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Abstract

We present several characterizations, via some weak observability inequalities, of the complete
stabilizability for a control system [A, B], i.e., y'(t) = Ay(t) + Bu(t), t > 0, where A generates a
Coh-semigroup on a Hilbert space X and B is a linear and bounded operator from another Hilbert
space U to X. We then extend these characterizations in two directions: first, the control operator
B is unbounded; second, the control system is time-periodic. We also give some sufficient conditions,
from the perspective of the spectral projections, to ensure the weak observability inequalities. As
applications, we provide several examples, which are not null controllable, but can be verified, via
the weak observability inequalities, to be completely stabilizable.
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1 Introduction

1.1 Control system and notation

In the literature on infinite-dimensional linear systems, several concepts of stabilization appear, such
as complete stabilization, exponential stabilization, strong stabilization, polynomial stabilization, and
logarithmic stabilization. This paper mainly studies the complete stabilization for the control system
[A, B], i.e.,

y'(t) = Ay(t) + Bu(t), t>0, (1.1)

under the assumptions:

(Hy) The operator A, with its domain D(A) C X, generates a Cp-semigroup S(¢) (¢ > 0) on a Hilbert
space X.

(H2) The operator B is a linear and bounded operator from another Hilbert space U to X. The Hilbert
spaces X and U are identified with their dual spaces respectively.

We further study the complete stabilization for both a system [A, B] (where B is unbounded) and a
periodic system [A(-), B(+)]. To avoid complex definitions in the introduction, we treat them as extensions
in Section 3 of this paper.

Throughout the paper, the following notations will be used: Given u € L?(R*;U) and yo € X, we
write y(-;u, yo) for the solution to the system (1.1) with the initial condition y(0) = yo; RT := [0, +00),
N:={1,2,...} and N := NU{0}; Given a Hilbert space X1, we write ||-||x, and (-, -)x, for the norm and
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the inner product of X5 respectively; Given Banach spaces X; and Xo, we write £(X7; X5) for the space
of all linear and bounded operators from X; to X3 and £(X1) := £(X71; X1); Given a linear operator F,
we use F'* to denote its adjoint operator; We denote by I the identity operator on any space; Write p(A)
for the resolvent set of the operator A.

1.2 Aim and motivation

Let us first review several concepts related to the control system (1.1):

(a1) The system (1.1) is said to be exponentially stabilizable, if there exists K € L(X;U), u > 0 and
C > 0 such that ||Sk(t)||z(x) < Ce #" for all t € RT. Here, Sk (t) (t > 0) denotes the semigroup
generated by A + BK.

(a2) The system (1.1) is said to be completely (or rapidly) stabilizable, if for any p > 0, there exists
K := K(p) € L(X;U) and C := C(u) > 0 such that [|Sk(t)|zx) < Ce # for all t € RT.

(a3) The system (1.1) is said to be null controllable over [0, 7] for some T > 0, if for any yo € X, there
exists u € L?(0,T;U) such that y(T;u,yo) = 0.

For these concepts, we have the following known facts:

(b1) In finite-dimensional settings where A, B are matrices, (a2) < (a3). However, in infinite-dimensional
settings, (as) = (a2) = (a1) (see [39, Proposition 21]), but the reverse may be not true.

(b2) The null controllability over [0, T] is equivalent to the following observability inequality: there exists
C = C(T) > 0 such that [|S(T)*¢l|x < C|B*S(T — )" ¢||L2(0,7;u) for all ¢ € X (This inequality
can be equivalently written as the “initial time” observability inequality for the adjoint equation
of (1.1), that is, |[2(0)[|x < C||B*2(-)||2(0,r;v), Where z(-) is the solution to the adjoint equation
2'(t) = —A*z(t), 2(T) = ¢ € X (see [27, Chapter 7, Section 2.2])).

(bs) The exponential stabilizability is equivalent to the weak observability of the dual system: there is
a € (0,1), T > 0 and C > 0 such that [|[S(T)*¢|[x < C|B*S(T — -)*¢ll2(0,7:0) + ¢l x for all
¢ € X. (This was proved in [39, Theorem 1].)

According to the above facts (b1)-(bs3), the following question is natural and interesting:
e How to characterize the complete stabilizability by some kind of observability inequalities?

The aim of this paper is to answer the above question.

1.3 Main results

The main theorem of this paper is as follows:
Theorem 1.1. The following statements are equivalent:
(i) The control system (1.1) is completely stabilizable.

(ii) For any o > 0, there are positive constants C(«) and D(«) such that

IS(T)*¢llx < D@)B*S(T =) ¢llr2(0,m0) + Cla)e T |lollx, when ¢ € X and T > 0. (1.2)

(iii) There exists Ty > 0 such that for any T > Ty and o > 0, there are positive constants C(c) (which
is independent of T') and D(«, T) such that

IS(T)*¢llx < D(a, T)|B*S(T =) ¢ll 120,00 + Cla)e™ gl x, when ¢ € X. (1.3)



(iv) For each k € N, there are positive constants Ty, and D(k) such that
IS(Tw)*ellx < DIIB*S(Ti — ) @ll20,mev) + e ollx, when ¢ € X. (1.4)

Some comments on Theorem 1.1 are given.

(c1) For each a > 0, inequality (1.2) is a weak observability inequality. Hence, the complete stabiliz-
ability is characterized by a family of weak observability inequalities. This essentially differs from
the exponential stabilizability which corresponds to only one weak observability inequality (see the
note (bs)). The reason that an exponential function appears in (1.2) (as well as (1.3) and (1.4)) is
that the system [A, B] is completely stabilizable if and only if for each p > 0, the system [A+ pl, B]
is exponentially stabilizable. This can be seen from the proof of Theorem 1.1.

(c2) The statement (iv) can be understood as a kind of discretization of the statement (i7).

(c3) In this paper, we will further extend Theorem 1.1 in two directions: First, the control operator B
is unbounded; Second, the control system is time-periodic. We give these extensions in Section 3.

(cs) As applications of Theorem 1.1, as well as its extensions, some examples will be given in Subsection
4.2. These examples present several concrete control systems, which are not null controllable, but
can be proved to be completely stabilizable, via the weak observability inequalities in Theorem 1.1,
as well as its extensions.

(c5) We provide some sufficient conditions, from the perspective of the spectral projections, to ensure
the weak observability inequalities in Theorem 1.1 (see Subsection 4.1).

1.4 Related works and the novelty of this paper

There is a lot of literature on the stabilization of infinite-dimensional systems. We mention [13, 25, 30,
35, 40] for time-invariant linear systems with bounded control operators; [1, 4, 12, 15, 17, 21, 22, 23,
26, 28, 37, 42, 43, 46] for time-invariant linear systems with unbounded control operators; [2, 19, 24] for
time-varying linear systems with bounded or unbounded control operators; [3, 31, 45] for time-periodic
systems; [6, 7, 8, 10, 11] for nonlinear systems.

About the characterizations of the exponential stabilization for infinite-dimensional linear time-invariant
systems, we would like to mention works [4, 30, 39]: A frequency domain criterion on the stabilizability
is built up for conservative systems with distributed control in [30]; A unique continuation type criterion
on the stabilizability (which is also called Fattorini’s criterion) is established in [4] for parabolic systems;
A characterization, via a weak observability inequality, of the stabilizability is given for some infinite
dimensional systems in [39]. About the characterizations of the periodically exponential stabilization
for infinite-dimensional linear time-periodic systems, we mention works [3, 5, 44, 45, 47]: Some unique
continuation type criterions on the periodic stabilizability, as well as a characterization, via a weak ob-
servability inequality, are presented for some parabolic-like time periodic evolution equations in [3, 5]; A
characterization, via a detectability inequality, is given for some linear time-periodic evolution systems
n [47]. Certain geometric and analytic characterizations of the periodic stabilizability are provided for
some linear time-periodic evolution systems in [44, 45].

We emphasize here the works [3], [4] and [5], where some characterizations of the stabilizability/
the periodic stabilizability, with an arbitrarily given decay rate, were obtained for some parabolic-like
evolution equations. It seems for us that some characterizations of the complete stabilizability/the
periodically complete stabilizability for those equations can be derived from these works. Compared
these works with ours, we would like to emphasize what follows: First, the results obtained there need
the assumption that the generator of the control system has compact resolvent, while such assumption
is not necessary in our work. (This assumption allows one to decompose the control system into two
sub-systems, one is unstable and of finite-dimension and another is stable and of infinite-dimension.)
Second, the works [3], [4] and [5] concern stabilizability, while ours deals with complete stabilizability.

We now explain the novelty of this work:



e We have not found any characterization via observability inequalities on the complete/periodic com-
plete stabilizability for time-invariant/time-periodic evolution equations in the literature. Hence,
Theorem 1.1, as well as its extensions obtained in this work, seem to be new results. These results
may help us to understand the connections and the differences between stabilizability, complete
stabilizability and null controllability, from the perspective of observability inequalities.

e We are working in a general framework where the generator of the system does not need to have
compact resolvents. Our Example 1 in Subsection 4.2 is under such framework. Indeed, the gener-
ator of the system in that example has only continuous spectrum, and consequently does not have
compact resolvents.

e Though the generators of the systems studied in [39, 47] also do not need to have compact resolvents,
the authors there did not obtain the characterizations on the stabilizability /the periodic stabiliz-
ability for an arbitrarily given decay rate, like [3, 4, 5]. So the approach to the characterizations on
the complete stabilizability obtained in this work does not follow from [39, 47].

1.5 The plan of this paper

The rest of the paper is organized as follows: Section 2 gives the proof of Theorem 1.1; Section 3 presents
two extensions of Theorem 1.1; Section 4 provides several examples and shows some sufficient conditions
ensuring the weak observability inequalities.

2 The proof of Theorem 1.1

The next lemma is quoted from [39] and will play an important role in the proof of Theorem 1.1.

Lemma 2.1. (/39, Theorem 1]) Let p > 0. Let S, (t) (t > 0) be the semigroup generated by A + pl.
Then the following statements are equivalent:

(i) The following system is exponentially stabilizable:
Z'(t) = (A+pl)z(t) + Bu(t), teR". (2.1)

(i1) There exists o € (0,1),T > 0 and C > 0 such that
15u(T) ¢llx < CIB*SW(T =) ¢llL20,r50) + allgllx for any ¢ € X. (2.2)

Now, we are in position to prove Theorem 1.1.

The proof of Theorem 1.1. We organize the proof in several steps.
Step 1. We show (i) = (i7).
Arbitrarily fix a > 0. By (i), there exists K := K(a) € L(X;U) and C := C(«) > 1 such that

ISk ()]l z(x) < Ce®* for all t € RT. (2.3)
Meanwhile, we arbitrarily fix yo € X and set
Uy, (t) == KSk(t)yo, t € RT. (2.4)
Then by (2.3) and (2.4), we have

1wyl 220,750y < C(2a)™ 2| K|l £(x;0y lwol| x for any T > 0. (2.5)



Next, we arbitrarily fix 7' > 0. By the definitions of Sk () and S(-) and by (2.4), we see

ST = ST+ [ ST = 1)Buy, ()

which implies

T
— (Yo, S(T)*p)x = —{(Sk(T)yo, ) x —|—/ (ty, (t), B*S(T — t)*p) xdt for any ¢ € X.
0
The above, along with (2.3) and (2.5), yields that for any ¢ € X,

* —« -1 * *
(w0, STY'@)x] < € (e llgllx + 1K | ey (20)IB*S(T = )" ¢llzzo 0 ) Iollx-

Since yg € X and T > 0 were arbitrarily taken, the above implies that for any ¢ € X and T > 0,
1S(T) ¢llx <C (€_QT||90||X + 1K | 2x;0)(20) 2 || B*S(T - ')*90||L2(0,T;U)) : (2.6)

Now, (1.2), with D(«a) := C’HK||L(X;U)(204)*%, follows from (2.6) at once. Since o > 0 was arbitrarily
taken, we obtain (7).

Step 2. It is trivial that (ii) = (ii1).

Step 3. We show (iii) = (iv).

Let Ty, C(a) and D(a, T) be given by (iii). Arbitrarily fix k& € N. Let Ty be such that T} > Ty and
C(k+1) < eTr. Write D(k) := D(k + 1,Ty). Then, by (1.3) (where o = k + 1 and T = T}), after some
direct computations, we get (1.4) with the above Ty, and D(k). Since k was arbitrarily taken from N, we
get (iv).

Step 4. We show (iv) = (i).

Arbitrarily fix > 0. We first show that the system (2.1) is exponentially stabilizable. To this end,
we take k, € N so that k, —1 < pu < k,. Then by (iv), we can find D(k,) > 0 and T}, > 0 such that

I1S(Th )" pllx < Dkl B*S(Th, =) ¢llr2(0,1, vy + e Tl x forall ¢ € X. (2.7)

Meanwhile, we write S, (t) (t > 0) for the Cp-semigroup generated by A + pI. Then it is clear that
S,(t) = e S(t)* for all t > 0. (2.8)
Now, multiplying (2.7) by e*T*u  using (2.8), we have
15, (T, )"l xc < Dl )T [ B*S(Tr, — )¢l io.zs,  + e 9T o] x.
Since the first term in the righthand side of above inequality can be written as
D(ky)e" o | B*S(Th, — ) ¢llzo.m, 00 = Dlkp)e o |le”Ton=) B, (Ty, — ) @ll 20,1, 1)
= D(ky)||e" B*S,(Tk, — ')*QOHLQ(O,T;C#;U)v

and the function e#*,t € [0,T},] can be dominated by e*”*», we get

15, (Ti,)* @llx < D(k)e T | B* ST, — ) @llzz om0y + e~ T ol x forall g€ X, (2.9)
Since e~ ka1 < 1 the above (2.9) leads to (2.2) with

T =Ty, >0, a=e =T ¢ (0,1), C = D(k,)e" s >0,



Then according to Lemma 2.1, the system (2.1) is exponentially stabilizable.
We next claim that the system (1.1) is completely stabilizable. Indeed, since the system (2.1) is
exponentially stabilizable, there exists K := K (u) € £L(X;U) and C(u) > 0 such that

1Sk (Ol ex) < Cp) for all t € RY,
where S, i (t) (t > 0) is the semigroup generated by A + pI + BK. This, together with the fact:
S,k (t) = e Sk(t) forall t € RT,

yields that
1Sk ()]l z(x) < C(p)e ™ for all t € RT.

Since p > 0 was arbitrarily taken, the above leads to the complete stabilizability for the system (1.1),
ie., (i) is true. O

3 Extensions

In this section we will extend Theorem 1.1 in two directions: The first one is the case that the control
operator B is unbounded, while the second one is the case that the control system is time-periodic.

3.1 The case that the control operator is unbounded

This subsection aims to extend Theorem 1.1 to the control system [A, B], i.e.,
y'(t) = Ay(t) + Bu(t), t=>0, (3.1)
under the following assumptions:

(Hy) The operator A, with its domain® D(A) C X, is the generator of a Cy-semigroup S(¢) (t > 0) on
X.

(f{vg) The operator B belongs to L(U; X_1), where X_; is the completion of X with respect to the norm
lIz]l=1 == [[(pol — A)7 z||x, 2 € X (where py € p(A) is arbitrarily fixed).

(Hs3) There exists a time 7' > 0 and a constant C(T) > 0 such that
T
/ | B*S(t)*z||Zdt < C(T)||z||% for all x € D(A*). (3.2)
0

(This condition is called the regularity property or the admissibility condition (see, for example,
[10, Chapter 2, Section 2.3] or [26]). Here, we notice that B* € L(D(A*);U) by (Hz) and (ds) in
Remark 3.1 below.)

Given yo € X and u € L?(RT;U), we write y(-;u,yo) for the solution to (3.1) with the initial condition
y(0) = vo-

Remark 3.1. Several comments on the above assumptions are given.

(d1) The operator A (which belongs to L(D(A); X)) has a unique extension, denoted by A, in the space
L(X;X_1), moreover (pol — A)~' € L(X_1,X) (see [{1, Chapter 2, Proposition 2.10.3]). Hence,

2) can be replaced by the assumption: (pol — A)™"B € ; see [15, 26]).
H. b laced by th ) I-A)"'BeLU;X 15, 26

'We define a norm on D(A) by: lzllpcay = l(pol — A)z|lx, = € D(A), where pg € p(A) is arbitrarily fixed. Then
D(A) with this norm is a Hilbert space since A as the generator of a Cp-semigroup is closed. It is well known that this
norm is equivalent to the classical graph norm ”x”/D(A) = (|lzl|% + ||A:1:||§()%7 2 € D(A). The same can be said about any
generator of a Cp-semigroup on X.



(d2) Let S(t) := (poI — A)S(t)(pol — A)~" on X_1 for any t > 0. Then S(t) (t > 0) is a Co-semigroup
on X_1 and A is the generator of this semigroup (see [41, Chapter 2, Proposition 2.10.4]). We call
S(t) (t >0) as the extension of S(t) (t > 0).

(d3) The space D(A*), with the norm ||z||pa~) = |[(pol — A%)z||x, z € D(A*), is a Hilbert space
and X_1 1is isomorphic to the dual space of D(A*) (see [/1, Chapter 2, Proposition 2.10.1 and
Proposition 2.10.2]). For convenience, we identify the dual space of D(A*) with X_1. Thus, X _;
is the dual space of D(A*) with respect to the pivot space X (see [/1, Chapter 2, Section 2.9]).

(dy) Assumption (I;T;,) is equivalent to that for any T > 0, there exists a constant C(T) > 0 such that
(3.2) holds. (See [41, Chapter 4, Proposition 4.3.2].)

(ds) We can easily check that when (I,;l) (N) hold, B* is an admissible observation operator and con-
sequently B is an admissible control operator. (See [41, Chapter 4, Definition 4.5. 1], [41, Chapter

4, Definition 4.2.1] and [41, Chapter [, Theorem 4.4.3].) Hence, if (Hl) (H3) are true, then,
it follows by [41, Chapter 4, Proposition 4.2.5]) that when yo € X and u € LQ(RJF;U), the
equation (3 1) has a unique solution y(-;u,yo) (in C([0,+00); X)) which is given by y(t;u,yo) =
S(t)yo + fo (t — s)Bu(s)ds. Moreover, for each T > 0, there exists C := C(T') > 0 such that

ly(t w, 90)l[x < Cllyollx + l[ullz20.009)s T € [0,T].

(dg) When uw € L2 (R*;U) and t > O we only have fot S(t — s)Bu(s)ds € X_1 under the assumptions

(H,)-(Hs); but it holds that fo (t — s)Bu(s)ds € X, if we further assume (Hs) (see [41, Chapter
4, Proposition 4.2.2]).

(d7) Some examples satisfying (1?1)-(173) are given in [15, 26, 41].

Throughout this subsection, A and S(t) (t > 0) denote respectively the extensions of A and S(t)
(t > 0), which are given in (dy) and (dz2) of Remark 3.1.

To state the main results of this subsection, we need the following definitions on the stabilization for
the system (3.1):

Definition 3.2. (i) The system (3.1) is said to be exponentially stabilizable, if there exists a Cp-
semigroup ®(t) (t > 0) on X, with its generator A : D(A) C X — X, and K € L(D(A);U) such
that
(a) Az = (A + BK)x for all z € D(A);

(b) there exists « > 0 and C' > 0 such that | ®(t)||z(x) < Ce™" for any t € RT;
(c) there exists D > 0 such that || K®(-)x| 2w+,v) < Dl|z||x for all x € D(A).

(ii) The system (3.1) is said to be completely stabilizable, if for any o > 0, there exists a Co-semigroup
D, (t) (t>0) on X, with its generator Ay, : D(Ay) C X = X, and K, € L(D(Ay);U) such that

(a') Aoz = (A + BKy)z for all z € D(Ay);
(V') there exists C(c) > 0 such that || o (t)] z(x) < Cla)e™ for any t € RT;
(c') there exists D(a) > 0 such that || Ko®ao ()| L2®+,0) < D()||z]|x for all x € D(A,).

Remark 3.3. Definition 3.2 is inspired by [15, 26], where the authors proved that the solvability of the
LQ problem V(yo) = infuer2mev) fy Nyt u,yo)ll% + lu@)||F]dt (ie., V(yo) < +oo for all yo € X)
implies the exponential stabilizability of the system (3.1) in the sense of (i) in Definition 3.2. On the
other hand, with the aid of Lemma 3.8 below, we obtain the reverse. Hence, the solvability of the above LQ
problem is equivalent to the exponential stabilizability of the system (3.1) in the sense of (i) in Definition
3.2 (see Proposition 3.9 below).

Besides, it deserves mentioning that Definition 3.2 can be viewed as the dual of the concept of esti-
matability (see [30, Definition 2.1]).



The main result in this subsection is as follows:
Theorem 3.4. Suppose that (E)-(ﬁg) are true. Then the following statements are equivalent:
(i) The system (3.1) is completely stabilizable.

(11) For any a > 0, there are positive constants C(«) and D(«) such that

1S(T)*ellx < D(a)||B*S(T = )"l L20,7;0) + C(a)e_aTHgoHX, when ¢ € D(A™), T > 0. (3.3)

(iii) There exists Ty > 0 such that for any T > Ty and o > 0, there are positive constants C(«) (which
is independent of T') and D(«, T) such that

IS(T)*¢llx < D(a, T)||B*S(T )" ¢llrz0m0) + Cle)e™ T lglx, when ¢ € D(A*).  (3.4)
(iv) For each k € N, there are positive constants Ty, and D(k) such that
IS(T)*ellx < DR)IB*S(Th = )¢l 20,10y + ¢ ollx, when o € D(AY). (3.5)
Remark 3.5. It follows from (3.2) that the operators

(r € D(A*)) = ((t = B*S(t)*z) € L?(0,T;U)),
(r € D(A*)) = ((t = B*S(T —t)*z) € L*(0,T;U)),

can be extended in a unique way as linear and bounded operators from X into L?(0,T;U). If we denote
these extensions in the same manners, then (3.3) is equivalent to

IS(T)*ellx < D(@)[|B*S(T = )" ¢llz20.1:0) + Cla)e™ |l x, when ¢ € X, T >0.
The same can be said about (3.4) and (3.5).

Before proving Theorem 3.4, we give some preliminaries. The first one is about the LQ problem

(LQ),, : B 1 - J(u;0), yo € X, (3.6)
where -
J (us yo) 12/0 [y (s w, yo)lli + lu(®)f)dt, we L*(RT;U). (3.7)
Let
Uad(yo) = {u € L2(RT;U) = y(5u,90) € L (RY; X))} (3.8)

The following Lemma 3.6 can be found in [26, Theorem 5.2, Page 40] (see also [15, Theorem 2.2] and
[46, Propositions 3.2-3.4]):

Lemma 3.6. Assume that (E)—(ﬁg) hold. Suppose that Ua,q(yo) # O for any yo € X. Then for each yg €

X, the problem (LQ)yU has a unique solution uy, . Moreover, there exists a self-adjoint and non-negative

operator P € L(X) and a Cy-semigroup Sp(t) (t > 0) on X, with its generator Ap : D(Ap) C X — X,
such that the following conclusions are true:

(i) It holds that P € L(D(Ap); D(A*)) and B*P € L(D(Ap);U).
(ii) For each x € D(Ap), Apx = (A — BB*P)z.
(i) If yo € D(Ap), then u; (t) = —B*PSp(t)yo for a.e. t € RT.

(iv) The semigroup Sp(-) is exponentially stable on X, i.e., there exists C > 0 and o > 0 (depending
on P) such that ||Sp(t)||z(x) < Ce™ " for any t € R,



Remark 3.7. In general, to ensure the conclusion (iv) in Lemma 3.6, one needs the detectability con-
dition given in [26, (D.C), Page 41]. Fortunately, this condition holds automatically in our setting, since
the operator R (given in [26, (D.C), Page 41]) is the identily operator currently.

The next lemma is the extension of [39, Proposition 6] to the current setting. Since the proof is the
same as that of [39, Proposition 6], we omit it.

Lemma 3.8. Suppose that (Hy)-(Hs) hold. Let T > 0 and a > 0. Then the following statements are
equivalent:

(i) The system (3.1) is cost-uniformly a-null controllable in time T > 0, i.e., there exists C(o,T) > 0
such that for each yo € X, there exists u € L*(0,T;U) such that |ly(T;u,yo0)||x < ollyolx and
l[ull L20,m;0) < Cla, T)lyoll x -

(i1) There exists C(a,T) > 0 such that
1S(T)*¢llx < Cla, T)IB*S(T = )" ¢llL20,mv) + ellellx for any ¢ € D(AY).
Moreover, C(a,T) in both (i) and (ii) can be taken as the same.

Proof of Theorem 3.4. We organize the proof in several steps.
Step 1. We show (i) = (i7).

Suppose that (i) holds, i.e., [4, B] is completely stabilizable in the sense of Definition 3.2. Arbitrarily
fix @ > 0. Then by (i¢) in Definition 3.2, there exists a Cp-semigroup ®,(¢) (¢ > 0), with the generator

Ao i D(A,) C X — X, and K, € L(A,);U) such that (a’)-(¢') are true. Several observations are given
in order: First, by (a’) and (¢’), we have that, for any yo € D(A,),

t
Do (t)yo = S(t)yo +/ S(t — s)BKy®4(8)yods, t€ RT.
0

Here, we notice that @, (t)yo € D(A,) for each t € RT when yo € D(A,). Second, by (b'), we can
find C(a) > 0 such that [|®q(t)|lzx) < C(a)e™** for all t € R*. Third, we let, for each yo € D(A4),
Uyo (1) 1= Ko®o(t)yo, t € RT. Then it follows from (¢’) of Definition 3.2 that there exists D(a) > 0
(independent of yo) such that |[uy, (-)||L2@+,0) < D(a)|lyollx, yo € D(Aq).

From these observations and by a very similar way as that used in the proof of (i) = (ii) of Theo-
rem 1.1, we can verify that, for each yo € D(A,),

(o, S(T)* @) x| = [{S(T)yo, ©)x| = {S(T)yo, ¥ x| = {S(T)yo, ©) x_,, (4]

T
= </ S(T" — s)Buy,(s)ds, 80> —(®a(T)yo, <P>X,1,D(A*)
0 X_1,D(A%)

= ‘/O <uy0 (S)a B*S*(T - 5)90>Ud3 - <(I)a(T)90a (p>X

< (Cla)eTgllx +D(@)|B*S(T =) ¢llz20m0)) lyollx. when o € D(A*), T > 0.

The above, along with the density of D(A,) in X, leads to (3.3). The reason why D(A,) is dense in X
is that A, is the generator of the semigroup ®,(t) (t > 0) (see [34, Chapter 1, Theorem 1.3]).

Step 2. It is trivial that (ii) = (ii7).

Step 3. The proof of (iii) = (iv) is very similar to that used in the proof of Theorem 1.1. We omit it.
Step 4. We show (iv) = (i).

Arbitrarily fix 8 > 0 and yo € X. Let U2 (o) == {v € L2(RT;U) : 23(;;v,50) € L*(RT; X))},
where 25(-;v,y0) (with v € L2(RT;U)) is the unique solution to the system: 2'(t) = (A+ BI)z(t) + Bv(t),



t € R*; 2(0) = yo. One can directly check that, for each ¢ > 0, Zﬂ(t v,y0) = Sa(t y0+f0 Ss(t—s)Bu(s)ds.
(Here, Sp(t) (t > 0) is the Cy-semigroup on X _1, generated by A+ BI : X — X_1. It is easy to check

that Sz(t) = €PtS(t), ¢ > 0.) This, along with the note (d;) in Remark 3.1, yields that for each T' > 0,
) € C([0,T]; X). Consider the next LQ problem

25(5 v, 0
(LQ)) - inf JP (v3 ) = /OO[HZﬁ(t'v yo)lI5 + llv(@®)llF]dt o .
Yo veL2(R+;U) ’ 0 i

The rest of the proof of this step is divided into two sub-steps.
Sub-step 4.1. We prove U d(yo) # 0.
Clearly, this will be done, if one can show the existence of © € L?(R™;U) such that

126(: 0 90) |2 g+ix) < C(B)lwollx and |10l z2e+ o) < D(B)llyollx (3.9)

for some C(8) > 0 and D(B) > 0 depending only on £.

To show (3.9), we construct a control ¢ in the following manner: With respect to the above 8 > 0,
there is a unique k := k(8) € N satisfying k — 1 < 28 < k. Then, according to (iv), there exists Ty, > 0
and D(k) > 0 such that (3.5) holds. This, together with Lemma 3.8, implies that the system (3.1) is
cost-uniformly e~*T+-null controllable in time T}. Therefore, there exists ug € L?(0,Ty;U) such that

y(Tis wo, yo) |l x < e ™ |lyollx < e 2T*|lyollx and ||uollr2(0,10) < D(K)||yol x- (3.10)

Let y1 := y(Tk; uo,v0). Then by making use of the above cost-uniformly e=*Tk

we can find u; € L?(0,Ty; U) such that

-null controllability again,

y(Tesur, y1)llx < e T8l x and [Jus|l 20,10y < D(E)|ly1 x-

Since the system (3.1) is time-invariant, continuing the above process leads to a sequence {u;}ien C
L?(0,Ty; U) such that

Iy (T u, )l x < e T |lysllx and [Juill 220,00y < D(k)l|yillx for any i €N,

where y; := y(Tk; wi—1,yi—1). This, together with (3.10), shows that

ly(Th; i, yi) | x < (€727 ol x < eI |[yg x for all i € N; (3.11)
[ uill L2010y < D(E) (e T) lyoll x < D(k)e™ > r[|yo||x for all i € N. (3.12)

Let
)= ZX[Z.TMM)T,C)(t)ui(t —iTy), teRT (3.13)

and
25(t) == Ply(t; 0, y0), 0(t) :=ePla(t), t € RT. (3.14)

Now, we show that 0, given in (3.14), satisfies the second inequality in (3.9). Indeed, by (3.12), (3.13)
and the second equality in (3.14), we find

oo

: . . D™

loll g0y < 3 PO sl 2o zew) < Dk Ze BTy | = = ol x
i=0

which leads to the second inequality in (3.9) with D(8) = %. (Here, we notice that k is uniquely

determined by /3, and thus the constant E)fﬂk depends only on £.)
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Finally, we show that o, given by (3.14), satisfies the first inequality in (3.9). To this end, several
observations are given in order. First, it follows from (3.14) that z5(t) = z5(¢; 0, yo) for any ¢ > 0. Then,
it follows by the equation satisfied by z3(;0,yo), (3.14) and (3.13) that when ¢ € [iT}, (i + 1)T%], with
i € N arbitrarily fixed,

|<Zﬁ (t7 ’Oa yO)a 50>X| = |<Zﬁ(t’ /lA)a yO)v 90>X71,D(A*)|

+ < ; Sp(t — s)Bi(s)ds, 90>

(Ss(t — 8)Bi(s), ) x_, .p(a-)ds

< [(Ss(t — iTk)25(iThs; 0, o), ¥) x -

X_1,D(A*)

< B(t— sz)S(t — sz)Zg (ZTk, v, yo X‘ +

-
< sup [IS@O))ecoe® 1z b, v0) | x el x
tG[O k
t
ePUFDT / (S(t - $)Bit(s), ) x_, par)ds
Ty
< sup IS ey Ty Ths @, yo)l| x|l x
te[0,T%]

for any ¢ € D(A"). (3.15)

) t—iTy
+ePUADT / (S(t —iTy — s)Bui(s), ©) x_, . p(a-)ds
0

Here, we used the fact S(t) = S(t) (t > 0) on X. Second, we get from (3.13) and the construction of
{y:i}ien that for each i € N, y(iTx; 0, yo) = y(Th; wi—1,yi—1). This, along with (3.11), leads to

Iy (iTh; @ y0) || x < e 2P T%|yol|x, when i e N. (3.16)

Third, it follows by (3.2) and (3.12) that for each t € [iTy, (i + 1)T] (with ¢ € N arbitrarily fixed) and
for each ¢ € D(A*),

t—iTy t—iT},
/ (S(t — Ty, — s)Buy(s), (,0>X717D(A*)d5 / (ui(s), B*S*(t —iTy — s)p)uds
0 0

< O(Ti)|uill 20,10 Il x < C(Ti)D(k)e P lyol| x [l x.  (3.17)

Since D(A*) is dense in X, it follows (3.15), (3.16) and (3.17) that

l25(t; 0, y0)lL2m+sx) < Z l25(:5 0, yo)ll L2 (i, (14 1) Tws ) < Tkz sup |26(t; 9, 90) I x
=0 i— OtG Ty, (i+1)Tk]
< TkeBTk < sup HS( HC(X +C Tk )Ze_BZT’“MoHX,
t€[0,Tk]

which leads to the first inequality in (3.9) with C(8) := TyePT (supseqo, ) 1Sl 2x) + C(Tk)D(k)) /(1 —
e~PTr). The reason why D(A*) is dense in X is that A* is the generator of the adjoint semigroup S(t)*
(t > 0) (see [34, Chapter 1, Corollary 10.6])).

Sub-step 4.2. We prove the desired complete stabilizability.

One can directly check that [A + SBI, B] still satisfies the assumptions (H;)-(Hs). Meanwhile, by
Sub-step 4.1, we have U d(yo) # 0 for each yo € X. Thus, by Lemma 3.6 (where (LQ), is replaced
by (LQ) yo), there is a unique solution vy to (LQ) ol @ self-adjoint and non-negative definite operator
P := P(8) € L(X); a Co-semigroup S5 (t) (+ > 0) on X, with the generator A% : D(A%) € X — X, such
that the following conclusions are true:

11



e1) It holds that P € £L(D(A%); D(A*)) and B*P € L(D(A%); U);
es) For any yo € D(A}), Abyo = (A+ BI — BB*P)yo;

es) Ifyo € D(A?D), then vy () = —B*PSg(t)yo for a.e. t > 0;

(
(
(
(e4) The semigroup Sg(t) (t > 0) is exponentially stable on X.

Let Kg := —B*P and ®g(t) := e‘Bth(t), t > 0. Then one can directly check that ®3(t) (t > 0)
is a Cp-semigroup on X generated by Ag := A?D — BI, with D(Ag) = D(Ag). Moreover, by (e1),
Ks € L(D(Ag);U).

Next, we will check that the above Kz and ®3(t) (¢ > 0) satisfy (a’)-(¢’) in Definition 3.2 one by one.
First, it follows from (ez) that Agyg = (A'fg—ﬁl)yo = (Z—BB*P)yO for any yo € D(Ag)(= D(Ag)), which
leads to (a’) in Definition 3.2. Second, we use (e4) to find C' := C(8) > 0 such that ||Sg(t)||L(X) < C for
all £ > 0. Thus we have

[@5(t)l| cox) = e PSRt cx) < Ce™, when t > 0,

which leads to (V') in Definition 3.2. Finally, we use (3.9) to find D(8) > 0 such that

Ioillooqeson < A7) = [, dof,  9%(0iw) < D)ol

This, together with (es), implies that when yo € D(Ag)(= D(A%)),

IK5®5()yoll 20y = | — e B*PSp(Yyoll r2ar,vy < vl 2@y < D(B)lyollx

which leads to (¢’) in Definition 3.2.
Now, since 8 > 0 was arbitrarily taken, the above checked (a’)-(¢’), along with Definition 3.2, yields
that the system (3.1) is completely stabilizable. O

The following proposition may have independent interest.
Propositon 3.9. Suppose that (E)—(ﬁg) hold. Then the following statements are equivalent:
(1) The set Uaa(yo) defined by (3.8) is nonempty for any yo € X.
(73) The system (3.1) is exponentially stabilizable (in the sense of (i) in Definition 3.2).
(iii) For any yo € X, V(yo) := infyep2@m+,v) J(u;90) < +o0, where J(u;yo) is given by (3.7).

Proof. First of all, it is well known that () < (idi).

We next prove (i) = (ii). Suppose (i) holds. Then it follows from Lemma 3.6 that for each yo € X, the
problem (LQ), (see (3.6)) has a unique solution uy , moreover there exists a self-adjoint and non-negative
operator P € £(X) and a Cy-semigroup Sp(t) (t > 0) on X, with its generator Ap : D(Ap) C X — X,
such that (7)-(év) in Lemma 3.6 are true. Let ®(¢) := Sp(t) (¢ > 0). (Its the generator is A := Ap.) Let
K := —B*P. Then by (i) in Lemma 3.6, we have K € L(D(A);U)(= L(D(Ap);U)).

Now we show that the above ®(t) and K satisfy the conditions (a), (b) and (¢) in Definition 3.2.
Indeed, (a) and (b) follow from (i7) and (iv) in Lemma 3.6, respectively. While the condition (¢) can
be deduced from our assumptions and (i7i) in Lemma 3.6. Indeed, by our assumptions and (¢i) in [15,
Theorem 2.2], there exists a constant C' > 0 such that

sl < ¢u€L;?§+;U) J(u;2) < Clle|x, when @ € X,

where J(u;x) is defined by (3.7) (with yo = ). Thus, by (¢i¢) in Lemma 3.6, we get (c). Hence (i) is
true.
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Finally, we show (i) = (¢). We suppose (i) holds, i.e., there exists a Cp-semigroup ®(¢) (¢ > 0) on
X, with its generator A : D(A) C X — X, and K € L(D(A);U) such that the conditions (a), (b) and (c)
are true. Let a > 0 be given in (b). By a very similar way used in Step 1 in the proof of Theorem 3.4, we
can find positive constants C(a) and D(«) such that (3.3) holds for the aforementioned «. Thus, there
exists Tp > 0 and 6 € (0,1) such that

I1S(To)*¢llx < D(e)|[B*S(To — ) @llL2(0,mo50) + Sllellx, when o € D(A").

This, together with Lemma 3.8, yields that the system (3.1) is cost-uniformly -null controllable at time
Ty > 0. Then, by the very similar way used in Sub-step 4.1 in the proof of Theorem 3.4 (or in the proof
of Lemma 31 in [39]), we can conclude that U,q(yo) # 0 for any yo € X, i.e., (i) is true. O
3.2 Periodic feedback stabilization

This subsection studies the periodic complete stabilization for the periodic system [A(-), B(-)], i.e.,
y'(t) = A(t)y(t) + B(t)u(t), t € RT, (3.18)
under the following hypotheses:

(I/{\l) For a.e. t € RT, A(t) := A+ D(t), where the operator A generates a Cy-semigroup S(t) (¢ > 0)
on X; the operator-valued function D(-) belongs to Li,.(R™; £(X)) and is T-periodic (T > 0), i.e.,
D(t+T) = D(t) for a.e. t € RT.

(I/{\g) The operator-valued function B(-) belongs to L>®(R*; £(U; X)) and is T-periodic, i.e., B(t + T) =
B(t) for a.e. t € RT.

By [45, Chapter 1, Proposition 1.2], we have what follows: First, A(-) generates a unique T-periodic
evolution ®(-,-) (ie., ®(t +T,s + T) = ®(¢,s) for all 0 < s < t) on X; Second, for each T-periodic
feedback operator K € L>®°(R™; L(X;U)) (i.e., K(T+t) = K(t) fora.e. t € RT), Ag(-) := A()+B()K(-)
generates a unique T-periodic evolution ® (-, -); Third, when v € L2(R*;U) and gy, € X,

t
y(t;u,y0) = ©(¢,0)yo +/ ®(t, s)Bu(s)ds and yx(t;y0) = Pk (t,0)yo for all t >0,
0

where y(-; u, yo) is the solution to (3.18) with the initial condition: y(0) = yo, while yx (-; z) is the solution
to the equation: y'(t) = [A(t) + B(t)K (¢)]y(t), t > 0; y(0) = yo.
To present of the main result of this subsection, we need the following definitions:

Definition 3.10. (i) The system (3.18) is said to be periodically stabilizable, if there exists C' > 0,
a > 0 and a T-periodic feedback operator K(-) € L®(RT;L(X;U)) such that | ®x(t,0)]z(x) <
Ce=t for all t > 0.

(i1) The system (8.18) is said to be periodically completely stabilizable, if for any o € RT, there exists
C := C(a) > 0 and a T-periodic feedback operator K(-) := K,(-) € L®(RT; L(X;U)) such that
@ (t,0)|lzx) < Ce* for all t > 0.

The main result of this subsection is as follows:
Theorem 3.11. Suppose that (I/{\l) and (I/{\g) are true. Then the following statements are equivalent:
(i) The system (3.18) is periodically completely stabilizable.

(i7) For any k € N, there exists n, € N and C(k) > 0 such that

12T, 0)*¥llx < CRIB()* @(niT, )Yl 2(0,um0) + e~ Fl¢llx for any ¢ € X.
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To prove Theorem 3.11, we need the next Lemma 3.12, which is quoted from [47, Theorem 1.1].

Lemma 3.12. Suppose that (I/-I\l) and (I/-I\g) hold. Let 1 > 0. Let ®"(-,-) be the T-periodic evolution
generated by A(-) + ul. Then the following statements are equivalent:

(i) The following system is periodically stabilizable:

y'(t) = (A(t) + ul)y(t) + B(t)u(t), t € RT. (3.19)
(#3) There exists 6 € (0,1), n € N and C(n) > 0 such that
[@*(nT,0)*p||x < C(n)||B(-)*®*(nT,-)* Y| r20,nm0) + 0l|¢||x for any 1 € X. (3.20)

Remark 3.13. Givenn € N and ¢ € X, we have that ®*(nT,t)*) = o, (t;1) for each t € [0,nT], where
©n(-3) is the solution to the equation: ¢} (t) = —(A+ pul)(t)*pn(t) t € [0,nT]; @n(nT) = . In [47,
Theorem 1.1], (3.20) is expressed in terms of on(-;1).

Now, we are in the position to prove Theorem 3.11.
The proof of Theorem 3.11. First of all, when > 0 and K(-) € L®°(R™"; L(X,U)) is T-periodic, we have
DH(t,s) = "I D(t,5) and BE(t,s) = DDy (t,5) forall 0 < s <t, (3.21)
where ®% (-, -) is the T-periodic evolution generated by A(-) + uI + B(-)K(-). We now organize the rest
of the proof in two steps.
Step 1. We show (i) = (i7).
Suppose (i) is true. Arbitrarily fix & € N. Then according to Definition 3.10, there exists Cy, > 0 and
a T-periodic feedback operator K (-) := Ky(-) € L®(RT; L(X;U)) such that [|[®x (¢,0)| z(x) < Cre~*+D?
for all + > 0, which, along with the second equality in (3.21), implies that ||® (¢, 0)[lz(x) < Cre™" for all
t > 0. This, along with Definition 3.10, leads to the periodic stabilizability of the system (3.19) (where
i = k). Then according to Lemma 3.12, there exists d; € (0,1), nx € N and C(k) > 0 such that
1@ (niT, 00"l x < CR)IB(Y (T, )l omry + el for amy v € X.
This, together with the first equality in (3.21), implies that
JO(uT, 0 llx < COle™ BO BT, Vbl 2o mery + Sre ™ Tl x
< COBO BT, ) bll20umyme + e T lx for any o € X,
which leads to (7).
Step 2. We show (ii) = (i).

Suppose that (i7) is true. Arbitrarily fix g > 0. We first show that the system (3.19) is periodically
stabilizable. To this end, we take k = [u] + 1, where [u] denotes the integer part of p. Then by (i7), we
can find n; € N and C(k) > 0 such that

[®(ns. T, 0)* ¢l x < CR)IBC)* R(niT, ) Y| 2(0mmy + ¥ [[¢llx for any ¢ € X.
Hence, by the first equality in (3.21) and the same way to prove (2.9), we have
[ (niT,0) ¢ x < C(k)[le* B(-)* @ (nxT; )" ¢ || L2(0.mpmv) + €~ FH™ || x

< C(k)e!™ T B(-) o (ny, T, ) | 20 mperirry + €~ FP™ ||| x for any 1 € X.

Since e~ (*=#mmT < 1 the above, along with Lemma 3.12, yields that the system (3.19) is periodically
stabilizable.

We next show that the system (3.19) is periodically completely stabilizable. Indeed, by the periodic
stabilizability of the system (3.19) and by (3.21), one can easily check that there is C' = C'(x) > 0 and
T-periodic K(-) € L>°(R*; L(X;U)) (which depends on ) so that [|[®x(t,0)]z(x) < Ce ™ for all t > 0.
Then, since pu > 0 was arbitrarily taken, we get, from Definition 3.10, the periodic complete stabilizability
of the system (3.19). O
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4 Applications

In this section, we present several examples of control systems, which are not null controllable, but can
be shown to be completely stabilizable, through verifying the weak observability inequalities in Theorem
1.1, as well as its extensions presented in Section 3. Besides, we give some sufficient conditions ensuring
the weak observability inequalities, from the perspective of the spectral projection. These conditions not
only are useful in the studies of our examples, but also have independent interest.

4.1 Conditions ensuring the weak observability

This subsection presents two theorems. One is about the setting in Section 1, while another is about the
setting in Subsection 3.1.

Theorem 4.1. Let A, with its domain D(A), generate a Cy-semigroup S(t) (¢t > 0) on X and B €
L(U;X). Let {Px}ren be a family of orthogonal projections on X. Suppose the following dissipative
inequality is satisfied:

(a) For each k € N, there exists My > 0 and «g > 0, with ap — +00 as k — 400, such that

(I — P)S(t) pllx < Mre | ¢||x for any t € RYand ¢ € X. (4.1)

Then the statement (i) in Theorem 1.1 holds when one of the following two conditions (by) and (bs) is
true:

(b1) For each k € N, there exists C, > 0 such that the following spectral inequality is true:

[ Prollx < Crl|B*Prollu for any ¢ € X; (4.2)

(ba) There exists Ty > 0 such that for each k € N, there exists C(k,Ty) > 0 such that the following
truncated observability inequality holds:

To
1PLS(To) ¢ll5 < C(k,TO)/ |1B*PS(t)*pllrdt for any ¢ € X. (4.3)
0

Proof. Since S(t) (t > 0) is a Cy-semigroup, there exists M > 1 and &y > 0 such that
[SE))lcex) < Me™ for all t € RT. (4.4)

Arbitrarily fix o > 0. Then fix k € N such that aj > a. (Such k exists, since ay, tends to +00.) We shall
prove statement (iii) in Theorem 1.1 by two cases.

We first consider the case when (by) is true. Arbitrarily fix T > 1 and ¢ € X. By (4.4) and the
Cauchy-Schwarz inequality, we find

1
M?2e2% (/ I1S(T — t)*gp||th>
0

2
IS(T)*¢ll%

| swrs- o Xs( / ||S(t)*||L(X)||S(T—t)*sﬁHth)

2

IN

1
§M26250/ |1S(T — t)* || %dt. (4.5)
0

Meanwhile, since Py is an orthogonal projection, it follows from (4.2) and (4.1) that for each ¢ € [0, T,
IS(T = 8)"¢l% = I1PLS(T = t)*ell% + (I = Pr)S(T = )" ell%

CRIB™PeS(T = t)"¢llf; + 1T — P)S(T — )" ll%
2C;|B*S(T = t)*¢llty + 2GR B*(I = Po)S(T = t)*¢llty + (I = P)S(T — t)"¢lI%

IAIA
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IN

2C3B"S(T )"l + [2C31Bll3w.x) + 1] 1T = PS(T - 0 ell%

A

< 2CHB*S(T — )¢l + [2C21BI3,x) + 1] MEe 2T} (46)
Next, integrating both sides of (4.6) for ¢ over (0,1), using (4.5), and noting that ay > «, we obtain
1
ISl < 20020262 [ BT — 07 gl e + MAMEE00+) (302 BIE ) + 1] € ol
0

which, along with the fact that T' > 1, leads to

IS(T)*¢llx < D(@)|B*S(T = ) ¢llr20,m0) + Cla)e™ T lllx, (4.7)

where

D() == V2MCre®, C(a):= MMk650+a\/[202||B||1:(UX +1).

Since k depends only on «, the statement (ié) in Theorem 1.1 follows from (4.7) in the current case.
We next consider the case where (b2) holds. Arbitrarily fix T > 2Ty. Then, there exists a natural
number N > 2 such that N7y <T < (N + 1)Ty. By (4.4), (4.3) and (4.1), we see that for each ¢ € X,

IS(T)¢lx = IS(T—NTo)* S(NTo) ¢k < M?e**™|S(NTo)"¢l%
= M2 (| PuS(To) SN — 1)To)*¢l% + I — Pr)S(NTo)"¢l1%)

To
< MPeTo (C(kaTo)/ |B*PeS((N = 1)Th + )l dt + ||(I—Pk)5(NTo)*90||§(>
0
NTy NTy
< 2MPePTC(k, Th) (/ IIB*S(t)*@HQUdtﬂL/ |B*(I — Pk)S(t)*<P||2Udt>
(N-1)Tp (N=1)Tp
+ M2 Mpe 2R NTo ||| %, (4.8)
Meanwhile, it follows from (4.1) that
NTy ) NTy
[ ira-rasarela < IBlRexME [ el
(N—-1)Tp (N=1)Tp
< Bl w.x) MiToe 2+ N =0T |15 (4.9)

Using (4.8) and (4.9), noting that ap > o and NTy <T < (N + 1)Tp, we get

IS(T)*¢ll% < D(a) / IB*S ()¢l dt + C(a)*e™T |||, (4.10)
where

D(a) := Me*™\/20(k, Ty), C(a):= MMjelPote)To \/QC(kz,TO)HB*H%(X;U)TOeMTU + 1.

Now, the statement (i7i) in Theorem 1.1 follows from (4.10) in the current case. O

Remark 4.2. (i) The Lebeau-Robbiano strateqy says in plain language that the null controllability can
be implied by a spectral inequality and a dissipative inequality. In this strategy, the following compatibility
condition on the decay rate in the dissipative inequality and the growth rate in the spectral inequality
is necessary: the former is greater than the latter (see e.g. [32, Theorem 2.2]). In the studies of the
exponential stabilizability, such compatibility condition is relaxed (see [18, Lemma 2.2]). Our Theorem 4.1,
together with Theorem 1.1, improves [18, Lemma 2.2] from two perspectives: First, it serves for the
complete stabilizability; Second, there is no any compatibility condition on the constants in (4.1) and (4.2).

16



(ii) When P S(-) = S(-) Py, the condition (by) implies condition (by). This can be checked directly.

(i1i) We borrowed the name “truncated observability inequality” from [7], where such kind of ob-
servability inequality is applied to construct an internal feedback control stabilizing the Navier-Stokes
equations.

To show the similar result to Theorem 4.1 in the setting where B is unbounded, we need the next
lemma.

Lemma 4.3. Suppose that [A, B] satisfies the following conditions:
(a) The operator A, with its domain D(A), generates an analytic semigroup S(t) (t > 0) on X.

(b) There exists v € (0, %) such that B € L(U; X_), where X_. is the completion of X with respect
to the norm ||z]|—y := ||(po — A)"7z||x, 2 € X (where py € p(A) NR is arbitrarily fived).

Then the following conclusions are true:

(i) The assumptions (Hy)-(Hs) in Section 8.1 hold for [A, B).

(i1) The operator (pol — A)Y has a unique extension (po?\—/A)”Y € L(X;X_.). Moreover, this extension
is invertible and ((pol — A)Y)"1B € L(U; X).
Proof. We organize the proof by two steps.
Step 1. We show the conclusion ().

First, (Hy) is clearly true.
Second, one can directly check that X_ is continuously embedded into X_;. Then by the condition

(b), we get B € L(U; X_1) which leads to (Hy).
We are now going to show (Hs). First of all, one can directly check the following two facts:

(f1) The operator (poI — A)” belongs to L(D((pol — A)7); X) (Here, the norm of D((pol — A)7) is as:

Izl D((por—a)n) = ll(pol — A)7z||x, z € D((pol — A)7).) and has a unique extension (pol — A)7 €
L(X;X_.) which is invertible (see [41, Chapter 2, Proposition 2.10.3]);

(f2) B e L(U;X_,) if and only if ((pOT\—_/A)"Y)ilB e L(U; X).

The above facts (f1) and (f2), together with D(A*) C D((pol — A*)7) and the analyticity of S(t) (t > 0)
(which means that S(t)*z € D(A*) for any x € X when t > 0), yield that for each ¢t > 0,

B*S(t)'a m(@d—ij_<mfi®fwww

o —1
B* ((pol — Ay ) (pol — A*)YS(t)*x for any z € X. (4.11)

Here, we notice that B* € L(D(A*);U) since B € L(U;X_4) is proved and X_; is the dual space of
D(A*) with respect to the pivot space X (see (d3) in Remark 3.1).

Meanwhile, we have the following observations: First, the analytic semigroup S(t)*e~?°! (¢t > 0)) is
generated by —pol + A*; Second, since pg € p(A) N R, we have 0 € p(pol — A*) (see [34, Chapter 1,
Lemma 10.2]). From these observations, we can use [34, Chapter 2, Theorem 6.13] to find C'(y) > 0 such
that

[(poI — A*)YS(E)*lzx) < C(y)e”t™7 for all ¢ > 0. (4.12)

Now, it follows by (4.12) and (4.11) that, when 7" > 0 and = € X,

a2 Nl o L . « 112
| sl = [ (oo = ay") ot - arysral)a
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— T

*\ —112 1
* _ o 2 2poT - 2 < 2
BT =27 7| g COPT [ gratlalfc < Tl

2

— *k\ —1
where C(T,7) := HB* ((pOI — A)v ) H C(v)2e?oTL— Tl ' This leads to (Hs) obviously.

L(X3U)
Step 2. The conclusion (ii) follows from the above (f1) and (fg) at once. O

Theorem 4.4. Assume that the conditions (a) and (b) in Lemma 4.3 hold. Suppose that there is a family
of orthogonal projections { Py }ren on X satisfying the commutative condition:

PeS() = S() P (4.13)
the dissipative condition (a) in Theorem 4.1; and the following observability condition:

(by) there exists Ty > 0 such that for each k € N, there is C(k,Tp) > 0 such that
To
1P:S(To) " pll% < C(vao)/ |B*PeS(8) lltrdt for any ¢ € D(A”). (4.14)
0

Then the statement (iii) in Theorem 3.4 is true.

Proof. Let Ty and C(k,Tp) be given in (b}). Let My, and «y be given in (a) of Theorem 4.1. Let M and
dp be given by (4.4) which clearly holds in the current case. Arbitrarily fix & > 0 and T > 27T,. Then,
there is a natural number N with N > 2 such that NTy < T < (N + 1)Tp.

By Lemma 4.3, (4.13) and (4.14), and by the same way as that used in the proof of (4.8) (in the proof
of Theorem 4.1), we can easily get

NT, NT,

ISTYelk < 2M2T0k,Ty) ( /(

N—1)To

5@ el de+ [

- ||B*S<t>*<fpk>so|?]dt>

+M2e2%0To Nf2e=20xNTo || )13, for any ¢ € D(A¥). (4.15)

(Notice that it follows by (4.13) and the property of Cy-semigroup that P, A* = A* Py, in D(A*) for each
k € N, which implies that if ¢ € D(A*) then Pyp € D(A*).) At the same time, we clearly have (4.11)
and (4.12). These, along with (4.1) and the conclusion (i7) in Lemma 4.3, yield

NTy 9
/ IB=S(0)* (I — Po)gll% di
(N=1)To

- /( (oI = A7) BY (ool — AY'S(To)*S(t — To)* (I = Pt

N—1)Tp
L. [(N=DTo )
< (T = A Bl COPE T [ (= RS el
(N=2)Tp
, (N—1)To
< (T = A Bl COPEM DT [ e ol
(N—-2)Ty

IN

1((po = A)) 7 B2 x) C )2 T T = MEe 2N DT |2 for any o € D(A%)(4.16)
Now, by (4.15) and (4.16), using the facts a, > o and NTy < T < (N + 1)Tp, we obtain

T
IS(T) ¢ll% < D(Q)Q/ 1B*S () ¢l dt + Cla)*e™ ||| for any o € D(A"),
0

where D(a) := Me®T0,/2C(k, Ty) and

C(a) == M MyePot)To \/2C(k To)ll((pol — A)Y ) LB 5 C (1) 220t 200 To T =27 11,

This leads to the statement (iéi) in Theorem 3.4. O
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4.2 Examples

This subsection presents several concrete controlled equations which are not null controllable but can be
checked to be completely stabilizable, via the weak observability inequalities. The first two examples are
under the framework in Section 1, the third example is under the framework in Subsection 3.1, while the
last example is under the framework in Subsection 3.2.

Example 1. (Fractional heat equations in R™.) Let ¢ > 0 and s € (0,1). Let E be a thick set in
R™ such that E C B°(Z, R) for some Z € R™ and R > 0 (where B°(Z, R) denotes the complementary set
of the closed ball centered at & € R™ and of radius R). Here, by E being a thick set in R™, we mean that
there is v > 0 and L > 0 such that

|[ENQr(z)| > ~L" for each z € R™,
where Q1 (z) is the closed cube in R™ (centered at a and of side-length L) and |E N Qr(z)| denotes the

Lebesgue measure of ENQr(x). We consider the controlled equation:

{aty(t,x) + (=A)sy(t, @) — ey(t, x) = xp(r)ult,z), in R xR, (4.17)

y(0,-) € L*(R™).

is

Wl

Here, x is the characteristic function of E, u € L?(R*; L?(R™)) and the fractional Laplacian (—A)
defined by

(=28)2p = F 1 ([E]"F(p)), »eCR™),
where and throughout this example, we use F and F~! to denote the Fourier transform and its inverse

respectively.
For the system (4.17), we have the following conclusions:

e The equation (4.17) can be put into our framework (in Section 1) in the following manner: Let
X =U = L2R") and A := —(—=A)3 + ¢, with D(A) = H*(R"). Let B : L3(R") — L2(R") be
defined by Bv := ypv for each v € L?(R"™). It is well known that A generates a Cp-semigroup
{S(t)}+>0 on X. One can directly check that B € L(U; X).

e The equation (4.17) with the null control is unstable (see [18, (1.6), as well as the note (dy)]).
(

e Since E C B¢(z, R), it follows by [20, Theorem 1.3 and its generalization in Section 4.3] that the
equation (4.17) is not null controllable.

e The equation (4.17) is completely stabilizable. (See Theorem 4.5 below).

The next Theorem 4.5 may have independent interest.

Theorem 4.5. Let E be a measurable subset of R". Then the equation (4.17) (where E is replaced by
E) is completely stabilizable if and only if E is a thick set.

Remark 4.6. Theorem 4.5 extends [18, Theorem 1.1], which shows that the equation (4.17) (where E is
replaced by F) is stabilizable if and only if E is a thick set.

The proof of Theorem 4.5. We first show the only if part. Suppose that the equation (4.17) (where E
is replaced by E’) is completely stabilizable, then it is stabilizable. Thus it follows by [18, Theorem 1.1]
that E is a thick set.

We next show the if part. Assume that E is a thick set. We will use Theorem 4.1 to show the
statement (4i7) of Theorem 1.1 in the following manner: Define, for each & € N, the linear operator on
L*(R") by

Pep = F " (Xqeermel—e<iy F(9)) , @ € L*(R™).

By the Plancherel theorem, one can easily check that {Pj}ren are bounded and self-adjoint.
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Firstly, we show that {Py}ren are orthogonal projections. To this aim, we first prove { Py }ren are
projections. It is suffices to prove that Py (I — Py) = 0 for each k € N. Indeed, for any ,1 € L2(R"), by
the Plancherel theorem and the fact { Py }ren are self-adjoint, we have that, for each k € N,

(Pe(I = Pr)o,¥)r2mny = (I — Pr)p, Potp)p2mny = (F(@) — F(Prp), F(Prth)) L2wn)
= (X{eerri|e|s—c>k}F (©)s X{eerm:|e|s—c<k}F (V) L2 (mn) = 0.

This, together with the arbitrariness of ¢, v, means that P(I — Py) = 0 for each k € N. Thus, { Py }ren
are projections. We next show { Py }ren are orthogonal. Indeed, since { Py }ren are projections and self-
adjoint, we have that, for each k € N, Range(Py) L Range(I — Py). Because of Py being projection, it is
clear that Range(I — Py) = Ker(P) for each k € N. (Indeed, if f € Ker(Fy), then f = P.f+ (I — Py)f =
(I—Py)f. Thus, f € Range(I — Py) and then Ker(Py) C Range(I — Py). Conversely, if f € Range(I — Fy),
i.e., there exists a g € L?(R") such that f = (I — Py)g, then, by the fact P.(I — P;) = 0, we have
P.f = P,(I — Py)g = 0, ie., f € Ker(P;). Thus, Range(I — P;) C Ker(FP;). In summary, we can
conclude that Range(I — Py;) = Ker(Fy).) Therefore, Range(Py) L Ker(Py) for each k € N, i.e., {Pi}ren
are orthogonal.

Secondly, by [18, Lemma 3.1 and the inequality (4.1)], there exists a C' > 0 such that, for each k € N,

1
HP]C(PHLZ(]Rn) S GCkS ||B*Pk<PHL2(]R") for any o S L2(Rn);

(I = PO)SE @l 2@y < e ™[ @ll 2@ for all ¢ € R and o € LA(R™).

The above two inequalities clearly imply the conditions (b1) and (a) in Theorem 4.1 respectively. Then,
by Theorem 4.1, we have (i4i) of Theorem 1.1.

Finally, by Theorem 1.1, we see that the equation (4.17) (where E is replaced by E) is completely
stabilizable. O

Exzample 2. (Heat equation with Hermite operator in R™.) Let ¢ > n and let E be a subset of
positive measure in a half-space of R"™. We consider the equation:

{%@,z) = By(ta) + [ePy(ta) - ey(t,e) = xe(@u(ta), in RY xR", (4.18)

y(0,-) = yo(-) € L*(R™),

where u € L*(RT; L?(R")).
For the equation (4.18), we have the following conclusions:

e The equation (4.18) can be put into the framework in Section 1 by the following manner: Let
X =U:=L*R") and A := A — |z|* + ¢, with D(A) = {f € L>(R") : —Af +|z|*f € L2(R™)}. Let
B : L?(R") — L%(R") be defined in the same way as that used in Example 1. Then A generates a
Co-semigroup {S(¢)}i>0 on X (see [38]) and B € L(U; X).

e The equation (4.18) with the null control is unstable (see [18, (1.7), as well as the note (e1)]).
e It follows by [33, Theorem 1.10] that the equation (4.18) is not null controllable.

e The equation (4.18) is completely stabilizable. (See Theorem 4.7 below.)

The next Theorem 4.7 may have independent interest.

Theorem 4.7. Let E be a measurable subset in a half-space of R"™. Then the equation (4.18) (where E
is replaced by F) is completely stabilizable if and only if E has a positive measure.

Remark 4.8. Theorem 4.7 extends [18, Theorem 1.2], which shows that the equation (4.18) (where E is
replaced by E) is stabilizable if and only if E has a positive measure.

20



The proof of Theorem 4.7. We first show the only if part. Suppose that the equation (4.18) (where E is
replaced by E’) is completely stabilizable, then it is stabilizable. Thus, it follows by [18, Theorem 1.2]
that E has a positive measure.

We next show the if part. Assume that F has a positive measure. We will use Theorem 4.1 to show
the statement (iii) of Theorem 1.1. Indeed, according to [38], the operator Ag := —A + |z|? has discrete
spectrum set o(Ag) = {2k 4+ n, k € N}. For each k € N, we let 7, be the orthogonal projection onto the
linear space spanned by the eigenfunctions of Ay associated with the eigenvalue 2k + n. We then define
the orthogonal projection Py on L?(R™) by

Pry = Z mip, ¢ € R™
0<j<(k+ec—n)/2
By [18, Lemma 3.2 and inequality (4.17)], there exists a C' > 0 such that, for each k € N,
HPkSD”L?(]R”’) S egklnkJerHB*PngHLz(Rn) for any ¢ < LQ(RH);

(I = PO)SE* @l 2@y < e [ @ll 2@ for all ¢ € R and o € LA(R™).

The above two inequalities imply the conditions (b1) and (a) (with ay = k) in Theorem 4.1 respectively.
Then, by Theorem 4.1, we have (iii) of Theorem 1.1. Finally, by Theorem 1.1, we find that the equation
(4.18) (where E is replaced by E) is completely stabilizable. O

Exzample 3. (Point-wise control of 1-D heat equation.) Consider the point-wise controlled 1-D
heat equation:
Y (t, ) — Yoo (t, ) — cy(t,z) = 6(x — wo)u(t), in RT x (0,1),

y(t,0) =y(t, 1) =0, in R, (4.19)
y(0,7) = yo(x) € L2(0,1), in (0,1).
Here, ¢ > 72, §(- — x¢) is the usual Dirac function, while zo € (0,1) is given in the following manner:
First of all, given z € R, we let ||z|| := inf, ez |x—n| and write [z] for the integer so that x—1 < [z] < x.
We next construct a continued fraction [ay,as,- - -] by setting

a; = 2;‘]0 :anl = 13
and defining successively gy, an,n > 2 as
qS
Qnt1 = nGn + qu-1, A1 = €] +1, n>1 (4.20)

(About the definition of continued fractions, we refer readers to [9, Chapter 1].) According to [9, Chapter
1, Theorem IT and Theorem III], there is an one-to-one correspondence between continued fractions and
real numbers in (0,1). We now let 2o be the real number corresponding to the above [ay, ag, - -] (for the
construction of xy, one can refer to the proof of [9, Chapter 1, Theorem III]). It is clear that z( is an
irrational number since the sequence {ay, }ney is infinite.

For the equation (4.19) when 1z is chosen as above, we have the following conclusions:

e The equation (4.19) can be put into the framework in Section 3.1. (See the proof of Theorem 4.9
below.)

e The equation (4.19) with the null control is unstable, since ¢ > 72,

e The equation (4.19) is not null controllable in any time interval. To see this, we first notice that the
eigenvalues of operator —(92 + ¢) with domain H}(0,1) N H?(0,1) are A, := (nm)? — ¢ (n € N); the
corresponding normalized eigenfunctions are ¢, (x) := /2sin(n7rz), x € (0,1) (n € N). We next
have from [14] and [9, (15) in Chapter 1] that

1
|pn(20)| = [V2sin(nrzo)| < V2r|nzoll; |lgnzol < p for all n € N. (4.21)

n+
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We then arbitrarily fix 7' > 0 and consider the series > | %. By (4.20), we see that

Ay, = mq2 and g, — +00, as n — +oo. These, along with the definition of a,,, yield that there is
N := N(T) > 0 so that when n > N, exp(—Ay,T) > 1/a,, which, together with (4.21) and the
first equation in (4.20), implies

(A, T) o 1 nir o n

(00, @)~ an V21 T V2r

Since g, — 400, as n — 400, it follows from (4.22) that the series

for all n > N. (4.22)

oo exp(=Xg, T)
=1 "Tog o) it
Thus, we can use [14, Theorem 1] to see that the equation (4.19) is not null controllable over [0, T

is divergent.

for any T < T. Since T' > 0 was arbitrarily taken, the equation (4.19) is not null controllable in
any time interval.

e The equation (4.19) is completely stabilizable. (See Theorem 4.9 below.)
The next Theorem 4.9 may have independent interest.

Theorem 4.9. Let &g € (0,1). Then the equation (4.19) (where xo is replaced by Zo) is completely
stabilizable if and only if To is irrational.

Proof. We organize the proof in several steps.

Step 1. We put the equation (4.19) (where xqg is replaced by &) into the framework in Section 3.1.
Let X := L?*(0,1) and U := R. Let

Ay = (02 +¢c)y, y€ D(A) = Hy(0,1) N H?*(0,1); Bu=6(- —&0)u, ueU.

First, we will prove that the above [A, B] satisfies the assumptions (a) and (b) in Lemma 4.3. For this
purpose, we arbitrarily fix pg > ¢. The assumption (a) can be checked easily. Indeed, one can directly
check that pg € p(A) NR and the operator A, with its domain D(A), generates an analytic semigroup
S(t) (t > 0) on X. From these, it follows that (a) in Lemma 4.3 is true. To show (b), we notice the
following facts:

e Fact One. H;(0,1) C C[0,1] continuously for each v > 1/4. (See [29, Chapterl, Theorem 9.8].)

e Fact Two. D((poI — A)Y) = HZ"(0,1) for each 1/4 < v < 3/4, where the norm of D((pol — A)?) is
as: ||zl p((por—a)7) = l(pol — A)72|[x, 2 € D((pol — A)7). (See [29, Chapter 1, Definition 2.1 and
Theorem 11.6].)

e Fact Three. B € L(U;[C[0,1]]’). (This can be directly checked.)

o Fact Four. [D((pol — A)")) = X_, for each v > 0, where [D((pol — A)")]’ is the dual space with
the pivot space X (= L*(0,1)) and X_., is defined in (b) of Lemma 4.3. (This follows from [41,
Chapter 2, Section 2.9] or [29, Chapter 1, Theorem 6.2 and Theorem 12.2].)

From these facts, we obtain that B € £L(U;X_,) for each 1/4 < v < 3/4, which leads to (b) in Lemma
4.3. In summary, the assumptions (a) and (b) in Lemma 4.3 hold for the above [A, B].

Next, we can use Lemma 4.3 to see that the assumptions (E)-(E) in Section 3.1 are satisfied by
[A, B] in the current case. Consequently, the equation (4.19) has been put into the framework in Section
3.1 by the above way.

Step 2. We prove the sufficiency.

Assume that Z( is irrational. Then we have

On(Zo) #0 for all n €N, (4.23)
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Here ¢, is the normalized eigenfunctions defined above (4.21). We will verify that all the assumptions in
Theorem 4.4 are true for the current case. When this is done, we can apply Theorem 4.4 to get (iii) in
Theorem 3.4, and then use Theorem 3.4 to see that the equation (4.19) is completely stabilizable.

To this end, we first recall that the assumptions (a) and (b) in Lemma 4.3 have been checked in Step
1. We then define, for each k£ € N,

k

Prp = Z<<P, di)xdi, € X.

=1

It is clear that, for each k € N, Py, is the orthogonal projections of X onto the linear span Sy, := span{¢; :
i=1,2,...,k}, and P,S(-) = S(-)P;. From these, we see that the assumption (4.13) in Theorem 4.4
holds. Next, since S(t)*¢, = e !¢, for all n € N and ¢ € R*, one can directly check that for each
k e NT,
(I — Pp)S(t)*dllx < e *p|lx forall € X, t€RT.

This, together with the definition of Ay, implies that the dissipative condition (@) in Theorem 4.1. We
finally show the assumption (b5) in Theorem 4.4. For this purpose, we arbitrarily fix 7y > 0. Define,
for each k € N, the function py(t) := e~ t € (0,7y). Let E(n,Tp), with n € N, be the subspace (in
L*(0,Tp)), spanned by the functions {pi}ren (n}- Let dy be the distance of p, to E(n,Tp) in L*(0,Tp).
Then there are K > 0 and € > 0 which are independent of n such that (see [16, Theorem 1.1])

dn, > K exp(—e)\,) for all n€N.

Thus, it follows by (4.23) that when k € N and ¢ = 3.7 a,¢, € D(A*),

To To 2
J L O i e ORI SR M EN) 8

1<n<hini v

Ty B A )
= Pl [ e Y Sl oy,
0 PR L L)) U
> aj’|;(20)|*d; for all j € {1,2,... k}.
This, together with (4.23), gives
2 1 o 2
aj SiA/ B*P,S*(s)p||ids for all j € {1,2,...,k}.
| ]| d§|¢j($0)|2 0 H ( HU { }
From the above, we see that when k£ € N,
2 - 2 o\ g e 2T o 2
||PkS(TO)*90||X = Z|Gj| e “t0 < Z W / HB*P]CS(S)*(,DHUCZS for all p e D(A*)
j=1 j=1 \ "7 1%73\*0 0

This leads to the condition (b%) (in Theorem 4.4) with C'(k,Tp) := Z?Zl (dfel%z;?)’lz)

Hence, all assumptions in Theorem 4.4 are satisfied for the current case.
Step 2. We prove the necessity.

By contradiction, we suppose that (4.19) (where ¢ is replaced by &) is completely stabilizable, but
Zo is a rational number. Then there is ny € N such that ¢, (o) = 0. Write o(x) := ¢p,(2), € (0,1).
Arbitrarily fix T > 0. Then we have that ||¢||x = 1;

IS(T)*ollx = le 0T gy ||xx = e 0T
1/2

T
IB*S(T —t)"ell20,m0) = (/ |e/\n0t¢no(i‘0)|2dt> =0. (4.24)
0
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Since the equation (4.19) (where zg is replaced by Zg) is completely stabilizable, we obtain from (i) of
Theorem 3.4 (see (1.3)) and (4.24) that for each o > 0, there exists C'(«) > 0, which is independent on
T, such that

e Mol < C(a)e_o‘T for all T > 0,
which is equivalent to
Cla) > e 2)T for all T > 0. (4.25)

However, if we take a« = \,,, 4+ 1, then there is no C'(«) > 0 so that (4.25) is true, because the right hand
side tends to +o0o0 as T tends to infinity. This leads to a contradiction. Thus, Zy must be irrational. [

Ezample 4. (A periodic controlled system.) Let X = U := [? and T := 1. Define a sequence

OO

{Tn}nen in the manner: 7, := é > ag, where a, := e " and a = > ag. (It is clear that o € (0,1)
k=n-+1 k=1

and 7, € (0,1) for each n € N). Let

A= 7diag{17 25 ey Ty e }, B(t> = dlag {X(n,Tu)({t})a IR X(Tn,,7n71)({t})7 o } , te (0,+OO),

where {t} denotes the fractional part of ¢, i.e., {t} =t — [t], where [¢] is the integer so that t —1 < [t] < t.
Consider the following 1-periodic system:

Y1 Y1 U1
Y2 Y2 U
d d : : .
o =5 lm=al i loBo| o, (4.26)

where u = (u1,ug,---)" is taken from L?(R*;[?). For the equation (4.26), we have the conclusions:
e One can directly check that the equation (4.26) can be put into the framework in Subsection 3.2.
e The equation (4.26) is not null controllable (see Theorem 4.10 given later).
e The equation (4.26) is periodically completely stabilizable (see Theorem 4.10 given later).
Theorem 4.10. The system (4.26) is not null controllable but completely stabilizable.

Proof. We organize the proof in two steps.
Step 1. We show that (4.26) is not null controllable.

We only need to prove the following Statement A: For each m € N, the system (4.26) is not null
controllable over [0, m]. To this end, we arbitrarily fix m € N. Write ¢, (+; %) for the solution to the dual
system:

Pm,1 1 Pm,1
¥m,2 2 ¥Pm,2
d L d
- ¥Pm = 7 t) = ta t ) )
4 iy 2 4 () ), 1< 0,m]
Pm,n n Pm,n
@m(m):w:(djlana”')T'
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Because of the equivalence between the controllability and the observability, (4.26) is not null controllable
over [0,m] if and only if for any C' > 1, there is ¥ € [? so that

lm (0;9)1x > ClIB*()em (59l L2 0,mi0) - (4.27)

To show (4.27), we arbitrarily fix C' > 1. Take n = n(C) € N such that

2
n2m+\/m2+21n0+ln—. (4.28)
a

Then we take ¢ = (11,9, --)" € 1% with v, = 1 and 14, = 0, when k # n. By a direct calculation, we
find that ||¢.,(0;¢)] = e™™ and that

2
* . 2 _ et —2nT —2nk e " 2 —n?
1B (-)om (5 0 T200,mi0) = /Tn dr Z < al—e) “a® -
These, together with (4.28), leads to (4.27). Therefore, the system (4.26) is not null controllable.
Step 2. We show that (4.26) is completely stabilizable.

It is sufficient to prove (ii) of Theorem 3.11. To this end, we arbitrarily fix k € N. Let ny = 1 and
C(k) = ae* /2. Then we have that for each ¢ = (1,19, --)7 € I2,

(o) k oo k
ll1(0 HX—Ze-% + Y eTpR <y el e YT w2 <> el 4 e Ky
n=k+1 n=1 n=k+1 n=1

k
* —2nT an _ n
1B 039200y = Z / > ) ety
Tn n=1

These, along with the fact that C'(k)%a,, = ek’ an > 1 when 1 < n <k, yield

le1(0s9)llx < CRIIB* (Vo1 (391200 + e F[[Wllx for any ¢ € X,

which, along with Remark 3.13, leads to the statement (#i) of Theorem 3.11. Then it follows from
Theorem 3.11 that the system (4.26) is periodically completely stabilizable. O
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