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Convergence of an Euler scheme for a hybrid stochastic-local
volatility model with stochastic rates in foreign exchange markets
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Abstract

We study the Heston—Cox—Ingersoll-Ross++ stochastic-local volatility model in the context of
foreign exchange markets and propose a Monte Carlo simulation scheme which combines the
full truncation Euler scheme for the stochastic volatility component and the stochastic domestic
and foreign short interest rates with the log-Euler scheme for the exchange rate. We establish
the exponential integrability of full truncation Euler approximations for the Cox—Ingersoll-Ross
process and find a lower bound on the explosion time of these exponential moments. Under a
full correlation structure and a realistic set of assumptions on the so-called leverage function, we
prove the strong convergence of the exchange rate approximations and deduce the convergence of
Monte Carlo estimators for a number of vanilla and path-dependent options. Then, we perform
a series of numerical experiments for an autocallable barrier dual currency note.
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1 Introduction

The class of stochastic-local volatility (SLV) models have become very popular in the financial
sector in recent years. They contain a stochastic volatility component as well as a local volatility
component (called the leverage function) and combine advantages of the two. According to Ren et
al. [35], Tian et al. [37] and van der Stoep et al. [38], the general SLV model allows for a better
calibration to European options and improves the pricing and risk-management performance when
compared to pure local volatility (LV) or pure stochastic volatility (SV) models. We focus on the
Heston SLV model because the Cox—Ingersoll-Ross (CIR) process for the variance is widely used in
the industry due to its desirable properties, such as mean-reversion and non-negativity, and since
semi-analytic formulae are available for calls and puts under Heston’s model and can help calibrate
the parameters easily. The local volatility component allows a perfect calibration to the market
prices of vanilla options. At the same time, the stochastic volatility component already provides
built-in smiles and skews which give a rough calibration, so that a relatively flat leverage function
suffices for a perfect calibration.

In order to improve the pricing and hedging of foreign exchange (FX) options, we introduce
stochastic domestic and foreign short interest rates into the model. Assuming constant interest
rates is appealing due to its simplicity and does not lead to a serious mispricing of options with
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short maturities. However, empirical results [40] have confirmed that the constant interest rate
assumption is inappropriate for long-dated FX products, and the effect of interest rate volatility
can be as relevant as that of the FX rate volatility for longer maturities. There has been a great
deal of research carried out in the area of option pricing with stochastic volatility and interest rates
in the past couple of years. For instance, Van Haastrecht et al. [40] extended the model of Schébel
and Zhu [36] to currency derivatives by including stochastic interest rates, a model that benefits
from analytical tractability even in a full correlation setting due to the processes being Gaussian,
whereas Ahlip and Rutkowski [1], Grzelak and Oosterlee [I8] and Van Haastrecht and Pelsser [41]
examined the Heston-2CIR/Vasicek hybrid models and concluded that a full correlation structure
gives rise to a non-affine model even under a partial correlation of the driving Brownian motions.

There has also been an increasing interest in the calibration to vanilla options of models with
stochastic and local volatility and stochastic interest rate dynamics. For instance, Guyon and
Labordére [20] examined Monte Carlo-based calibration methods for a 3-factor SLV equity model
with a stochastic domestic rate and discrete dividends, while Cozma, Mariapragassam and Reisinger
[11] and Deelstra and Rayee [13] examined 4-factor hybrid SLV models with stochastic domestic
and foreign rates and proposed different approaches to calibrate the leverage function. Hambly,
Mariapragassam and Reisinger [21] took a different path and discussed the calibration of a 2-factor
SLV model to barriers. As an aside, in this paper, the spot FX rate is defined as the number of
units of domestic currency per unit of foreign currency.

The model of Cox et al. [10] is very popular when modeling short rates because the square-
root (CIR) process admits a unique strong solution, is mean-reverting and analytically tractable.
Cox et al. found the conditional distribution to be noncentral chi-squared and Broadie and Kaya
[8] proposed an efficient exact simulation scheme for the square-root process based on acceptance-
rejection sampling. However, their algorithm presents a number of disadvantages such as complexity
and lack of speed, and it is not fit to price strongly path-dependent options that require the value
of the FX rate at a large number of time points. Furthermore, in the context of a stochastic-local
volatility model, the correlations between the underlying processes make it difficult to simulate a
noncentral chi-squared increment together with a correlated increment for the FX rate and the
short rates, if applicable.

As of late, the non-negativity of the CIR process is considered to be less desirable when modeling
short rates. On the one hand, the central banks have significantly reduced the interest rates since
the 2008 financial crisis and it is now commonly accepted that interest rates need not be positive.
On the other hand, if interest rates dropped too far below zero, then large amounts of money would
be withdrawn from banks and government bonds, putting a severe squeeze on deposits. Hence, we
model the domestic and foreign short rates using the shifted CIR (CIR++) process of Brigo and
Mercurio [7]. The CIR++ model allows the short rates to become negative and can fit any observed
term structure exactly while preserving the analytical tractability of the original model for bonds,
caps, swaptions and other basic interest rate products.

In the present work, we put forward the Heston—Cox—Ingersoll-Ross++ stochastic-local volatil-
ity (Heston—2CIR++ SLV) model to price FX options. Independent of the correlation structure,
the model is non-affine and hence a closed-form solution to the European option valuation problem
is not available. Finite-difference methods are popular in finance and when the evolution of the
exchange rate is governed by a complex system of stochastic differential equations (SDEs), it all
comes down to solving a higher-dimensional partial differential equation (PDE). This can prove
to be difficult due to the curse of dimensionality, because the number of grid points required in-
creases exponentially with the number of dimensions. Monte Carlo algorithms are often preferred
due to their ability to handle path-dependent features easily and there are numerous discretization
schemes available, like the simple Euler-Maruyama scheme, see, e.g., Glasserman [I7]. However,



there are several disadvantages of this discretization, such as the fact that the approximation pro-
cess can become negative with non-zero probability. In practice, one can set the process equal to
zero when it turns negative — called an absorption fix — or reflect it in the origin — referred to as a
reflection fix. An overview of the Euler schemes considered thus far in the literature, including the
full truncation scheme, can be found in Lord et al. [32].

The usual theorems in Kloeden and Platen [31I] on the convergence of numerical simulations
require the drift and diffusion coefficients to be globally Lipschitz and satisfy a linear growth
condition, whereas Higham et al. [23] extended the analysis to a simple Euler scheme for a locally
Lipschitz SDE. The standard convergence theory does not apply to the CIR process since the square-
root is not locally Lipschitz around zero. Consequently, alternative approaches have been employed
to prove the weak or strong convergence of various discretizations for the square-root process.
Deelstra and Delbaen [12], Alfonsi [2], Higham and Mao [22] and Lord et al. [32] examined the
strong global approximation and found either a logarithmic convergence rate or none at all. Strong
convergence of order 1/2 of the symmetrized and the backward (drift-implicit) Euler—Maruyama
(BEM) schemes was established in Berkaoui et al. [6] and Dereich et al. [14], respectively, albeit
in a very restricted parameter regime for the symmetrized scheme. Alfonsi [3] and Neuenkirch
and Szpruch [33] recently showed that the BEM scheme for the SDE obtained through a Lamperti
transformation is strongly convergent with rate one in the case of an inaccessible boundary point,
while Hutzenthaler et al. [27] established a positive strong order of convergence in the case of an
accessible boundary point.

Hutzenthaler et al. [28] identified a class of stopped increment-tamed Euler approximations for
nonlinear systems of SDEs with locally Lipschitz drift and diffusion coefficients and proved that
they preserve the exponential integrability of the exact solution under some mild assumptions,
unlike the explicit, the linear-implicit or some tamed Euler schemes, which rarely do. However, the
results of Hutzenthaler et al. do not apply to the present work beacuse the diffusion coefficient in
the square-root model is not locally Lipschitz. In this work, we first prove that an explicit Euler
scheme for the CIR process retains exponential integrability properties, which plays a key role
in establishing the boundedness of moments of Euler approximations for SDE systems with CIR
dynamics in one or more dimensions.

To the best of our knowledge, the convergence of Monte Carlo algorithms in a stochastic-local
volatility context has yet to be established. Higham and Mao [22] considered an Euler simulation
of the Heston model with a reflection fix in the diffusion coefficient to avoid negative values. They
studied convergence properties of the stopped approximation process and used the boundedness of
payoffs to prove weak convergence for a European put and an up-and-out call option. However,
Higham and Mao mentioned that the arguments cannot be extended to cope with unbounded pay-
offs. We work under a different Euler scheme and overcome this problem by proving the uniform
boundedness of moments of the true solution and its approximation, and then the strong conver-
gence of the latter. The existence of moment bounds for Euler approximations of the Heston model
is important for deriving strong convergence [23] and it has been a long-standing open problem
until now. Furthermore, the existence of moment bounds for hybrid Heston-type stochastic-local
volatility models plays an important role in the calibration routine [11].

In this paper, we focus on the Heston stochastic-local volatility model with CIR++ short interest
rates and examine convergence properties of the Monte Carlo algorithm with the full truncation
Euler (FTE) discretization for the squared volatility and the two short rates, and the log-Euler
discretization for the exchange rate. We prefer the full truncation scheme introduced by Lord et
al. [32] because it preserves the positivity of the original process, is easy to implement and is found
empirically to produce the smallest bias of all explicit Euler schemes and to outperform the quasi-
second order schemes of Kahl and Jéckel [29] and Ninomiya and Victoir [34]. We also choose the



FTE scheme over the BEM scheme since the latter works only in a restricted parameter regime that
is often unrealistic, since the BEM scheme is equivalent to the implicit Milstein method employed
by Kahl and Jéackel to first order in the time step, and since the quanto correction term in the
dynamics of the foreign short rate would lead to technical challenges in the convergence analysis.

The quadratic exponential (QE) scheme of Andersen [4] uses moment-matching techniques to
approximate the noncentral chi-squared distributed square-root process and is an efficient alterna-
tive to the FTE scheme that typically produces a smaller bias at the expense of a more complex
implementation. Empirical results suggest that the QE scheme outperforms the FTE scheme in
the case of a severely violated Feller condition [39], whereas when the Feller condition is satisfied,
the two schemes perform comparably well because the bias with the FTE scheme is small even
when only a few number of time steps are used per year. Since there is no natural extension to the
QE scheme to multi-dimensional Heston-type models that involve several correlated square-root
processes such as the ones studied here, we prefer the FTE scheme in the subsequent convergence
analysis.

In summary, to the best of our knowledge, this paper is the first to establish: (1) the exponential
integrability of the FTE scheme for the CIR process; (2) the boundedness of moments of order
greater than 1 of approximation schemes for Heston-type models; (3) the strong convergence of
approximation schemes for models with stochastic-local volatility (with a bounded and Lipschitz
leverage function) and stochastic CIR++ short rates; (4) the weak convergence for options with
unbounded payoffs, in particular, for European, Asian and barrier contracts (up to a critical time).

The remainder of this paper is structured as follows. In Section [2| we introduce the model and
discuss the postulated assumptions and an efficient calibration. In Section [3| we first define the
simulation scheme and discuss the main theorem. Then, we investigate the uniform exponential
integrability of the full truncation scheme for the square-root process and prove convergence of the
exchange rate approximations. We conclude the section by establishing the convergence of Monte
Carlo simulations for computing the expected discounted payoffs of European, Asian and barrier
options. In Section [ we carry out numerical experiments to justify our choice of model and to
demonstrate convergence. Finally, Section [5| contains a short discussion.

2 Preliminaries

2.1 Model definition

In its most general form, we have in mind a model in an FX market, for the spot FX rate .S, the
squared volatility of the FX rate v, the domestic short interest rate r¢ and the foreign short interest
rate /. Unless otherwise stated, in this paper, the subscripts and superscripts “d” and “f” indicate
domestic and foreign, respectively. Consider a filtered probability space (€2, F,P) and suppose that
the dynamics of the underlying processes are governed by the following system of SDEs under the
domestic risk-neutral measure Q:

(dSy = (rd — ) Sidt + o (t, St) /o St dWE, S > 0,
dvt = k(G — ’Ut)dt + E\/’ththv, Vo > 0,
rd = g + ha(t),
d __ d / d d d
rl =gl + hy(t),
dgl = (kp0y — kygl — psp€ro(t, S\ vegl Ydt + Ep\/ gl aW . gf > 0,




where {W*, W?, W< W/} are standard Brownian motions, o is the leverage function and hq and
hy are deterministic functions of time. The mean-reversion parameters k, kg and ky, the long-term
mean parameters 6, 03 and 0, and the volatility parameters £, §; and £y are positive real numbers.
The quanto correction term in the drift of the foreign short rate in comes from changing
from the foreign to the domestic risk-neutral measure [9]. As an aside, for Hull-White short rate
processes, changing from the domestic spot measure to the domestic T-forward measure leads to
a dimension reduction of the problem because the diffusion coefficients of the short rates do not
depend on the level of the rates [19]. Since this is not the case for CIR short rate processes, we
prefer to work under the domestic spot measure. Note that the above system can collapse to the
Heston—2CIR++ model if we set ¢ = 1, or to a local volatility model with stochastic short rates if
we set k = £ = 0. The standard Heston SLV model is the special case kq = §g = kf = §5 = hq y = 0.
We can also think of as a model in an equity market with stock price process S, stochastic
interest rate ¢ and stochastic dividend yield =/, in which case the quanto correction term vanishes.
We consider a full correlation structure between the Brownian drivers {W* W", we wf }, i.e., no
assumptions on the constant correlation matrix 3. are made, where

1 Psv  Psd  Psf

Y Psv 1 Pvd  Pof . (22)
Psd Pud 1 pdf
Psf  Puf Pdf 1

Furthermore, we work under the following assumptions:

(A1) The leverage function is bounded, i.e., there exists a non-negative constant ., such that,
for all t € [0, 7] and z € [0, 00), we have

0<o(t,z) < omaz - (2.3)

(A2) There exist non-negative constants A, B and a positive real number « such that, for all
t,u € (0,7 and z,y € [0,00), we have

o(t,) — o, )| < Aft —ul* + Blz— y|. (2.4)
(A3) There exists a non-negative constant hy,q, such that, for all ¢t € [0,7] and i € {d, f}, we have
|hi(t)] < humaz - (2.5)

Hence, we assume that o is bounded, Holder continuous in ¢ and Lipschitz in S;. According
o [11], for the leverage function to be consistent with call and put prices, it has to be given by
the formula , which depends on the calibrated Dupire local volatility. In practice, the local
volatility function usually arises as the interpolation of discrete values obtained from a discretized
version of Dupire’s formula. Hence, there is no loss of generality from a practical point of view in
assuming that the leverage function is Lipschitz continuous and bounded on a compact subset of
Ri of the form [0, T] X [Zmin, Tmaz|, and furthermore that

o(t,z) = U(t AT, Tmin Lo<ap,, + 2 ]lme(a:mm,wmaz) + Tmax ]lxzxmaz)- (2.6)

Then o is globally Lipschitz continuous and the second assumption holds with a = 1. We also
assume that hq ; are bounded. According to [7], for a perfect fit to the initial term structure of
interest rates, each of the two shift functions must be given by the difference between the (flat-
forward) market instantaneous forward rate and a continuous function of time. Then hg s are
piecewise continuous and the third assumption holds.



2.2 Model calibration

The calibration of the 4-factor Heston—2CIR++ SLV model is of paramount importance and
represents a mandatory step for the efficient pricing of derivative contracts. In [I1], we consider the
4-factor SLV model and propose a new calibration approach that builds on the particle method of
[20], combined with a novel and efficient variance reduction technique that takes advantage of PDE
calibration to increase its stability and accuracy. The numerical experiments in [11] suggest that
this method almost recovers the calibration speed from the associated 2-factor SLV model with
deterministic rates. We assume here a partial correlation structure where only pg,, psq and psr may
be non-zero, and denote by D% and Df the domestic and foreign discount factors associated with
their respective money market accounts, i.e., for any t € [0, 7],

D¢ = e~ Joride and D{ — e~ Jorldu (2.7)
In addition to (2.1)), we consider a pure local volatility (LV) model,
dSPY = (fe — f1)SPVdt + oy (¢, SPV)SHV dwg, S5V = Sy, (2.8)

where for i € {d, f}, fi = — % log P¥(0,t) is the market instantaneous forward rate at time 0 for a
maturity ¢ and P*(0,t) is the market zero-coupon bond price at time 0 for a maturity ¢.

Suppose that the LV model has been calibrated and that opy has been determined. The
main building block of the calibration routine is expressing the leverage function ¢ in terms of the
local volatility function ory. We state the necessary and sufficient condition for a perfect calibration
to vanilla options in the following theorem, proved in [11].

Theorem 2.1 (Theorem 1 in [I1]). If the spot process marginal density function under model (12.1))
is continuous in space and under assumptions (Al) and (A3), the call price under model (2.1)
matches the market quote for any strike K and maturity T < T if and only if

2 _ E[DEHST:K} 2 2 d(.f _ of _ +
o (T,K) = E[Ddor | Sr = K| ULV(T7K)+I(23;IC<I§V<E[DT(TT f1) (St — K) ]
_ K]E[D%(T% — /1) ]ISTEK} + KE[D%(%: — ) ﬂSTZK:| > }7 (2.9)

where Cry is the call price under model (2.8)), all expectations are under the domestic risk-neutral
measure, ¢ = 2 + /2, = E0mazr and T* is as given below.

" 2 ™ k
T = \/ﬁ |:2 + arctan <\/m>:| . (210)

(1) When k < ¢C,

(2) When k > ¢,
T* = . (2.11)

This result generalizes the formula in [20] to a stochastic foreign short rate. Deelstra and Rayee

[13] obtained a similar formula for a 4-factor SLV model with Hull-White short rate processes. An
important step in the derivation is that the stochastic integral

T
/ ]lStZK U(ta St)\/QTthStths
0

6



is a true martingale. On the one hand, T™ is a lower bound on the explosion time of the second
moment of the discounted spot process DfSt (see Proposition [3.12)). On the other hand, moments
of the Heston model can explode in finite time [5], a property that is inherited by the Heston-
type model . Note also Theorems and for possible moment explosions of the numerical
approximations. Therefore, the formula may not hold for some values of the model parameters
and for large maturities T'. However, in practice, T% is very large. For instance, following our
calibration routine to EURUSD market data from [11], we found T* = 28.6.

As an aside, note that if the volatility in model is purely local, i.e., if v = 1, we recover
the formula in [9], whereas if the two short rates are deterministic, i.e., if g% = gf =0, we recover
the formula in [20] 35], i.e.,

oy (T, K)
Elvr | St = K]

In the computations in Section [l we assume a simple correlation structure where only ps, may
be non-zero. We use a five-step calibration routine which is explained in detail in [IT]. First, we
calibrate the LV model and find opy. We also calibrate the associated 2-factor SLV model with
deterministic rates via PDE methods, using formula and results from the literature [9, 35].
Independently, we calibrate the two CIR++ processes under their respective markets. Then, we find
the Heston parameters by calibrating the associated 4-factor SV model, i.e., the Heston—2CIR++
SV model, using the closed-form solution for the call price in [I], extended to CIR++ processes,
with other parameters from the above calibration. Finally, we calibrate ¢ in the Heston—2CIR++
SLV model by working with the particle method of [20] and extending it using the calibrated
2-factor SLV model with deterministic rates as a control variate. For a partial correlation structure
with possibly non-zero pgq and psr, we may use the historical values of the correlations between
the spot FX rate and the short-term zero-coupon bonds, and extend the approximation formulae
of [18] for the call price from a 3-factor Heston—CIR model to a 4-factor Heston—2CIR++ model.

o(T, K) = (2.12)

3 Convergence analysis

3.1 The simulation scheme

We employ the full truncation Euler (FTE) scheme from [32] to discretize the variance and the two
short rate processes. Consider the CIR process

dyt = ky(Hy - yt)dt + fy\/@thy. (31)
Let T be the maturity of the option under consideration and create an evenly spaced grid
T = Nét, t, =ndt, VYne{0,1,...N}.
First, we introduce the discrete-time auxiliary process

where y+ = Imax (07 y) and 6Wtzi - Wt:"Jrz+1 - Wy

tn?

and its continuous-time interpolation

gt = gtn + ky(ey - g;;)(t - tn) + gy \/ ?];; (Wty - Wi)a (3~3)



for any t € [tp,tn+1), as suggested in [22]. Then, we define the non-negative processes
0 =07 (3.4)
vt = i, (3.5)

whenever t € [t,,t,11). Let © and g% be the FTE discretizations of v and g¢, respectively. Taking
into account the presence of the quanto correction term in the drift of the foreign short rate, we
similarly define

5 = 9, + [kr0r = ke (0) " = pur€sor (tu S5 (B (= t) + 600/ () (W =), (3.6)

where S is the continuous-time approximation of S defined below, as well as
~ ~f\+
{ ol = @@l) (3.7)
_ ~f\+
gl = (3l (3.8)
whenever t € [t,,tn41). For i € {d, f}, the domestic and foreign short rate discretizations are
= g+ ha(t). (3.9)

Finally, we use an Euler—-Maruyama scheme to discretize the log-exchange rate. Let x and Z be the
actual and the approximated log-processes, and let S = e be the continuous-time approximation
of S. Moreover, define h = hqg — hy. Then the discrete method reads:

tnt1 1 _ _
Tt,,, = T, +/ h(u)du + (gfn - gtfn = 502 (tn, Stn)z‘;tn)ét + 0 (tns S, ) VO, WS . (3.10)
tn

However, we find it convenient to work with the continuous-time approximation

t
Ty =Ty, + / h(w)du + (gf —gl - 352 (t, St)@t) (t —tn) + & (t,5¢)Vor AW, (3.11)
tn

where AW = W — W§ and & (t,S;) = o (tn, St,) whenever ¢ € [t,, tn41). Hence,

t t
%, = 70 + / (7~ 7 — 3% (. 5u)5 )+ / 5 (1, 5.) /5 WV (3.12)
0 0

Note that the convergence of the continuous-time approximation ensures that the discrete method
approximates the true solution accurately at the gridpoints. Using It6’s formula, we obtain

¢ t
S = S0+ / (P2 — 1)y + / 5 (1, 5) /B S AW (3.13)

0 0
We prefer the log-Euler scheme to the standard Euler scheme to discretize the exchange rate process

because the former preserves positivity and produces no discretization bias in the S-direction when
o is constant. Furthermore, if v, g% and ¢/ are also constant, then the log-Euler scheme is exact.



3.2 The main theorem

Define the arbitrage-free price of an option and its approximation under ([3.13]),
U=E [e— Jo vt f(S)} , (3.14)
U=E [e* Jo riat f(g)} . (3.15)

The payoff function f may depend on the entire path of the underlying process and the expectation
is under the domestic risk-neutral measure.

Theorem 3.1. If 2k:0; > f/% and under assumptions (A1) to (A3), the following statements hold.

(1) The approzimations to the values of the FEuropean put, the up-and-out barrier call and any
barrier put option defined in (3.15) converge as ot — 0.

(2) If ( = &£omas and "
1
T<T'= 51 —1 3.16
< a2 Lecon + T loa, (3.16)
then the approximations to the values of the European call, Asian options, the down-and-in/out
and the up-and-in barrier call option defined in (3.15) converge as 6t — 0.

Remark 3.2. If assumption (A1) holds, then for the purpose of this paper we choose the smallest
upper bound on the leverage function, namely

Omaz = sup {o(t,z) [t € [0,T], z € [0,00)}. (3.17)

Remark 3.3. If the exchange rate and the foreign short rate dynamics are independent of each
other, i.e., if p;s = 0, then the quanto correction term in the drift of the foreign short rate vanishes
and Theorem holds independent of the Feller condition 2k 6y > 5?, albeit with a simpler proof.
If the domestic and foreign short rates are constant throughout the lifetime of the option and if,
moreover, o(t,z) = 1 for all t € [0,T] and x € [0,00), then the system of equations collapses
to the Heston model and Theorem applies with ¢ = £. This extends the convergence results of
Higham and Mao [22] to options with unbounded payoffs.

Remark 3.4. Tian et al. [37] calibrated the term-structure Heston SLV model parameters to the
market implied volatility data on EURUSD using 10 term structures and maturities up to 5 years.
The data in Table [1| suggest that the condition in is typically satisfied in practice, both for
shorter and longer maturities.

Table 1: The calibrated Heston SLV parameters for EURUSD market data from August 23, 2012 [37].

T k § Omax ¢ T
1 month 0.885 0.342 1.600 0.547 11.8 years
5 years 0.978 0.499 1.300 0.649 9.3 years

In [11], the Heston—2CIR++ SLV model is calibrated to the EURUSD market data from March
18, 2016, for maturities up to 5 years. The data in Table |2 indicate that the condition in (3.16]) is
satisfied even for very long maturities. Furthermore, the following parameter values for the foreign



Table 2: The calibrated Heston-2CIR++ SLV parameters for EURUSD market data from March 18, 2016
[i1.

T k § Omazx ( I
5 years 1.412 0.299 1.399 0.418 32.3 years

short rate process are recovered: ky = 0.011, 6y = 1.166, {f = 0.037, so that the Feller condition
also holds, i.e., 2k = 0.0257 > 0.0014 = g}%.

In equity markets, the mean-reversion speed is usually several times greater than the volatility
of volatility. For instance, Hurn et al. [25] calibrated the Heston model for the S&P 500 index from
January 1990 to December 2011 using a combination of two out-of-the-money options, and found
that k£ = 1.977 > 0.456 = £. Furthermore, we typically have ( < 1, so that the condition in
holds even for longer maturities.

3.3 The square-root process

In order to prove the convergence of the approximation scheme in , we first need to examine
the stability of the moments of order higher than 1 of the actual and the discretized processes.
However, this problem is directly related to the exponential integrability of the CIR, process and its
approximation. Let y be the CIR process in and ¥ be the piecewise constant FTE interpolant

as per ({3.5).
Proposition 3.5. Let A > 0 and define the stochastic process

t
O = exp {)\/ Yu du}, Vit > 0. (3.18)
0
If T < T*, then the first moment of O is bounded, i.e.,
E [@T] < 00, (3.19)

where T™ is as given below.

(1) When ky < V2XEy,

2 s k
T = ——— | = + arctan <y>:| . 3.20
V2AEL — k2 [2 V2XEL — k2 (320)

(2) When ky > V2XE,,
T* = . (3.21)

Proof. Follows directly from Proposition 3.1 in [5]. O

Theorem 3.6. Let A > 0 and define the stochastic process

t
O, = exp {)\/ Tu du}, vt > 0. (3.22)
0
If T <T* and 67 < k;l, then the first moment of ©r is uniformly bounded, i.e.,
sup E[O7] < o, (3.23)
5t€(0,5T)

where T™ is as given below.
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(1) When ky < V0.5)&,,

1
"= ———. (3.24)
V2XEy — ky
(2) When ky > /0.5)E,,
o 2y (3.25)
= )\55. .
Proof. First, we prove that there exists 7 > 1 independent of §t such that, for all w € [0, 1],
W AGT? — 2nwhkyT — 21+ 2 < 0. (3.26)
Fix any n > 1 and define the polynomial
Folw) = wnPAET? — 2umhe, T — 205 — 1), (3.27)
with two distinct real roots /B 5
ky £ VEkZ+2(n—1)A
wy = By E VR 20 = 1A (3.28)
nAEET
Since w_ < 0 < wy, we have that f,([0,1]) <0 if and only if f,(1) <0, i.e.,
AT — 2n(1+ kyT) +2 < 0. (3.29)

This holds for some 1 > 1 if and only if the quadratic polynomial in n on the left-hand side has a
real root greater or equal to one. Hence, we find the necessary and sufficient conditions:

(V2X& — ky)T <1, and 20T < ky + 4/k2 +4XE2 or ky + ([k2 +4XE2 < 20T < 4k,

which are equivalent to T' < T*, with 7™ defined in (3.24) — (3.25)). Fix any n satisfying (3.26)).
Next, we prove by induction on 0 <m < N that, for all §t < ér,

N—m—1
E [O7] <exp {Z(k‘y@y + Vyfy)k(ét)Q(m - 1)m} E [exp {)\& Z U, + nm)\étgthmH , (3.30)
i=0

where

& 1 & k03
YN T (1= kyor)? T 2n 3T = ko)t T (0= ko) (3:31)

Let {G/, 0<t<T} be the natural filtration generated by the Brownian motion W¥ and consider
the shorthand notation E} [ . ] =E [ -1G? ] for the conditional expectation. Note that clearly
holds when m € {0,1}. Next, let us assume that holds for 1 <m < N and prove the inductive
step. Conditioning on the g-algebra G/, we obtain

E[O7] <exp {;n(kyﬂy + Vyfy))\(ét)Q(m - 1)m}

N-m—1
x E [exp {)\515 Z Ut, } B . [exp {nm)\(stytN_m }” . (3.32)

1=0

11



For convenience, define w = g¢y_,._,. If Z ~N(0,1), then G/~ L oW, | Y /StZ. Let T
be the inner expectation in (3.32)), then

T <Eouw [exp {nm)\dt max [0, w ~+ ky(0y — w)ot + &V wdtZ} H .
There are two possible outcomes, namely w = 0, in which case
T < exp {nmkyQyA(5t)2}, (3.33)

and w > 0, which is treated now:

2
21 1

+ / ——exp {—zQ} dz, (3.34)
oo V2T 2

kybydt + (1 — kydt)w
EyVwit ‘

T< / L exp {_1z2 +mEAVw ()22 + nmAdt [w + ky (0, — w)dt] } 4
.\ Vi

where

(3.35)

20 =
Recall that 67 < k; L and define

21 = 20 — npméy A w (6t)3/2. (3.36)

Then z; < z9 < 0. If ¢ and ® are the standard normal PDF and CDF, then
1
Z < ®(z0) + exp {nm/\ét [ky0y6t + (1 — kydt)w] + 2772m2§§)\2w(6t)3}{1 —® (21)},
and hence
2 ].
T < exp { ik, B,M(01)? + J aXwdt {1 4D (2) — @ (21)}, (3.37)

where
a = 2nm(1 — kydt) + °m>*EA(6t)* > 0. (3.38)
Applying the mean value theorem to ® € C', we can find z € [21, 2] such that
D(z0) — @(21) = (20 — 21) ¢ (2) < (20 — 21) & (20) -

Hence, from (3.35]) and ([3.36]),

D(z9) — P(z1) < \/%Umgy)\((;t)?)ﬂ Jw exp {_

=b, constant w.r.t. w

[ky0,0t + (1 — kyot)w]? } (339)

282wt

We can think of the right-hand side as a function of w, say f : (0,00) — R. Next, we show that

f(w) < nmy,&A(G1)?, Y > 0. (3.40)
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In order to find its global maximum, we need to compute the first derivative.

e k2026t (1= kyt)?
Jw) = be {2\@ v [2ggw2 2825t '

Therefore,
flw) =0 < —(1—k,dt)*w? + Ewdt + k202 (5t)* = 0.

To solve this quadratic, we divide throughout by (5t)* and introduce a new variable, @ = w/dt.
Then there exists a unique, positive solution wq for which the derivative is zero, namely

21— kyot)2  \ 4(1 = kyot) (1 — kyot)2

From (3.31)), we have that

wo < 2Ty = wy < 27y dt.

Y

Since the second root is negative, f(w) must be increasing up to wgy and decreasing after this point,
so the function attains its global maximum at wg. Hence,

f(w) < f(wo) = b\/uToe_zS/2 < by/2mv20t = N
Making use of the upper bound in , we derive the following inequality:
1+ ®(20) — P(21) < exp {nml/yﬁy)\(&)z}. (3.41)
Substituting back into with , we get
T < exp {nm(kyHy + Vy§y))\(5t)2 + ;a/\wét}.
Note from that this holds when w = 0 as well. Applying with w = % leads to
anzfg)\((St)Q — 2nmky,ot —2n+2 < 0.

Hence, from (|3.38)),
a<2p(m+1)—2.

Therefore,

7 < exp {nm(k‘yﬁy + Vyfy)/\(5t)2 — Awdt + n(m + I)Awdt}.

Substituting back into (3.32) gives the inductive step. Finally, taking m = N in (3.30)) leads to

- 1
E [O7] < exp { 577AT2(1<:yey +1vy&y) + nATyo} : (3.42)

The right-hand side is finite and independent of §t and the conclusion follows. O

The next two results establish uniform moment bounds for both the original and the discretized
variance and short rate processes. Note that under assumption (A3), the moment boundedness of
g' and ¢, for i € {d, f}, extends naturally to |r’| and |7|.
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Proposition 3.7. The following two statements hold.

(1) The square-root process in (3.1) has uniformly bounded moments, i.e.,

E[ sup yf} <oo, Vp>1. (3.43)
te[0,7]

(2) The FTE scheme in (3.4)) for the square-root process has uniformly bounded moments, i.e.,

sup E [ sup gf} < oo, Vp>1, Vor>D0. (3.44)
ote(0,07) t€[0,T

Proof. (1) The polynomial moments of the square-root process can be expressed in terms of the con-
fluent hypergeometric function and, according to Theorem 3.1 in [24] or to [14], they are uniformly
bounded, i.e.,

2k, 0
sup E[yf] < oo, Vp> —# (3.45)
t€[0,T) fy
On the other hand, using Holder’s inequality, we deduce that
T
sup yf < 3p_1(y0 + kyHyT)p + 3p_1k§Tp_1/ P du+ 3P~ 1£p sup / @dWy (3.46)
t€[0,T] 0 te[0,7]

Using the Burkholder-Davis-Gundy (BDG) inequality, we can find a constant C), > 0 such that

T /2 1 1 T
} <C E[(/ yudu) } < iCp—i—iCpr_lIE U ygdu]. (3.47)
0 0

Taking expectations in (3.46)) and employing Fubini’s theorem, we get

/ NS

{ sup
t€[0,T]

E[ sup yg’] <37 Y (yo + ky0, T)" + = 3P 'ePC, + 377 (kD +0.560C,) TP sup E[y7].  (3.48)
t€[0,T] te[0,T)

The right-hand side is finite by (3.45]), whence the conclusion.
(2) Integrating the auxiliary process g defined in (3.3), we deduce that

t t
G = o+ ky / (8 — gu) du+ &, / T dWY. (3.49)
0 0

For any p,e > 0, there exists a constant ¢(p,€) > 0 such that max(0, )P < ¢(p, €)e* for all z € R.
In particular, this implies that ¢ < c(p, €)e* for all ¢ € [0, T]. Hence,

sup E [gﬂ < ¢(p, e)ee(yOJrkyeyT) sup E [Ft], (3.50)
te[0,T) t€[0,T
where . .
Iy = exp { - ekzy/ Yo du + efy/ \/gdeg} (3.51)
0 0

Assuming that t € [t,,t,11] and conditioning on the o-algebra G/ , we get
B, (1] = Doy exp { (0566 — k) (0~ t)i, ). (352

14



However, we can find e sufficiently small such that k, > 0.5¢¢7. Then E} [I;] <E{ [I';,] and the
law of iterated expectations ensures that

E[ly] <E[ly,] <E[ly,_ ] <...<E[ly] = sup E[I}] =1
te[0,T]

Substituting back into (3.50)), we deduce that

sup E [§7] < c(p, e) e W0 thfT), (3.53)
te[0,7]

which is independent of §t. On the other hand, since §; < || and using Holder’s inequality, we get
T P
sup gf <37 (yo + ky0,T)" + 3P KPP} / yh du+3771¢P sup . (3.54)
te[0,T) 0 te[0,T]

t
/ VT dWY
0

Taking expectations on both sides and using the BDG inequality as in (3.47) leads to

N - L op— - N
E[ sup yg’] <3 1(y0+k:y6?yT)p+§3p 10, + 3771 (kD + 0.560C,) TP sup E [37],  (3.55)
te[0,71] t€[0,T7]

for some constant Cp > 0. However, sup;c(o 71 E 7] < sup;efo,r] E [97], and the conclusion follows
from (3.53)). 0

Proposition 3.8. Under assumption (A1), the following two statements hold.

(1) The process g7 has uniformly bounded moments, i.e.,

E [ sup (g{)p} <oo, Vp>1. (3.56)
t€[0,T]

(2) The process §7 from ([B.7) has uniformly bounded moments, i.e.,

sup E [ sup (g{)p] <oo, Vp>1, Vor > 0. (3.57)
ote(0,07) t€[0,T

Proof. (1) From ({2.1]), we know that
f_ ot : : / N
gl =gy + kst — kf/ ) du — psfgf/ o (u, Su)\/ vugi du + gf/ gi dW]. (3.58)
0 0 0
Since g/ is non-negative and using the fact that 24/|ab| < |a| + |b|, we find an upper bound

1 t 1 t t
g{ < g(])c + kfeft + 9 |p8f‘§f0'maac/ vy du + 5(2kf + ‘psf‘gfo'mam) / g'zjj du + ff‘ / V 91]: dWJ
0 0 0

Fix t € [0,T]. Using Hoélder’s inequality, we get

T
sup (gf)" <4771 (gf + kg0, T)" + 202 pys [PERD,, TP / b du
s€[0,t] 0
2 p 1 ! p 1 P
+ 2P (2ks + |pap|€fOman) TP /0 (94)"du + 47~ 1€} s . (3.59)

/Sﬁgdwg
0
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Taking expectations on both sides and using the BDG inequality as in (3.47) leads to

E [ sup (gf)p] < 4p_1(gg +ks0;T)" + 22p_3§?0p + 2p_2|psf|p§?0fanp sup E [vF]
s€[0,t] u€el[0,T

t
(272 (2hy + peg €5 mar) TP + 2207000, /0 E[ s (o )p} du, (3.60)

for some constant C}, > 0. Applying Gronwall’s inequality (see [I5]), we get
E [ sup (gtf)p] < (47’71 (géc +ks0;T)" + 22’7*35?010 + 2P 2| pgs[PERGE TP sup E [vﬁ])
te[0,7) u€[0,7]
X exp {2p—2 (2K + | psf|€fOma) TP + 22P—35§CPTP} . (3.61)

The conclusion follows from Proposition [3.7]
(2) Integrating the auxiliary process §/ defined in (3.6)), we deduce that

t t t
3l =gl + k05t — k:f/ gl du — psfgf/ & (u, Su)\/ gl du + gf/ \ g awl. (3.62)
0 0 0
Since g{ <| gtf |, following the previous argument, we deduce that

E [ sup (! )p} <47V (gh + ks0;T)P + 22P3ERCy + 2P| pog [PER OB 0, TP sup E [0F]
s€[0,1] u€e[0,T]

t
4 (2772(2ky + gl omae) TV + 2207220, 1) /0 E|(g)"|du.  (363)
Since sup,e(o,71 E [65] < supyepo,r E [@5] and g5 < SUP4c(0,u) g£ , using Gronwall’s inequality, we get

E{ sup (g )”] < (4p*1(gg + kp0fT)" + 277300, + 2072 peglPEfoh o, TP sup E [@g])
te[0,7) u€[0,7]

X exp {QH (2kf + |pagl€rTmaz) TP + 22p*3§§CpTP} . (3.64)
The conclusion follows from Proposition O

Next, we establish the strong mean square convergence of the discretized variance and domestic
short rate processes. Unlike in [32], where the focus was on the continuous-time approximation ¢,
we are rather interested in the behaviour of § in the limit as the time step goes to zero. Note that
the convergence of g% extends naturally to 7.

Proposition 3.9. The full truncation scheme in (3.5)) for the square-root process converges strongly
in the L? sense, i.e.,

lim sup E[|y: — 5/*] = 0. (3.65)
0t—01t€[0,T]

Proof. First, fix t € [0,T]. Since |y — U¢| < |y+ — U], using Cauchy’s inequality, we get

t s 2
sup |ys — 95| < 2k§t/ (Yu — Tu)?du + 2{; sup / (VYu — VYu )dAWY| . (3.66)
0 0

s€0,t] s€[0,t]
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Taking expectations and then using Doob’s martingale inequality and Fubini’s theorem leads to
t
E [ sup |ys — ;gs?} < 4k§T/ E [ sup |ys — yS\Q] du —|—4k2T2 sup [\gu — gju|2]
s€[0,t] 0 s€[0,u] u€[0,T

18T sup B[y — ul] + 8T sup E [[gu — 7ul]. (3.67)
u€el[0,T u€[0,T]

Applying Gronwall’s inequality, we get

E%wwtmﬂ<ﬁﬂeﬁﬂwwwm gl*] + 86T sup E |9 — ]
t€[0,T] t€[0,T te[0,T)
+ 85 T sup E [|y — |]> . (3.68)
t€[0,T7]

On the other hand, we know that

sup E [lye — 5:)°] <2 sup E[|ys — %/*] +2 sup E[|g: — ue)*] - (3.69)
te[0,7 te[0,7) te(0,7

Substituting into (3.69) with the upper bound in (3.68)), we get

sup E [y — 5f*] < 2(1 + 4k§T2e4k§T2) sup E[|9: — ge|*] + 16£2Te4k ™ sup E (|5 — 7el]
te[0,T7] t€[0,T t€(0,77]
+1662Te™ ™ sup E [lys — 5¢]. (3.70)

te[0,7T

The convergence of the three terms on the right-hand side of (3.70)) is a consequence of Lemma A.3
and Theorem 4.2 in [32], which concludes the proof. O

3.4 The four-dimensional system

Even though weak convergence is important when estimating expectations of payoffs, strong con-
vergence plays a crucial role in multilevel Monte Carlo methods and may be required for complex
path-dependent derivatives. First, we prove the uniform mean square convergence of the stopped
discretized spot FX rate process in .

Proposition 3.10. Let Ly > Sy, Ly, > vy, Lg > gf)l, Ly > g(]; > k™1, and define the stopping time
T:inf{tZO:StZLsorthLvorﬁtZLvorf]t>Ld07“gt>Lf0rg 1} (3.71)

Under assumptions (A1) to (A3), the stopped process converges uniformly in L?, i.e.,

lim E [ sup | Sinr — SW\Q] =0. (3.72)
0t—0 te[0,7

Proof. The absolute difference between the original and the discretized stopped processes can be

bounded from above as follows,
t/\’T t/\’T
—I—‘/ guSdu ‘/ S—S)du
0
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tAT tAT tAT

+ / (94 — 31) Sudu +‘/ 3 (Su — Su)du | + / 5 (1, 5u)V/Tu (Su — Su)dWE
0 0 0
tAT _ tAT

| [ (o5~ a(ws)) Vs, +‘/ o (0.5,) (Vi —52) Sud W |
0 0

Squaring both sides, taking the supremum over all ¢ € [0, s|, where 0 < s < T, and then employing
the Cauchy—Schwarz inequality leads to the upper bound

SAT T
sup |St/\T — St/\T| < S(Ld + L + 4h,2mm) / (Su — Su)2du + 8L§T/ (gg — gﬁ)Qdu
te[0,s] 0 0

tAT
+ 8 sup / U(u, Su) <\/1Tu - \/?i) Sy dW,,
0

2 T
+16L2T / (6] — g})%du
te(0,s] 0

tAT
+8 sup / 5 (1, 5.) V/Tw (S — 5.)dW
0

2 SAT 9
FI6LT [ (of - 50)’du
te(0,s] 0

tAT 2
+8 sup / (o, 8) = & (u. 84) ) Vou SudWy (3.73)
te0,s] | JO
Note that . .
/ (94 — af)%du < / (ghnr = Ghns) du < T sup |gf.. —al | (3.74)
0 0 t€[0,s]

Hence, taking expectations in (3.73]), using Fubini’s theorem, Doob’s martingale inequality and the
1t6 isometry, and upon noticing that a stopped martingale is also a martingale, we obtain

a 2
]E[ sup |St/\‘r St/\7-| ] < SLQT2 Sup E [‘gt —gt‘ ] +320maz ST sup E th —vf”
t€[0,s] t€[0,7) t€[0,T]

SAT
+16L2T2 sup E [{ﬁf —Etfﬂ + [8(L5 7 Ahee) T + 320705 Lo }E [/ |Su = Su\zd“}
t€[0,7 0

SAT
+32L%L, E [/ o (u, Su) — & (u, Su)‘Qdu] +16L2T?E [ sup ‘g{/\T g{AT‘Q]. (3.75)
0

te(0,s]

First, we bound the last expectation on the right-hand side of (3.75) from above. From (3.58)) and
‘) since |g{/\7 - gif/\7| < |g{/\7' - g{/\7—|, we get

el < | <1y [ =il [ @ alya e [ (ol - ol )]
v [ (ol = V) aw] = pgty [ ot v (ol - Vol )au
gty [ o) (Vo = V5 Yau gty [l 5ol (v - v )
- s | ol (o0, 5.) - 0w 5.) )l

Squaring both sides, taking the supremum over all ¢ € [0, s'], where 0 < s’ < s, and employing the
Cauchy—Schwarz inequality, then taking expectations and using Doob’s martingale inequality and

(3.76)
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Fubini’s theorem, we deduce that
f 2 2 2 T 2
E[ sup |gl, — gl ] < 8K2T E i) U<T}du+8ka/ E (9]~ 90)*|au
tel0,s'] 0 0
— g{j ” du

+32g;/ (Vo - il)'1 u<T]du+32£f/T &
480t LT [ E[ (Vo = Vo) vucs |+ 802t [ 5[l ~ i
|

0

s'AT

T
+ 8psf§famefT/ E ‘vu — vu du + 8p3f§fL L/,TE [/ ‘o(u, Su) — 5(% S'U) |2du]-
0 0

(Vo ~ Vo) ucr < (Volar ~Volnr ) < wlolnr — 810 (3.77)

and hence, since s’ < s,

However,

/

2 B 2
E |: sSup ‘g‘tf/\T gg/\r‘ :| < (Sk)%T + 32§J2“‘€ + 8pzf§]2‘0-r2naxLUﬁT) / E |: sup ‘gtf/\T gtf/\T‘ :| du
te(0,s'] 0 te[0,u]

SAT
+8p5 & Lo L TE [/ |0 (u, Su) — & (u, Su)| du} + 8030 mar LfT? sup E th —@tﬂ
0 t€[0,T]

+ (32§?T + 8p§f£]2ca,2mILUT ) sup E [‘gt -0 ‘] + 8k:fT2 sup E [( - g{) ] (3.78)
t€[0,T) t€[0,7]

Therefore, applying Gronwall’s inequality to (3.78)), since s < T', we get

SAT
E S |9l — gtfmﬂ < eﬁlT{E%/)?fffvaLfTE [/0 o (u, Su) = 5 (u, 5u)\2du]
€10,s

+8psf§famafoT sup E [‘vt —Ut‘] —|—8ka2 sup E [( —g{) }
te[0,7) t€[0,1]

+ (32837 + 8032020y LuT?) sup ]]E [\ il — gl \]} (3.79)
te

where
B = 8kFT + 3263k + 802 £F0man Lok T.

Second, assumption (.A2) on the leverage function ensures that
SAT B 9 T 9
E [/ o (u, Su) — 7 (u, Su)| du] < 3AT(6t)** + 3B*E [/ S, — S ]lt<7dt]
0 0

SAT
+3BQE[/O tsgp]\st St}Qdu], (3.80)
€|0,u

where t = 0t L%J Furthermore, we know that

SAT SAT S
/ ‘Su — §u|2du < / sup ‘St 5}}2 du < / sup ‘St/\r — 5}/\7‘2 du. (3.81)
0 0 0

te[0,u] t€[0,u]
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Substituting back into (3.75]) with (3.79) — (3.81]), we deduce that

E | sup |St/\7' — St/\T’2:| < /32/ E [ sup ‘St/w - St/\rﬂ du + B3(5t)** + B4 sup E [‘Ut — 1775”
te(0,s] 0 te[0,u] te[0,7

+ B5 sup E[\gt — g} ] + B¢ sup [!gt - G ﬂ + B7 sup E[\gt fﬂ
te[0,T] t€[0,T] t€[0,T]

T
+ B / B[S~ 5" L |di, (3.82)
0
where the constants ;, for 2 < ¢ < 8, are defined below.

By = 32074, Lo + 8(L + L} + 4h,
mazx d

max

)T+ 96B2L2L, (1 + 4p2&7 LT3 7)),

B3 = 96A2L2L, (1 + 4p2 LT3 )T, By = 3207, L2T (1 + 4p% &G LT3 T,

maxr-—s

Bs = 8L2T?, Bs = 128¢7L2 (4 + p2s0mua Lo T) T2, B = 16L2T% (1 + 8kFT?%e™T),

max
Bs = 96B>L2L, (14 4p2; 7L T?eMT).
Therefore, applying Gronwall’s inequality to (3.82)), we obtain

E| sup ‘St/\T —St/\r‘2] < €/B2T{53(5t)2a + B4 sup E [‘Ut —Ut” + 35 sup E [‘gt ‘2]
te[0,7 t€[0,T] t€[0,T]

T
+ B sup E [\gt — G ‘] + B7 sup Ufyt — g ‘ } —i—Bg/ E [‘St — St‘Q]lKT}dt}. (3.83)
te[0,T] te[0,T7] 0

The convergence of the first term on the right-hand side as §t — 0 is trivial, whereas the convergence
of the next two terms is a consequence of Proposition We now show the convergence of the L?
difference between §/ and gf.

Suppose that t € [ty, t,+1). Since |§g—§f| < |§f—§{n\ and using the fact that 21/|ab| < |a|+ ],
we can bound the L? difference from above as follows:

2
— gl | (kfefét +0.5|psf 1€ Omandt or, + (K + o.5ypsf|gfamax)5tg{n + gf\/gtfn thf - W{i\)

Hence,

sup E [\g[ —gﬂ } < 4kf0f(5t) +Psf§f0max(5t)2 sup E [97 ] +4§f5t sup E [gtn]
te[0,7) 0<n<N 0<n<N

+ (2ks + ]p3f|§famax)2(5t)2 sup E [(gtn)ﬂ. (3.84)
0<n<N

The convergence of the term on the left-hand 51de follows from Propositions [3.7] and [3.§|
Finally, the integrand in the last term in can be bounded from above as follows:

2
]1t< T]

’/ o (u, Su)/Vu Sy Lye r AWE

E [}St — S ]1t<7' =

‘/ — g} + h(u )]Sudu+/t_ta(u,5u)\/ﬂ5uquf

§4<StIEUf [(gu) + (90)? + h(u )}S ]lu<7du] +4E

1
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g4L§(5t)2{ sup E |(g0)°] + sup E|(g])’] +4hfm}+4ame§L05t. (3.85)
u€[0,7) u€l0,T]

The right-hand side is independent of the time ¢ and tends to zero as 6t — 0 from Propositions [3.7]
and which concludes the proof. O

Next, we prove the uniform convergence in probability of the discretized spot FX rate process.

Proposition 3.11. If 2k¢6; > 51% and under assumptions (A1) to (A3), S converges uniformly in
probability, i.e.,

1imIP>< sup |S; — Sy >e> =0, Ye>0. (3.86)
6t—0 t€[0,T

Proof. Fix € > 0 and note that we have the following inclusion of events,

o gup 1) =) > e € fus sup i)~ 5 > e > 7

U {w L sup [Si(w) = Si(w)] > e T(w) < T}.

t€[0,T]
Hence,
{ sup ’St — 5}‘ > e} C { sup ’Smr — 5}/\7‘ > e} U {7’< T}. (3.87)
t€0,T) t€[0,T]
In terms of probabilities of events, the previous inclusion implies that
P ( sup |S; — S| > e> <P ( sup |Sinr — Siar| > e> +P(r<T). (3.88)
te[0,T] te[0,T]

The convergence in probability of the stopped process is an immediate consequence of Proposition
and Markov’s inequality. Moreover, from the definition of the stopping time in (3.71)), we get

{7‘<T}C{ sup Ut>LU}U{ sup ﬁt>Lv}U{ sup §f>Ld}U{ sup gtf>Lf}

t€[0,T] t€[0,T t€[0,T] t€[0,T]
U { sup Sy > LS} U {T,i < T}, (3.89)
t€[0,T7]
where we define
Te =inf{t>0: ¢/ <x7'}. (3.90)
However, assuming that L > 1, we have that
{ sup Sy > LS} = { sup I > logLs} C { sup |x¢| > logLs}. (3.91)
te[0,7) te[0,7] te[0,7)

Therefore, using (3.89)), (3.91)) and Markov’s inequality, we find an upper bound

P(7'< T) < L;lE [ sup Ut:| +L;1E [ sup @t] +L;1E [ sup Qf} +L]71E [ sup gtf}
t€[0,T] t€[0,7)] t€[0,T) te[0,T)

+(logLS)_1E[t€sESI;] |xt|} +P(r. <T). (3.92)
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First, recall the formula for the logarithm of the spot FX rate process,

t t
xy = x0 + / (gff — gl +h(u) - %UZ (u, Su)fuu) du + / o (u, Su)v/vu dW;. (3.93)
0 0

Taking the supremum over all ¢ € [0, 7] and using the fact that a < a®+ 1, then taking expectations
and employing Doob’s martingale inequality and the It6 isometry, we get

E[ sup ]a:t@ < 1—|—|x0\+2hma$T+TE{ sup gf} —|—TE[ sup g{} —1—4.5072mxTE[ sup vt} (3.94)
te[0,T] t€[0,T] t€[0,T t€[0,T

Second, we prove the almost sure positivity of the process g/ under the Feller condition, i.e., when
2k0p > 5]20. To this end, let o = (2ks0; — 5]%)/2{? and define the function F' : (0,00) — R by
F(z) = 2~“. Using Itd’s formula, we have that

TNATk
B[Plofy)] = Plad) B [ alal) " ks — ksl = ptyo(5.)y gl
1 TATs —(1+a) TATe —(0.54c)
+3 IE/O a(l+ a)é} (g9) du — IE/O aty(gh) Y aw]l. (3.95)

Note that 1 ! 1
akply — Sa(l+a)sf = Jaf4hly — 267 — 20¢7] = S o',
and also that .
IE/O oz2§]2c (95)_(1+2a) Ty<r, du < oz2§]2cn1+2°‘T < 00,

so the stochastic integral on the right-hand side of (3.95)) is a true martingale. Hence,

1 T (lto T u
B[FPlof,,)] < Plad) =502 [ (o) tucr, dut oty B [ (o) L,
T
+ a|pufléfomaz E / W09 (gf) O 1, du, (3.96)
0

Employing Fubini’s theorem and Hoélder’s inequality, we deduce that

E[F f <F f 1 2¢2 T B f _(1-1-04)]l _lk‘ ,Q]E f_(1+a)]l p%a
(0hr)] < Flaf) — 5% [ (B[ tucr | 207y E [ (0l) ™ L

_1 1420
— 2Oé_l|psf‘§;10'max SF%} E |:Utl+a} 2te) E [(95)7(1+a) ]1u<7',@ ] 2t > du. (397)
telo,

However, the moments of the square-root process are bounded by Proposition Furthermore, if
p,q € (0,1), ¢pq >0 and ¢ = ¢, + ¢4 > 0, then for all > 0 we have

x — cpaf — cqx? = %p($ — cmp) + C—Cq(x - c:vq)

p [ __1_ __1 \P ¢ [ __1 __1 \¢q
= cpci-p [c -y — (c 1*?:10) }—&—cqcl*q [c I—agp — (c 1*5!:10) ]

1P 9
— 1—
> —cpcl-r —cgcl-a.
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Therefore, the integrand in (3.97)) is bounded from below by a constant and thus
E [F(géﬂm)] <c, (3.98)

for some constant C' independent of k. Since g/ has continuous paths, g!; =k"tand F (gi;) = g%
Hence, from ([3.98) and the positivity of F', we deduce that

P(rc <T) =k "E|F(g},) Ln,cr| <k E[F(gf,, )] < Cr. (3.99)

Taking the limit as 6t —0 in (3.88)), using the upper bounds derived in (3.92)), (3.94) and (3.99), and
then employing Propositions [3.7] and the conclusion follows from the fact that we can choose
L, Ly, Ly, Ly and k arbitrarily large. O

Many models with stochastic volatility dynamics, including the Heston model, have the unde-
sirable feature of moment instability, i.e., moments of order higher than 1 can explode in finite time
[5]. This can cause problems in practice, for instance when computing the arbitrage-free price of
an option with a superlinear payoff. Furthermore, establishing the existence of moments of order
higher than 1 of the process and its approximation is an important ingredient in the convergence
analysis (see [23]). Since the most popular FX contracts grow at most linearly in the FX rate and
their risk-neutral valuation involves computing the expected discounted payoff, it is useful to study
the finiteness of moments under discounting. Define R to be the discounted exchange rate process,

t 1t t
R; = Spexp { - / r du — 5 / o2 (u, Sy)vy du + / o(u, Su)JiTudWS}, (3.100)
0 0 0

and let R be its continuous-time approximation,

t ¢ ¢
R, = Spexp { — / 775 du — % / &2 (u, gu)ﬁu du + / 6(u, gu)\/iTudWi} (3.101)
0 0 0

The next result establishes a lower bound on the explosion time of moments of order higher than
1 of the discounted process and is an important step in proving Theorem (Theorem 1 in [I1]),
which, in turn, plays a key role in the calibration of the model.

Proposition 3.12. Let a > 1. Under assumptions (A1) and (A3), if T < T*, there exists w1 > «
such that, for all w € [1,w1), the following holds:

sup B[R] < oo, (3.102)
te[0,T7]

where p(a) = a+ /(o — 1)a, ( = Eomaz and T is as given below.
(1) When k < ¢(a)C,

) 2 - iy
T = ()2 — k2 [2 + arctan ( SR k:2>} ) (3.103)

(2) When k > ¢(a)(,
T* = . (3.104)
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Proof. First, we find it convenient to define a new stochastic process L by

1 t t
Ly = Syexp {hmaxt — 2/ 02(u, Sy )y du +/ o(u, Su)\/EdW,j} ) (3.105)
0 0

As R, < L; for all t € [0, T, it suffices to prove the finiteness of the supremum over ¢ of

w

t t
E [Lﬂ =S{E [exp {whmaxt + w/o o(u, Su)y/ vy dW,, — 2/0 UZ(U, Su) vy duH (3.106)

Second, suppose that T < T*, with 7™ defined in (3.103) — (3.104). If & < ¢(a)(, since ¢(-) is
increasing on [1, 00) and by a continuity argument, we can find w; > « such that, for all w € (o, w1),

(p(w;@ — B + arctan ( (p(w)f@ _ k2>] (3.107)

E<ew) and T <
If k = p(a)(, since p(+) is strictly increasing on [1,00) and

. e 3 - (e
lim — + arctan = o0,
wiat \/p(w)?¢? — k* |2 p(w)2C — k2

we can find w; > « such that (3.107)) holds for all w € (o, w1). Finally, if £ > ¢(«)(, by a continuity
argument, we can find w; > a such that, for all w € (a,w1),

k> p(w)C. (3.108)
Third, fix w € (a,w1) and let the functions f,, g, : (1,00) — (1,00) be defined by
ful(z) = w?2?

and
wT

w2
gw(x):x_l(wx—l):(w—l— (w—l)w)2+x_l(m—l—\/l—l/w)Q.

The first function is strictly increasing, whereas the second function attains a global minimum at
z* =14 /1 — 1/w. Furthermore, they are equal at z*, so

1r>1f1 max { f,,(2), gu(2)} = gu(z*) = (w+ /(w — 1)w)2. (3.109)
Consider the Holder pair (p, q) satisfying ¢ = p/(p — 1) such that

1
p=1+4/2"= and g=1+,/——. (3.110)
w w—1

This particular Holder pair ensures an optimal lower bound 7™ on the explosion time. Next, define
the quantity a = pw? — w and introduce the stochastic process

t
M, —pw/ o (u, Sy) /vy AW,
0

with quadratic variation

t
(M) :p2w2/ o?(u, Sy)vy du.
0
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Then we can rewrite (3.106]) as follows:

1

1 t
E [L‘Z’] = ,S’E’)Je”h"mtE [exp {p [Mt - 2<M>t:| + ;/0 o?(u, Su)vy du}] (3.111)

Applying Hélder’s inequality with the pair (p, ¢) from (3.110|) and taking the supremum over [0, 7],

w w wh T 1 g
sup E[LY] < Sge?mat sup E | expq My — = (M)
te[0,T] te[0,T] 2

1 T i
x E [exp {qu(pw - 1)0%2“/ Uy du}] . (3.112)
0

The stochastic exponential is a martingale if Novikov’s condition is satisfied, i.e.,

E [exp { ;<M)TH <E [exp {;p%%fm /OT Uy du}] < .

The finiteness of the two expectations in (3.112]) follows from (3.107]) — (3.110) and Proposition

The extension to the interval [1,w;) follows from Jensen’s inequality. O

Proposition 3.13. Let o > 1. Under assumptions (Al) and (A3), if T < T*, there exists wa > «
such that, for all w € [1,ws) and 57 < k=1, the following holds:

sup  sup E[(Ry)“] < oo, (3.113)
6te(0,67) t€[0,T]

where (o) = a+ /(@ — 1)a, ( = E0mar and T™ is as given below.
(1) When k < %g&(a)(,

1
T = )k (3.114)
(2) When k > % o(a)C,
T (ig‘; = (3.115)
Proof. For convenience, define a new stochastic process L by
_ 1t . ¢ )
Ly = Spexp {hm(wt - 2/0 & (u, Sy )0y du + /O & (u, Su)\/ﬁde}. (3.116)

Since Ry < L; for all t € [0,T], it suffices to prove the finiteness of the supremum over ¢ and dt of

E[(L)*] = SYE [exp {whmt o | (S W — / "5 (u, 8) du}] (3.117)

Suppose that 7' < T*, with T* from ([3.114) — (3.115). If k < ()¢, by a continuity argument,
we can find wy > « such that, for all w € (o, we),

1
E<-pw) and T <

5 (3.118)

pw)¢ =k
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On the other hand, if k& > %gp(a)( , by a continuity argument, we can find we > « such that, for all
w € (a,ws),

1 4k
k> = d T<———. 3.119
> Ge@ md T< o (3119)
Henceforth, we argue as in Proposition and use Theorem to deduce the finiteness of the
supremum over ¢ and dt of (3.117]). O

Higham et al. [23] proved that for a locally Lipschitz SDE, the boundedness of the pth moments
of the exact and numerical solutions, for some p > 2, ensures the strong mean square convergence of
the Euler-Maruyama method. The existence of moment bounds for explicit Euler approximations,
however, remained an open problem. Recently, Hutzenthaler et al. [26] studied SDEs with super-
linearly growing coefficients and proved strong and weak divergence in L? for all p > 1, and hence
that the moment-bound assumption is not satisfied. To the best of our knowledge, the uniform
boundedness of moments of order greater than 1 of discretization schemes for the Heston model
and extensions thereof has not yet been established — this gap in the literature was also identified
in Kloeden and Neuenkirch [30] — and our Proposition is the first result to address this issue.

Since the typical payoff of a FX contract grows at most linearly in the exchange rate, it suffices
to know the strong convergence of the discounted process in L' to deduce the convergence of the
time-discretization error to zero. The following theorem can be generalized to the L* case relatively
easily for all @ > 1, upon noticing that the critical time 7™ from (3.103]) — (3.104)) is always greater
than the one from (3.114)) — (3.115)).

Theorem 3.14. Under assumptions (A1) to (A3), if 2ks0¢ > 51% and T < T*, where ( = E0maz
and

4k 1
"= =<1 —1 , 3.120
¢z Locon g Lezan (3.120)
the discounted process converges strongly in L', i.e.,
lim sup E[|R — Ri|| =o0. (3.121)
ot—0 t€[0,T]

Proof. Fix € > 0 and define the event A = {‘Rt — Rt’ > e}, then

sup E[|R— Ri[| < sup E[|R — Ry 1ae |+ sup B[|R — Ri[14].

t€[0,T] t€[0,T] t€[0,T]
Hence,
sup E [‘Rt — Rt” <e+ sup E [Rt]lA] + sup E [Rt]lA].
t€[0,T)] te[0,T)] te[0,T)

Choosing some 1 < w < min {w;,ws} and applying Holder’s inequality to the two expectations on
the right-hand side with the pair (p,q) = (oJ, ﬁ) returns the following upper bound:

sup E [‘Rt — Rtu <e+ { sup E [Rtw]% + sup E [(Rt)”]i} sup P (‘Rt — Rt‘ > e)
te[0,7 te[0,7 te[0,T te[0,T

Note that if ¢ > 2k, then

2 T
— + arctan

ik <k>] V31 C+k 1

Je-r) T Je—e T Jo_e\(—k (—k
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Moreover, if k < ( < 2k, then

2 Ir k 2 4 B2 (K2 4k
N [2+arcmn<\/g2—k2ﬂ V=R o <2< - CQ> e

Therefore, Propositions and (with @ = 1) ensure the boundedness of moments of order
w of the discounted process and its approximation. Furthermore, the convergence in probability of
the discounted process is a simple consequence of Proposition [3.11] by taking the domestic short
rate to be zero. Finally, taking e sufficiently small leads to the conclusion. O

3.5 Option valuation

We now examine the convergence of Monte Carlo estimators for computing FX option prices when
the dynamics of the exchange rate are governed by the Heston—2CIR++ SLV model and assumptions
(A1) to (A3) are satisfied. As an aside, note that we discussed in Section [2| how other derivative
pricing models, including popular models in equity markets, can be formulated as special cases.
First, we consider European options.

Theorem 3.15. Let P = E [e* Jo ridt (K — ST)JF} be the arbitrage-free price of a Furopean put

option and P =E [67 Jo Tt (K — S’T)ﬂ its approximation. If 2k;0; > §J2c, then

lim |P — P| =0. (3.122)
0t—0

Proof. A simple string of inequalities gives the following upper bound:

|P— Pl <E[[{e=d it — el i) (K — 5p)" 4 el (K — 57) " — (K - 5r)"} ]

< KelresTE ([l obdt — = Jo abdt|| 4 TR || (K — 57)" = (K = Sp) Y] . (3.123)

T

However, for any non-negative numbers = and y, |[e™* — e™Y| < |z — y|, and so we can use Fubini’s

theorem to obtain an upper bound for the first expectation,

T
sup E |:}e_ ftT ggdu — e~ ngdu” S sup / E [‘gg — gg|:| du S T sup E [’gg — gg|:| . (3124)
te[0,T] te[0,T] Jt t€[0,T

The right-hand side tends to zero by Proposition Define the two events A = {ST < K } and
A= {5T < K}, and denote the last expectation in (3.123]) by J. Then

J=E[|(K = 8r)" = (K = 50) | (Lana+ Lanac + Laena + Lacnas )|
Therefore,
J<B[|Sr = 81 Lana | + B[ (K = S1) Lanse | + B[ (K = 51) Laca |
<E[|Sr - 87| 1z | + KP(ANAS) + KP(A°N A). (3.125)
Let & be an arbitrary positive number, then we have the following inclusion of events:

AN = ({Sr < K -6} U{K ~ 8 < Sr < K})n {Sr > K}
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c ({Sr<K-6}n{Sr=K})U{K-6<Sr<K}
c{|sr—Sr| 2} u{K -6 <sr<K}.
In terms of probabilities of events, we have
P(ANAY) <P (|Sr—Sr|20) +P (K -d < Sr<K), V5>0. (3.126)
We can bound the second probability from above in a similar fashion,
acnAc{|Sr - Sr| 20} U{K < Sr < K +35)

=P (AN A) <P (|Sr—Sr| 2 6) +P(K < Sp < K+96), ¥5>0. (3.127)

For a suitable choice of §, the last terms on the right-hand side of (3.126)) and (3.127)) can be made
arbitrarily small, whereas the first terms tend to zero by Proposition Therefore, the two
probabilities in converge to zero as 0t — 0. Finally, fix € > 0 and let B = {|Sp — Sp| > €}.
We can bound the expectation on the right-hand side of as follows:

E [\ST—S”T}]IAM] <E [\ST—ST\nAmgnBC] +E [}ST—ST\IIAM]IB]
< KP(|Sr—Sr|>¢) +e (3.128)

Taking the limit as 6t — 0, employing Proposition and making use of the fact that € can be
made arbitrarily small leads to the conclusion. O

Theorem 3.16. Let C = E [e_ Iy det(ST — K)Jr} be the arbitrage-free price of a European call
and C = E [e_ Jo T (S’T — K)ﬂ its approximation. If 2ks0; > 512[ and T < T*, with T* from

, then
lim |C —C|=0. (3.129)
6t—0

Proof. A simple string of inequalities gives the following upper bound:
0= O < B|(Rr — e W) — (Ry — Kem i ity ||
< KetmoeT R [[e=do ot — o= i abd|| L [| Ry — B (3.130)

The two expectations on the right-hand side tend to zero as 6t — 0 from (3.124) and Theorem
respectively. O

Asian options depend on the average exchange rate over a predetermined time period. Because
the average is less volatile than the underlying rate, Asian options are usually less expensive than
their European counterparts and are commonly used in currency and commodity markets, for
instance, to reduce the foreign currency exposure of a corporation expecting payments in foreign
currency. For any 0 < s <t < T, define the discount factors:

t d

D =e" Jiridu and Ds,t — ¢~ JsTudu, (3.131)
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Theorem 3.17. Consider a fized strike Asian option with arbitrage-free price
U=E [e* Jo it [y (A0, T) — K)]+],
U=E [e— Iy Tt [y (A(0,T) — K)}*].

If 2k 0 > 5]2@ and T < T*, with T* from , then

lim U —U| =0. (3.132)
t—0

Here, A(0,T) represents the arithmetic average and 1 = +1 depending on the payoff (call or put).
For continuous monitoring, A(0,T) = %IOTS} dt and A(0,T) = %fOTSt dt.

Proof. The absolute difference can be bounded from above by
|U-U| <E [! [¥(Do A0, T) — KDO,T)]+ — [¥(Do,r A(0,T) — KDO,T)]JFH-
Therefore, we end up with the following upper bound:
U - 0| < KehmaT R, [\e* Jo gt o= I E?dﬂ +E [|D0,TA(0, T) — Do A(0, T)\] . (3.133)

We deduced the convergence of the first expectation in (3.124)). Using Fubini’s theorem,

_ 1 T _
E||DorA(0,T) = Dor A0, T)|| < E [ / |Dor S, —DO,TSt\dt]
0

< sup E [‘Dt,TRt - Dt,TRt’]-
t€[0,T)]

The triangle inequality leads to the following upper bound:

— — T T _
sup E [‘Dt,TRt - Dt,TRt‘] < efmeel qup E [Rt\e’ft gidu _ o=, 956’“”
te[0,T7] t€[0,T]

+ et sup B[R — Ri|. (3.134)
te[0,7)

Since both ¢% and g% are non-negative processes, for any v greater than one we have
= 7 ot _ o 7 gt < o ST ot ooty e 0,7,

Applying Holder’s inequality to the first expectation on the right-hand side of (3.134]) with the pair
(w, ), where 1 <w < w; and v =w/(w—1), and using the last inequality, we find that

1
sup E [Rt}e*ftngd“ —e” tngd“H < sup E[RY] s sup E Ue*ftngd“ —e ftTglde"” 7. (3.135)
te[0,7 te[0,7 te[0,7

The convergence of the first term on the right-hand side of (3.134)) is a consequence of (3.124}) and
Proposition (with o = 1), whereas the convergence of the second term is due to Theorem
In case of discrete monitoring or a floating strike, we follow the exact same steps. O
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Barrier options continue to gain popularity in many over-the-counter markets, including the FX
market. Their popularity can be explained by two key factors. First, barrier options are useful in
limiting the risk exposure of an investor in the FX market. Second, they offer additional flexibility
and can match an investor’s view on the market for a lower price than a vanilla option.

Theorem 3.18. Consider an up-and-out barrier call with arbitrage-free price
— [T rdat +
U=E |:6 fo Tt (ST - K) ]l{suPte[O,T] StSB} }7
T e Sy Tt (G g\ T }
U=E [e o Tt (ST K) ]l{suPte[O,T] S'tSB} ,
where K is the strike price and B is the barrier. If 2k0; > 5]20, then

lim U —U| =0. (3.136)
6t—0

Proof. Define the events A = { supyc(o 7 S: < B} and A = { sup,(o7y St < B}, then
U= 0| <E||(Dox = Dor) (Sr = K) " La+Dor{ (St = K) 14— (Sr — K) "1}
< (B—K) et R || ot — o= Jo'atdt|| 4 hnosT B [| (57— K) " 14 —(Sr — K) T 14]]
The first term tends to zero by and we can rewrite the second term as follows:
E[|(5r = K) " (Lanac + Tana) = (St = K) " (Lana +Taena )|
<E [(ST - k)" ]lAnAC} +E [(ST - k)" ]lACmA} +E UST — 51 ]lAnA}
< (B-K){P(AnA%) +P (4N A) } +E[|Sr - Sr| 1z | (3.137)
We can bound the last expectation from above just as in to find
E|[Sr—Srl1ana| <BP(|Sr— 51| > €) +e, Ve>0. (3.138)

Therefore, the expectation converges to zero with the time step by Proposition [3.11] Fixing § > 0
and following the argument of Theorem 6.2 in [22] leads to

AﬂACC{ sup ‘St—St‘>(5}U{B—(5< sup St<B}.
t€[0,7T7] t€[0,T]

In terms of probabilities of events, we have

P(ANA°) < IP( sup |8y — S| > 5) +IP’<B—5 < sup S; < B). (3.139)
te[0,T) t€[0,T

We can bound the second probability in (3.137)) from above in a similar fashion,

]P’(AWWA)S]P’( sup ‘St—gt}25>+]P’(B< sup St<B+5>. (3.140)
te[0,T] t€[0,T7]
The conclusion follows from Proposition [3.11] since § can be arbitrarily small. O
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Theorem 3.19. Consider any type of barrier put option with arbitrage-free price
U=E e 0 (K - sp) 14,
U =E [ Wi (x — 87) " 15],

where the events A and A depend on the type of barrier. If 2ks0; > 5120, then

lim U —U| =0. (3.141)
6t—0

For instance, a down-and-in barrier is associated with the set A = {infte[O’T} St < B}.

Proof. An upper bound for the absolute difference can be obtained as follows:
U= 0] <E||(Dor = Do) (K = S7) " La+Dor{ (5 = )" 1a—(K = Sr) " 13}
< Koo |[emdo obdt — = Jo ab || 4 ehoasT B [|(K — 57)* 14— (K = Sr) 4]
The first term tends to zero by and we can bound the second term as in (3.137):
E||(K - Sr) 14 —(K = Sr) 1] < K{P(4nA) +P (470 4) }
+E||(K - s1)" = (K- $0)*]]. (3.142)

The events A and A differ with the barrier (down-and-in, down-and-out, up-and-in, up-and-out),
however one can show in a similar way to (3.139) and (3.140) that

lim P(ANA°) =0 and lim P(A°NA) =0 (3.143)
0t—0 6t—0

for any type of barrier. Finally, the convergence of the last term on the right-hand side of (3.142)
was derived in Theorem which concludes the proof. O

Theorem 3.20. Consider a down-and-in/out or up-and-in barrier call option with arbitrage-free
price

U=E [e—foTTf‘”(ST - K)+1A} :
U=E [e_foTF?dt(ST - K)" BA},
where the events A and A depend on the type of barrier. If 2kl > 5]20 and T < T*, with T* from
(13.120)), then
lim U —U| =0. (3.144)
6t—0
Proof. An upper bound for the absolute difference can be obtained as follows:

U~ 0| <E|[|(Rr — KDog)" ~ (Br = KDor)"[1404]

+E|(Rr — KDor) anse | +E [(Rr = KDor) " Lacnz |
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Therefore, we end up with
‘U _ Ul < EURT _ RT‘] _,_KehmamTE“e—fng?dt _ e—fngfdt” _|_IE{RT ]lAmAc] +IE[RT1ACM]

The convergence of the first two terms on the right-hand side is a consequence of Theorem
and (3.124]), respectively. Applying Holder’s inequality with the pair (w, ) to the last two terms,
where 1 < w < min{wj,ws}, we find that:

|~

E[Rr1ana | <E[(Rr)*]" P (A0 A%)3
and
E|Rrins| <E [(RT)”]‘l”P(ACmA)i .
Using Propositions and (with a = 1) and the limits in concludes the proof. [

Among the most developed exotic derivatives in the FX market are the double barrier options.

Theorem 3.21. Consider a double knock-out call option with arbitrage-free price

_ — [T rdgy At
U=E |:€ 0 (ST K) ]l{infte[oyT] St>L, supy¢(o, 1) Sth} ’

_ _ T =d — +
U =E e~ mii(sp - k) 1y, ] Y
(57— K) {inf,ci0,0) Se=L, supycio ) Se<B} |’

where K is the strike and L, B are the lower and upper barriers, respectively. If 2ks0p > 5120, then

lim |U - U| = 0. (3.145)
t—0

Proof. First, note that we have the following inclusion of events:

{ inf Sy > L, sup St<B}ﬂ{ inf S, > L, sup S’th}c
te[0,T] t€[0,T) te[0,1] t€[0,T)

- ({tes[l(l)%] Sy < B} N {t:[%%] S; > B}) U <{t€l[%fT] Sp > L} N {tel%fT] Sy < L})

The rest of the argument follows closely that of Theorem and is thus omitted. O

4 Numerical results

In this section, we consider the pricing problem for exotic products, in particular, for structured
notes embedding barrier features. Popular FX exotic products include the power reverse dual
currency note (PRDC) [9], especially long-term (e.g., 30 years), and the forward accumulator [42].
Adding stochastic rates improves the pricing of both contracts for mid- to long-term expiries.
Moreover, while the plain PRDC can be seen as a strip of vanilla options, adding stochastic-local
volatility dynamics improves the pricing of some variations of the contract, like the trigger PRDC
(a PRDC with a knock-out feature).

Henceforth, we consider an autocallable barrier dual currency note (ABDC) that is indexed on
the EURUSD currency pair, with USD as the domestic currency and EUR as the foreign currency,
with quarterly coupon payments. While barrier dual currency notes are typically short-term invest-
ments, we examine instead a mid-term alternative with an embedded autocallable note structure.
For a nominal N (in USD), a rate (strike) K and an expiry 7', the life cycle of the contract is
described below.

32



(1) A monthly fixing schedule is defined for the exchange rate S such that:

e If S crosses the up barrier Byo, the contract is redeemed early and a coupon Cgg is paid.
The early redemption time is denoted by 7gr and can be infinite in case of no knock-out
event.

e If S crosses the down barrier Bpy, a short put contract is activated at expiry. The knock-in
time is denoted by 7k1.

(2) If S is above Bpy, a coupon C (in USD, in % of the nominal) is paid quarterly at coupon dates
{ti,i=1,..., M}, for a total of M periods, such that the accumulated coupon (in USD) at

expiry is
M d d
Df D
P D% ‘ D5,

(3) At expiry, if S is below K, the down barrier has been activated and early redemption has not
occurred, then the nominal is converted to EUR at the rate K.

This product would suit an investor who wants to outperform the money market account by taking
the risk of conversion of the nominal value to the foreign currency. The autocall feature lowers
the price of the product due to early termination in case the exchange rate crosses the up-and-out
barrier, whereas the down-and-in barrier feature provides protection against the conversion risk at
the expense of increasing the net present value (NPV). Hence, an investor would find this product
attractive under the current volatile market conditions if they expected a less volatile market in
the future, which would imply a lower NPV due to the increased chance of early redemption and
conversion. Over a longer time horizon, a very stable market would be the best outcome for the
investor, since they would get all the coupons without converting the nominal at maturity. If
conversion occurs at expiry, the investor receives N/K in EUR in exchange for the nominal N in
USD. If the investor converts this amount to USD, the loss becomes N(ST/K - 1). Hence, the
profit-and-loss (PnL) of the product is

M d d
Dy, D N
N Z ch L <rgr LS, >Bp; + N E;R Cor Loy <r — 2= (K = ST L <romn - (4.2)

Hence, this product is a yield enhancement contract with no capital guarantee. The accrued coupon
is sometimes converted at expiry with the nominal at the rate K. Finally, the NPV of the contract
(in % of the nominal) is

M
Dd
NPV =E Z Dtdzc ]lt,'<TER ]ISt,L->BD1 + DgERCER ]lTERST _?T (K - ST)+ ]ITKI§T<TER ’ (43)
=1

where the expectation is taken under the risk-neutral measure. We assume the dynamics of S under
this measure as specified in ([2.1).

Next, consider the contract parameters from Table [3|as well as the calibrated model parameters
and leverage function — to the EURUSD market data from March 18, 2016 — from [II]. Suppose
that barriers are monitored monthly, at the fixing dates, and coupons are paid quarterly.

We employ the Monte Carlo simulation scheme defined in Section [3| with 5x107 sample paths
and 376 time steps per year to price this contract, and the numerical results are displayed in Table
Note that we computed the percentage change in premium (NPV) with respect to the reference
model, i.e., the Heston—2CIR++ SLV model.
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Table 3: The contract parameters of an autocallable barrier dual currency note, where the nominal N is in
USD, the expiry T is in years, the strike K and the barriers Byo and Bpg are in % of Sy, and the coupons
C and Cgg are in USD, in % of N.

N T So K Buo Bpri C Cer
100000 5Y 1.1271 105% 100% 95% 2.5% 1.5%

Table 4: The NPV of the contract in % of N, the 95% Monte Carlo confidence interval, the early redemption
and knock-in probabilities and the percentage change in NPV, for the autocallable barrier dual currency note
specified in Table [3| under the 4-factor hybrid SLV model , the 2-factor SLV model with deterministic
rates and the LV model .

Model NPV 95% CI ER prob. KI prob. Change
Hybrid SLV 1.7247 (1.7228,1.7265) 95.1% 19.5%

SLV 1.7456 (1.7438,1.7474) 95.1% 19.5% +1.21%

LV 1.2079 (1.2062, 1.2097) 95.9% 19.5% —29.96%

We infer from Table[d]that the price of the contract under the 2-factor SLV model is 1.21% higher
than under the 4-factor SLV model, whereas the early redemption and the knock-in probabilities
are the same under the two models. This suggests that the stochastic rates have a significant impact
on the price of the contract even for a 5-year expiry. We also infer from Table 4| that the contract is
highly underpriced and the early redemption probability is overestimated under the LV model .
Furthermore, we calibrated in [11] the 4-factor SLV and SV models to EURUSD market data from
March 18, 2016, and observed an almost perfect fit to vanilla options with the former as opposed
to a poor fit with the latter. In conclusion, we notice two things. First, pricing exotic products
with barrier features under stochastic-local volatility dynamics is of paramount importance. It is
a well-known fact that pure SV models underestimate the knock-out probability whereas pure LV
models overestimate it, and the true price of the contract is believed to lie in between pure SV and
pure LV model prices. In our case, a small difference in the probability of no knock-out, which is
leveraged by the number of coupons detached during the life cycle of the contract, can lead to a
big difference in the NPV, and this explains the need to use SLV models to improve the pricing
performance. Second, adding stochastic rates to an SLV model is only relevant when pricing mid-
to long-term structured notes, where the effect of the stochastic rates is accentuated. The impact of
stochastic rates on the contract price is expected to increase in the presence of non-zero correlations
between the spot FX rate and the short rates.

A small difference in the probability of no knock-out gives rise to a big difference in the NPV
since it is leveraged by the number of coupons detached during the lifecycle of the contract.

We could extend the model to multi-factor short rates when pricing exotic products where
the rates appear explicitly in the payoff, for example, a spread option with the payoft

(%) 4]

where L7 the Libor rate at the fixing date T'. In this case, the calibration algorithm described in
Section [2] can still be applied, with a higher computational cost due to the more complex simulation
scheme.

34



We conclude this section with an empirical convergence analysis of our Monte Carlo simulation
scheme. Since the product can be decomposed into a linear combination of first-order exotics, the
theoretical convergence (without a rate) of Monte Carlo estimators follows automatically from the
analysis in Section[3] The data in Table[5|suggest a first-order convergence of the time-discretization
error. As an aside, note that in the case of continuously monitored barriers, we could use Brownian
bridge techniques to recover the first-order convergence.

Table 5: The Monte Carlo estimates of the NPV of the contract specified in Table [3| for different numbers
of time steps (per year) and 5 x 107 sample paths (for a standard deviation of 9.29 x 10~%), the difference
from the previous NPV estimate and the empirical convergence order.

Time steps NPV Difference Order
12 1.9081 - -
24 1.8110 0.0971 -

48 1.7623 0.0487 0.996

96 1.7388 0.0234 1.057

192 1.7285 0.0103 1.184

The empirical findings of this section demonstrate the importance of stochastic-local volatility
dynamics as well as stochastic short rate dynamics for the pricing of long-dated exotic FX prod-
ucts. Furthermore, we verified the convergence of our Monte Carlo simulation scheme for one such
product.

5 Conclusions

Our aim was to establish the strong convergence of an Euler scheme for a hybrid stochastic-local
volatility model. The only previous published work related to this problem that we are aware of
is [22], which proves the convergence of an Euler discretization with a reflection fix in the context
of Heston’s model and options with bounded payoffs. We established the strong L'-convergence
(without a rate) of the discounted exchange rate approximation, a result which can be generalized
to the LP case relatively easily, for all p > 1, albeit under a stronger condition on the maturity, and
which is particularly useful when proving the convergence of Monte Carlo simulations for valuing
options with unbounded payoffs.

The analysis carried out in this paper can be extended to other financial derivatives, including
digital options, forward-start options and also double-no-touch binary options, to name just a few.
Furthermore, we may consider a multi-factor extension of the short rate model, in which case the
convergence analysis applies with some slight modifications of the proofs.

However, several unsettled questions remain, like the exact strong convergence rate of the full
truncation scheme for the CIR process, or the strong convergence rate of schemes for the type of
SDEs studied in this paper. On top of these being interesting and practically relevant questions in
their own right, a sufficiently high order enables the use of multi-level simulation, as in [16], with
substantial efficiency improvements for the estimation of expected financial payoffs.

References

[1] R. AHLIP AND M. RUTKOWSKI, Pricing of foreign exchange options under the Heston stochas-

35



[12]

[13]

[14]

tic volatility model and CIR interest rates, Quantitative Finance, 13 (2013), pp. 955-966.

A. ALFONSI, On the discretization schemes for the CIR (and Bessel squared) processes, Monte
Carlo Methods and Applications, 11 (2005), pp. 355-384.

A. ALFONSI, Strong order one convergence of a drift implicit Euler scheme: application to the
CIR process, Statistics and Probability Letters, 83 (2013), pp. 602-607.

L. ANDERSEN, Simple and efficient simulation of the Heston stochastic volatility model, The
Journal of Computational Finance, 11 (2008), pp. 1-42.

L. ANDERSEN AND V. PITERBARG, Moment explosions in stochastic volatility models, Finance
and Stochastics, 11 (2007), pp. 29-50.

A. BERKAOUI, M. Bossy, AND A. Diop, FEuler scheme for SDEs with non-Lipschitz diffusion
coefficient: strong convergence, ESAIM: Probability and Statistics, 12 (2008), pp. 1-11.

D. Brico AND F. MERCURIO, A deterministic-shift extension of analytically-tractable and
time-homogeneous short-rate models, Finance and Stochastics, 5 (2001), pp. 369-387.

M. BROADIE AND O. KAYA, Ezact simulation of stochastic volatility and other affine jump
diffusion processes, Operations Research, 54 (2006), pp. 217-231.

I. J. CLARK, Foreign Exzchange Option Pricing: A Practitioner’s Guide, Wiley, 2011.

J. Cox, J. INGERSOLL, AND S. R0SS, A theory of the term structure of interest rates, Econo-
metrica, 53 (1985), pp. 385—407.

A. CozMA, M. MARIAPRAGASSAM, AND C. REISINGER, Calibration of a 4-factor hybrid

local-stochastic volatility model with a new control variate particle method. Working paper,
2016.

G. DEELSTRA AND F. DELBAEN, Convergence of discretized stochastic (interest rate) processes
with stochastic drift term, Applied Stochastic Models and Data Analysis, 14 (1998), pp. 77-84.

G. DEELSTRA AND G. RAYEE, Local volatility pricing models for long-dated FX derivatives,
Applied Mathematical Finance, 20 (2013), pp. 380—402.

S. DEREICH, A. NEUENKIRCH, AND L. SZPRUCH, An FEuler-type method for the strong ap-
proxzimation of the Cox—Ingersoll-Ross process, Proceedings of the Royal Society of London A,
468 (2012), pp. 1105-1115.

S. S. DRAGOMIR, Some Gronwall Type Inequalities and Applications, Nova Science Publishers,
2003.

M. B. GIiLEs, D. J. HiGHAM, AND X. MAO, Analysing multi-level Monte Carlo for options
with non-globally Lipschitz payoff, Finance and Stochastics, 13 (2009), pp. 403-413.

P. GLASSERMAN, Monte Carlo Methods in Financial Engineering, vol. 53 of Stochastic Mod-
elling and Applied Probability, Springer, 2003.

L. A. GRZELAK AND C. W. OOSTERLEE, On the Heston model with stochastic interest rates,
SIAM Journal on Financial Mathematics, 2 (2011), pp. 255-286.

36



[19]

[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

L. A. GRZELAK AND C. W. OOSTERLEE, On cross-currency models with stochastic volatility
and correlated interest rates, Applied Mathematical Finance, 19 (2012), pp. 1-35.

J. GUYON AND P. HENRY-LABORDERE, The smile calibration problem solved. SSRN.1885032,
2011.

B. HAMBLY, M. MARIAPRAGASSAM, AND C. REISINGER, A forward equation for barrier

options under the BrunickéShreve Markovian projection, Quantitative Finance, 16 (2016),
pp. 827-838.

D. J. HicHAM AND X. MAO, Convergence of Monte Carlo simulations involving the mean-
reverting square root process, The Journal of Computational Finance, 8 (2005), pp. 35-62.

D. J. HicHAM, X. MAO, AND A. M. STUART, Strong convergence of Euler-type methods for
nonlinear stochastic differential equations, STAM Journal on Numerical Analysis, 40 (2002),
pp- 1041-1063.

T. R. HUrRD AND A. KuzNETSOV, FExplicit formulas for Laplace transforms of stochastic
integrals, Markov Processes and Related Fields, 14 (2008), pp. 277-290.

A.S. HurN, K. A. LINDSAY, AND A. J. MCCLELLAND, Estimating the parameters of stochas-

tic volatility models using option price data, Journal of Business and Economic Statistics, 33
(2014), pp. 579-594.

M. HUTZENTHALER, A. JENTZEN, AND P. E. KLOEDEN, Strong and weak divergence in
finite time of Euler’s method for stochastic differential equations with non-globally Lipschitz
continuous coefficients, Proceedings of the Royal Society A, 467 (2011), pp. 1563-1576.

M. HUTZENTHALER, A. JENTZEN, AND M. NOLL, Strong convergence rates and temporal

reqularity for Cox—Ingersoll-Ross processes and Bessel processes with accessible boundaries.
Working paper, arXiv:1403.6385v1, 2014.

M. HUTZENTHALER, A. JENTZEN, AND X. WANG, FEzponential integrability properties of

numerical approximation processes for nonlinear stochastic differential equations. Working
paper, arXiv:1309.7657v2, 2014.

C. KAHL AND P. JACKEL, Fast strong approzimation Monte-Carlo schemes for stochastic
volatility models, Quantitative Finance, 6 (2006), pp. 513-536.

P. KLOEDEN AND A. NEUENKIRCH, Convergence of numerical methods for stochastic differ-
ential equations in mathematical finance, in Recent Developments in Computational Finance:
Foundations, Algorithms and Applications, T. Gerstner and P. Kloeden, eds., World Scientific,
2012.

P. E. KLOEDEN AND E. PLATEN, Numerical Solution of Stochastic Differential Equations,
Springer, third ed., 1999.

R. LorD, R. KOEKKOEK, AND D. VAN DK, A comparison of biased simulation schemes for
stochastic volatility models, Quantitative Finance, 10 (2010), pp. 177-194.

A. NEUENKIRCH AND L. SZPRUCH, First order strong approxzimations of scalar SDEs defined
in a domain, Numerische Mathematik, 128 (2014), pp. 103—-136.

37



[34]

[35]

[36]

[37]

[38]

[41]

[42]

S. NIiNnoMiYA AND N. VICTOIR, Weak approzimation of stochastic differential equations and
application to derivative pricing, Applied Mathematical Finance, 15 (2008), pp. 107-121.

Y. REN, D. MADAN, AND M. Q. QIAN, Calibrating and pricing with embedded local volatility
models, Risk Magazine, (2007), pp. 138-143.

R. SCHOBEL AND J. ZHU, Stochastic volatility with an Ornstein—Uhlenbeck process: an exten-
sion, European Finance Review, 3 (1999), pp. 23-46.

Y. TiaN, Z. ZHu, G. LEg, F. KLEBANER, AND K. HamzA, Calibrating and pricing with a
stochastic-local volatility model, Journal of Derivatives, 22 (2015), pp. 21-39.

A. VAN DER STOEP, L. A. GRZELAK, AND C. W. OOSTERLEE, The Heston stochastic-local
volatility model: efficient Monte Carlo simulation, International Journal of Theoretical and
Applied Finance, 17 (2014), pp. 1-30.

A. VAN HAASTRECHT, Pricing long-term options with stochastic volatility and stochastic in-
terest rates, PhD thesis, University of Amsterdam, 2010.

A. VAN HAASTRECHT, R. LORD, A. PELSSER, AND D. SCHRAGER, Pricing long-maturity
equity and FX derivatives with stochastic interest rates and stochastic volatility, Insurance:
Mathematics and Economics, 45 (2009), pp. 436-448.

A. VAN HAASTRECHT AND A. PELSSER, Generic pricing of FX, inflation and stock op-
tions under stochastic interest rates and stochastic volatility, Quantitative Finance, 11 (2011),
pp. 665-691.

U. Wystup, FX Options and Structured Products, Wiley, 2007.

38



	1 Introduction
	2 Preliminaries
	2.1 Model definition
	2.2 Model calibration

	3 Convergence analysis
	3.1 The simulation scheme
	3.2 The main theorem
	3.3 The square-root process
	3.4 The four-dimensional system
	3.5 Option valuation

	4 Numerical results
	5 Conclusions

