depends on the mixture composition, and when no smallness assumption is postulated.
Our particular concern is to perform a detailed construction leading to global in time weak solution.

Recently, this area of mathematical modelling has attracted a lot of attention. KEspecially the issue
of so-called multicomponent diffusion has become much better understood, mostly due to several works
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devoted to the Maxwell-Stefan equations. These equations describe in an implicit way the relation
between the diffusion velocities V; and the gradients of the molar concentrations of the species Xj,

VX; — (Yi - X;) Viogr = (Xg—j?) (Vj = Vi). (1)

i=d; pr
Here Y; is the mass concentration, 7 is the internal pressure of the mixture and D;; > 0 denotes the
binary diffusion coefficient, D;; = Dj;. The first rigorous mathematical treatment of this system is due
to Giovangigli [I8/[19], where various iterative methods for solving the linear system were presented as
well as multicomponent diffusion coefficients for gaseous mixtures were provided. Later on, the proof of
local in time existence result in the isobaric (m = const), isothermal case was proven by Bothe [2], see
also [2I]. Then, Jiingel and Stelzer generalized this result and combined it with the entropy dissipation
method to prove the global in time existence of weak solutions [23], still in the case of constant pressure
and temperature. Another interesting result devoted to the global-in-time existence of regular solutions
for a special ternary gaseous mixture is presented in [3]. Recently, the coupling between the multi-
species system and the incompressible system describing the fluid motion was investigated by Marion
and Temam [29] and Chen and Jiingel [10] .

For the case of full systems describing the compressible mixtures, see () below, not much is known.
The Navier-Stokes-Fourier system coupled with the set of reaction-diffusion equations for arbitrary large
number of reacting species was treated by Feiresl, Petzeltova and Trivisa [I5]. They proved the global-
in-time existence of weak entropy variational solutions for the Fick diffusion law and the state equation
which does not depend on the species concentrations. Several extensions of this result and asymptotic
studies are also available, see [9L[1T],12125,142].

Concerning general system with physically justified assumptions on the form of fluxes and transport
coefficients the only global-in-time result, to the best of our knowledge, is due to Giovangigli [20]. His
result is however restricted to data sufficiently close to the equilibrium state. The main intention of our
paper is to present a possible extension of this result to the large data case, however under less general
assumptions.

It should be emphasized that the dependence of the state equation on the species concentrations
results in much more complex form of diffusion. The Fick approximation fails in providing a relevant
description in this case, since it does not take into account strong cross-diffusion that is well known to
play an important role [ILBL40L4T]. From the mathematical point of view, it interferes with proving that
the system possesses a Lyapunov functional, based on the notion of physical entropy. The integral form of
entropy (in)equality is a source of majority of a-priori estimates being the corner stone of global-in-time
analysis [141231[34].

Although including more general (multi-component) diffusion in the non-isobaric systems leads to a
thermodynamically consistent model, it makes the analysis much more complex. The associated reaction-
diffusion equations have to take into account the variation of total pressure, leading to a hyperbolic
deviation. In other words, in the associated Maxwell-Stefan system (II) the second term from the Lh.s.
cannot be neglected. Note that this additional term is not in the conservative form. To handle it one
needs better regularity of the density than it follows from the hyperbolic continuity equation. Recently,
Mucha, Pokorny and Zatorska [34] studied the system of n reaction-diffusion equations for the chemically
reacting species

OroYy + div(eYru) + div(Fy) = owg, k=1,...n,

where Fy, is the k-th species diffusion flux satisfying

F. = —Co(0,0) ) Crdi,
=1



with the diffusion deriving forces d; defined as in ({l). They proved the global-in-time existence of
weak solutions provided the additional regularity information about the total density o and velocity u is
available. This result holds for a particular choice of matrix C, which corresponds to m;m;D;; = const,
in (). However, the main argument presented there does not relay on this assumption. Extension of this
result to the case of more general diffusion matrixes C, (see [20], Chapter 7) is the work in progress.

Such a result creates a possibility of coupling the reaction-diffusion system to the model of fluid-
motion, provided the assumptions on the regularity of ¢ and u can be fulfilled. It is well known, that
in the usual case of Navier-Stokes(-Fourier) equations with constant viscosity coefficients [14128][38] such
regularity is not expected, except some special situations, f.i. 1D domains [22127,[35].

Similar problem appears in the works devoted to analysis of the continuum mechanics mixture model
derived in [39]. This model assigns different velocity fields (and temperatures) to each of the species.
However, usually, a part of the interaction term (the momentum source) associated with the difference
of gradients of species densities g = oY% is neglected [16L17]. This simplification leads to the family of
homogeneous (interpenetrating) compressible multi-fluids models, for which a relevant existence analysis
was recently performed by Kucher, Mamontov and Prokudin [24].

In the present paper, this problem is solved by assuming that the viscosity coefficients are density-
dependent functions. They are subject to a condition introduced by Bresch and Desjardins for the
Saint-Venant system [48]. In [30], Mellet and Vasseur proved that the weak solutions to the barotropic
Navier-Stokes equations

0o + div(pu) =0

Ot(ou) + div(ou ® u) — div(2u(0)D(u)) — V(v(o) divu) + Vo’ =0 in (0,7) x Q,

with
v(0) = 201/ (0) — 2u(0), (2)

are weakly sequentially stable in the periodic domain € = T? and in the whole space Q = RN, N =2, 3.
For possible extension of this result to the case of heat-conducting flow and other boundary conditions we
refer to [6,[7]. The analogous result for the model of 2-component mixture was proven by Zatorska [43]. It
turns out, however, that construction of an approximate solution to such kind of systems is still an open
problem, some special cases were studied in [Bl31]. The main problem here is the possibility of appearance
of vacuum regions. Indeed, even though relation () provides particular structure necessary to improve
the regularity of g, the uniform bound from below for the density is only known to be valid in 1D [31].
As a consequence, one may have a problem with defining the velocity vector field u (the concentrations
of species and the temperature). So, in contrary to the Navier-Stokes equations with u,v = const [2§],
where the strong convergence of the density does not follow from the a-priori estimates, here the biggest
problem is to prove the compactness of the sequences approximating the velocity.

In case of isothermal model of two-species mixture with multicomponent diffusion, this problem was
solved by including in the state equation the stabilizing term in the form of cold pressure [33,[43]. This
singular pressure prevents the appearance of vacuum on the sets of non-zero measure, as proven in [0]
for single-component heat-conducting fluids. But in case of heat-conductiong mixtures, this term may
not be sufficient. Roughly speaking, the problem lies in coupling all the components of the system due
to very strong nonlinearity in the energy equation and comparatively low regularity of solutions to all
”sub-systems”. Even under very special assumptions, the notion of weak solution introduced in [44] for
which the weak sequential stability was established does not allow to construct a desired approximation,
at least not immediately. Indeed, the transfer of energy due to species molecular diffusion and more
complex form of the entropy makes it more difficult to construct the solution within the variational



entropy formulation than within the usual energy formulation. Note that it is unlike the case of single
gas flow modelled by the Navier-Stokes-Fourier system [32,86L[87]. There, it is the passage to the limit
in the total energy balance which requires more restrictive assumptions and thus makes the weak energy
solutions harder to get.

Here we focus on presenting the detailed approximation scheme for the full system with several
assumptions on the constitutive relation that will be specified in the next section. Moreover, we rather
concentrate on the model inside the domain than on realistic modelling of processes at the boundary.
Hence, we choose the most simple case of boundary conditions, and the particular form of thermodynamic
functions, which maybe make our paper less general, but easier to follow.

To summarize, we assume that  is a periodic box in R3?, i.e. Q = T3, and we consider the following
system of equations:

Oro + div(pu) =0

O(ou) +div(ou®u) —divS + Vr =0

O E + div(Eu) + div(ru) + div Q — div(Su) = 0
0o + div(orpu) + div(Fy) = odwy, k€ {l,..,n}

in (0,7) x Q (3)

with the corresponding set of initial conditions. Above, ¢ denotes the density of the mixture, u is the
mean velocity of the mixture, S is the stress tensor, 7 the total pressure, E the total energy, Q the heat
flux, g the density of the k-th constituent, Fj the multicomponent diffusion matrix, 1 is the temperature
of the mixture and wy, the chemical source term. The system is supplemented by initial data on density
— 0%, momentum — m® = p’u?, temperature — ¥° and densities of species — gg.

Recall that the first equation, usually called the continuity equation, describes the balance of the
mass, the second equation expresses the balance of the momentum and the third one the balance of the
total energy. The last set of n equations describes the balance of separate constituents. Note that the
system of equations cannot be independent, the last n equations must sum into the continuity equation
@)1. Thus, here we meet a serious mathematical obstacle, system (B])4 is degenerate parabolic in terms
of op.

The second equation is the balance of momentum, in which the temperature and the species concen-
trations appear only in the form of the internal pressure w. The relation between the density dependent
viscosities appearing in the form of the stress tensor S, enables to prove better regularity of the density.

The third equation of the above system may be rewritten as the internal energy balance, since the
total energy F is a sum of kinetic and internal energies:

E= %Qlul2 + ge.
The kinetic energy balance is nothing but a consequence of the momentum equation multiplied by u and
integrated over €2, thus we may write the balance of the internal energy in the form

Oi(0e) + div(geu) + divQ + 7divu — S : Vu = 0. (4)

However, the balance of internal energy together with the momentum equation is equivalent to the balance
of the total energy and the momentum just in case, when the solutions are sufficiently regular. Hence
it is true for classical or strong solutions, but it might be not true for weak solution which we introduce
below.

The outline of the paper is the following. In Section [2] we discuss the constitutive relations and their
consequences. We also introduce a notion of a weak solution and state our main result — Theorem [l The



rest of the paper is devoted to its proof, it consists of several levels of approximation and the subsequent
limit passages. Section [] provides a description of two most important levels of approximation. First
we present the system including only the main regularizing terms, which is marked by a presence of
three main approximation parameters — ¢, A and §. The existence result for this system is stated in
Theorem 2 Then we rewrite the approximate system so that the momentum equation is replaced by its
Faedo—Galerkin approximation (denoted by N), the total energy equation is replaced by the approximate
thermal energy equation and the finite dimensional projections of the species equations with new entropy
variables are introduced. Finally, in Section M the basic level of approximation is considered with all
the necessary regularizations needed to prove the existence of regular solutions as stated in Theorem [Bl
After this, in Section Bl we let N — oo in the equations of approximate system proving Theorem 2] and
come back to the first weak formulation from Section Bl Then, in Section [6l we perform the limit passage
0 — 0, so that we are left with only two parameters of approximation: £ and \. At this level, derivation
of the B-D estimate becomes possible, we present it in Section [ In Section [§] we first present the new
uniform bounds arising from the B-D estimate and then we let the last two approximation parameters
to 0, which finishes the proof of Theorem [II

2 Constitutive relations and their consequences. Main result

Before introducing the definition of the weak solution and stating the main result of this paper, we have
to specify the constitutive relations that we are going to use in our paper. We try to use such relations
which are close to models of the real processes; however, in some cases we have to simplify them in order
to be able to prove our main result.

2.1 Pressure and internal energy

In the above system we use

g

™= 7Tc(g) + §ﬂ4 + Wm(@ka"g)’ 5 >0, (5)

where the latter denotes the internal pressure of the mixture which is determined through the Boyle law

m(V,01,...,00) = Zpkﬂgk Zﬂgk (6)

m
=1 'k

above, my, is the molar mass of the species k and for simplicity, we set the gaseous constant equal to
1. We further assume that 7. is a continuously differentiable function on (0, 00) satisfying the following

growth conditions
—y—1
co” for o <1,
(o) = { _— (7)

co0? T for p > 1,

for positive constants ci,co and v~ > 5, v > 3 specified below. Note that the lower bounds for ™ and
~~ are rather mathematical than physical. We shall keep in mind that interpretation of the form of m.(+)
for o <1 implies that vacuum regions of the fluid are not admissible, as observed in [6]. The term §ﬂ4
models the radiative pressure.

The internal energy can be expressed as e = ¢, + 19—: + e., where

oem (9, ok) Z ke = Z ok(ef + (0 = 0%)eur),
k=1



2 dec(o)
do

It is convenient to define the internal energy 62 of the k-th species at zero temperature

= 7c(0)-

0 st st
e, = e — UV ek,

where e’ denotes the formation energy of the k-th species at the positive standard temperature ¥, see
Giovangigli [20] (2.3.4). Here we take without loss of generality %! = 1 and assume that this energy is
equal for all species, for simplicity eg = 0. In the above formulas ¢,; denotes a constant-volume specific
heat for the k-th species and it is related to the constant-pressure specific heat (c,;) by the formula
1
Cpk = Cyk + m—k (8)

For the sake of simplicity we take
Cok = Cp = 1.

Hence, since Y, _, ox = 0, the molecular part of internal energy can be reduced to
0em = ov.

This simplification leads to the following reduction in the form of specific enthalpy of the k-th species
with respect to the general form (2.3.6) in Giovangigli [20]

9
hp, =€, +— = Cpk’ﬂ.
mg

2.2 Flux diffusion matrix

A key element of the presented model is the structure of laws governing chemical reactions. We first
define the flux diffusion. We consider the following special case

Fk = —CO Z Ckldh k= 1, ..., (9)
=1

where Cy, C}; are multicomponent flux diffusion coefficients and dj = (d,lg, dz, dz) is the species k diffusion

force
L= V., (p—k> + <p—k - %> Vaz, log mp,. (10)
Tm Tm o
To fix the idea, we shall concentrate on the following explicit form of C'
Z1 -1 ... =1
Yy Zy ... =Y

Y, -Y, ... Z,

where Y3, = an’“ ” and Z, = > ""-1 ¥;. We also assume that Cy = Cy(p,9) is a continuous function in
k=1 i%k
both variables such that

Co(0,9) = co(0)Co(¥), Coo(l+ 1) < Colo,¥) < Coo(1+ V), (12)

for some positive constants Cp, Cy. Matrix ([I)) can be examined in more general form. However. it is
fixed to reduce a number of technical computations, which would make our proof more difficult to follow.



Remark 1 Using expressions for the diffusion forces [I0l) and the properties of C' one can rewrite (@)
into the following form
Co CO .
Fy=—— (Vpp — YiVrm) = —— > CuVp, (13)
m Tm, =1

MOTEOVET, Zzzl Fi = 0, pointwisely.

Remark 2 The matriz Dy = CTIZZ 18 symmetric and positive semi-definite.

2.3 Heat flux

Next, we look at the energy equation ([Bl)3. The heat flux is given by the Fourier law
n
Q= Z hiFp — £V, (14)
k=1

where hy, stands for partial enthalpies hy () = cpp?? and the thermal conductivity coefficient k = k(0,?) =
k(0)R(19) is a smooth function such that

k(0,0) = Ko + 0 + 09* + pI7, (15)

where kg = const. > 0, B > 8. Again the last limitation is a consequence of mathematical needs.

2.4 Stress tensor (viscous part)
The viscous part of the stress tensor obeys the Newton rheological law
S(e,u) = 2u(0)D(u) + v (o) div ul, (16)

where D(u) = 3 (Vu+ (Vu)?) and the nonnegative viscosity coefficients p(o), v(o) satisfy the Bresch-
Desjardins relation

v(0) = 24/ (0) — 2u(0)-
In this work we consider only the simplest example of such functions, namely = o, v = 0.

2.5 Species production rates

We assume that the species production rates are Lipschitz continuous of 91, ..., 0, and that there exist
positive constants w and w such that
—w < wg(01y.-.,0n) <, forall 0<Y, <1, k=1,...,n; (17)

moreover, we suppose that
wi(01,...,0n) >0  whenever Y =0. (18)

We also anticipate the mass constraint between the chemical source terms

> wp=0. (19)
k=1

Another restriction that we postulate for chemical sources is dictated by the second law of thermo-
dynamics; it asserts that the entropy production associated with any admissible chemical reaction is
nonnegative. In particular, w; must enjoy the following condition

n
— 0 grwr >0, (20)
k=1

where g are the Gibbs functions specified below.



2.6 Entropy

In accordance with the second law of thermodynamics we postulate the existence of a state function
called the entropy. It is defined (up to an additive constant) in terms of differentials of energy, total
density, and species mass fractions by the Gibbs relation:

¥Ds = De + 7D ( ) ngDYk, (21)

where D denotes the total derivative with respect to the state variables 1, 0,Y7,...,Y,. The Gibbs
function of the k-th species is defined by the formula

G = e — Usg,
v
gk = hi — Vs = cpp) — Jlog ¥ + — log—
mg

Here si, = si (¥, ox) are the specific entropies of species and their general form (relation (2.3.20) from [20],
Giovangigli) is the following
,lgstgk 4,8’193
p¥my - 3ok

1
sk = 85 + o (log ¥ — log 9°') — — log
k

In comparison to the general framework we reduce the form of entropy by an assumption that 32 =
s — cyr log ¥t = 0, for all k. Moreover, we set the standard pressure p** equal to 1. Therefore

4593
Sk —logvﬂ——l LA b (22)
mp  mg o 30k
and
=5 oksp = ology = Y Flog 4 T2 23
0s oSk = 0log 2y og, -+ 5% (23)

and this expression will be understood as our definition of the entropy.
The evolution of the total entropy of the mixture can be described by the following equation

O¢(os) + div(psu) + div < Z Ik g ) =0, (24)

where o is the entropy production rate

o — S :ﬁVu Q V’ﬂ ZF v <gk> ngwk

20Du:Du  k|VI? F
_ze +| |_Zk

9 52 V (log pi,) — Z ogiwi = 0. (25)

k=1

The equation follows from the internal energy balance (@) and the assumptions we posed above.

Remark 3 Note that the above manipulations work only for smooth solutions and if we know that
> r_q 0k = 0, otherwise the Gibbs formula and the Gibbs functions must be modified.



2.7 Weak formulation and the main result

In what follows we introduce the notion of the weak solution to system (@]). It is a set of space-periodic
functions (g, u, 9, {ox}}_;) such that 0 > 0,9 >0, g >0, 0=, o) a.c. in (0,7) x €,

0€ L®(0,T; L7 (@), 07! € L¥(0.T5 L7 ()

Vou € L=(0,T; L*(2)),/eVu € L*(0,T; L*(Q))

¥ e L°(0,T; L*()),9 € L*(0,T; WH2(Q)) (26)
97 € L2(0,T; W2(Q))
Vor € L*(0,T; WH2(Q)),

and the following identities are fulfilled:

- the continuity equation
Oro + div(ou) = 0,

is satisfied pointwisely on [0, 7] x €;

- the momentum equation

T
—// gu-@tqbdmdt—/mo-q&(O) dx
0JQ Q
T T T
—//(Qu®u):V¢dxdt—i—//29Du:D¢dxdt—//wdiv¢dxdt:0
0JQ 0JQ 0JQ
=0.

holds for any test function ¢ smooth function such that ¢(-,T')

(27)

- the species equations

T
|| otro dzat+ [ fo(0) az
0JQ Q
T T T
—|—// Qku-Vqu:cdt—l—//Fk-ngdxdt:—// odwiep dz dt, ke {l,..,n}
0/ 0/ 0/

are fulfilled for any smooth function ¢ such that ¢(-,7) = 0;

- the total energy equation

/OT/Q (ge + %Q\u’2> O dz dt—i—/Q (ge + %gluP) (0)p(0) dx
+/T/ <Qeu+ %Q|u|2u> V6 du dt—/T/QliVﬂ-ng da dt+zn:/0T/Qt9— Vo drdt (28)
k=1
//m Vo dz dt — // 20D(w)u) - D¢ da dt = 0

holds for any smooth function ¢ such that ¢(-,7') = 0, where the heat flux term is to be understood
as in the distributional sense.

The main result of this paper reads

Theorem 1 Let Q = T3 be a periodic box, v >3, v~ > 5, v > 2 + 3,B>8 wu(o) = o, v(p) =0. Let

o0 € L3(Q), 1/0° € LGV -D/3(Q), m® € LY(Q) such that 1 ) € LY(Q), ¥° € LYQ), o} € L} (Q).
Let T > 0 be arbitrary. Then there exists a weak solution to (BI) in the weak semse specified above.
Moreover, the density o > 0 and the temperature ¥ > 0 a.e. in (0,T) x .




3 Approximation

The aim of this section is to present two levels of approximation (in fact, there will be more of them as
intermediate steps, however, we will not mention all of them explicitly). It is well-known that one of the
main problems with the so-called Bresch-Desjardins relation is the question of a good approximation.
This has to allow to construct sequence of solutions which are compatible with the better estimate; e.g.
for the isentropic Navier—Stokes system (i.e. p(g) ~ ©7) the problem is totally open. In case of no
vacuum regions (as it is here), there is a chance to show existence of such approximations, see f. i. [5],
however, the problem is far from being trivial (in fact, it is more complex than the problem for the full
Navier—Stokes—Fourier system presented in [14]).

First, we take €, § and A > 0 and fix s a sufficiently large positive integer. Our aim is to consider
the regularized problem given below, in which ¢ is the rate of dissipation in the continuity equation, ¢
introduces additional relaxation into the species mass balance equations. By A we insert to the momentum
equation the artificial smoothing operator \oVA25t1p with s sufficiently large, inspired by the works of
Bresch and Desjardins [5,8], we also introduce another regularization of the momentum ApAZ*!(pu).
Note that at the end, after passing subsequently with &, € and A — 0", we recover our original problem

@)

We look for space periodic functions (o, u, %, {0y }}_,) such that

o€ L*(0,T; W*2(Q)), 8,0 € L*(0,T; L*(12))
ue L0, T; W2THQ))

9 € L2(0, T;W(Q)) N LB(0, T L3B(Q)) (29)
or € LU0, T; L)), ¢>3
solving the following problem:
e the approximate continuity equation
0o + div(pu) —eAp =0 (30)

Q(O’x) = Q?\(ﬂf)
is satisfied pointwisely on [0,7] x © and the initial condition holds in the strong L? sense; here
Q?\ € C*°(Q) is a regularized initial condition such that 99\ — 0" in IRl (Q) for A — 0T, such that
MN[VZEH Q)3 — 0 for A — 07, and

. 0 .
inf 0X(z) > 0; (31)

e the weak formulation of the approximate momentum equation

/OT/Q ou-0,$ dw dt - /OT/Q AASY (ou) : A*V (o) dz di

+/OT/Q(gu®u):v¢ da dt—/OT/QQQ"Du:Dq) dz dt+/OT/Q7rdiv¢ dz dt (32)
—)\/OT/QASdiv(gq))Ang dx dt—s/OT/Q(Vg-V)u-q)dx dt:—/ﬂmo-qb(o) dx

holds for any test function ¢ € L?(0,7; W*TL(Q)) n W12(0,T; W'2(Q)) such that ¢(-, T) = 0;

10



e the weak formulation of the total energy equality

g Lo Aot 2 g Lo
// <ge+—g|u| +—|V stlol >6t<;5 dx dt+// <Qeu+§g|u| u)-ngde dt
Q

kYO -V dz dt + gEr _ gyNor 0@ V¢ dz dt
[ >/ ( 2.

(33)
//ﬂu V¢dxdt—// 20"D(u)u) - Vo dz dt = // ——8795 ¢dmdt
_ Lo op L io2s+1 02
+/0\/§\2R5,)\(Q,'l9,u,(b) dl’ dt /;)( )\e + 2@)\‘11)\’ + 2‘V Q}\‘ )(b(O) dl’,
with
T T ) T B4l
VY-V dr dt = " 9?) Vo - dd— 9BHAG dx d
/O/va V(bxt/o/ﬂ(no—i-sg—i-g—i-g)v Vo dx dt + /O/Q ¢ dx dt
(34)
and
R.x(0,9,u,¢) =) [A%(div(oug)) At o — A% div(ou)A*H ¢
— AA*div(ou)VA®p - Vo — A [|AS(V(Qu))|2¢ — A®V(pu) : ASV(ngb)] (35)

+AeATH VA% - Vo + %\qu Vé+eVo- Vo (ec(@) + m{()@)

0

is satisfied for any ¢ € C*([0,7] x Q) with ¢(T,-) = 0; here ¥ = e(0%,9%), u} = r;‘—o and
— A
9% € C°°(Q), 9 — 9 for A — 0" in L4(Q), and

0< inf 9R(x) = 9" <9°(w) < sup ¥ (w) = ¥° < oo; (36)

e the weak formulation of the species equations

T
// (51 < ) >8t¢d$dt—{—/ &u Vo dx dt
0Jo Mg
£ weasa = [ Steara [ (o () )
+/O/ka V¢ dz dt = /O/Q @ de dt /Q Sl | -b )+~ $(0) dz, ke {l,..,n}

is fulfilled for any function ¢ € C*°([0,77];€2) such that ¢(-,7") = 0.

Above, we denoted

3

where m = min{my,...,m,}.

We prove the following result

11



Theorem 2 Under the assumptions of Theorem 1 and the assumptions specified in this section, for any
T>0,¢e, 0 and A > 0, there exists a solution to problem [29)-B8) in the sense defined above.

Indeed, the proof of this result is far from being obvious. To prove Theorem [2] we have to introduce
another level of approximation, based on regularization of certain quantities and finite dimensional pro-
jection (Faedo—Galerkin approximation) of the momentum equation and the species equation as well as
on replacing the species densities by their logarithms. More precisely, we additionally take n € N and
look for functions (o, u, 9, {ry}}_,) such that (for definition of X and Yy see below)

o€ L*(0,T; W*t2(Q)), 0 € L*(0,T; L*(Q))

uGC([O,T];XN) (39)
v e L®((0,T) x Q)N L2(0,T; Wh2(Q))
T € C([O, T]; YN)
solving the following problem:
e the approximate continuity equation:
Oro + div(pu) —eAp =0 (40)

9(07 .%') = Q()]\(x)

it is satisfied pointwisely on [0,7] x € and the initial condition holds in the strong L? sense; here
Q()]\ is as above;

e the Faedo-Galerkin approximation for the weak formulation of the momentum balance: we look for
u € C([0,T]; Xn) such that

/gu( ¢dx—/m0 ¢ dz — ) /J oA* T (pu) - ¢ dx dt
/O/ ou®u) : V¢dxdt+/ﬂ/S V¢dxdt—/0/7rdlv¢dxdt (41)

—)\/O/ oVA»Ty. ¢ da dt+s/ (Vo-Viu-¢ dz dt =0
Q Q

is satisfied for all ¢ € [0, 7] for any test function ¢ € X, and Xy = span{g,}¥,, where {¢,}2, is
an orthonormal basis in L?(£2), such that ¢; € C*°(Q) for all i € N;

e the approximate thermal energy equation:

O (09 + BU*) + div (u (00 + B9*)) — div (k. VY) + Z div (ﬂm— — 89V — ede” kwk> —
k=1

Vol?,
(42)

1
Rt <”m * %9) divu + 20" [D(w)[* + AT (ou)|? + A| A g + gw :

it is fulfilled pointwisely on (0,7") x €, the initial condition 9 is as above;

12



e the Faedo-Galerkin approximation for the weak formulation of the species mass balance equations:
we look for r = {r;}{ € C([0,T]; Yn)" such that

/(5rk+e ) () dx—/ﬂ(érg—i-erg)(b(O) dz =

/J e u— (0 +ee"™)Vry) - Vo do dt — /0/ (C’O (0,9 ZDM Vrl> Vo dx dt (43)
t
+/O/Q <CO(Q,19)V10g19;ﬁkl(r)> Vo da dt+/0/ 0" w’w) dz dt,

is satisfied for each k = 1,...,n and for all ¢ € [0,7] for any test function ¢ € Yy, and Yy =
span{¢; }¥ |, where {¢;}2, is an orthonormal basis in L?(2) such that ¢; € C>®(Q) for all i € N

and the initial condition Tk, =In 2 m

k-

In the system above we introduced the following notation

n
= kaer’“, (44)
k=1

and

Fp =Fi(0.9,7), Filo,d,r) =—-Co(e,9) <Z Dy (r)Vry + Vlogﬂszz )

IC(r)

Tm€ kM

Dy(r) = ke, my =mp (9, r), mn(d,r) = Zz?er’“,
k=1

mpe’k

Cri(r) = Cr(Y1,...,Y,), where Yy =

Y2

which formally corresponds to the definition of g above. From the definition it follows that the matrix
Dy is symmetric, positive semi-definite and its L° norm is bounded by a constant dependent only on
mi,...,mg. In particular

0 < Dy(r)<e (45)

Note that passing with N — oo in (@0)-#3]) and setting r; = In g’; we formally recover our previous
approximate system.

Remark 4 The role of parameter B is significant in obtaining the weak formulation for the total energy
balance. We need it to pass to the limit in Q especially in the term of the form 09?>V9. This in turn is
needed to close the B-D estimate.

Theorem 3 (Existence of regular solution) Let N € N, ¢, § and A > 0. Let m°, 0%, 99, of be as

above. Under the assumptions of Theorem [l and assumptions stated above in this section, for any T > 0,
there exists a solution of system ([@Q)—[3]) in the sense specified above.
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4 Basic level of approximation

This section is dedicated to the proof of Theorem [Bl The strategy of the proof can be summarized as
follows:

e We fix u(t, z) in the space C([0,T]; Xn) and ry in C([0,T]; Y) and use it to find a unique smooth
solution to Q) ¢ = o(u).

e We smoothen functions (¢, z), k = 1,...,n with respect to time by a convolution with smoothing
kernel denoted by & and we find 9¥(u, ry, 7 ¢) a unique solution to a regularized version of equation

@.

e We find the unique local-in-time solution to the momentum equation and the species equations by
a fixed point argument.

e We extend the local-in-time solution for the whole time interval using uniform estimates.

e We pass to the limit & — 07 and thus prove Theorem [l

4.1 Continuity equation

We first prove the existence of a smooth, unique solution to the approximate continuity equation in the
situation when the vector field u(z,t) is given and belongs to C([0,T]; Xn).

The following result can be proven by the Galerkin approximation and the well known statements
about the regularity of linear parabolic systems (for the details of the proof see [14], Lemma 3.1).

Lemma 4 Letu € C([0,T]; Xn) for N fized and let 03 be as above. Then there exists the unique classical
solution to (£0), i.e. o € V[g oL where

. € C ([0,T];C?*(Q)),
Vo) = { aig € C(‘ ([O,T];CO’”(Q))) : } o

Moreover, the mapping u — o(u) maps bounded sets in C([0,T]; Xn) into bounded sets in V[g 7] and is
continuous with values in C([0,T];C**'(Q)), 0 < v/ <v <1,

Q_Oe_ Jo lHdivullocdt o(r,x) < Eefg Idivullodt  £or q11 7 € [0,T], = € Q. (47)

Finally, for fited N € N, the function o is smooth (C*°) in the space variable.

4.2 Temperature equation

The existence of unique solution to ([@2]) can be proven as in [I4] with the necessary modifications to
accommodate the extra terms due to the dependence of the species concentrations. First, however, we
need to smoothen the coefficients of ([@2]) with respect to time. We will consider the following system

" F
(09 + YY) + div (u (00 + B9Y)) — div (ke VD) + Y div (ﬂﬂ — 59V — gﬂermwk> _
my
k=1

18m,
e <7Tm + §ﬂ4> divu + 20"|D(u)|? + AA*V(ou)|? + Xe|AsT1 2 + 55 W@é()@)

92 Vo2, (48)
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Here ¢ denotes the convolution with the standard regularizing kernel we applied at several places to the
time variable of function r (¢, x) = {r1(t,x),...,r,(t,x)} (extended by the initial value to negative times);
moreover we denoted

Re ¢ = KJE(Qa 79’ Tf)
and
Fi¢e=Fp(0,9,7,1¢) = —Co(p0,9)my, <Z Dya(re)Vry + Vlogﬂz ﬁkl(r5)> .
=1 =1

We have the following lemma.

Lemma 5 Let u € C([0,T]; Xn) be a given vector field, r, € C([0,T];Yn), k = 1,...,n be given
functions and let o(u) be the unique solution of (£0).

Then, equation (48) with the initial condition 199\ defined above admits a unique strong solution 9 =
Y(u,r) which belongs to

. { 8 € L2((0,T) x Q), A € L2((0,T) x Q), }
0.1 =

9 € Lo, T WH2(Q)),  9,0-L € Lo((0,T) x Q). (49)

Moreover, the mapping (u,r) — 9(u,r) maps bounded sets in C([0,T]; Xn) x C([0,T];Yn) into bounded
sets in V[g ) and is continuous with values in L3([0, T); WH2(Q)).

Proof. The rough idea of the proof is to transform and to regularize equation (48]) in such a way that
the classical theory for quasilinear parabolic equations could be applied. Lest us consider the following
approximate equation

459* . 4
Qn + T_{_TF 81519 + le((llQ)n’lg + 5119”) — Ang

o [V 0 no
+ [ke(0, 5, 7m¢)]" + [Dri(re)Colo, s)]" | ds
8%/1 ox; e 8 k;1 ki\T¢)Colo 0

= div ((C(]}n(gn, 0)0 Y Dyt (re) Vi + 60V, ) + edehs wk,n> -
k=1 =1

£ B .
—900, + m — 9757 — <<7Tm>n(9n,rn) + §9$> divu, + Gy (t, x).

By 1 we denoted mollification of functions in the following sense. For functions o(¢,x), u(t,x), (¢, x),
G(t,x) it is the mollification in the time variable, in case of energy, pressure and the transport coefficients
it is the mollification with respect to all independent variables; the functions are assumed to be extended
to the whole space in the following way

(@ = {

a(z) if z € (0,00)M
max{inf, ¢ ooym a(2),0}

) NPT
! 1+ ny/92 + n?

M=1,2.

Moreover we set

and

19 n
Key = Kol0.9,7¢) = / peel”+ 3 (Dua(re)Colo 5))" | ds,
k=1
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[ieg]" = €08 + (), (0q:0n) + 56, [Dralre)Co(e, 8)]" = Dya(re)(Co),y(0y: 6)
1 (97Tc( )
Q

G(t, ) = 20"D(W)* + A AV (eu)[* + Ae| A of* + Vol

Now, for &, 7, N being fixed, we can combine the Ladyzhenskaya—Solonmkov—Uralceva theorem about
the existence and uniqueness of solutions to quasilinear parabolic problem [26] together with standard
estimates for parabolic equations in order to find unique ¥ = 9" solving (B0l), such that

9" e C(0,T); C*HQ) N CH[0,T] x Q), 89" € C¥V/2([0,T];C(Q)).

The following bounds are satisfied uniformly with respect to n

T
ess sup [[97]3 1z +/ <H8,519"HL2(Q)2 + HAQ?"H%Q(Q)> dt <e (51)
te(0,7) 0

with the constant ¢ which depends only on the following quantities: [[ullc(o.r1;xy): llellet(o,7x0)s

1A olloqo.ryxa)s o™ e omyx)s ITllcqorrywyms Irellerqoryyyyn and the initial Value ||190HW1 2(0)-
In addition, analogously as in [I4], Chapter 3, one can prove a comparison pr1nc1p1e in the class of

strong super and subsolutions to (B0]), which thanks to a presence of singular terms >, 9 causes that

792+77
the temperature " stays away from 0 and is bounded from above

19" oo (0,1 x2) T H(W)AHLOO((O,T)xQ) se

With these bounds at hand we may let n — 0 in equation (B0) to obtain the unique solution of (@)
belonging to the class [@3J]). Moreover, the uniform estimates from (BII) imply compactness of solutions
in L2([0, T); W12(€2)). The continuity of the mapping (u,r) + ¥(u,r) then follows from uniqueness of
solutions established above. O

4.3 Fixed point argument

Having all the necessary elements prepared, we are ready to apply the fixed point argument. We use
the Schauder fixed point theorem to find a solution to the momentum and the species mass balance
equations.

More precisely, we prove that there exists 7 = 7(IV) such that u solves the approximate momentum
equation (4I]) and 7y solves the species balance equation ([43]) with regularized coefficients,

/(m + ) (D)g da — /Q(m + ) (0)6 da —
/ﬂ/ e"tu — (8 + £™¢)Vry) - Vo da dt—/ﬂ/ (co (0,9 ZDM (re) Vrl> Vo dr dt (5

/O/ (co 0,9 Vlogz?ZDkl Q) Vo da dt+/0/ ¢ 79“% dz dt,

for ¢ € C>°(Q) and t € (0, 7]. To this purpose we consider the following mapping

T :C([0,7]; Xn) x C([0,7]; YN) — C([0,7]; Xn) x C([0,7]; Yn),
(53)
T(v,z) = (u,r),
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which attains a solution to the following problem

u(t) = My [mo + fot Px N (v, z)(s)ds] ,

(54)
V“k(t) = ,Czk(t) [((52k + ez’“)o + fot PyNﬁk(V, z)(s)ds] s
where
(N(v,z2),¢) = / (ov®@v): Ve dox — / 20"D(v) : V¢ dx + / (9, 0,2) dive dzx
Q Q Q
+ )\/ oVA» Ty ¢ da + )\/ oA® div(A®V(vp)) - ¢ dz — 6/ (Vo-V)v-¢dz, (55)
Q Q Q
and
Mg[']:XN%XJ\U AQMQ[W]¢dx:<W7¢>7 W7¢€XN-
Similarly,
[ 0"y
<£k(v7 Z),¢> - o my ¢ dx
+ / <€Z’“V — (0 4+ ee®)Vz, — Cp(o,0) <Z Dyi(2e)Vz + VlogﬂZﬁkl(z§)>> -V¢ dz, (56)
@ =1 =1
and

,Czk H :YN_>YN5 /Q((S_i_eZk)sz [y]¢dx=(y,¢>, y,gbeYN-

Next, we consider a ball B in the space C([0,7]; Xn) x C([0,7]; Yn):

Br,r = {(Vaz) € C([0,7; Xn) x C([0, 7 Yn) : [Vlleqorxa) + 2 zelleomy < R}
=1

We need to show that the operator 7 is continuous and maps Bg ; into itself, provided 7 is sufficiently
small. First observe that we have

N (u,7)llxy <c [(H@"IIYN +llellze()) (lllx, + lullxy) + llel7e ) + 191z q)
o lyy 191 oo @) + llell =) (lellwasrace(a) + llellwastzec@llullxy)], (57)

and

1Lk, m)llvy < el(L+ e L)) ([ullxy + Irelvy)
+llellzee (@) (W@ Il + 19llwrzi)) + le™ lya 19l oo () (58)

To justify that the higher order gradients of the density are bounded, one needs to recall that the unique
solution p to the approximate continuity equation (0] is smooth in the space variable. Therefore we can
put the term div(pu) to the r.h.s. of ({@0) and then bootstrap the procedure leading to regularity (@),
see e.g. [26], Chapter IV. By this argument, the term oVA2**1p in the approximate momentum equation
makes sense, i.e. it is bounded in L*(0,7; C*°(R)).

From estimates (57), (58]), the estimates established in Lemmas [ [l and from (54) it follows that for
sufficiently small 7, operator 7 maps the ball B ; into itself. Moreover, 7 is a continuous mapping and
its image consists of Lipschitz functions, thus it is compact in Br . It allows us to apply the theory of
topological degree to infer that there exists at least one fixed point (u,r) solving ([@I]) and (52) on [0, 7].
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4.4 Uniform estimates and global in time solvability

In order to extend this solution for the whole time interval [0, 7], we need a uniform bound of the solution.
It follows from (B4]) that u and ry are continuously differentiable function, therefore, system (A1), (52))
may be transformed to the following one

/Qat(gu)-qbdm—)\/J oA T (ou) - ¢ dz dt—/(gu@u):qudx—i—/QS:Vq)dx

—/wdivq&dx—)\/J oVAZ+L,. ¢dxdt+€/0/ (Vo-V)u-¢ dz dt =0,
Q

satisfied for any ¢ € X on (0,7), ou(0) = Px,, m°, and

(59)

/ 0y (671, + e"™) ¢ d :/ (e u — (6 + ee™€)Vry,) - Vo da + / <CO (0,9 ZDM T¢) Vrl> Vo dz
Q Q Q

=1

~ - o"w
+/Q <C°(Q’ﬁ>V1°gﬁZDm<rg>> Vo du + /Q 4 da

=1 k

(60)

holds for any ¢ € Yy on (0,7) and (67 +€")(0) = Py, [(0r)) +¢"t)]. Therefore we can test (53) and (G0)
by u(t) and 7 (t) respectively. For the approximate momentum equation, using the continuity equation,
we obtain the kinetic energy balance

q
dt

1 A oo 10m,
(5ol + 31710l + 0eele)) ot [ LR 0o
Q Q Q
+/ (2@"\D(u)]2—i—)\]AsV(gu)\Q—i—)\a]AsHQ\Q) dx:/ﬂgdivu dz. (61)
Q Q

Adding to this equality (48] integrated with respect to space and integrating the resulting sum with
respect to time we obtain

/Q (%@\u!%) + %\V%“gf(t) + ge(t)> dz + 5/:/9 9 dz dt
— /J 5 dx dt+/ (%g’u‘2(0)+ %’v2s+19’2(0) —|—ge(0)> dr. (62)

Next taking ¢ = r(t) in ([60) and then summing with respect to k =1,...,n we get

Zdt/ (5 ko @Ry — " ) dx—i—Z/ <5+ae”€€)\Vrk! + Co(0,V ;Dkl T¢) Van) dz
:_Z/ rkd1vudx+2/

0w
krk dr — / Co(0,9)Vlogv Z Dkl re)Vry dz.  (63)
l,k=1

Since ﬁkl(r) is a symmetric, positive semi-definite matrix, the last term on the Lh.s. is nonnegative. On
the other hand, for ¢ = 1 we get from (G0)

0" Jwy,

Q Mg

/ O (Ory +e™) do = dz, (64)
Q
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multiplying these equations by mj, summing them and integrating with respect to time yields

for t € (0,7).

Note that these equalities do not provide any uniform bounds for the velocity yet. Indeed, proving
boundedness of r.h.s. of (62]) and (63]) requires an estimate of the temperature. The next step will be
hence devoted to derivation of such estimate from the so called entropy balance equation.

4.4.1 Entropy estimate

Our aim now is to derive a fundamental estimate for our system. It can be viewed as a total global entropy
balance. Indeed, using ([23)) as a definition of the entropy, we will rearrange the internal energy equation,
the continuity equation and the species mass balance equations in order to get a relevant approximation
of ([24). However, due to the very low regularity of €™+, we can only hope to have an integral equality
rather then a pointwise one.

From Lemma [ it follows in particular that ¥ = 9J(u,r) is bounded from below by a constant.
Therefore, dividing internal energy equation ([4S]) by ¥ is possible and the equation
4p A 3
6t19 + 0 (plog V) + div (uplog ) + div ?m? +eAp(1 —log0)
0,re) | VI O
—div (ke (0,9, 7¢)Viog¥) — rele, 7“5 )Vl Z div <— — 6Vr, —ee'™ éVrk>
" (66)
F“ 5V eV ) - Vg = 9t =N ek di ! ‘%Cv 2
+Z —= —§Vr, —ce Tk og m—e Z 1vu+e— Vo
k=1

+2Q IDul2 +AIAV (o) ? + Ae(A*p)?
0

is satisfied on (0,7). In the next step we sum (G3]) (without summing over k) with (64]) and obtain

d r ~
pn ; (er’“mC + ory (Ek + 1)) de = /Q (er‘“u — (0 + ee"™8)Vry — Co(, 0) ZZ;DM(T&)VTO -Vr, dx

Co(9, Dy (re)Viogd | - Vr dx—|—/ r+ 1) do.
/Q<o QZklf g) k p— )

=1

Summing the above equations with respect to kK = 1,...,n and subtracting the obtained sum from
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([66)) integrated over Q we get

dt <4ﬁ793 olog ¥ — Zerkrk—ézrk( —i—l)) dx
+/div —ﬁu193+uglog19+u2er’“ dz
Q 3

k=1
Fy.
/ <d1v (ke(0,9,7m¢)V1ogv) — Zdlv < - — 6V, —ee™ EVrk>> dz
Q P k
+e/ Ot da +s/ Vo-Viegd dz — Z/(a +ee™€)Vry, - Viog 9 dz (67)
Q Q

_ / 971 (20" Dul? + AA Y (gu)[2 + Ae(A*H10)?) do

’%5(97 197 Tg)‘V'ﬁP d

+ Z /C’o 0, )Dkl(rg)(Vrk+Vlog19) (Vrg + Viog 9) daz%—/Q KP
k=1

_Z/ngwkdx—i—Z/ 5+6ek§|Vrk|2dx+6 dx+/193 dz,

since Y ;_, wr = 0. In order to get uniform estimates we need to control the Lh.s.; the simplest way to
do it is to integrate the above inequality with respect to time and then to subtract it from the energy
balance (62]). Hence we get

// 91 (2@”\Du]2 + A]A“'V(gu)]z + )\a(AsHQ)Q) dx dt

+ Z // C() Q, )Dkl(rﬁ) (VT[ —{—Vlogz?) (V’I“k +V10g79) dz dt
k=1

2 n T
+// lﬁg(g,ﬁ,r;)\vw dx dt—Z// 0" grwy da dt
0o 0 — JoJo
tT 1 0m e
+ // § 4 ee€)|Vr 2dxdt+€//— CVQdedt+//—dxdt
kzzlosz( Vi 0997939’ | oJo 9?
—i—a// 95 dx dt—i—/ %793( 0) + olog ¥(0) Zerkrk —527% (T_k+1) 0) | dx (68)
0/ o\ 3 = \2
Lo A o5t 2
+ | | selul*(m) + SV ol *(7) + ee(r) | da
0\ 2 2
Lo A o251 2
= [ (Gela©) + SV 1oP(0) + 0e(0) ) da

4/8 3 T
—i—/ﬂ(;ﬁ()—i—glogvﬂ Zekrk 5k:1<2+1 )dx+//792dxdt
+s// v dz dt+e// Vo Viogd dz dt—Z//(Meem)vrk-v1ogz9 dz dt.
0/Q 0/@ 1 J0/q

To control the r.h.s. we take adventage of the fact that the heat conductivity coefficient depends on the

n
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partial densities. We write
g/ Vo-Viegd dz— / (6 +ee™€)Vry, - Vlog ¥ dz < e|[\/ (09) ' Vol| 12 () | v/ 09V log 9| 12 (0
Q — Jo

+ 52 [VrllL2)llV1og I L2 + € Z [VerreVr|[ Loyl Ver eV log 9| 12
=1 =1

Obviously,
az Ve e Vrg]| 1oy [IVe™ <V log 9| 2(g) < Z / "€ V) da 4 Z / "¢ |V log 9| du,
k=1

and the last term is absorbed by the e-dependent part of the heat flux. Indeed, due to (B8] and (44

Z / TN‘ngmQ de < Z / mkerkE]ngvﬂ]Q dx < —/ nglogﬁ\Q dz.

k:l_

To control the positive part of the entropy at time 7 and the negative part of it at the initial time
t = 0 we note that

g/g(%max{%,ﬁ(ﬂ}B [olog ¥(T ++Z —e"krg (T ++5§:[—m (T—;—i-l) (T)]Jr) dex,

where by [-]+ we denoted the positive part of a function. Hence, on account of (G2) we may write

A(%ﬂ&?(ﬂ%—glogﬂ(ﬂ—i:e ri(T —527"k< > 7')) dz

k=1
< (. 7) +/ (BIN(7) + 09(r)) d < e(27) // £ dzdt. (69)
Q
On the other hand, we easily verify that

d:cdt+e//194dxdt§c+// d:cdt+e//z95dxdt,
//192 0o 03 0o

which appears on the L.h.s. of (G8]).
Summarizing, we have shown the following estimate

sup [ ((Galulo) + JIT 0P + ge(t)) da

te(o,7] JQ

—|—// 97 (20" |Dul? + A AV (ou) > + Ae(A*T0)?) dz dt
0 Q

+ Z // Co(0,9) Dy (r¢) (Vry + Vog9) (Vg + Viogd) dz dt (70)
k=1

9,7¢)|[ VI tT — 7
[ i [ ea i st
0JQ v k=1 7/0/Q k=107

(1 O T e T
+e//— cVQdedH—//—dxdt+e//195dxdt§c.
0991939| | oo U3 0o
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Taking s from the density-regularizing term sufficiently large one can show that the density is sep-
arated from 0 uniformly with respect to all approximation parameters except for A\. This property was
observed by Bresch and Desjardins in [0l[6] where the case of single-component heat-conducting fluid was
discussed. Recalling their reasoning we may use the Sobolev embedding ||o~* [ zoe () < cllot [ws.1(q) and

V20 @) < L+ V20l L20)* (1 + o™l a))™s

where the last term is bounded on account of (7)) and the assumption that v~ > 4. So, provided that
2s+1 > 3 we have

HQ_1||LOO((O7T)XQ) <c¢(A) ae. in (0,7) x Q. (71)

4.4.2 Global in time existence of solutions.

The uniform estimates for u and r, can be summarized as follows

Iv/2ull Lo 0,r:12(0)) + VAIA*V (o) || 2(0 120 < €
and
\/g||rkHLoo(077.;L2(Q)) + \/SHT]CHLQ(OJ;WLQ(Q)) <ec.

Moreover, the density ¢ is bounded from below by a positive constant on account of ([{I]). By the
equivalence of norms on the finite dimensional spaces X and Yy we can thus deduce the uniform bounds
for u and ri in C([0,7]; Xn) and C([0,7]; YN ), k = 1,...,n, respectively. As the global estimate does not
blow up, we can return to the procedure of construction of local in time solution described in Sections
MIHA3l By a contradiction argument we get a solution defined on [0,7] for arbitrary but finite 7" > 0,
exactly as in [34].

Remark 5 Finally, note that ([{Q)) is global in time and independent of £&. Therefore it is straightforward
to let £ = 0, since 1 ¢ — 11, strongly in C([0,T],Yn).

This remark completes the proof of Theorem Bl O

5 Limit passage in the Galerkin approximation (proof of Theorem [2))

The purpose of this section is to let N — oo in the equations of approximate system introduced in Section
Bl We start with summarizing all the estimates that are uniform with respect to N derived mostly from
(T0) and its consequences. This will be done in Subsection Bl then in Subsection we use these
estimates to extract the weekly convergent subsequences and to prove that the limit passage N — oo can
be performed.

5.1 Estimates independent of N

Note that the above estimates are not only uniform with respect to time but also with respect to V.
From (69) and (70) we get ons(In, on,7n) € L>(0,T; L*(£2)), more specifically we have

lon 1og ON || oo (0711 (0)) + €8N T v | Lo (0,721 () + OlIT7 w Lo (0,701 () < €5 (72)

also, from (G2]), we get that

2 2s+1
o u| HL°°(O,T;L1(Q)) + \/XHV i QNHLOO(O,T;LQ(Q))
+ llonec(on)l oo o, 01 ()) + 189N Lo 0,701 () + lonOn Iz o, 1:21 () < € (73)
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In addition, we have the estimates following from boundedness of the entropy production rate:

- the velocity estimates

2
H\/ o Duy + 114/ %ASV(QNUN) <cg,
2((0,T)xQ) N L2((0,7)xQ)
- the density estimates
Aty (971'
Ve H +Ve . <c,
VIN |l 20,m)%9) \/QN19N 591\/ 20T

the temperature estimates

VEe(on, 0%, IN)ViN £ 5
H In + 55 +{le9%]| L1 0.y
L2((0,T)xQ) NHLL((0,1)xQ)
- the species densities estimates
H\/(S—i—serkNVTkN‘ <
L2((0,T)x)

moreover, we can write

Z // Co(onIN)Dii (Vrn + Viogdn) (Vrg n + Viegdy) da dt
fi=1

F
:Z// HoNINTN) (g, 4 log 9) da dt

mg

// Tm(ON, TN) Zn:Fi(QN,ﬁN,TN) de di < e

Co(on,VnN) Un £ mye’ kN

<eg,

(75)

(76)

(78)

Temperature estimates. One of the main consequences of (70 is ([Z6) which, for k. (0", o, ?) satisfying

([B8)), provides a priori estimates for the temperature

(14 /20 + von)Viog On | r2(oryxa) + VN VINl2(0.1)%0) IV BYI% | L2 (0,1)x0) < €

(79)

where a € [0, 2] and B > 8. To control the full norm of 9%, in L*(0,7; W12(2)) we combine the above

estimates with (73]). Therefore, the Sobolev imbedding gives

IV/BIN N L2 (07132 (@) < €

Estimates of the species densities. From(72)) and (7)) it follows that

|Ve™sN| < 2|VVekN|\ekN
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is bounded in L?(0,T; L*(9)), thus, by the Sobolev imbedding, e~ is bounded in LQ(O,T;L%(Q)).
Returning to (8I) we get

1964 0308 o) < © (82)

using once more the Sobolev imbedding theorem and the bound in L>(0,T; L(€)) we end up with

T
I, 5 oy < €06 (53)
T
Having this, we return to ([8I) to deduce ||Ve ™~ ||L4( 0.T)x%) < c(e).
Kinetic energy estimate. We now integrate (GI]) with respect to time to get
1 A Tr1om
[ (Gewtux+ 5I9% on + oxeclon) ) (1) da+2 [ [ S22 da o
o \2 2 oJao Jdon
T
+// (204D (un) [ + AA Y (onun)? + Ae| A on[?) da dt (84)
0JQ

T
. 1 A o2s
:// (wm + éﬁ%) divuy dz dt —i—/ <—QN|11N|2 + —|V2 +IQN|2 + QNBC(QN)> (0) da.
0Ja 3 o \2 2

From (84)) it follows that

v QnNDuNHL2((o,T)xQ) + H\/XASV(QN“N)‘

+Ve HAS+19NHL2((0,T)xQ

L2((0,T)%xQ) )

87TC(QN)
+ v
Ve H VON don

n_ T
gc—i-g//ﬂ?v]divu]v] dz dt—i—cZ// VerkNg|Ve N divuy| dz dt - (85)
0/ —JoJa

L2((0,T)xQ)

and the r.h.s. is bounded. Indeed, we have

B .
§||19§1v divun | 10,1y x0) < BIINI T 0.1:01 0 IV ON | 20,752 ()

IVun || 20,7500 < l[unllz20,0,w3.2(0))

and the r.h.s. is bounded provided 2s + 1 > 3. To see it, we write

_ v3 Von)? _
Viuy = V3 (o' onvun) = ( QQQN + ( QiN) > onun + 0y V3 (onun) (86)
N N

and boundedness of the r.h.s. follows from (1), (73] and the Cauchy inequality. To estimate the last
term from the r.h.s. of (8Hl), observe that we have

Vet NGy Vet N divuy| < c(e)e™ N 9% + ee™ N [Duy |2

and the last term is absorbed by the L.h.s. of (84]), whence for the first term we use the following estimate
le X OX o) S 1™V g (o 7y 1OV 25 01)x0);

both terms are bounded on account of ([80) and (B3] by a constant dependent on &.
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5.2 Passage to the limit with N

This subsection is devoted to the limit passage N — oo. Using estimates from the previous subsection
we can extract weakly convergent subsequences, whose limits satisfy the approximate system. It should
be, however, emphasized that at this level we replace the weak formulation of the thermal energy by the
weak formulation of the total energy.

5.2.1 Strong convergence of the density and passage to the limit in the continuity equation

From (84]) and a procedure similar to (86) we deduce that
uy — u  weakly in L0, T; W?T12(Q)), (87)

and
on — o weakly in L(0,T; W*+22(Q)), (88)

at least for a suitable subsequence. In addition the r.h.s. of the linear parabolic problem

Oion —eApny = div(oyun),
QN(07 .YJ) - Qg,)a

is uniformly bounded in L?(0,T; W?2%2(Q)) and the initial condition is sufficiently smooth, thus, applying
the LP— L9 theory to this problem we conclude that {9; o }°°; is uniformly bounded in L?(0, T’; W23 2(02)).
Hence, the standard compact embedding implies oy — ¢ a.e. in (0,7) x  and therefore passage to the
limit in the approximate continuity equation is straightforward.

5.2.2 Strong convergence of the species densities

To show this property we take advantage of the species mass balance equation, we observe that
ZZ:l erk,N

dohei €N Frlon,Un,TN)
F ) = =
[Fi{on, oy, )l ‘\/ Co(on,VN) VerEN
|Fk ON,UN,TN)|
cy/ , (89
on? N\/ Co QN,79N Nl (89)

so, since ||V onUn| L1(0.1)x0) < VoL o715 @) [VINILa0,1:012(0)), We have that

HFk‘(QNaﬁN,TN)HLS ((0,7)x Q) <ec. (90)

' Co(on,Vn)e™mN

>

[SNIT
ot

Having this, we can repeat our reasoning from [33] (since ) to prove the following lemma

providing compactness with respect to time.
Lemma 6 There exists a constant ¢ depending on the initial data, T, and the parameter € such that

5“8,57} NH <ec. (91)

Lio,rw 1)

25



Proof. We take any ¢ € W*(Q) € W'2(Q) such that [|¢[ly15(g) < 1 and decompose it into ¢ = ¢1 + 2,
where ¢; is an orthogonal projection of ¢ (with respect to the scalar product induced by the norm of the
space L?(Q2)) onto Yy. Using ¢; as a test function in (B0) we show that

/ 8,5(57“167]\/ + er’“’N)(m dx

F &
( TRNy — 5+€eTkN)vrkN+ _> Vi dm—i—/ M¢1 dz
mp Q Mk
T T (92)
Z(uunm 5 g + 19w sy + IV g Y lonlwasce
03 (Bl g gy + 1715 19 ) Il
k=1
Then we have
Jorn(t )y g = s | [ Ot da]
WO sewrs(@yol<t
= sup /3t7“kN )¢1d90‘ =/ |Oyrie N (t, )1 |da
PEWL5(Q);]|plI<1
for some ¢ € W01’5(Q) N Yx. Hence
1
ot gy < swp ] [ (e o (e )0ds (98)
WO T gewrs@nvaileli< O
and due to estimate ([@2) we end up with [|0yrk n]| . 5 < % U

Liorw Q)
We now apply the Aubin-Lions lemma to the sequence 7, n, we deduce from ([Z2), (TZ) and (@I that
it is possible to extract a subsequence such that
TN — e weakly® in L(0,T; L*(Q)),
Vri,n — Vr,  weakly in L*((0,T) x Q),
Oyrie, N — Oy, weakly in L%(O,T; Wﬁl’%(Q)),
TN — Tk strongly in L*(0,T; LP(Q)), p < 6;

(94)

in particular, there exists a subsequence 7 y which converges to rj a.e. on (0,7") x €2. Therefore also
e N — e ae. on (0,T) x Q.
Moreover, we have
VesN — Vet weakly in L2(0,T; L' (Q)) N L%((O,T) x ),

(95)
e N — e strongly in LY((0,7) x ), ¢

C«OIOT

The above considerations imply that the species mass balance equations will be satisfied for N — oo if
we validate that the temperature sequence converges strongly. This is the purpose of the next subsection.
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5.2.3 Strong convergence of the temperature

For the temperature we have
Iy — 9 weakly in L2(0,T; WH(Q)); (96)

note that at this level, the time-compactness can be proved directly from the internal energy equation
#2). Indeed, due to the continuity equation, we have

d(onNIn + BIY) = — diV(uNQNﬁN + Bundy) + div (ke (on, 0%, IN)VIN)

— E div < N— — 519erkN — eﬁNVe”’“ N)
€ 153 1 Orc(on) (97)
—e9% — (TN + 204 ) di —S=22 | Von
+79?v edy <7T NF N) ivuy +€QN Don |Von|

+20%D(un)|? + AA*V (oyun)|? + Ae| AT oy [ = ZI

On account of (76) and (85) the last 7 terms are bounded in L*((0,7) x ). Then it follows from (73],
([B0O) and (86) that I; can be estimated as

lanonOn L2 omyx) < cllvenun|reo,r 2 @)llvVeon!l e ©,rLs @) 1IN | Lo 0.7;200)) < €,

lun 9% | im0z < cllullzzomze @) 198l zs/s 0.y x) <
where we used the interpolation
1/4 3/4
e 0 AN 1% R (98)

hence the last term is bounded provided B > 8.
For I, recall that we have k. (on, 0%, UN)VIN = (Ho +eo% + on + onV% + Bz?f,) Vi, therefore
using estimate ([76]) and (73]) we verify that the most restrictive terms are bounded. Indeed,

ok VON | oomyxey <€D I Q%VlogﬁNHL?((o,T)xQ)||er'“N||z b om)xe ||19N||L32/3((0,T)x9) <eg,
ps

with p > 1 on account of (@8]), further

|’QNV19NHL2 orri@y) = cllv/onVINI L2 0,mx) IV en | o 0,0 () < ¢
IVon VIn/en % 38 o288 ) = IVenl <o)< IVeNVINI oo 1 8 ) 10N 80,788 ) < €

Finally, since B > 8, ¥8¥! can be bounded using ([@8). For I3, we have that

[INF kNl L3227 0,1y x2) < 19N La2r3 0,0y <) 1B kN | L7301y 0) < €

WNVV%,N”LQ(QT;L‘—g(Q)) < Hvrk,NHL?((o,T)xQ)\\ﬂN\\Lw(o,T;L4(Q)) <c

HﬂNVeT’“’N”L160/143((07T)XQ) < Hvem’NHL%((QT)XQ)”79NHL32/3((07T)><Q) <c
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As a conclusion we have that
O(oniN + BYN) € LN0,T; WHP(Q)) U LP(0, T; W—9(92)), (99)

for some p, ¢ > 1. On the other hand, since 9;o is uniformly bounded in L?(0, T; W?2%2(Q)), o > ¢()\) and
¥ > 0, we have

109N || L1 0,710 ())uLr (0.7 W -20(02))) < |0 (onVn + 50?\/)HL1(O,T;W*I’P(Q))ULP(O,T;W’Q’q(ﬂ)))’

thus an application of the Aubin-Lions lemma gives precompactness of the sequence approximating the
temperature and we have
Iy — ¥ strongly in LP ((0,7) x Q)

for any 1 < p’ < 32/3.

5.2.4 Passage to the limit in the momentum equation

Having the strong convergence of the density, we start to identify the limit for N — oo in the nonlinear
terms of the momentum equation.
The convective term. First, one observes that

onuy — ou  weakly* in L0, T; L*(Q2)),

due to the uniform estimates (73]) and the strong convergence of the density. Next, one can show that for
any ¢ € Us? Xy the family of functions [, onun(t)¢ dz is bounded and equi-continuous in C([0,77),
thus via the Arzela-Ascoli theorem and density of smooth functions in L?() we get that

onuy = ou i C([0,T]; L3 (). (100)

weak

Finally, by the compact embedding L?(Q) € W~12(Q) and the weak convergence of uy (cf. (87)) we
verify that
oNuy ®uy — pu®u  weakly in L2((0,T) x Q).

The capillarity term. We rewrite it in the form

T T
// onVAE oy ¢ da dt = // A% div (ong) Aoy da dt.
0JQ 0/
Due to (B8]) and boundedness of the time derivative of gy, we infer that
on — o strongly in L*(0,7; W?T12(Q)), (101)

thus - -
// A® div(on@) AT oy dz dt—)// A% div(pg) AT o da dt
0JQ 0JQ

for any ¢ € C°°((0,T) x Q).

The momentum term. We rewrite it in the form

T T
—)\// onA* T opuy) - ¢ do dt = )\// AV (onuy) : A*V(one) dz dt
0JQ 0JQ

so the convergences established in (87)) and (I0I]) are sufficient to pass to the limit here.
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The molecular part of the pressure. Passage to the limit here requires for example the weak
convergence of the species densities and strong convergence of the temperature, which is guaranteed on
account of the results from previous sections.

Strong convergence of the density, temperature together with the strong convergence of the species
densities enables us to perform the limit passage in the momentum equation (B2]) satisfied for any function
¢ € C'([0,T]; X3) such that ¢(T) = 0 and by the density argument we can take all such test functions
from C*([0,T]; W2T1(Q)).

5.2.5 Passage to the limit in the species equations

As already mentioned this passage differs from what was done in the isothermal case studied in [33] only
due to a presence of 9 in the form of diffusion fluxes Fj. However, on account of strong convergence of
the temperature and species densities we can write

Fipn=—

Co (v u
% )~ Cre™N (Vryy + Viogdy) — Fj, weakly in L3((0,T) x Q). (102)
=177 =

5.2.6 Passage to the limit in the internal energy balance equation

Passage to the limit in the terms 2¢"|D(u)|?, A|A*V(ou)|?, and \e|A*F1p|? requires a sort of strong
convergence of these quantities. This will be deduced from the kinetic energy balance. For this purpose
we need to show that u can be used as a test function in the limit momentum equation. Here it is
again important that we have the kinetic energy estimate (84]). Indeed, in ([B2]) all terms are bounded
due to estimates above. Moreover, thanks to the lower bound of ¢ we can verify that u is actually a
continuous function with respect to time and that it is continuously differentiable. To see this it is enough
to differentiate ([B2) with respect to time and use the kinetic energy balance.

Now, using u as a test function and taking advantage of the fact that the limit continuity equation is
satisfied pointwisely, we obtain

t 1 A
[ oD@ - AT+ aclagR) da e+ [ (Gl 51T ) 1) do
Q Q

t
:/ﬂ/wdivudx dt+/ <lg\uy2+5\v%+1g\2> (0) dz (103)
Q 0 \2 2

for any ¢t € [0,T]. On the other hand, due to (61l), we have

t
lim /D/ (2005 D(un)|? + MA Y (oxun)? + Ae|A L on[?) de dt
Q

N—o0

1 A t 1 A
+ lim —onlun P+ S |IVETon|? ) () da = / mdivu dx dt +/ —olul? + Z|V* o2 ) (0) da.
(104)

The comparison of these two expressions yields
2 2
Ve NDun (17201 x0) = VenDullz20,1)x0)

HASHQNH%%((),T)XQ) - ||AS+1Q||%2((O,T)><Q)a

H\/XASV(QNUN)H%Q((QT)XQ) — H\/XASV(Qu)H%Q((O,T)XQ)
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and for all ¢ € [0,7] we have that
lonlan ()21 @) = llelul® ()] L1,

IV on ()l[72(0) = IV o)l 2(0)-

Having convergences of these norms and the relevant weakly convergent sequences we deduce the strong
convergence. On account of that we are able to perform the limit passage in the internal energy equation

@2)
/T/ (Qﬁ+5194)8¢dxdt+/T/u(gﬁ+194)-ngdxdt—/T//{Vz?-Vquxdt
' 0JQ 0JQ :
+Z// (ﬁ——éﬁVwk—sﬁVer’f)-V(b dz dt
T
£ B 4> : (105)
// 519 (bduvdt—i—/o/Q <7Tm+319 divug dz dt
_ n 2 s 2 s+1 12 18770(9) 2>
/O/Q <2Q D) + MAV(gu)? + AelA™* gl + o= ZeL Vo2 ) d

- /Q (00 + B%) (0)6(0) da,

for any smooth ¢ vanishing at ¢ = T', where the limit of the heat flux term should be always understood
in the following sense

T T
// keVY -V dx dt:// (Ko +e0" + 0+ 09%) VI - Vo da dt——//ﬁB“Aqﬁdm dt. (106)
0JQ 0JQ

5.2.7 Limit in the total energy balance equation

Now we use u¢ as a test function in the limit momentum equation (B2]), using again the limit continuity
equation and after integrating by parts we get

// \2a¢d dt+// Sy V¢dxdt—// (20"D(u)u — 7u) - Vo dz dt

//29 ID(u \(ﬁdxdt—i—)\//AS ou) : A°V(pug) dz dt + = //]u\ Vo-Vodxdt (107)

—/O/deivuqﬁ dx dt—i—)\/O/QAsdiv(guqﬁ) Astp dx dt—/ﬂgg(O)qﬁ(O) dz.

We apply to the approximate continuity equation the operator A® and then test it by Adiv(VA%p¢) in
order to obtain

T A T T
// Z|IVA*020;¢ dx dt+)\// A* div(pu) AT p¢ dz dt+)\// A% div(pu)VA®p - V¢ dz dt
0Ja 2 0Ja oJa
T T
—)\a// |AST1 o120 da dt—)\a// ASTLoVASp - Vo da dt+%/ |VA*0|?(0)p(0) da = 0.
0JQ 0/ Q

(108)
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Now, summing (05 with (I07) and (I08]) and using the limit continuity equation to rewrite the term
fOTfQ . divue dz dt, we get the weak formulation of the total energy plus some terms which will disappear
in the subsequent limit passages

// <ge+ —olul® + \V25+lgl2> Oy do dt+// <uge+ —olu*u )-V(b dx dt

// keVO - Vo dx dt + Z // (19— — 09Vr, — 619Ve7"k> - V¢ dx dt

(109)
//wu V¢ dz dt — // (20"D(u)u) - Vo dx dt = — // ——5195 quxdt
o[ s arar- [ ( c(0) + ol (0) + 517 14(0) ) 6(0)
with (I06]) and
R (0,9, u,¢) =\ [A%(div(gug)) A g — A% div(ou) A* o¢)]
— AA*div(ou)VA®9 - Vo — A [|AS(V(Qu))|2¢ — A®°V(pu) : ASV(ngb)] (110)

+AeA T VA% Vo + %!u\zv@ Vé+eVo- Vo (ec(@) + %g)) _

Finally we define partial densities in the following way
o =mpe", k=1,...,n

which finishes the proof of Theorem Pl O

6 Passage to the limit § — 0
From (72)) and (7)) we can deduce that
oks >0 ae in (0,7)xQ, k=1,...,n

We will concentrate here only on the strong convergence of the partial densities and on the limit passage
in the species equations, since the strong convergence of 95, o5 and ug to 9, ¢ and u, respectively, can be
proven identically as in the previous section.

Passage to the limit in (B7) follows the same steps as in [33], Chapter III.C. Indeed, repeating
procedure leading to (@I]), we can show that

<c

19c.l, 4 13 ) <

and thus, the uniform estimates from Section 5.1l and the application of the Aubin-Lions lemma give rise
to the following convergences

510g —> 0 strongly in L>(0,T;L?(Q2)),
oV log 23 () strongly in L2((0,7T) x Q),
Ok,5 — gk strongly in L1((0,T) x Q),q < 5
Vors — Vor weakly in L?(0,T; L1og Lyear+(2)) N L4(( ,T) x Q),
oks — o in C([0,T7; Llog Lyeak- (£2)).
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Moreover,

258 2j in LP
ST o ST o strongly in LP((0,7) x Q), p < oo,

ok >0 ae. in (0,7)xQ, k=1,...,n,

and due to strong convergence 95 — 9 we obtain that
Fis — F, weakly in L3((0,7) x (),

where Fj, depends on the limit functions o, ¥, g1, ..., 0n, as specified in ([@). Thus letting § — 0 in the
approximate equations (B7), we verify that:

Lemma 7 The limit quantities o, k = 1,...,n satisfy
at@k; —|—d1V(QkU) _eAQk+d1V(Fk(Q’19’ Qla---a@n)) = Qn”gwk’ k=1,..,n, (111)
in the sense of distributions on (0,T) x .

In addition, summing (III]) with respect to k = 1,...,n, property (I9) and Remark [ lead to the
following equation
00" + div(p"u) — eAp" = 0.

This equation is, due to the previous lemma, satisfied in the same sense as system ([I1]), together with
the initial condition p(0,z) = ¢° = Y 7_, 0%(x) for a.a. x € Q. Moreover, it is possible to identify ¢"
with o — the unique classical positive solution to the initial-value problem Q) constructed in Lemma
[ see Ref. [38], Sections 7.6.3-7.6.7 for more details. In particular, we know that any solution of (ITTI)
satisfies

n
ng =p ae. in (0,7) x Q.
k=1

As a corollary we have that Y, = %‘“ satisfies

Yille(oryxe) <1, k=1,...,n. (112)

Remark 6 Note that at this level we already perform the limit in the total energy balance (I09) rather
than in the internal energy balance. The latter will have from now on an auxiliary character, however
after the limit passage § — 0 we will have to replace the equality by inequality, we only have:

0i(ot + pY*) + div(u(ed + B0*)) — div (ke (o, 9)VI) + > div (0% - ewerk> >
k
k=1

% — e’ — <wm + %94) divu + 20D (u)[2 + A A V(ou)[? + Ae| AT g2, (113)

in the sense of distributions on (0,T) x €.

7 Derivation of the B-D estimate

At this level we are left with only two parameters of approximation: ¢ and A. From the so-far obtained
a-priori estimates only the ones following from (62]) and (70 were independent of these parameters.
However having the e-dependent estimate for A*T1p allows us to derive a type of B-D estimate, from
which it will follow that this estimate depends only on A. As a by-product, we will derive the energy
estimate independent of A. Note that so far in (83) we were only able to estimate the r.h.s. using the
A-dependent bounds for u. We will prove the following lemma.
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Lemma 8 For any positive constant v > 1, we have
d -1

1 r rA
G [ (Geus ToloP + TG el + VAR 4 rocclo)) o+ [ V(o) I da
Q Q

1
—1-5/ o|Vu — VTu? dx—l—?)\/ |ASTLp? dm+2(r—1)/ o/D(u)|? dz
Q ) )
+r/ (Ae|A*H o2 + N AV (ou)|?) dz (114)
Q

2
< —E/Q(VQ-V)u-Vqﬁ dx—i—s/ﬂAg’vj‘ dx—l—a/Qquﬁ(g)-V(qﬁ’(g)Ag) dx

- e/ﬁdiv(gu)qﬁ’(g)AQ dz + r/

Q
in D'(0,T), where V(o) =2V 1og o, e.(0) = [y y *me(y) dy > 0.

<7Tm + §194> divu dz — 2)\/ A*V(ou) : A°V?p dx
Q

Proof. The basic idea of the proof is to find the explicit form of the term:

d 1 1

— —olu* + ou- V(o) + ~0|Vh(0)* ) da. (115)
dt Jo \ 2 2

The first term can be evaluated by means of the main energy equality, i.e.

= - ZIVAS . d - d
i o <2Q|u| + 2|V ol* + oe (9)> ~’6+6/Q 2 00 Vol dx

T
+// (20D (u)[2 + A|[A*V (ou) 2 + Ae]A*T1g[2) da dt:/
0JQ

<wm + éﬁ‘*) divu dz. (116)
Q 3

To get a relevant expression for the third term in (II5)), we multiply the approximate continuity equation

[Vo(o)|? : T g

by === and we obtain the following sequence of equalities
d 1 9
— | = d
) AL Ol

\Y 2w 2 v 2
:/ <g@t| ¢2(9)| | ¢2(9)| div(ou) + ¢ YL ‘f’ég)' Ag) dz (117)
Q

2 2
= [ (evot0) v (@@0) - T4  diviow + O A )
Q

Using the approximate continuity equation, we get
| 2Vite)- ¥ (¢ (000) da
— [ 296(0) ¥ (¢(0)80) do— [ oVu: Volo) © Vo(e) da (18)

- / 0V6(0) -V (¢ (0)odivu) dz — / ou® V(o) : V26(o) du.
Q Q

Integrating by parts the two last terms from the r.h.s.
[ aVele) ¥ (0(@00) do= [ 2oV6() -V (¢(0)00) do— [ oVui V(o) © Volo) do
Q Q Q
+ / 0|Vé(o)|* divu da + / 029’ (0)A¢ (o) divu dx (119)
Q Q

+ /Q V6(0)|? div(ug) dz + /Q ou - V(Vo(g)) - Vo(o) da.
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Combining the three previous equalities we finally obtain

G | 5evor a
2
= / eoVao(o) -V (gb/(g)Ag) dx —/ oVu: V(o) @ V(o) dz +/ 6%AQ dz (120)
Q Q Q

+/ gztb'(g)A(b(g)divudx—i-/ 0|Vé(o)|* divu da.
Q Q

In the above series of equalities, each one holds pointwisely with respect to time due to the regularity
of p and V¢. This is not the case of the middle integrant of (IIH), for which one should really think of
weak in time formulation. Denote

V=w*t2(Q), and v=pu, h=Ve.

We know that v € L?(0,T;V) and its weak derivative with respect to time variable v/ € L?(0,7;V*),
where V* denotes the dual space to V. Moreover, h € L?(0,7;V), h' € L?(0,T; W?~12(Q)). Now, let
Vi, hy, denote the standard mollifications in time of v and h respectively. By the properties of mollifiers
we know that

Vi, Vi, € C(0,T;V), hy,,hl, € C>0,T;V),

and
v — v in L2(0,T; V), h,, = h in L?(0,T;V), (121)
121
vl = v in L%(0,T;V*), h!, —h' in L2(0,T;V*).
For these regularized sequences we may write
d . d o / /
2 | Vme h,, dz = E(Vm’ hy,)v = (Vi hi)v + (Vin, by, ) v (122)
Q

Using the Riesz representation theorem we verify that v, € C°(0,T; V') uniquely determines the func-
tional ®y, € V* such that (v),,¢)y = (®yr ,¥) .., = [o Vi, -9 dz, ¥ € V; for the second term from

the r.h.s. of (I22) we can simply replace V = L?() and thus we obtain

T T T
_/ (Vins Iy )0 dt:/ (Vs M)y dt+/ (Vins W) 2y At Vap € D(0, T).
0 0 0

Observe that both integrands from the r.h.s. are uniformly bounded in L!(0,T), thus, using (IZI)), we
let m — oo to obtain

d .
E(V,h)v = (v, h)y.y + (v h')2) inD'(0,T).

Coming back to our original notation, this means that the operation

d

% | e V(o) dz = (9(ou), V) y- y + / ou- Vo dz (123)
Q Q

is well defined and is nothing but equality between two scalar distributions. By the fact that 0;V¢ exists
a.e. in (0,7) x 2 we may use approximate continuity equation to write

/ ou-Ve dr = /(div(gu))2¢'(g) dz — 6/ div(ou)¢'(0)Ap dz, (124)
Q Q

Q
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whence the first term on the r.h.s. of (I23]) may be evaluated by testing the approximate momentum
equation by V(o)

(Dh(0u), Vo), ..y

= —/ 20A¢(p) divu dx + 2/ Vu: Vo¢(o) ® Vo do — 2/ V(o) - Vodivu dz
Q ) Q
- / V(o) - Vr da — )\/ ASTLpAS div(oV (o)) dz — )\/ A®V(pu) : A°V (V) dx (125)
Q 9) Q
- / V(o) - div(ou ® u) do — 5/ (Vo-V)u-Ve(p) da.
Q Q

Recalling the form of ¢(p) it can be deduced that the combination of (IT7) with (I23HI25]) yields

d 1
y Q(guw<g>+§grw<g>12> dr + /Q V- V(o) dz +2) /Q AFol? da

= —/ V(o) div(ou ® u) do + / (div(ou))?¢’ (o) dx — 2)\/ A*V(pu) : A*V?p dx
. / ’v¢(9)’2
— 5/ div(pu)¢'(0)Ap dz + 8/ TAQ dz
Q Q

—< [(Vo- V- Voo doe [ 0V0(0)- ¥ (#(0)20) do.
Q Q
The first two terms from the r.h.s of (I26]) can be transformed into
| Tiview)?ef(0) = Vo()div(ou o w)] do
:/Q (92¢’(g)(div u)2 + 0¢'(p)u - Vodivu — 0¢'(0)Vo(u - Vu)) dz

:2/ (g(div u)? — p(divu)? — pu- Vdivu + 00;u;05u; + ouV div u) dx
Q

Ou; — Oju; 2
:2/ 00iu;05u; dr = 2/ o|Dul? dz — 2/ 0 (M) dz
Q 9] Q 2

and thus, the assertion of Lemma [§ follows by adding (I16]) multiplied by r to (I26]). O

In order to deduce the uniform estimates from (II4]) we need to control all the non-positive contribu-
tions to the Lh.s. as well as the terms from the r.h.s. The e-dependent terms can be bounded similarly
as in [33], so we focus only on the new aspects. To this purpose we first derive the uniform bounds for

partial pressures. Denoting
CVap = (Vep), (127)
where
P1 Vi
p= : and Vp = : ,
Pn Vpn

we obtain, for every k-th coordinate k € {1,...,n} and every i-th space coordinate i € {1,2,3}, the
following decomposition
(Vai)k = (V)i + Y (128)
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Next, multiplying the above expression by my and summing over k € {1,...,n} one gets
D k1 MY > k1 kY

Returning to (I28)) we can express the full gradients of partial pressures in terms of gradients of temper-
ature, density and the gradient of "known” part of the pressure

Vied)  Yio mk(W)é) v
> ohe1 MYy > he1 MY

As was announced, we will use the above expression in order to control the molecular part of the pressure

from the Lh.s. of (II3)).

ay; =

Vo= (Vi)' + ( (129)

Estimate of V- V¢. Since V¢ = 2V log ¢ and due to (I29) we obtain

|Vol|? +2VQ'V7Tm n %Vﬁ‘l Vo

V(o) - Vr = 27,(0) ) ) 3 .

(130)
The first term is non-negative due to ([7), so it can be considered on the Lh.s. of (II4]) and we only need
to estimate the second and the third one. Since Vm,, = >} (Vp), and Y ;_(Y)r = 1, we may use

([I29) to write

. 29
/ Vo Vitm g4, / Vo S (Vole [ Ve,
0 0 Q 2 k=1 Ok
Vo-V9 \Y (Vp)
o JeeVide [ Ve My me(Vp) ZI (131)
Q D1 OkMY Q D1 Ok
Note that I5 is non-negative, so we can put it to the L.h.s. of (I14]) as well.
Next, I and I can be estimated in a similar way, we have
\Y P (Vp)L Vol?¥ L (Vp)L)?
/ Vel 2kt (VPR o, 6/ Vel 4o o (6) | Xt (VPRI (132)
o 0 Q vo
so for e sufficiently small, the first term can be controlled by I3 since 0 < g < o, for all k =1,...,n

Concerning the second integral, from (78] we have

//Z”’”kdxdmc (133)
Q=1

Codox,

Using (I3)), the integral may be transformed as follows

// CO GOV 4, dt < e, (134)
Qf TmV ok

thus, due to (I27)) and ([I2]), the integral over time of the r.h.s. of (I32]) is bounded.
For I3 we verify that

4

ST ormn| = c(e)o|VI* + €| V/ol?,
=1

‘V@-Vﬂ
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and the first term is bounded in view of (79) whereas boundedness of the second one follows from the
Gronwall inequality applied to (II4]).
Finally
25 vyt Vg
3 0

and the first term is bounded for B > 8 while the second one can be estimated differently in two cases:

< c(e )/8”v794”L2( 0.1)x0) T €IV 1log Q”L2( 0,T)x9)

(i) 0> 1, then ! <1 and 97 ?|Vp|? < o7 !|Vp|? which is then bounded by the Gronwall inequality

applied to (I14)

(i) 0 < 1, then o=7 > 1 and €9 2|Vo|> < 07277|Vo|?> < eml(0)o !|Vo|? which is absorbed by the
analogous term from the Lh.s. of (II4]) (the first term from (I30])).

B 94

=Y

Estimate of (ﬂ'm + ) divu. Here we proceed in a little different way than in case of kinetic

energy balance. The problem is that we want to have estimates uniform with respect to A, so we cannot
use the bound for Vu(t) in L*°(£2) any more. For the molecular part of the pressure we have

o0 ||°

Qlirz ()

1
< GH\/EdiVu”%%Q) + C(G)HQHE%(Q)W”LG(Q)- (135)

'/Q op¥divu dz| < €| /odiv uH%Q(Q) + c(e)

On account of ®&0), ¥ € L*(0,T;L%(€)). Moreover, the term €|,/pdiv u||%2(m is then absorbed by the
Lh.s. of (II6]). Therefore, since the Sobolev imbedding theorem implies that HQHL% H 7 L2(Q

1 < p <6, the Gronwall inequality can applied to (I14])) from which boundedness of (EBE]) follows.
The radiative term is slightly more difficult, however, we still can write

T T
//794\divu] da dt://79491/2\\/§divu\ dz dt
0JQ 0JQ

< HﬁHiP(O,T;Lq(Q)) | 9_1/2 ||L2~/— (0,T3L57 () | Vediv u||L2((0,T) x€)>

8y~ 24
where p = 7_771, q=3- Y. By the interpolation 19 L (0,7529(0)) < ||19HL<><>G(0,T;L4(Q))HﬂHaLG(O,T;LB'G(Q)) for
a= % and G = 3(16%, Where G < B provided v~ > 3. Thus, we can estimate
-1

T 20y —1)/7"
41 7. 1/3
/O/Qﬁ [divul de dt < efe) (19132 o 1, si0) 19125 0oy )

+elle P2 0myxe) + €llVedivuli o ryxay  (136)

and the two last terms are estimated by the Lh.s. of (II4]) and (II6]), while the boundedness of the first
one follows from (73]) and (80).

Estimate of AA*V(pu) : A*V?p. We have
2)\/Q |A*V (ou) : A*V2| dz < e|| AV (o) (1720 ryxay + MA T ollF2 (0 1)<y

therefore for 7 sufficiently large, such that 7A~! > ¢ both terms are bounded by the r.h.s. of (II4).
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8 Estimates independent of ¢, \, passage to the limit ¢, A\ — 0

In this section we first present the new uniform bounds arising from the estimate of B-D entropy, per-
formed in Section [l and then we let the last two approximation parameters to 0. Note that the limit
passage A — 0 and € — 0 could be done in a single step, however, for the sake of transparency of this
proof we do it separately.

We complete the set of uniform bounds by the following ones

s+1 / / /
\/_HA QHL2 (01)x2) T H do7! Q‘ L2((0,T)xQ) H Te Q‘ L2((0,T)x %) =6 (137)
moreover
2s+1
VAVt QHLOO(O,T;LQ(Q)) T IVVell Lo 7. r2(0)) < ¢ (138)
The uniform estimates for the velocity vector field are the following ones
VAIAY (0wl 20y + IVEVUlqaycey + |[Ver TVal| L < (139)

and the constants from the r.h.s. are independent of € and .

Estimates of species densities. Finally, we take advantage of the entropy estimate (Z0) which
together with (I38]) may be used to deduce boundedness of gradients of all species densities.

Lemma 9 We have

o

<ec. (140)
L2((0,T)x )

Proof. First, using the form of matrix C' we may write

¥y Co|Vpil® o YuCoVpr - Vit Y2Co| V' |?
Codox Tm 0KV Tm 0kV TmOkV

which is bounded in L1((0,7) x ) on account of ([I33). Clearly,

2 Y2 2
// GOl 4, dt<c<1+// Yo ColVmml” 4, dt>. (141)
Q TmokY Tm kv

The r.h.s. of above can be, due to ([I29]), estimated as follows

Tr v2 2 T n 2
// YkCO‘V”m’ da dt:/ Yk00|2k:1(vpk)| dr dt
0J0 0J0

[V (09)? | > r mi(CVp)/?

Tm Ok Y T 00
T
Co
0Jo TmeV (> k=1 kak)2 (> k=1 kak)2

n 2
> (CVD)
which is bounded thanks to (79), (I34)) and (I37). In consequence, ({41 is bounded. Recalling assump-

k=1
tions imposed on Cy ([[2)) and the form of molecular pressure m,,, we deduce that

Tr Co(1 + 9|V oi|? Tr(1+9 92
//_o< + )| Vx| dxdt§c<1+//< + D)Vl dxdt)
0J/Q Ok 0J/0

and the r.h.s. is bounded, again by (II2)) and ([79). O

+ dzx dt,
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We now present several additional estimates of ¢ and u based on imbeddings of Sobolev spaces and
simple interpolation inequalities. Once the B-D estimate is obtained, these estimates can be proven ex-
actly as in the paper of Bresch and Desjardins devoted to the Navier-Stokes-Fourier system [6]. However,
for the sake of completeness, we recall them below.

Further estimates of p. From () and (I37) we deduce that there exist functions &;(0) = o for
< (1—=h), &(e) =0 for o > 1 and &(0) = 0 for p < 1, &2(0) = o for p > (1 + h) and small parameter

h > 0, such that
+

J_
Ve, 2 HL2 (0.0)x2)s IVE? ll2(0m)x) <6
additionally in accordance to ([73]) we are allowed to use the Sobolev imbeddings, thus

+
le; HL2(0TLGQ> 1€ [lz20/7;25(0)) < (142)

Remark 7 Note in particular that the first of these estimate implies that
o(t,z) >0 a.e. on (0,T) x .
Moreover, by interpolation between (I42)) and (3) we can check that
loec(o)ll Ls/3((0,ryx ) < ¢ (143)

Similarly, combination of (I38]) with (73] leads to ||Q2 o) <c HV\/_HLQ(Q and therefore

ol Lo (0.7;L3(0)) < ¢ (144)

Estimate of u. We use the Holder inequality to write

IVul| oo, 100y < € <1 + Hﬁl(é’)_WHsz—(O,T;st—(g))) IveVullrz(o,ryx0) (145)

where p = 2L Therefore, the Korn inequality together with the Sobolev imbedding imply

0 4= 37 1

Jal ae e <e (146)
Ly™+1(0,T5L7" +1(Q))
Next, by a similar argument
HuHLP'(QT;Lq’(Q)) <c <1 + “51(9)71/2“%* (0,T;L67~ (Q))) H\/EuHLOO(O,T;LQ(Q))a (147)

with p' =2y, ¢ = By a simple interpolation between (I46]) and (I4T), we obtain

3'y +1°

Hu” 10y — 10y — S c7 (148)
L3Y™+3(0,T5L 37~ +3(Q))

and since 7~ > 3, we see in particular that |[ul[ /2o 7,75/2()) < ¢ uniformly with respect to & and A.
Strict positivity of the absolute temperature. We now give the proof of uniform, with respect

to e, positivity of 1. Note that so far this was clear on account of the bound for e’=3 in L'((0,T) x Q)
following from (70).
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Lemma 10 We have, uniformly with respect to € and \:
Ve(t,x) >0 a.e. on (0,T) x .

Proof. The above statement is a consequence of the following estimate

T
// (|log¥.|* 4 |V1og ¥:|*) dz dt <c, (149)
0./

which can be obtained by the application of generalized Korn inequality provided that we control the
LY((0,T) x Q) norm of g|log¥|. By ([{0) we have

/(9535)0 dz < / Qesa(T) dx,
Q Q

thus substituting the form of ps from (24) we obtain

_/anlogvﬂ ) dz < — Z/ Ohe | le )dx—/ﬂ(gesg)o dz

and the r.h.s. is bounded on account of (I12), (IZ4]) and the initial condition. On the other hand, the
positive part of the integrand o. log . is bounded from above by .9, which belongs to L>(0,T; L'(Q))
due to (62), so we end up with

ess sup /\gglogvﬂ()\ dr <,
t€(0,T)

which completes the proof of (I49). O

8.1 Passage to the limit with ¢ — 0

With the B-D estimate at hand, especially with the bound on A**lg. in L?((0,T) x Q), which is now
uniform with respect to £, we may perform the limit passage similarly as in previous step. Indeed, the
uniform estimates allow us to extract subsequences, such that

eA*Vu,, eVo., eA*T o, — 0 strongly in L?((0,7) x Q),

therefore
eVo.Vu. — 0 strongly in L*((0,T) x Q).

The strong convergence of the density as well as the velocity (since p. > ¢())) can be obtained identically
as in the previous step. Therefore we focus only on the strong convergence of the temperature and the
limit passage in the total energy balance.

Recall that from (70), ([79) it follows that

9. — 19 weakly in L*(0,T; WH2(Q))

and
e 2,92 — 0 strongly in L'((0,T) x Q).

The pointwise convergence of the temperature is to be deduced from the version of the Aubin-Lions
lemma, see [13]:
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Lemma 11 Let v. be sequence of functions bounded in L*(0,T;L4(Q)) and in L>=(0,T;L*(R)), where
q > g. Furthermore, assume that

Owe > g in D'((0,T) x Q), (150)

where
ge is bounded in L*(0,T; W ~™"(Q)) for some m >0, r > 1 independently of . (151)

Then there exists a subsequence v. which converges to v strongly in L*(0,T; W~=12(Q)).

We will apply this lemma to v. = o.te + ﬁﬂé. Then, on account of (II3]) we can repeat the estimates
following ([@7) that led to ([@9) to check that

e > go = — div(ue(0:9: + BVU2)) + div (ke (0,9 g div < "k, 5)
1 0m, .
e e G g@ e 2 D0 AT i e
€

Moreover, the r.h.s. is bounded in L'(0,7; W~=1?(Q)) U L' (0, T; W~2%4(2)) for some p,q > 1. Therefore,
the above lemma and the strong convergence of p. imply in particular that

v — 9% strongly in L2(0,T; W—12(Q)).

On the other hand, we know also that . — 9 weakly in L?(0,T; W12(Q)), therefore a simple argument
based on the monotonicity of f(z) = x* implies strong convergence of ¥, in L(0, T; L3q(2)) for any ¢ < B.

Let us finish this subsection with the list of the limit equations:

- the continuity equation
0o + div(pu) =0

is satisfied pointwisely on [0, 7] x €;

- the momentum equation

_/OT/Q ou- ¢ dx dt—/gmo-qb(o) dx—i—/OT/Q AA*V (ou) : A*V (o) dz dt
—/OT/Q(Qu(X)u) : V¢ da dt+/0T/Q2QDu : D¢ dz dt — /OT/deiqu dz dt (152)

T
—|—)\// A% div (pp) A*Tlo dz dt =0
0JQ

holds for any test function ¢ € L2(0,T; W21(Q)) n W12(0,T; W2(Q)) such that ¢(-,T) = 0.

- the species equations

/OT/ i da dt+/gk¢<>
// opu - Vo dz dt+//Fk Vo de df = // oVund dz dt, ke {1,...n}
N

are fulfilled for any smooth function ¢ such that ¢(-,T) =

)
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- the total energy equation

/ / <Qe+ Loup + rv%%r?) o ar ar+ [ (ge+lg\u12+5\v28+1912) (0)$(0) de
+/O/Q <96u+§g|u|2u> Vo da dt—//an? V¢ da dt+2//19— Ve dz At (153)
+/OT/Q7ru-V¢dxdt—/O/Q(29D( Ju) - Dquxdt_//RA 0,0, 1,6) d dt,

holds for any smooth function ¢ such that ¢(-,T') = 0; where the heat flux term is to be understood

as in ({06, and
Rx(0,9,u,¢) =\ [As(div(guqﬁ))ASHQ — A8 div(gu)A8+1Q¢]

154
— AA®*div(pu)VA®p - Vo — A [|AS(V(Qu))|2¢ — A®V(pu) : ASV(QuqS)] . (154)
Moreover, using the lower weak semicontinuity of norm and passing to the limit in (II3])
Ay (09 + YY) + div(u(ed 4 B0*)) — div (kVV) + Z div <q9—> >
m
k=1 g (155)
- (M + %94) divu + 20[D(w)[2 + A AV (ou) 2,
satisfied in the sense of distributions on (0,7") x .
8.2 Passage with A — 0
In this section we present the argument for the convergence of a sequence (gy,uy, ¥\, 017, .--,0n,1) to
a solution (o, u,¥,01,...,0y,) as specified at the beginning. Some of the arguments here are repetitions

from our previous works [34,431/44], and so we only recall their formulations.

Strong convergence of the density. The strong convergence of a sequence p) is guaranteed by
the following lemma

Lemma 12 There exists a subsequence oy such that
Vox = o a.e. and strongly in L*((0,T) x Q).
Moreover gy — o strongly in C([0,T]; LP(R2)), p < 3.

For the proof see [43], Lemma 7.

Strong convergence of the species densities. Analogously we show the strong convergence of
species densities. We have

Lemma 13 Up to a subsequence the partial densities o x, k = 1,...,n converge strongly in LP(0,T'; L4(£2)),
1<p<oo,1<q<3togg. In particular

Ok — 0k a.e.in (0,T) x Q.

Moreover gy, — o in C([0,T]; L3 ., (Q)).
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For the proof see [44], Lemma 17.

Convergence of the convective term. To prove this, we will again take advantage of the special
form of the cold component of the pressure close to vacuum ([7]). First we show under what condition on
7™, the convective term gy|uy|? is uniformly bounded in LP((0,7") x Q) for some p > 1. Following the
proof from [6], we may write

1/3 1/3— —
Q)\/ ’u)\‘ — Q)\/ aQa‘u)\Pa’LI)\’l 2a
and we will use the interpolation inequality for oy € L>®(0,T; L7 (), oxJuy|2 € L(0,T; L' ()) and

2y~ 6~
uy € Lo (O,T;Lwlr1 (). So, gi/3u)\ € LP(0,T; L9(Q2)) with p,q > 3 if

meaning that 4y~ and " must satisfy the following relation

5yt -3
>0~ 2
=3

v

Remark 8 Improvement of this condition would require some faster growth at infinity of the viscosity co-
efficiet u(o) which is equal o in our case. Indeed, then the above interpolation procedure could use only the
additional bound of o following from the B-D estimate, without involving the bound in L (0, T} IR (Q)),
similarly as in [6]. However, in the case of chemically reacting miztures, modification of the viscosity
coefficient would lead to a problem with closing the B-D estimate, see (I31).

The above estimate implies that provided 7, ~7T fulfill conditions specified above, the convective term
gAui converges weakly to gu?® in L"((0,7) x Q) for some r > 1. To identify the limit, we prove the
following lemma.

Lemma 14 We have, up to a choice of subsequence

3
2

ouy — pu in C([0,T];L; .. (), (156)
gi/guA — 0'Pu strongly in LP((0,T) x Q), for some p > 3, (157)
oaDuyuy, — pDuu weakly in L'((0,T) x Q). (158)

Proof. We already know that gy converges to ¢ a.e. on (0,7) x Q. Moreover, due to (I4d), up to
extracting a subsequence, uy converges weakly to u in LP(0,7;L9(Q2)) for some p > %, q > %. Since
J/oxuy, is uniformly bounded in L>(0,T; L?(Q)) and /gy is uniformly bounded in L>(0,T; L5(Q2)), the

sequence gyuy is uniformly bounded in L>°(0, T’ L%(Q)) All together it implies that
oxuy — ou  weakly® in L(0, T; L (9)).

Now, we are aimed at improving the time compactness of this sequence. Using the differential form of

([I52) and the uniform estimates (I37)), (I38)), (I40), (I42), ([I435]) we verify that the sequence of functions

t — [ oxzuy - ¢ dz is uniformly bounded and equicontinuous in C([0,77]), where ¢ € C°(2). But since
the smooth functions are dense in L3(Q2), applying the Arzela-Ascoli theorem, we show (I56).
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On the other hand, due to (IZ3)), u, is uniformly bounded in L?(0,T; W4(Q)) for some p > %, q > %,
so it converges to u weakly in this space. Since W4(Q) with ¢ > % is compactly embedded into L3(12),
by (58], we deduce that gy|uy|? converges to p|u|? strongly in L'((0,T) x ©). We can use this fact and
the strong convergence of the density in order to show that Qi\/?’u)\ = Qi\/gu)\l{gA <t Q§/2u>\g_1/61{9k>n}
converges to o'/%u strongly in L'((0,7) x Q). This in turn, when combined with the uniform bound
on g}\/guA in LP((0,T) x ), p > 3, yields ([IE7). Finally, rewriting o)(Duy)uy = \/Q_)\DU)\Q)\/ uAgi/G
and using (I57), strong convergence of the density and a weak convergence of |/ox(Du,) to \/o(Du) in
L2((0,T) x Q) we prove ([I58). O

Strong convergence of the temperature. The difference with respect to previous chapter is that
we cannot use the higher order estimates either for the velocity or for the density in order to deduce the
boundedness of the time derivative of temperature in an appropriate space. However, the idea of proving
compactness of the temperature is, as previously, to apply Lemma 1] with ¢ = A, vy = o\9) + 579‘)1\.
Therefore, our next aim is to check that its assumptions are satisfied uniformly with respect to A.

First, let us note that vy is bounded in L?(0,T; L4(£2)) and in L>°(0, T; L*(R)), where q > g, uniformly
with respect to A. Indeed, it follows directly from (73] and (80)). Further, from (I55]) one deduces that
Orvy > gx, where gy has the following form

gy = — div (u)\ (Q)\’l9)\ + ﬂﬂi)) + div (k(ox, ¥A) V) Zdlv <19)\—>
(159)

— <7Tm7)\ + gﬁ;{) divuy + QQA‘D(U)\)P + )\‘ASV(Q)\U)\)‘Z

and is bounded in LY(0,T; W~""(Q)) for some m > 0, r > 1 independently of \. Indeed, this can be
estimated, similarly to ([@7H99) except for the terms that contains velocity. For them we may write

Hu)\QXﬂAHL12/11((0,T)><Q) < C||\/Q/\11/\HL<>°(0,T;L2(Q))||\/QAHLOO(O,T;LG(Q))‘|79/\||Loo(o,T;L4(Q)) <e¢
on account of ([OF)) and (I48]), further

axdl paora 0.y x0y < 1025720,y x) 193l L3730,y x ) < €

For the internal pressure we have

[0k, Ix divan| pizan o 1y) < cllvox divan[ 2o, <o) Vel e o,z @) [9Al L 0,750 0)) < €

and the other term ¥} divu, is bounded in L'((0,7) x ) as was shown above in (I36). Since the
two last terms in (I59) are also uniformly bounded in L!((0,T) x Q), the assumptions of Lemma [II]
are satisfied with m = 1, r > 1. Therefore, there exists a subsequence, vy converging to v strongly in
L2(0,T; W~12(2)), which can be used to show the strong convergence of ¥, exactly as in the previous
section.

Passage to the limit in the nonlinear terms. The last step in the limit passage A — 0 is
verification of convergence in the nonlinear terms of the system. The most demanding of them are in
the energy equation (I53]) and ([I54]), and we will justify the limit passage only there. The correction of
energy A\V**1p, — 0 strongly in L2((0,T) x €), therefore the energy Ey = oxec(ox) + oxUx + By +
%g,\]uA\Q + %\VQSHQAP converges to E due to strong convergence of gy, ¥, and Lemma [[4l Similarly
U)0)\EN, g,\ui and (o5, Uy, 0k 2)uy converge weakly to upe, ou? and mu respectively, due to uniform
bounds in LP((0,T) x Q) for p > 1 from above, estimate (I43]), the strong convergence of gy, ¥y, ok, and
Lemma [T41
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Limit passage in the heat flux term (o), ¥)) V) can be performed within formulation analogous to
([I06]), since it involves only the sequences gy, ¥, which are strongly convergent and a sequence V) which
converges to Vi) weakly in L((0,7") x §2). Similarly, we note that J\Fx(ox, J», k) is affine with respect
to weakly convergent sequences Voy x, Vi) with coefficients that are strongly convergent as A — 0.
Thus, using the uniform bounds from above we verify that up to a subsequence U Fy(ox, Uz, 0k2) —
IF (0,7, o) weakly in LP((0,7) x Q) for some p > 1. Passage to the limit in the last term from the
r.h.s. of (I53) was proven in Lemma [I4]

We are now ready to prove that the corrector term R, converges to 0 strongly in L'((0,T) x ) as
A — 0, or rather that the most demanding terms listed in (I54]) vanish when A — 0.

First of all observe that due to (I37)) (I39) we have

T
// |Rx(ox,uy, ¢)| do dt
0JQ
T
:)\//Q ‘(ASV(QAU)\)AS(Q)\UA) + AS(Q)\UA)ASJAQ)\ + A8 div(g,\u,\)VAsQ,\) ) V(ﬁ‘ dr dt
0

<c ([IVoll Lo (0,1)x02)) A {HQAUA||L2(0,T;W25+1’2(Q)) loaunllz20,m;w2s 2 (02))
+ llexuall 20,725 2 () loall L2 o, w2s+2.2(0)) + lloxunll L2 o,rw2s+1.2 () HQAHLQ(O,T;WQS’Q(Q))]
<c (Vo Lo (0,m)x0)) \/X{HQAU)\HLQ(O,T;WQ&Q(Q)) + HQ)\HL?(QT;W?S’?(Q))},

thus the task is to show that the term after the last inequality symbol converges to 0. But this is
evident, since one can use the Gagliardo-Nirenberg interpolation inequality and uniform bounds for gyuy
in L>®(0,T; L*?(Q)) and for gy in L>(0,T;L3(Q)) together with uniform bounds for v/Agyuy and for
Vo in L2(0,T; W2+1:2(Q)) and L*(0, T; W?s+22(Q)), respectively. This finished the proof of the main
theorem. O
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