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ON OPTIMAL CONTROL PROBLEMS WITH CONTROLS
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Abstract. An optimal control problem for a semilinear elliptic equation is discussed, where the
control appears nonlinearly in the state equation but is not included in the objective functional. The
existence of optimal controls is proved by a measurable selection technique. First-order necessary
optimality conditions are derived and two types of second-order sufficient optimality conditions are
established. A first theorem invokes a well-known assumption on the set of zeros of the switching
function. A second relies on coercivity of the second derivative of the reduced objective functional.
The results are applied to the convergence of optimal state functions for a finite element discretizion
of the control problem.
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1. Introduction. In this paper, we consider the following optimal control
problem:
(P)  min J(u),
where
Upg ={u e L=(Q) : a <u(z) < B for a.a. z€Q}

with —oo < a < 8 < 400, and

J(u):/QL(x,yu(x))dx.

Above L :  x R — R is a given function, and y, is the solution of the following
elliptic equation:

Ay = f(z,y,u) inQ,
(1'1) { a’nAy = 0 on F.

Precise assumptions on the data of the control problem (P) will be given in section
2. However, it is important to mention here that f is assumed to be monotone non-
increasing with respect to the variable y so that (1.1) has a unique solution.

This paper has two main features: the control appears nonlinearly in the state
equation and the objective functional only depends on the state. In mainstream
papers, the control appears linearly in the state equation and often in a quadratic
Tikhonov regularization term in the objective functional.
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Our setting has several consequences:

e The existence proof of optimal controls must differ from the standard one that

is based on minimizing sequences of controls and their weak convergence. We
will prove existence by a measurable selection theorem. In the framework
of optimal control theory of ODEs similar techniques have been used. We
refer, e.g., to the textbooks [19] and [13]. In PDE control, this issue has been
addressed in [14], [15], or [21].
Using the mentioned measurable selection theorem, we are able to prove the
convergence of a numerical approximation of the control problem. Indeed,
in section 7 we consider a discretization of (P) by finite elements. We prove
the strong convergence in H'(Q) of optimal discrete states to associated ones
of the original continuous problem. To our knowledge, this application of
measurable selection theorems is new for the numerical approximation of
problems like (P).

e For optimality conditions, the superposition operator u — f(-,y,u) should
be Fréchet-differentiable. In view of this, the only useful space that does
not need strong growth conditions on f is L°°(£2). Then, however, the well-
known two-norm discrepancy is unavoidable in the discussion of second-order
sufficient optimality conditions.

e Moreover, and this is another issue, second-order optimality conditions are
delicate when the control is not explicitly included in the cost functional.
Actually, the classical assumption J”(ii)v? > 6||v]|? Vv in the critical cone
is not satisfied when u appears linearly in the state equation; see, e.g., [24,
Lemma 5.1]. Nevertheless, due to the fact that f is nonlinear with respect to
the control, the coercivity of J” (@) can be fulfilled as we show in one example.
This fact is crucial for some of our results on second-order conditions.

We will prove sufficient optimality conditions in two ways. In the first, we rely
on the fact that bang-bang controls can be expected as optimal. This is due to
the missing control in the objective. Here, by using a structural assumption on the
optimal adjoint state, we show that the control satisfying the first-order optimality
conditions is locally optimal in the sense of L>°(Q2). Additionally, a quadratic growth
condition of J can be deduced; see Theorem 5.3.

The second way is based on coercivity of J” and a Legendre Clebsch condition on
the Hamiltonian. Similar assumptions are known from ODE control. We refer to [20]
and to the references therein. Under these hypotheses, we show local optimality of
stationary controls in the sense of L?(Q), although the differentiability relies on the
space L>=(2).

Summarizing, our paper contains the following main novelties. We show the
existence of optimal controls by a measurable selection theorem. We prove different
types of results on second-order sufficiency—one for bang-bang controls and one based
on some hidden coercivity of J”, all for the case of controls appearing nonlinearly in
the state equation. Finally, we discuss basic convergence properties for numerical
discretizations of our problem.

2. Assumptions and preliminary results. In this paper we make the follow-
ing assumptions.

Assumption 1. € is a bounded domain in R™ with n = 2 or 3 having a Lipschitz
boundary I'. A stands for the following partial differential operator in €

Ay = - Z amj (azj(‘r)axly) + aoy,

i,j=1
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where a;;, a0 € L>(Q), ag > 0, ap # 0, and

JA > 0 such that Z aij(r)&& > AJ€)? V€ € R™ and for a.a. z € Q.

ij=1

By 0.,y we denote the boundary operator

Onay = Z lz aij($>81iyi‘| Nj,

j=1 Li=1

where n(z) = (n;(z))}j—, is the unit outward normal vector to I' at the point = € T'.

In what follows, we denote with A* the adjoint differential operator of A,
Atp=— Z 0x; (i (%) 0z, ) + aop.
i,j=1

Assumption 2. We suppose that f:  x R2 — R is a Carathéodory function of
class C? with respect to the last two components satisfying
e f(-,0,0) € LP(Q2) for some p > & and

(2.1) g—g(x,y,u) <0 ae. in Q and Y(y,u) € R?,

e VM >0 3C; such that

(2.2) >

1<itj<2

az’-‘rjf

By = Cra

(.’I;, y7 u)

foraa. # €0 and V(y,u) € B with [yl <M and € [a,6]
e Ve >0 and VM >0 Jp >0 such that, if |y1],|y2] < M, |y1 — y2| < p,
u; € o, B, Jur — ua| < p, then

(2.3) >

i+j=2

oiti f oiti

W(x,yg,m) — W(m,yl,ul) < ¢ for a.a. z € Q.

Assumption 3. We suppose that L : 2 x R — R is a Carathéodory function of
class C? with respect to the second component that satisfies

o (2.4) L(-,0) € L'(%),
o VM >0 Hi/JM S Lﬁ(Q) and HCLJM > (0 such that

(2.5)

a—L(:c )| < ¥a(z) and 82—L(::: ) <CrmVyl <M andaa ze€Q
ay Y S YV ayQ s Y) S oo Yl = .l )

e Ve >0 and VM >0 3p >0 such that, if |y1|, |y2] < M and |y1 — y2| < p,

(2.6)

0L 0%L
‘ < g foraa. xef.

Tyz(x’w) - aiyg(xayl)
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These assumptions are obviously satisfied by the classical tracking cost functional
L(z,y) = 3(y — ya(x))? provided that y,; € L*(12).

THEOREM 2.1. Suppose that Assumptions 1 and 2 hold. Then, for every u €
L>(Q), the state equation (1.1) has a unique solution y,, € H'(Q)NC%*(Q) for some
w € (0,1] independent of uw. Moreover, with some constant Cy,, we have the estimate

(2.7) lyallzr @) + llgallons oy < Cu(1FC,0,0)llnrey +1),

where Cy, depends on ||ul|p(q). Further, there exists a constant Cy g such that

28) vl + lwullonn@ < Cas(IF6,0,0)lmoe) +1) Vo € Una.

Finally, if {ug}32, is a bounded sequence in L°°() converging to u in L*(Q), then

(2.9) tim (o = vl @) + 9 = valloony ) = 0.

k—o0

Proof. Due to the monotonicity of f with respect to y, the existence of a unique
solution of (1.1) in H(Q) N L>(£) is a classical result; see, for instance, [3] or [25,
Theorem 4.7]. In these references, the estimate

(2.10) yullLoe @) < Mil|f(+,0,u)|| L7 ()

is proved with some constant M; > 0. Taking My = ||ul| (o) we infer from (2.2)
and the mean value theorem

(2.11)

| (@, 0, u(z))| < |f(x,0,0)] + ‘gz(ﬂf,oﬁ(x)U(w)) u(@)] < [f(2,0,0)] + C ., M2,

where 6 : Q@ — [0,1] is a measurable function. Combining (2.10) and (2.11), and
using again (2.2), we obtain with

M = maxx { Ma, M| (0,0)l| o) + M MaCirars |17 }

the estimate

(@, yale), u(@))] < | F(2,0,0)] + \%x,ﬂ(myu,ﬂ(w)u(w))] (@)

T ’gi(%ﬁ(x)yuaﬁ(w)u(w)) lu(z)| < |£(@,0,0)] +2C; 0 M

for some measurable function ¥ : Q — [0,1]. Then the C%#(Q) regularity for some
w € (0,1] is proved in [18, section 3.14] and the estimate (2.7) holds. The inequality
(2.8) is an immediate consequence of (2.7) and the boundedness of U4 in L>(£2). Tt
remains to prove (2.9). First, we observe that the boundedness of {u}72; in L™>(Q)
and the strong convergence in L!(Q) imply that u; — u in every space LP({)) with
p < +oo. In particular, this convergence holds in LP(2). Moreover, from (2.7) we
deduce the existence of a constant M such that

1Y lLoe @) + llurll o @) + |YullLe(@) + |ullpe@) <M VE> 1.

Let a : HY(Q) x H*(2) — R be the variational form associated to the elliptic
operator A. Subtracting the equations satisfied by y,, and y,, multiplying them by
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Yu, — Yu, and integrating by parts, we get with Assumption 1, the monotonicity of f
with respect to y, and (2.2)

Allyu, — yu”?{l(ﬂ) < a(Yuy, = Yus> Yup — Yu)
::]Q[f<x,yuk,uk>-f(x,yu,un<yuk-yu>dm

= /Q[f(mvyumuk) - f(wvyuauk)}(yuk - yu) dx
+ / [f(w7yuvuk) - f(xvyuvu)](yuk - yu) dx
Q

< Crulluk = ull o) 1Yur = Yull Lo (@) < CrmCpallur — ullLoo) |y — yullrr @),

% n—2"
We also invoked the continuity of the embedding H'() C = (Q) € L7 (Q). The
above estimate leads to

where we have used that p > Z and consequently its conjugate satisfies p’ < -2

CrmCp0
s = wullzr (@) < =22 uk — ull oy = 0,k — oo

Now, (2.7) implies that {y., };2, is bounded in C%#(Q). Hence, the compactness of
the embedding C%#(€2) C C(€2) and the convergence y,, — ¥, in H'(Q) imply that
Yu, — Yu in C(Q), k — oo. Finally, taking into account that

A(yuk - yu) = f(x’yukauk) - f(xa yuvu)

and using again the results in [18, section 3.14] along with (2.2) we obtain
Yy = Yullcon@y < CNF (@ Yur wr) — f(2, Yu, u) | L7 ()
< Ot (I = vullurey + lux = ullzr@y) 0. O

In what follows, we will set Y = H*(Q)NC%#(2) and denote by G : L=®(Q) — Y
the mapping associating to each control u the corresponding state y,, G(u) = y,.
This mapping is well defined according to the previous theorem. The next theorem
establishes the differentiability of G.

THEOREM 2.2. Under Assumptions 1 and 2, the mapping G is of class C2. For
every u,v,v1,v2 € L®(Q), 2z, = G'(w)v and zy, v, = G"(u)(v1,v2) are the solutions
of the problems

O,z = 0 on I,
and, respectively,
2
AZ == %(i7yuau)z+ %(xvyu7u)zvlz112 )
(2.13) +7£;8fu (@, Yo ) (20, V2 + V120,) + %(%ymu)vﬂ& in €2,
On,z = 0 on I,

where z,, = G'(u)v;, 1 = 1,2.
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Proof. Let us consider the vector space
X ={yec H(Q): Ay € LP(Q)}.
Endowed with the graph norm
Iyl x = [lyllzr @) + 1Ayl e ().

(X, |l llx) is a Banach space. If we take ¢ = min{2, p}, then 9, , : X — W_%’Q(F)
is a linear and continuous mapping; see [6].
Now, we define

V={yeY:Aye LP(Q) and 9,y =0 on I'}
and take

lyllv = llylly + [[Ay|l s (o)
Then (V.|| - ||v) is a Banach space. We consider the mapping

‘FVXLOO(Q)_)Lﬁ(Q)ﬂ ]:(y,u):Ay—f(x,y,u)

It is easy to check with (2.2) that © — f(x,y(x),u(z)) is a function belonging to
LP(Q) for every (y,u) € V x L*(2). Moreover, F is of class C2. In addition, if
yu = G(u), then F(y,,u) = 0 holds. We also have that

OF . OF of
) P — _
9 (Yu,u) : V. — LP(Q), a9 (Yu,u)z = Az 9y (T, Yo, u)z

is an isomorphism. Indeed, this is a consequence of the fact that the Neumann problem

0

Az — a—y(x,yu,u)z = v inQ,

On,z = 0 onl
has a unique solution z € V depending continuously on v € LP(Q). Now, the theorem
follows easily by applying the implicit function theorem. ]

Thanks to the chain rule, we deduce the differentiability of J from the previous
theorem.

THEOREM 2.3. Under Assumptions 1 and 2, the mapping J : L (2) — R is of
class C? and we have

(2.14)
J (u)v = /Q @u%(x,yu,u)vdx Yu,v € L®(9),
(2.15)

%L

J" (u)(vy,v2) = A a—yQ(x,yu)zg dx

o0 f

+ W(m, Yus u)v1v2> dx

0% f 0% f
+/Q Pu <ay2(x7yuau)zvlzv2 + %(xayu,u)(vlzm + vQZUl)

Yu,v,v1,v2 € L¥(Q), where z, = G'(u)v and z,, = G'(u)v;, i = 1,2, and ¢, €
HY(Q) N C%(Q) is the adjoint state associated with u, defined as the solution of the
adjoint equation
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« _ Of oL _
(2.16) Atp = @(x,yu,u)@ + ETy(x’y“) in €,
O = 0 onT.

We finish this section with the following observation: from (2.16) and (2.5) we
deduce the existence of a constant M* such that

(2.17) Il + lpullcon@ < M* Vu € Una.

3. Existence of optimal controls. If the control appears linearly in the state
equation, the standard method for proving existence of an optimal control is as fol-
lows. An infimal sequence of controls is considered that is bounded. Then a weakly
converging subsequence is selected that eventually converges to an optimal control.
This method cannot in general be applied to controls appearing nonlinearly.

We will use a technique that is based on measurable selection theorems, in partic-
ular on the well-known Filippov theorem. This method was often applied to control
problems with ordinary differential equations but rarely used for partial differential
equations.

Let us start with some examples that introduce some specific difficulties with
controls appearing nonlinearly.

Example 3.1. Our first example illustrates an important effect that is related to
the nonlinear appearance of controls. We consider the following linear state equation
with control u € L?(Q):

{ —Ay(z) +y(@) = u(@)® inQ,
oy = 0 on I

Select a sequence of bang-bang control functions ug € L*>(£2) such that
ug(z) € {—1,1} a.e. in Q

and uy, — 0 (weakly) in L?(Q2). It is easy to construct such a sequence.

Obviously, we have ug(x)? = 1 Vk, hence the associated states yx = vy, are
yr(xz) = 1 a.e. in Q. This stationary sequence converges uniformly to y = 1, but this
function y is not the state associated with the weak limit control @ = 0.

The reader might object that the nonlinearity u? is too simple, since uj = 1 does
not depend on k. Therefore, we discuss also a less naive example.

Ezxample 3.2. Here, we consider the nonlinear equation
—Ay(z) +y(z) = e V@u(x)? +u(z) inQ,
Oy = 0 on I,

where we insert the sequence uy defined in Example 3.1. The associated states yx
solve the equation

—Ayp(z) +yr(z) = e @ fyp(z)  inQ,
8nyk =0 on .

The states y; converge strongly in H'(Q) N L>=(Q) to the solution y of

—Ay(x) + y(z) e V@ inQ,
Oy = 0 on T,

but not to the state y; = 0 that is associated with the weak limit control @ = 0.
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THEOREM 3.3. Under Assumptions 1-3, the optimal control problem (P) has at
least one solution.

Proof. Let {u}72, C Ugq be a minimizing sequence of (P): J(uy) \, inf (P)
as k — oo. From (2.8) we deduce that {y,, }3, is bounded in H'(2) N CO*(Q).
Therefore, there exists a subsequence, denoted in the same way, and a function y €
H(Q)NC(Q) such that y,, — 3 in H(Q) and y,,, — 3 in C(£2). Moreover, i satisfies

/ L(z,y(x))dx = lem L(z,yy, (x))dx = klim J(ug) = inf (P).
Q oo (9] — 0

The first identity follows from Lebesgue’s dominated convergence theorem. Indeed,
taking M = maxy>1 ||Yu, [lc(q) We deduce from (2.5) and the mean value theorem

|L(z, Yo, ()] < |L(x,0)| + |Ypm(x)| M for a.a. x € Q.

Hence, we have with (2.4) that {L(-, y., )}, is dominated by an L'(2)-function.

To conclude the proof, it is enough to show that 7 is the solution of (1.1) associated
to some control @ € Uyg. Then, @ is a solution of (P). To this end, we introduce the
multifunction

F:Q—PR), Fla)={f(z.5),s):s€ 0B}

Since f is continuous respect to the last variable, we have that F(x) is a closed and
bounded interval of R for almost all x € 2. Now, we define

S={geL?(Q):g(x) € F(x) for a.a. z € Q}.

It is obvious that S is a convex and closed subset of LP(Q). Finally, setting gx(z) =
flz,y(x), ur(x)), we have that {gr}7>, is a sequence contained in S. Indeed, it is
obvious that gi(z) € F(z) for almost all = € Q. Let us prove that every function g
belongs to LP(§2). From (2.8) we have that

M = |7llo(e) + max{|al, [8]} < oo

holds. Then, from (2.2) and using the mean value theorem we infer that |gx(x)| <
1
| f(2,0,0)| + Cym2M, hence |gkllLo) < [£(-,0,0)[lLs) + Cpm2M|Q7. Thus,

{9x}72 is a bounded sequence in LP(f2). Therefore, we can extract a subsequence,
denoted in the same form, such that gy — g in LP(Q). Since S is weakly closed in
LP(2) we have that g € S. Now, from the classical Filippov theorem (see [16] or [19]),
we deduce the existence of a measurable function @ : Q@ — [a, (], i.e., & € Uyq, such
that g(z) = f(x,y(x),u(x)) for almost all x € 2. We conclude the proof by showing

that 4y = yz. It is obvious that
Ayu,. = g + [ (@ Yu, ue) — f(2,9,u)] in Q.
Using again (2.2) we get
I (2, Y ur) = f(2, 9, ur) || Lo @) < Cponal|Yuy, — Gl () = 0, when k — oo.

Hence, passing to the limit in the above equation, we obtain that Ay = f(-,g,u) in
Q, as desired. 0
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4. First- and second-order necessary optimality conditions. The goal of
this section is to derive the first- and second-order necessary optimality conditions to
be fulfilled by any local solution of (P). Given p € [1, 00|, we say that @ is a local
minimum of (P) in the L?(Q)-sense if

J(u) < J(u) Yu € Uag N Bo(a),

where B.(u) = {u € LP(Q) : |lu — tl|1rq) < €}. We say that @ is a strict local

minimum if the above inequality is strict whenever u # .
The Hamiltonian of (P) is given by

H:QxR>—R, H(z,y,0,u) = L(x,y) + of (x,y,u).

Now we formulate the first-order necessary optimality conditions for (P).

THEOREM 4.1. Suppose that Assumptions 1-3 hold. Let @ be a local minimum of
(P) in the LP(Q2)-sense (1 < p < 00), then

H
(4.1) / a—(:c,gj,@,ﬂ)(u —u)dr >0 Yu € Uyg.
Q 8u
Moreover, if p < oo, then the Pontryagin principle holds,
(@2 H@p().pw).0(r) = min H@j@).¢@).s) for oo e
sE|a,

Proof. Due to the convexity of U,q, it is well known that any local solution @
satisfies J'(@)(u— @) > 0 Yu € Uyq. Then the inequality (4.1) follows from (2.14) and
the definition of H.

Now we assume that p < co and prove (4.2). Let u € Uyq be a fixed control. We
define h(x) = f(z,g(x),u(x)) — f(z,y(z), @(x)). From (2.1) and (2.2) we deduce that
h € LP(Q). Let {v;}52, be a dense sequence in L'(€2). For every k > 1 we define
the function g, € L'(Q) ! by g, = (1,v1,...,v;). Given p € (0,1) arbitrarily, we
deduce from Lyapunov’s convexity theorem the existence of measurable sets Ef,f cQ
such that

(4.3) / gk (z) dx = p/ gr(z)dx Yk > 1.
Ek Q
Looking at the first component of the above vector identity, we infer that

k| _
(4.4) |EX| = ol VE > 1.

Now, considering the remaining components, we observe that

1 1
/fXEl;fvjd:L‘:f/ vjdx:/vj(x)dx Vi > 1.
Qp P JEk Q

This implies that

. 1 )
kl;rrgo Q;XE;;Ujdx—/ij(x)dx Vi > 1.

From the density of {v;}52, in L*(Q2) we conclude that

1
lim *XEkUdﬁcz/U(l')dl' Vv e LY(Q).
k=oo jo p 7 Q
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This means that %XE,"; X 1in L®(Q) as k — oo. Therefore, since h € LP(Q), it
holds that (1 — %ng)h — 0 in LP(£2). Due to the fact that p > %, there exists some
1 < g < 25 such that LP(Q) is compactly embedded in Wha(Q)*. Consequently,
we have the strong convergence (1 — %XE’;)h — 0 in WH9(Q)*. Thus, we can select

E, = E],f with some sufficiently large k, so that

1
w9 [t <o
p Wha(Q)”

Now, we define

(4.6) up(x) - { Zgg icftﬁefw%e;.

The reader is referred to [4, 5, 8, 12, 22] for some previous papers using this type of
diffuse perturbations. Obviously, u, belongs to U,q. Let us denote by y, and y the
states associated with u, and u, respectively. We also set z, = %(yp —7). Subtracting
the equations satisfied by y, and y and dividing by p, using the mean value theorem
and definition (4.6), we get

Azy = %[fu,yp,up) ~ f(z,5.)
- %[f(m,yp,u,» ~ fa 7w + %[f(:c,g,u,» = fe g, 0)
o 1

= Ay (x’g + Hﬁ(yp - g)’uﬁ)zp + ;XE;) [f(a:,gj,u) - f(a:,gj,a)]

Since u, — @ in LP(2) when p — 0, we know by Theorem 2.1 that y, — ¢ in
H'(Q) N C%*(Q). Then, using again [18, section 3.14], we deduce from (4.5) that
z, = z in HY(Q) N C%*(Q), where z is the solution of

wn 1z = g+ (fegn - o] wo
Ona,z = 0 on I
Now we take into account that, due to (4.4), the next inequality holds,
_ _ 1 1
lup = ull o) = v —tllLe(e,) < (B —a)[E? < (B —a)(pl])7.

It implies that u, € B.(u) holds for every p sufficiently small. Therefore, from the
local optimality of @ we obtain

0< limM:hm oL

_ _ oL, _
tig PO iy [ SR g0, 0 - D)o = [ Gz

Taking the adjoint state ¢ associated with @ and using (4.7), we get from the above
inequality that

0< /Q %(xm@)de = /Q l:A*(p— gg(l‘vy’u)@] zdx
_ / [Az_gg(x,y,wz} fda — / F(@.5,u) — f(z,5,0)|p dr.
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This leads to
/ H(z, 5(x), olx), () dx < / H(a, 5(x). ¢(x), ulz) do.
Q Q

Since u € U,y was arbitrary, we conclude that

(4.8) /QH(;v,y(x),@(x) 4(z)) dr = min /Hx y(z), o(x), u(z)) dz.

u€EUqq

Finally, by using the classical spike perturbations, we deduce (4.2) from (4.8); see
[1, Proposition 4.6] for details. d

Next we formulate the second-order necessary conditions for local optimality. To
this end, we first observe that by the representation (2.14) the functional J'(a) :
L*(2) — R can be extended to a linear continuous form J'(u) : L?(2) — R. Now,
we define the cone of critical directions

Cy = {v € L?(Q) : J'(a)v =0 and v satisfies the sign conditions (4.9) below},

ol 20 55

a,

3.

We have the following well-known result; see, for instance, [9] for a proof.

THEOREM 4.2. Under Assumptions 1-3, if @ is a local solution of (P) in the
LP(Q) sense (1 < p<o0), then J"(u)v? >0 Vv € Cy.

5. Second-order sufficient optimality conditions for L°°-local solutions.
In this section, following [10] and [11], we are going to impose a structural assumption
on 2L (z, 9, 1), where @ € U,q is a control satisfying the optimality condition (4.1).

Assumption 4. There exist three constants K > 0, ¢g > 0, and ~ € (0, +00] such
that

(5.1) Hx €N ‘@( )gi( gj(m),ﬂ(m))’ < e}‘ < K&V Ve <e.

Remark 5.1. It is obvious that u is a bang-bang control if it fulfills Assumption
4. Moreover, let us observe that (5.1) is satisfied with v = 400 and some g9 > 0 if
and only if there exists a number o > 0 such that

{z e a:|p@ 3 @t o)

We have the following result.

THEOREM 5.2. Suppose that Assumptions 1-4 hold and @ € U,q satisfies the vari-
ational inequality (4.1). Then, there exists a constant k > 0 such that

_ _ 1+
(5.2) J'(@)(u—1) > sllu—1l g Vo€l

S
22(B—a) K]~
Proof. By standard arguments we infer that (4.1) holds pointwise, i.e.,

with Kk =
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%(I, y(x), p(x), u(x))(u(z) — u(z))

= @(as)a—(:c,gj(x),ﬁ(z))(u(z) —u(x)) >0 Yu € Uyq and for a.a. x € L.

><}.

Now, given € > 0, we define

0. = {o 0 [p0) 3L 0,30 )

From (5.1) we know that
|2\ Q| < Ke7,

hence, we have

T =) = [ o) @ gte). aw) ule) - al) da

> [ |etrg
Qe

o(x )au( Jy(@),u(@)| [u(z) — w(@)|de > ellu — ullL1q,)
ellu —ulpr (o) — ellu — allL1@\a.)

ellu—all 1) — (B — ) |Q\ Q| > ellu— 1| 1) — (B—a)Ke' 7.

Y

Now, choosing
R
€= [2(/6 - O‘)K]7; Hu - u”Ll(Q)a
we get

1 1+1
J(@)(u—1u) > ————————|u—1l ;1 - ad
W= > =l

THEOREM 5.3. Let Assumptions 1-4 and the condition v = +oo be fulfilled. If
@ € Uyq satisfies (4.1), then there exists € > 0 such that

K _
(5.3) J(u) + 5Hu —ullpro) < J(u) Yu € Uyq N Be(1),

where B.(1) is the closed ball in L>=(Q) and k is taken from (5.2). Therefore, U is
strictly locally optimal in the sense of L™ ().

Proof. Let us take u € U,q N B.() with € > 0 to be fixed later. We perform
a second-order Taylor expansion of J at % and insert the expression of J” given in
(2.15). Invoking the growth condition (5.2), in view of the assumptions (2.8), (2.2),
and (2.5) we obtain that

J(u) = J(u) + J'(@)(u - a) + 1J"(a +0(u—u))(u— a)?

> J(@) + Kl — @11 (o) — Capllu— ALz q)
> J(1) + [k = Capllu — Ul L~ @llu = allLr) = J(@) + [k = Ca,pelllu =l o)
holds for some 6 € (0,1) and a constant C, g independent of u. Then, it is enough to
take & < 57— to obtain (5.3). d

The reader might be surprised that we admit the possibility of the value v = +o0.
The next example shows that this is possible for our control problem, indeed.
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Ezample 5.4 (a local solution in the sense of L>())). We consider the optimal
control problem

min/(yu —yd)z dz,
Q

—Ay(z) +yz) = e V@ur)?+2e"@72 Leg(z) inQ,
Oy = 0 on T,

—1<u(z) <1ae. in

posed in 2 = (0,27) x (0,27). Let us introduce the subdomains ; = (0,7) x (0,7),
Oy = (m,27) x (0,7), Q3 = (0,7) x (7,27), Qq = (7, 27) X (7, 27).

First, we select a state y € H?(Q) with homogeneous Neumann data and satisfying
9llc@y < 3. For instance, g(x) =1 or y(x) = cos(z1) cos(x2) fulfill these conditions.
We will construct the example so that ¢ is optimal. To this end, we also define the
adjoint state ¢(z) = —1 and the following bang-bang control u(z):

+1 in Qp UQy,
(z) = .
-1 m QQUQ3.

We will now fix y4 and eq such that the triplet (g, @, @) obeys the first-order optimality
system. Inserting @ and ¢ in the state equation, we find

eq=—-Aj+75—e ¥ —2"2,

Inserting @ = —1 in the adjoint equation (2.16), we obtain —1 = e~ ¥ + § — yg4, hence
ya=1+gy+e?.
Next, we check the variational inequality (4.1) for 4. We find

) . . —2e79@) —2¢~1if g(x) = +1
[@ai(ny, u)] (2) = — (2e Y +2¢"7?) (z) = { 22—@7@) - 22_3 ” ggg _ fﬁ
In ©Q; Uy, we have fixed & = 1 and hence we need that @(m)%(m,g(w),ﬂ(m)) <0
to satisfy the variational inequality. This, however, is an immediate consequence of
—2e79(®) —2¢=1 < 0. In QUQy, from @ = —1 we deduce that ¢(z) 3L (z, y(x), —1) > 0
must hold, hence the inequality 2e~%(*) — 2¢=3 > 0 is needed. This follows from our
assumption [|y[|c(q) < 3. Therefore, u satisfies the first-order necessary optimality
conditions.

Finally, we prove that @ satisfies (5.1) with v = +o00. Let us set

o=2 {e‘“gﬂc@ - 6_3:| > 0.

Then, for @(z) = 41 we have

(a5 . 3(0).0(0)

—9 {efy(x) n 671} >9 {(;uync@ + 671} > 0.

If a(z) = —1, we get

’gp(x)?i(m,y(m),u(m))‘ =2 [e‘g(m) - 6_3} >2 [e_“g”c@n — 6_3] = 0.
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<UH:0.

Therefore, v = 400 can be taken and Theorem 5.2 yields that @ is a strict local
minimum of (P) in the L*°(§2)-sense.

Thus, we conclude that

{2 a:|p@ 3 @t ato)

6. Second-order sufficient optimality conditions for L2(£2)-local solu-
tions. The goal of this section is to provide sufficient conditions for L?(Q2)-local opti-
mality of a feasible control @ € U,4 that satisfies the first-order necessary optimality
conditions. The following theorem is the main result of this section.

THEOREM 6.1. Let u € U,q satisfy the first-order optimality conditions (4.1)
along with its associated state § and the adjoint state @. Besides Assumptions 1-
3, we suppose that

0*H, _
(6.1)  Fv >0 such that 92 (z,9(x),p(x),s) >v  for a.a. x € Q, Vs € [a, B].
u

1. Under the hypothesis that

(6.2) assumption (5.1) is fulfilled with v > 1,

there exists € > 0 such that
v

_ K 142
(6:3) (@) + gllu—allgn + g

||’U,—ﬂ||%2(Q) S J(U) Yu Euade&‘(ﬂ).

Here and below, B.(u) denotes the closed ball of L*()) with radius ¢ centered
at zero, and Kk is given in (5.2).
2. Under the hypothesis

(6.4) J'(@)v? >0 YoveCy\ {0},

there exist € > 0 and 6 > 0 such that
0 _
(6.5) J(w) + 5||u —all72) < J(u) Y € Uaa N Be(a).

For the proof of this theorem we will use the following two lemmas.
LEMMA 6.2. Let (X,3, ) be a measure space with pu(X) < +oo. Suppose that
{gr}22, C L>®(X) and {vx}32, C L*(X) satisfy the assumptions
e g >0 ae in X, Vk > 1, {gr}i2, is bounded in L=(X), and g — ¢ in
LY(X), k — oo,
o vy —vin L3(X), k — oco.
Then, there holds the inequality

(6.6) [ @@ dnte) < tmint [ gula)ef @) duta).

The reader is referred to [9, Lemma 3.5] for the proof.

LEMMA 6.3. Under Assumptions 1-3 and given p > %, there exist constants Cy
and C, such that Yu,u € U,q the following inequalities hold:
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(6.7) 1Yu = Tl L2 < Cillu — a1 (),

(6.8) 19w = Gl (@) < Cpllu — | Le (),

(6.9) lpu — @llze @) < Cpllu — il Lo (0,
(6.10) |zu0llz2 @) < CrllvllLiy Yo € LHQ),

where y, and Y, p, and @ are the states and adjoint states associated with w and u,
respectively. Moreover, we denote z,, = G'(u)v.

Proof. From (2.8) we deduce the existence of a constant M such that
(6.11) Iyulle@) + lullze@) < M Vu € Una.

Subtracting the equations satisfied by ¥, and g, we obtain with the mean value the-
orem

A(yu - g) = [f(x’yu,’a) - f(x,;y,ﬂ)] + [f(x7yu7u) - f(mvyuaa)]

— %(%54‘ G(yu - @),a)(yu — g) + [f(x’yu,u) _ f(fayu,l_t)]

Using the well-known estimates for linear systems, assumption (2.2), and the bound-
edness of U4 in L>°(Q), we infer
1yu = 9llL2) < Clf (@, yu,u) = (2, Y0, 0)|| L1 (0) < CCrmllu— dl 1),

which implies (6.7).
To prove (6.8) we use again the equation satisfied by y,, — g, the classical L>°(2)-
estimates for linear systems (see [23]), and again (2.2) to obtain

lyu = GllLoe ) < COf (@, Yurw) = f(@,yu, @) || Lr) < C(0)Crullu — @l pr o),

which proves (6.8).
To prove (6.9) we subtract the equations satisfied by ¢, and @ to get

N _ 0 0 _ _._ 0L oL _
A (QPu - SO) = aig(xvyuvu)@u - a—i(m,y,u)@ + ?y(fva) - aiy(xvy)

: 0 9 oL oL
_ a—z(x,@ﬂ)(% -@)+ {a‘g(l’,yu,u) - 85(33,@,11)} u+ [(ay(w,yu) - ay(m,y)} .

Using again the classical L*>°(2)-estimates, (2.2), (2.5), and (2.17), we deduce with
(6.8)
low = @llLe=(e)
< C'(p) [Cf,MM* (Ilya = ll Loy + lu — @l o)) + Cr,aallye — g”LP(Q):|
< C"(p)llu = ull Lr(o)-
Finally, (6.10) is an immediate consequence of (2.12) and (2.2). O

Proof of Theorem 6.1. The proof is split into two parts. -

Proof under assumption (6.2). Let u € Uyq N B:(u), where B.(u) is an L?(Q)-
closed ball around @ with € > 0 to be fixed later. By a Taylor expansion, we get with
(5.2)
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J(u) = J(u) + J'(@)(u - u) + 1J”(a +0(u—1u))(u—u)?
> J( )+/€||’LL u”Ll(Q) + 1/ {88 D) (LL’ y97(p97u9)20u U

2H 2
"‘2%(%%7@0,1@)20@—@(“ - 7) % D) (Qf y978097u9)(u - u)Z} d.’l?,

where up = 4+ 0(u — u) and yg and @y denote the state and adjoint state associated
with ug. Moreover, zg ,—g stands for G'(ug)(u — @). Now, with (6.10), (6.11), (2.2),
(2.5), and Young’s inequality we infer

_ v _
J(u) = J (1) + kllu - UIIL1 — Cllu—a|?:(q) — gllu = 720
1 2
(6.12) +2/Q<,09%($7y97ue)(1iﬂ)2d$-

Let us estimate the last integral in (6.12). First we write

2

/Qcpe%(ﬂc,ye,ue)(u—ﬂfdm:/(@9— )%( Yo, ug)(u — 0)? dz

+/ [gé(w’ue) giﬂ(x’g’“")}(“ o)’ de + g];(wy,ue)(u @) do

> —llvo = @l @) Crmllu — 720
0% o*f

U2 (x,y0,u0) — 2 (z,7, Ue)HLO@m)HU - ﬂ||2L2(Q) +vfu— ﬁ||2L2(Q)7

where we have used (6.11), (2.2), (2.17), and (6.1). Now, applying (6.8)—(6.9) with

p =2, and (2.3) we get for sufficiently small € > 0 and |ju — | z2(q) < € the inequality

*f —\2 v 112
(6.13) Qsoeﬁ(a?,ye,ue)(u—u) dx > §||U—U||L2(Q)

Now, we come back to (6.12) and observe that for v > 1

_ 1+ _ 1+t _,1-1 K _, 1+
Allu=ll 1y = Cllu =l ) = lu =l oy |5 = Cllu=alljagy | = 5 lu—llig

if € is chosen such that

_1 _1
Cllu —ll 2 gy < CIUF ™ |Ju—all 2y < ClRIF T < 7.

AR

Now (6.12) and (6.13) lead to (6.6).
Proof under assumption (6.4). Here we proceed by contradiction and assume the
existence of a sequence {uy}32, C U,q such that

B 1 _ 1 _
(6.14) [lug — u||L2(Q) < T and J(ug) < J(@) + %Huk — UH%%Q) vk > 1.
Let us define
1

pr = lux — Ullz2) and v = ;(uk —a) fork>1.
k
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Since ||vg||r2(0) = 1, we can take a subsequence, denoted in the same way, such that
v — v in L?(Q). Let us prove that v € Cy. Since the set of functions of L%(Q)
satisfying (4.9) is convex and closed, and since every v, obviously satisfies (4.9), then
v also satisfies it. It remains to prove that J'(@)v = 0. From the optimality conditions
(4.1) we deduce

1 OH
(ayo = lim J'(@)o, = lim — | (x5, @, @) (uy, — @) > 0.
J'(u)v kgroloJ () vg Jim on ) ou x,y,p,u)(ug —u) >0

To derive the converse inequality, we use (6.14)

Pi 1 2
o ﬁ”uk =72y > J(u) — J(w)

= J/(’[L + Hk(uk — ﬂ))(uk — ﬂ) = ka/(ﬂ + Gk(uk - ﬂ))’l)k

Hence, we have
of Pk
(6.15) /Qwok%(%yek,wk)vk dr = J'(ug,)or < 5 Yk =1,

where ug, = a+0x(ur — ) and yy, and @y, are the associated state and adjoint state,
respectively. Since |ug, — @l[r2(0) < |lur — @llz2q) < £+ — 0, it is easy to confirm
with the aid of Theorem 2.1 that

0 0 .
0o, 5L 0 v,) — L (2, 5,7) n L2(9).

Then, we can pass to the limit in (6.15) and deduce the desired converse inequality

J'(@)v <0, thus J'(@)v = 0 and hence v € Cy.
Using again (6.14) and (4.1), and performing a second-order expansion, we obtain

Pi - 1= - Lo, . —\2
== > J(ug) — J(a) = J'(a)(ur, —a) + §J (@4 g (up — ) (up, — @)

2k
1 (= — —\2 Pi 1" (= — 2
> §J (@4 I (up — ) (up, —a)° = ?J (@ + Ik (up — @))vg.
Dividing the above expression by % we infer
1
(6.16) J" (@4 g (uy, — a))vi < T k=1

Our next goal is to pass to the limit in (6.16) and to deduce that J”(#)v? < 0. Let
us recall that according to (2.15) and the definition of the Hamiltonian we have

J”(u)vQ

0’H 0’H 0’H
= A {ayQ(x7 Yus Pus U)Z?A;u + 2ayau (Z‘, Yus Pus U)Zu,U’U + W(x7 Yus Pu, U)’U2} dxa
where z,., = G'(u)v. Let us set ug, = @+ Jx(ur — @) and denote by yy, and @y, its
associated state and adjoint state, respectively.

From the convergence ug, — @ in L?(Q2) and Theorem 2.1, we obtain that
y9, — ¥ and @y, — @ in HY(Q) N CY%*(Q). Moreover, the weak convergence
v — v in L*(Q) yields the strong convergence 2y, », = G'(uyg, )k — 2z, = G'(@)v
in L2(2). Additionally, we have that the sequences {%zTg(x,ygk,cpﬁk,ng)}Z‘;l and
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{%(x,yﬁk,wﬁk,um)}z‘;l are bounded in L*°(£2) and converge to %(m,g,@,ﬂ)
o9*H
dyou

and (z,7,@,u), respectively, in LP(Q) for every p < co. Then, we have

(6.17)
i [ 4%
62H L 82H o
= /Q{ ayZ ($7y’(p7u)212; +28y8u(x7y,(p’u)zvv} dm

Indeed, the first limit follows by applying Lebesgue’s dominated convergence theo-
92
rem. For the second limit it is enough to observe that %(w, Yy PO Wiy ) 200 vp —

da;gi (2,9, P, 1)z, in L?(Q) and vy — v in L?(Q).

Due to this convergence, to pass to the limit in (6.16) it remains to analyze the

2

)
=

2 2H
(T, Y04 PO U9, )25, 0 T 2ayau($,yﬂk,sﬁﬂk,uﬁk)zﬂk,vkvk} dx

sequence {S;T]Z(x, Ydus Pogs Uoy ) Vs 122 ;. We proceed as follows. First, we write
0’H 02
W(x’ Yorr POy, Uoy,) = (Po, — @)W(xa Yo Uo,)
_[0%f ’f, Pf
+o w(%yﬂwum) - ﬁ(x,y,uﬁk)} + @W(x,y,uﬁk) =Tp1+ I 2+ Ik 3.

Using (6.11), (2.2), and (6.9) we get
A L] < lim fleg, — ol L) Crm = 0.

Now, given € > 0 arbitrary, from (2.3) and (6.8) we deduce the existence of k. such
that |Ix 2| < ||@] 1o () Yk > k.. This yields

lim |Ik72| =0.
k— o0

Finally, from Lemma 6.2 we infer with (6.1)

2 2
52 f(:c,gj,ﬂ)vQ dz < liminf of

%) v 2
wa k—o00 wa(‘%”y’uﬁk)vk dx.

Collecting the last three results we obtain

0’H 0’H

— .\ 2 .. 2
— dr <1 f | — dx.
0 aug (13,317%“)“ T > lkn—1>£ 0 au2 (xvyﬂm(pﬁmuﬂk)vk €T

This inequality, along with (6.16) and (6.17), implies the next desired inequality

J"(@)v* < liminf J” (ug, )vi < 0.

k—o0

But, according to (6.4), this is possible only if v = 0. Therefore, v — 0 in L?*() and
2y, — 0 in L?(Q). Therefore,

; o2 , L OPH
kggo o Ty?(]"7yﬂk7¢'ﬁk7uﬂk>zvk +Qayau(x’yﬂk’wﬂk7uﬁk)zvkvk dr =0

holds. In addition, from the properties stated for Iy ;, i = 1,2,3, using (6.1) and the
fact that [lvg][z2(q) = 1 for every k, we conclude
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82
L

T 2 . _ _ 2
v= hkrggfl/HkaLz(m < hkrglor.}f/ﬂgo—au2 x, Y, Uy, )i, dx

<liminf/ X y—f(x Yo, Uy, Vs d
T koo Jo o FOuRt i S0k Tk S0
In this way, we have proved that v < liminf;_, . J”(Uﬂk)'l)]% < 0. This is a contradic-
tion to v > 0.

Next we present the example of a control problem, where Theorem 6.1 is
applicable.

Ezample 6.4 (a local solution in the sense of L?(f2)). We consider the optimal
control problem

1
minf/(yu—yd)2 dx,
2 Ja

e V@y(z)? 4+ 2@ feg(z)  in Q,
0 on I,

{ —Ay(z) + y(z)
Ony

—1<u(z) <1ae. in Q.

Here, y4 and eq € L?(Q) will be fixed below. Thanks to Theorem 3.3, an optimal
control u with associated state y exists. The adjoint equation is
A+ @ = —e VuPp+y—yq inQ,
Onp = 0 onI.

We select )
ya=9—1—e "
then @ =1 is the adjoint state associated with @. The variational inequality (4.1) for
U is 5
@a—f(~7y,ﬂ)(u —u)de >0 if —1<wu(x)<+1foraa xe.
Q u

Thanks to ¢ = 1, we have with f = e Yu? + 2" 4 eq
of
Y ou

hence @ has to solve the equation

('7@717') =2eYq + 262,&’

u(r) = Proji_y 1 (76g(w)+2ﬂ(m)) .
Let us fix 4(x) = —1 and § = +2. Inserting ¢ in the state equation, eq can be fixed
accordingly: eq = 2(1 — e™2).
We confirm now that % = —1 is locally optimal in the sense of L2({2). The second
derivative of the reduced objective functional J is

J" (u)v? = / {22+ ¢ (e 7022 — due Yvzy, + (2e77 + 4 )0?)} dz
Q

1
:/ {2’3—1—26_2 [2212,—&—21121,—&—3112}} dz
Q

1
:/ {zg +2e72 [—223 + (20 +0)? +21)2]} dx > 46_2HU||2LQ(Q).
Q
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Moreover, %2%(-,@, @,1) = 6e~2 > 0. Then, thanks to Theorem 6.1, the control @ is
locally optimal in the L?(£2)-sense.

7. Convergence of numerical approximations. In this section, we assume
that ) is a convex domain in R™ with n = 2 or 3. We also suppose that €2 is polygonal
if n = 2 or polyhedral if n = 3. In addition to Assumptions 1-3, we also assume that
ai; € C%1(Q) for 1 < 4,5 < n and f(-,0,0) € L?(Q). Under these hypotheses it
is well known that the solution of (1.1) belongs to H?(Q2) and that, with (2.8) and
Assumption 2, we have

(71) E|Ma7ﬁ > 0 such that ||yu||H2(Q) < Ma,ﬁ Yu € Uyg.

The reader is referred to [17, section 3.2] for this regularity result.

Now, to perform the discretization of the control problem (P), we consider a
quasi-uniform family of triangulations {7 }n>0 of Q; cf. [2, Definition (4.4.13)]. We
denote by Nj the number of nodes of 7,. Associated with these triangulations, we
consider the finite dimensional spaces

Yy, ={uyn € C(Q) D YnT € P (T) VT € Tp}

and
U, = {Uh S LOO(Q> D Up|T S Po(T) VT € 775},

where P;(T") denotes the space of polynomials in 7" of degree i. We set Upq,p, = UpNUgq-
Now, we introduce the discrete version of (1.1) as follows: for u € L*°(Q), yp(u)
is the solution of the nonlinear system

(7.2) { Find y;, € Y}, such that

a(Yns 2n) = [o flx,yn(x),w)zn(z) de Yz, € Y.

Above, a : HY () x H*(2) — R denotes the following bilinear form associated with
the operator A:

n

a(y1, y2) :/ > i ()0, y10x,y2 + ao(x)yry2 | da.
Q

1,j=1

The existence of a solution of (7.2) is proved by an easy application of Browder’s fixed
point theorem. The uniqueness follows from the monotonicity of f and the coercivity
of the bilinear form a.

We approximate problem (P) by the discretized optimal control problem

(Pr) min  Jp(up) ::/S)L(z,yh(uh)(x))dx,

Up E€Vad, n

where yp,(uyp) is the solution of (7.2) for u = up. For (Pp), we obtain the following
convergence theorem.

THEOREM 7.1. For every h > 0, the discrete control problem (Py) has at least
one solution Gy. Let {Gn}tn>o0 be a family of discrete optimal states associated with
optimal controls {i}ns0. Then, {Gn}n>o is bounded in H'(2) N C(Q). Moreover, if
hi 0 when k — 0o and {yn, }3°, converges weakly to § in H'(Y), then there exists
U € Ugg, an optimal solution of (P), such that § is its associated state. Moreover, the
sequence {yn, 132, converges strongly to i in H*(Q).
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Proof. The existence of an optimal control for the discretized problem follows
from the compactness of U,qp in Up and the continuity of Jj. Let us prove the
boundedness of the discrete optimal states {g}n>o in HY(Q) N C(Q). We define
M = max{|al,|8|}. Then, with Assumption 2 and the mean value theorem, we get
the existence of a constant C'f 5s such that

(7.3) |f (2,0, u(x))] < [f(2,0,0)] + CrmM Vu € Uaa.
This leads to the inequality
(7.4) 1F G0, uC) 22y < IF(0,0)L2() + CrarMIQUY? Vu € Uaa-

Then, from [7, Theorem 2|, (7.1), and (7.4) we infer the existence of constants C;,
i =1, 2, such that
(7.5) lyw — yh(u)HHl(Q) < Cih Yu € Uy,
[yu = yn(W)llc@ < Coh®>™2  Yu € Ung,

where y, € HY(Q) N C**(Q) and y,(u) € Y} are the solutions of (1.1) and (7.2),
respectively. In [7, Theorem 2] this is done for the Dirichlet problem, but the same
proof is valid for our state equation with homogeneous Neumann condition.

Combining (2.8) with (7.5)—(7.6) we infer

Tnll 2 ) + Tnllc@) < N1Tn = vanllar @) + 1Tn = vanllo@)

+ lya, c@ < Cih+ Ch* % + Cop([£(-,0,0)[ 20 + 1)

m@) + |va,

Hence, {g1}nh>0 is bounded in H*(Q) N C(Q) and we can select a sequence {fn, }7°,
with hy N\, 0 such that g, — ¢ in H(Q). Let us prove that  is an optimal state for
(P). From the compactness of the embedding H(Q) C L?(Q) we know that 7, — ¥
strongly in L?(Q2) when k — co. Now, we argue similarly to the proof of Theorem
3.3. To this end, we introduce the multifunction

F:Q—PMR), F(z)={f(z,y(z),s):s¢€ ]}

Since f is continuous with respect to the last variable, we know that F(z) is a closed
and bounded interval of R for almost all x € 2. Now, we define

S={geL*Q):g(x) € F(x) for a.a. z € Q}.

S is a convex and closed subset of L?(Q2). Setting g (z) = f(x,y(x),un, (z)) Vk > 1,
all functions g belong to S. Moreover, taking

M = I}}B&Hﬂh”c(@) + max{|al, 8]} < oo,

from (2.2) and the mean value theorem we infer that |gy(x)| < |f(z,0,0)|+ Cfr2M,
hence the sequence {gx}3° , is bounded in L?(Q2). By taking a subsequence, denoted
in the same way, we can assume that g5 — g in L?(2). Since S is weakly closed in
L?(Q2), we infer that g € S. Using again the classical Filippov theorem (see [16] or
[19]), we deduce the existence of a measurable function @ : Q@ — [a, B], i.e., & € Upa,
such that g(z) = f(z,g(z),a(z)) for almost all € Q. Let us prove that § is the state
associated with the control u. We take z € H'(Q) arbitrarily and select zp,, € Y,
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such that z;, — z strongly in H!(Q) when k& — co. For instance, we can take zp,, as
the H'(Q2)-projection of z on Y}, . Now, from (7.2) we get

(7'7) a(ghk’zhk) = /Q Ghy Zhy, dx + /Q[f(xv ghk7ahk) - f(x, Y, ﬂhk)]zhk dz.
Using again (2.2) we obtain

||f(x7ghk?ahk) - f(x7g7ahk)||L2(Q) < Of»Mthk - g||L2(Q) — 0, when k — oo.

Hence, passing to the limit in (7.7), we deduce

a(y, z) = A [, g(x), u(x))z(x) d.
Since z is arbitrary in H*(2), we conclude that Aj = f(z,j(x),u(x)) and, hence, ¥
is the state associated with 4.
Moreover, we are able to prove the strong convergence of gy, in H(f2): taking
Zh, = Un, in (7.7) and using the convergences gn, — f(z,7,4) and g, — § weakly
and strongly, respectively, in L?(Q2) and the identity Ay = f(x, 9, ), it follows that

khm a(ghk7ghk) = lim / ghkghk dr = / f(.T, ﬂ,ﬁ)ﬂdl‘ = a(y7 y)'
— 00 k— o0 Q Q

The convergence a(¥n,,Jn,) — a(7,y) along with the weak convergence g, — 7 in
H(Q) implies that g, — ¥ strongly in H'(Q).

It remains to prove that @ is a solution of (P). To this aim, we take an arbitrary
u € Uyq with associated state y,, (solution of (1.1)). Define uy, as the L?-projection
of u on Up,. Since Uy, is a space of piecewise constant functions, it is well known that
up, € Uaq,n and up, — u strongly in L2(Q). Let us denote by ¥, and y, the solutions
of (1.1) and (7.2), respectively, corresponding to the control uy. Then, with (2.9) and
(7.5)-(7.6) we infer

v = ynllar @) + 1Yu — vnlle@) < 1Yu = vun B2 Q) + Y0 — Yunlle@)
+ NYun, — ynllzr @) + 1Yun — yulle@ — 0 when h — 0.

Now, setting M = maxy~ [9nllc(ay, we deduce with Assumption 3 that
|L(2, Gn, ()] < |L(z,0)] + ¢ (x)M  ae. in Q.

Then, the Lebesgue’s dominated convergence theorem implies that Jy, (@, ) — J(@)
when k — co. A similar argument shows that Jp, (up,) — J(u). Finally, recalling
that @y, is a solution of (Py, ), we get

Since u was taken arbitrarily in U,q4, we conclude that % is solution of (P). a0
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