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Stationary Markov Nash equilibria for nonzero-sum constrained
ARAT Markov games

Francois Dufour* Tomsés Prieto-Rumeau’

Abstract

We consider a nonzero-sum Markov game on an abstract measurable state space with com-
pact metric action spaces. The goal of each player is to maximize his respective discounted
payoff function under the condition that some constraints on a discounted payoff are satisfied.
We are interested in the existence of a Nash or noncooperative equilibrium. Under suitable
conditions, which include absolute continuity of the transitions with respect to some reference
probability measure, additivity of the payoffs and the transition probabilities (ARAT condition),
and continuity in action of the payoff functions and the density function of the transitions of the
system, we establish the existence of a constrained stationary Markov Nash equilibrium, that is,
the existence of stationary Markov strategies for each of the players yielding an optimal profile
within the class of all history-dependent profiles.
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1 Introduction

Nonzero-sum stochastic games are nowadays a largely developed and yet very active field of re-
search. It started in the 1950’s with the pioneering work of J. Nash and it has developed in many
directions. It is impossible to give a complete overview here, though we refer the reader to the
recent comprehensive survey [16] and the citations therein. The existence of stationary equilibria
is a central problem in the theory nonzero-sum stochastic games, and it can be traced back to [13].

Results on the existence of stationary equilibria have then been obtained for different families of
games. We can mention [13, 21, 24] for ARAT (Additive Reward and Additive Transition) games,
[25] for games with finite action spaces and state independent transition kernel, [20] for stationary
correlated equilibria (see [9] for related results), [10] for noisy stochastic games, [22] for a class
of games where the transition probability measure is a convex combination of a finite number of
probability measures and where the coefficients depend on the state and actions variables, and
[11] for a family of games satisfying a general condition called “decomposable coarser transition
kernels”.

For the particular case of discounted stochastic ARAT games, its analysis goes back to the 1970s
and 1980s with results on the existence of stationary equilibria under the assumption that the state
space is Borel and the action spaces are finite [13, 24]. These first results were then generalized in
[21] in several directions by considering an ARAT game with general measurable state space and
compact action spaces, showing the existence of nonrandomized stationary e-equilibria assuming
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that the initial distribution is nonatomic. In [15], the authors assume that the state space is
Borel, the action space is finite, and also that the transition probability distribution is absolutely
continuous with respect to a nonatomic probability measure, and then show the existence of pure
Nash equilibria in the class of stationary almost Markov strategies. Other type of criteria are
analyzed in [18, 29] for ARAT stochastic games. More specifically, the expected total cost criterion
is studied in [18], while the authors focus on the limiting average criterion in [29].

In the aforementioned references on unconstrained games, the usual technique is to reduce the
infinite horizon discounted game to a one-shot game with some terminal payoff function v. Each
player addresses his associated control problem (with terminal payoff v) by solving the correspond-
ing dynamic programming equation. The main idea is to obtain a terminal payoff function v*
satisfying a suitable fixed point property (related to fixed point theorems for correspondences).
Nash equilibria for the players are then obtained from this terminal payoff function v*. To use such
fixed point results, a convezification step is needed and a final de-convexification step becomes also
necessary in order to get back to the original problem. This important procedure, obtained in [20],
is a key point to prove the existence of stationary equilibria for different types of games or different
notions of equilibrium (see [23] for examples arising from economic theory or [20] for stationary
equilibria with public randomization). Finally, [11] gives a general de-convexification procedure
based on the already mentioned notion of a decomposable coarser transition kernel.

A natural extension of the unconstrained game models described above is to impose constraints
on the players. More precisely, each player has a constraint function and he has to maximize his
own discounted payoff under the condition that the expected discounted payoff associated to the
constraint function is above some given level. A Nash equilibrium consists of policies of the players
such that the constraints of each player are satisfied and, in addition, no player improves his payoff
when unilaterally varying his strategy while still satisfying his own constraint. Constrained games
are, by far, less developed than the unconstrained counterpart.

In the reference [3], the authors study a constrained game with finite state and actions spaces.
In the same vein as for constrained Markov decision processes, the approach developed in [3] con-
sists in considering the family of occupation measures of the state-action process of each player.
From these occupation measures, the corresponding policies of the players are identified by disin-
tegration. Then, when fixing the policies of the remaining players, each player finds his optimal
constrained response by solving a linear programming problem stated in, again, the family of oc-
cupation measures. In this way, a correspondence on the family of occupation measures is defined,
and any fixed point of this correspondence yields a constrained Nash equilibrium. In [4], these re-
sults are generalized to a game model with countable state space and compact action spaces which
is, roughly speaking, “nearly finite” in each transition of the dynamic system [4, Assumption 3.4].
Additional results have been obtained in, e.g., [2, 28], where the authors consider a finite state
and action game model with independent state and action dynamics, in which interaction between
players occurs only on the payoff functions.

In this paper, we will consider a constrained nonzero-sum stochastic game with ARAT struc-
ture under the discounted payoff criterion. The state space is an abstract measurable space, the
action spaces of the players are compact metric spaces, the payoff and constraint functions are
bounded Carathéodory (i.e., measurable in state, continuous in action) functions. It is important
to emphasize that the results presented in [3] cannot be generalized to the general state space case.
Indeed, compared to [3], dealing with constraints and extending the state space from a finite or
countable space to a general measurable (not even metric) space entails serious technical difficulties
and it is —we believe— far from being straightforward. To work in such a general context, one
needs to introduce additional hypotheses including continuity type assumptions of the transition



kernel and the ARAT separability condition similar to those used in [21] for unconstrained games.
In particular, the ARAT condition is used to uniquely identify a Markov policy of a player starting
from a state-action occupation measure and to characterize the corresponding payoffs. We use the
weak-strong topology for the space of occupation measures, which is compatible with the so-called
narrow topology (also known as the stable topology) of Young measures, and the latter will be used
for the spaces of Markov policies of the players. In this fairly general setting, we will be able to
establish the existence of a constrained Nash equilibrium —consisting of stationary Markov policies
of the players— within the class of all history-dependent policies of the players. Finally, it is worth
mentioning that the existence of a stationary Markov equilibrium is an important and difficult issue
in the literature on stochastic games. In support of this, we can cite A. Nowak who wrote in [19]:
This question is highly nontrivial and not as yet completely resolved. As emphasized in [11], this
issue still remains an important problem. One aspect of our contribution is to show that this type
of existence result holds for a class of constrained stochastic games with general state space.

The rest of the paper is organized as follows. In Section 2 we define the constrained game model
and state our assumptions. We introduce the occupation measures of the players in Section 3 and
we also state some preliminary results. Finally, the existence of constrained Nash equilibria is
addressed in Section 4. We note that we deal here with the two-player game so as to handle a
simpler notation. Our results can be easily generalized to an m-player model.

2 Model and assumptions

2.1 Notation and preliminary results

On a measurable space (€2, F) we will consider the set of finite signed measures M(), the set of
finite nonnegative measures M™ (), and the set of probability measures P(£2). On P(€2), the s-
topology is the coarsest topology that makes p +— (D) continuous for every D € F. For A € P(Q),
let us consider the set P, (£2) of probability measures  on €2 which are absolutely continuous with
respect to A; in symbols, 7 < A. The set P§(€2) consists of all probability measures  on € which
are equivalent to A, that is: n < A and A < n, written n ~ A.

For a product of measurable spaces we will always consider the product o-algebra. Let (€2, F)
and (Q', F') be two measurable spaces. A kernel on €2’ given €2 is a mapping Q : & x F' — RT
such that w — Q(B|w) is measurable on (£2, F) for every B € F', and B — Q(B|w) is in M™ (/)
for every w € Q. If Q(|w) =1 for all w € Q then we say that @ is a stochastic kernel and if
Q(|w) <1 for all w € © then we say that Q is a substochastic kernel. Let @ be a kernel on €/
given © and let f be a bounded measurable function f : ' — R. We will denote by Qf : @ — R
the measurable function

Qf(w) = o f(2)Q(dz|lw) for w € Q.

If @ is a stochastic (or substochastic) kernel on €' given Q and p € P(Q2), we denote by u@ the
probability measure (or finite measure) on (', ') given by

B~ uQ (B /QB|w p(dw) for B € F'.

We will also write uQ (dw’) fQ Q(dw'|w)p(dw). In addition, we define p ® @ as the probability
measure (or finite measure) on the product space (2 x @', F ® F') given by

(L®Q)AxB)= /AQ(B\w)M(dw) for (A,B) € F x F'.

3



We will write (p ® Q)(dw, dw') = Q(dw'|w)p(dw). Given u € M(2 x €'), the marginal measures
are uft € M(Q) and pf € M(Y) defined by p?(-) = pu(- x Q') and p () = u(Q x ).

Throughout this paper, any metric space S will be endowed with its Borel o-algebra 25(S).
Also, when considering the product of a finite family of metric spaces, we will consider the product
topology (which makes the product again a metric space). We say that f: Q x S — S’, where S’
is a metric space, is a Carathéodory function if f(-,s) is measurable on €2 for every s € S and
f(w,-) is continuous on S for every w € 2. The family of the so-defined Carathéodory functions is
denoted by Car(€2 x S,S’). The family of Carathéodory functions which, in addition, are bounded
is denoted by Cary(€2 x S, S’). When the metric space S is separable then any f € Car(2 x S,S’)
is a jointly measurable function on (2 x S, F ® B(S)); see [1, Lemma 4.51].

If S is a Polish space (a complete and separable metric space), on M(Q x S) we will consider
the ws-topology (weak-strong topology) which is the coarsest topology for which the mappings

pos [ fws)u(dw, ds)
QxS
for f € Cary(2 x S,R) are continuous. There are other equivalent definitions for this topology as
discussed, for instance, in [7, 14, 27]. Note that P(£2 x S) is a closed subset of M(2 x S). It
is clear that convergence in the ws-topology in P(£2 x S) implies convergence of the Q-marginal
probability measures in the s-topology.
Inequality > in RP means a componentwise inequality >, while the inequality > in RP is a
componentwise strict inequality >. Let 1, € R? be the vector with all components equal to one.
The next result characterizes relative compactness in P(€2 x S). It ressembles to [27, Theo-
rem 3.10] except that, here, £ is a measurable space, whereas [27] assumes that € is Borel.

Proposition 2.1 Let (2, F) be a measurable space and let S be a Polish space, and consider
the ws-topology on P (2 x S). A necessary and sufficient condition for a set K C P(Q x S) to be
relatively compact is that for any sequence { fn}nen of functions f, € Cary(2 xS, R) which decrease
pointwise to zero (i.e., fn(w,s) 0 for each (w,s) € Q x S) we have

lim sup fndp = 0. (2.1)
n=0 cK JOxS

Proof. The ws-topology being the weak topology induced by bounded Carathéodory functions,
we use [27, Lemma 3.1] for the necessary condition. For sufficiency, by [7, Theorem 5.2] we have
that K is relatively compact if and only if K = {u® : y € K} and KS = {4 : p € K}
are relatively s-compact (for the s-topology) and relatively w-compact (for weak convergence of
probability measures on S), respectively. For relative s-compactness, we use [27, Lemma 3.5]. If
{gn} is a sequence of bounded measurable functions on € decreasing pointwise to zero, we have
SUP,,¢c i Ja Gndp$t = SUP,¢c i Jaxs Gndp — 0 by hypothesis, where g, (w,s) = gn(w), showing that
K is relatively s-compact. Similarly, if {h,} is a sequence of bounded continuous functions on S
which decrease pointwise to zero then we have sup,,c g fs hpduS = SUp ek fQXS hpdp — 0 where
hon(w,s) = hy(s). By [27, Lemma 3.2], we obtain that K is relatively w-compact. O

We now state without proof two results that we will use repeatedly in the following.

Proposition 2.2 If (2, F) is a measurable space and S is a Polish space, then M(2xS) equipped
with the ws-topology is a locally convex Hausdorff topological vector space.



Lemma 2.3 (Disintegration lemma) Let (2, F) be a measurable space and let S be a Polish
space. Let ¢ : @ — S be a weakly measurable correspondence with nonempty closed values, and
let K be the graph of the correspondence. For every p € P(2 x S) such that u(K) =1 there exists
a stochastic kernel QQ on S given £ such that

U= MQ ®Q (2.2)

and such that Q(o(w)|w) = 1 for each w € . Moreover, Q is unique St -almost surely, meaning
that if Q and Q' are two stochastic kernels that satisfy (2.2) then for all w in a set of u$t-probability
one, the probability measures Q(-|w) and Q'(-|w) coincide.

2.2 Game model and assumptions
Elements of the game model. The elements of the game model are the following.

(a) (X, X) is an abstract measurable space, where X stands for the state space of the system.

(b) The separable metric spaces A1 and A represent the action sets for player 1 and 2, respec-
tively. For each = € X the nonempty measurable sets Aj(z) C A; and As(x) C Ay are the

set of feasible actions for players 1 and 2, respectively, when the system is in state z € X.
Let A= A; x Ay and A(x) = Aq(x) x Ag(x) for each x € X.

(c¢) Fix a player i = 1,2. The measurable functions 7; : X x A — R and ¢; : X x A — RP are
the reward and the constraint functions, respectively, of player i. The constraint constant for
player i is p; € RP. Here, p > 1 is a fixed integer. Write p = (p1, p2) € RP x RP.

(e) The transitions of the system are given by a stochastic kernel @ on X given X x A.
(f) The discount factor is 3 € (0, 1).
(g) The initial distribution is the probability measure n € P(X).

This game model will be denoted by G (), p). The reason for this notation is that, in the forthcoming,
we will need the initial distribution 1 and the constraint constants (p1, p2) to vary, while the other
elements of the game model will remain fixed.

Policies of the players. We define the sets Hy = X and H; = (X x A; x Ay)! x X for t > 1.
The elements of H; will be usually denoted by (z¢, ag, bo, - . ., Tt—1, at—1, bt—1, T¢t).

Definition 2.4  (i). A policy for playeri (withi = 1,2) is a sequence {m! }1en of stochastic kernels
on A; given H; such that

7t (Ai(xy)|z0, g, bo, ..., x¢) =1 for allt >0 and hy = (x9, ag, bo, . . ., x¢) € Hy.

(2

The family of all policies of player i is denoted by II;.

(ii). Let M; be the family of stochastic kernels m; on A; given X such that m;(A;(z)|z) = 1 for
each x € X. We say that {nt}ien € I; is a stationary Markov policy for player i (with
i =1,2) if there is some m; € M; which verifies

wf(-|x0,a0,b0, cooyxy) =mi(tlze)  for allt >0 and hy = (xg, ag, by, . . ., x) € Hy.

The class IT; is also referred to as the family of history-dependent policies for player i. We can
identify the class of stationary Markov policies for player ¢ with M, and so M; C I1;. In the sequel,
we will refer to M; as to the family of stationary Markov policies for player i. Our conditions below
will ensure that these classes of policies are nonempty.



Construction of the state-actions process. We address the existence of a probability space
supporting the dynamic system of the game model G(7, p). On the product canonical space Hy, =
(X x A1 x A2)N, endowed with its product o-algebra (X@B (A1) @B (A2))Y, define (Xy, Ar, By)ten
as the coordinates projection operators and write H; = (Xo, Ag, Bo,...,X¢). Given an initial
distribution n € P(X) and policies (my,m3) € II; x IIy, we can uniquely define a probability
measure P, -, on Hy which verifies the following properties for any D € X, D; € B(A;), and
Dy € B(Ay), and every t > 0. Firstly, P », r,{Xo € D} = n(D). Secondly,

Prymimo(A¢ € Dy, By € Do|Hy) = 71 (D1|Hy) - w(D2| Hy).

is the conditional distribution of the actions. Finally, distribution of the next state of the sys-
tem is Py x, 7o (Xe41 € D|Xo, Ao, Bo, ..., Xt, As, Br) = Q(D| X4, Ay, B). The expectation operator
associated to Py r, r, will be denoted by E; ~, r,.

Payoffs of the players and equilibrium. Our assumptions below will ensure that the following
expressions are well defined and finite. Consider the game model G(7, p) and suppose the players
use the policies (71, m2) € II; x II,. The total expected discounted reward for player i is

[e.e]

Rin,m1,m2) = (1= B)Byomyima | 2 il X, Ar, Br)| € R,
t=0

while the total expected discounted constraint for player i is
[e.e]
Cl’(n, 7T1,7T2) = (1 - IB)E'O,TFIJFQ [Z ﬁtci(Xt, Ata Bt)} € RP.
t=0

We say that the policies (71, ) € ITj x Iy satisfy the constraint of player i when C;(n, 71, m2) > p;.

Definition 2.5 Consider the game model G(n,p). The pair of policies (w},m5) € II} x Iy is a
constrained Nash equilibrium in the class of all history-dependent policies I11 x Ily when:

(i) The constraints of both players are satisfied: C;(n, 75, m5) > p; fori=1,2.
(i) The following conditions hold:
Vm € ILy, Ci(n,mi,m3) 2 pr = Ri(n, i, m3) = Ri(n, w1, m3).

Vmp € Iz, Cao(n, 71, m2) > p2 = Ra(n,n1,75) > Ra(n, 77, m2).

Assumptions on the game model. First of all, we introduce a Slater-type condition.
Definition 2.6 We say that the game model G(n, p) satisfies the Slater condition if
Vm € Ml,ﬂﬂé € MQ,CQ(T],ﬂ'l,ﬂ'é) > p2 and Vg € MQ,Elﬂ'i € Ml,Cl(U,ﬂ'll,ﬂ'Q) > p1.

An equivalent formulation of this condition is discussed in Remark 3.4. This is the usual form
of the Slater condition for constrained games; see [3, Assumption II»] and [4, Assumption 3.3.c|]. A
stronger uniform Slater condition is imposed in [2, Assumption I7»] and in [28, Assumption A.2].

Next we state our conditions on the game model. Notice that Assumptions (A.3)—(A.4) impose
precisely the additive reward additive transition (ARAT) character of the game.



Assumption A. For an initial distribution v € P(X) and constraint constants 6§ = (6;,62) in
RP x RP, we suppose that the game model G(v, 0) satisfies the following conditions.

(A.1) The o-algebra X is countably generated.

(A.2) For each i = 1,2 the action set A; is compact and the correspondence from X to A; defined
by z — A;(z) is weakly measurable with nonempty compact values.

(A.3) For each player i (with i = 1,2) there exist Carathéodory functions T’Zj € Carp(X x Aj,R)

and ¢} € Cary(X x A;,RP) for j = 1,2 such that, for every (z,a1,a2) € X x A,
ri(z,a1,as) = rl-l(a:,al) + 7“22(:6, az) and c¢i(z,a1,az) = cll(:v, a) + c?(x,ag).

(A.4) There exist a probability measure A € P(X) and measurable functions ¢; : X x X x A; — R*
for i = 1,2 such that for every D € X and every (z,a1,a2) € X x A

Q(Dl|z,a1,a2) = /D[QI(yaxaal) + q2(y, 7, a2)| A\ (dy).

Also, the following continuity condition holds: for each ¢ = 1,2 and every x € X we have

Jim /X l4i(y, 2, bn) — iy, 7, D) A(dy) =0

n—oo

whenever b, — b in A;. Moreover, the probability space (X, X, \) is complete.

(A.5) The initial distribution v € P(X) and the constraint constants (61,602) € RP x RP satisfy
the Slater condition in Definition 2.6.

In the sequel we will suppose that Assumption A holds with no need of an explicit mention.
Our main result in this paper —Theorem 4.8 below— establishes that, for the game model G(v, 0),
there exists a pair of stationary Markov policies (7],75) € M; x My which is a constrained
Nash equilibrium within the class II; x ITs of all history-dependent policies. Some comments on
Assumption A are given next.

Remark 2.7 (a). There is no loss of generality in assuming that the initial distribution v is
absolutely continuous with respect to A. Indeed, we can replace A in Assumption A with
A= (v+N)/2, so that v € Px(X). It is then easily seen that the functions G;(y,,a;) =
qi(y,x,ai)%(y) satisfy Assumption (A.4) and that (X,%,)\) is a complete probability space

as well. Hence, from now on we will consider that v € P (X).

(b). By Assumption (A.2), the correspondences x — Aq(z) and x — As(x) are measurable [1,
Lemma 18.2] and they have measurable graph [1, Theorem 18.6]. Therefore,

Ki = {(r,a;)) : X xAj:a,€ Aij(r)} € XRB(A;) fori=1,2
K {(m,al,ag) X X A x Ay (al,ag) € A(CC)} EX® fB(Al) & EB(AQ)

(c). By the Kuratowski-Ryll-Nardzewski selection theorem [1, Theorem 18.13], there exist measur-
able selectors for x — Aj(x) and x — Ag(x). In particular, My and My are nonempty.



3 Occupation measures

3.1 Occupation measures of the policies

Definition of the occupation measures. Given an initial distribution n € P(X) and policies
(m1,m) € II1 x Iy of the players, the occupation measure gives the total expected discounted time
spent by the state-action process in a given subset of X x A.

Definition 3.1 Given an initial distribution n € P(X) and a pair of policies (71, m2) € II1 x Iy,
the associated occupation measure fin - =, € P(X x A) is defined, for D € X and (Dy,D3) €
%(Al) X %(AQ) as

o0
pinr s (D X Dy X Dg) = (1= B8)> " 8Py o, x,{X; € D, A € Dy, B, € Da}.
t=0

The set of all occupation measures is denoted by Oy = {iy x\ 7o = (M1, m2) € II1 x I} C P(X x A).

As a direct consequence of Definition 3.1 and Assumption (A.3) we have that the total expected
payoffs of the pair of policies (71, m2) € Iy x IIs for the initial distribution n € P(X) equal

Rz‘(7777T1,772):/

) _ 1 XXA1 2 XXAQ
rldlunvﬂlﬂm - / T dlLL'r],ﬂ'lﬂTQ + / T d/’[/nﬂrlﬂrg (31)
XxA XxAq Xx Ao

for any ¢ = 1,2. Similar equalities hold for the constraints C;(n, 71, m2) of the players.

Occupation measures of stationary Markov policies. Given a pair of stationary Markov
policies (71, m2) € My x My, we define the stochastic kernel Qr, r, on X given X as

Qm.m(Dlz) = / Q(D|z, a1, az)m (day|x)ma(daz|x) (3.2)
A
for x € X and D € X. We denote by Qfmm the ¢-th composition of Qr, », with itself and we
make the convention that QY . (-|z) = 6,(-). It is then easily shown that the X-marginal of the
occupation measure of (71, m2) € My x My for the initial distribution n € P(X) is
oo [e.e]
s = (L= B) D B0Qh, oy =1 |(1= B) D B'Qh . (3.3)
t=0 t=0
Therefore, we have
P, o (dy, day, dag) = w1 (day |y)ma(das |y),u$,(,m,7r2 (dy), (3.4)

XxA;1 _ X XxAy _ X
and 80 i 75 = My ey @ 1 and gt = g o, © .

Basic results on occupation measures. Our next result summarizes the main results on the
occupation measures of history-dependent policies. We note that statements (i) and (iii)—(iv) below
are quite standard, while (ii) makes use of the ARAT nature of the game.

Proposition 3.2 Letn € P(X) be an initial distribution and let (w1, m) € I3 x Iy be an arbitrary
pair of history-dependent policies.



(i). The occupation measure [y, r, Satisfies the linear equations (written in )
pK) =1 and p*=1-8)n+pBuQ  for pcP(X xA).

(ii). There exists a pair (7}, 7h) € My x My of stationary Markov policies such that

XXA1 _ XxAq

XXA2 _ XxAo
Ho, ey im0 = ’un,ﬂll,ﬂ'é

n,7T1,T2 T Mn,ﬂ"l,ﬂé'

and

If m; € M; then we can choose w, = ;.
(111). If n € Px(X) (resp., n € PS(X)) then ,uffmm € Pa(X) (resp., u%mm e PS(X)).

Proof. (i). It is well known in the theory of MDPs that the occupation measure satisfies the linear
constraint in the statement of the proposition; see, for instance, [12, Theorem 6.3.7].

XXA,’
71,72

(ii). Given i = 1,2, since the probability measure p is supported on the set K;, by Lemma 2.3

it follows that there exists 7, € M; such that

pXrA (da, dag) = pX o (do)m(dag]z) (3.5)

(clearly, if m; € M; then we can let ) = 7;). This implies that

M%ﬂ’hﬂ? = (1 - /8)77 + 5:“'77,7T177T2Q = (1 - /8)77 + /1’7)7(,7r1,7r2Q7T177F/2

recalling Assumption (A.4). However, the solution of the equation v = (1 — B)n + ByQy/ r, for

. . . X X _
v € P(X) is unique and (recall (3.3)) it equalsxuif,lmé. We have thusXshj(iwn that (3 7, -, = Hoprt
and by (3.4)—(3.5) it follows that M%(,?f% = 'un,:’lﬂrl; and Mff,?{% = 'un,:’m'z’ as we wanted to prove.

(iii). The first statement easily follows because 7 < A and the transitions are absolutely continuous
with respect to \; recall Assumption (A.4). Regarding the second statement, observe from (3.3)
that (1 — 8)n < ,u%mm and since, by hypothesis, we have n ~ A\, we readily get the result. O

As a direct consequence of (3.1) and Proposition 3.2(ii) we have the following fact.

Corollary 3.3 For every initial distribution n € P(X) and any pair (m1,m2) € II; x Ig, there
exist stationary Markov policies (7}, 7)) € My x My such that for any i = 1,2 we have

Ri(n,m,m2) = Ri(n,m,m5) and  Ci(n,m,m2) = Ci(n, 71, 7).
If m1 € My (respectively, mo € Ms) then the result holds for w) = m (respectively, 7 = ma).

Remark 3.4 By Corollary 3.3, the Slater condition is equivalent to the apparently weaker condition
that for any m1 € My there exists mo € Ily with Co(n, 71, m2) > p2, and symmetrically for player 1.

Stationary Markov policies and Young measures. In Proposition 3.2(iii) we have shown
that, given any initial distribution n € P (X), the state process {X;};>0 visits any A-null set with
probability zero. Therefore, we can give an alternative definition of the set Mj; of stationary Markov
policies for player 7 by letting M, to be the family of stochastic kernels m; on A; given X satisfying

mi(Ai(z)|x) =1 for A-almost every z € X. (3.6)

This definition does not alter any of the properties of Markov policies seen so far.



Let L' (X, X, \) be the family of real-valued measurable functions which are M-integrable (where,
as usual, we identify functions which are equal A-a.s.). When endowed with the || - [|;-norm, and as
a consequence of Assumption (A.1), we have that L'(X, X, \) becomes a separable Banach space.

On the set M; we define the following equivalence relation. Given m;, 7, € M; we say that
mi ~ m, when m;(-|z) = 7wl(-|z) for A-almost every x € X. Let Y; be the family of equivalence
classes of this relation. Each element of Y); is referred to as a Young measure. We equip the family
of Young measures Y; with the narrow (stable) topology, which is the coarsest topology on Y;
which makes the following mappings continuous:

REREN /X /A | (0, a;)mi(dai|x)A(dx),

for any f € Car(X x A;,R) such that for some ® in L'(X, X, \) we have | f(z, a;)| < ®(z) for every
(x,a;) € X x Ay; see [5, Theorem 2.2]. By [6, Lemma 1], the set ; endowed with the narrow
topology becomes a compact metric space.

Proposition 3.5 Given any two pairs of stationary Markov policies (11, m2), (7], 7h) € My x My
and an initial distribution n € P(X), we have the following results.

(i). If mi = (fori=1,2) and n € PA(X), then iy r xy = iyt x-

(i) If ppmymo = gt g, and n € PS(X), then m; = 7, for each i =1,2.

Proof. (i). Assume that n < A and m; = mj for i = 1,2. Observe that Q. (-[2) = Qrs 1 (7)

t
1,72

for A-almost every x € X, and that nQ < A for every t > 0. Then, it can be easily shown

by induction that 77Q§r1,7r2 = anr,lmé for every ¢ > 0 implying —by (3.3)— that ,u%whm = Myt o
Once we know that the X-marginals of iz, x, and p, + -+ coincide, equality of the occupation
measures follows from (3.4) because m;(-|y) and }(-|y) coincide for every y € X on a set of A-

probability one, which is also a set of ,u,]xm = pX ., -probability one (recall Proposition 3.2(iii)).
b K 2

/
7,7,

(ii). Suppose now that 7~ XA and iy r, r, = fiy ;5. We have

A; _ —
s o (Ay)Ti(daily) =y 550 (dy, dai) = iy o (dy)mi(daily) = ok, - (dy)mi(daily),

for ¢ = 1,2. Since disintegration of u%(,;f% is unique up to sets of pﬁmm—probability zero and,
hence, sets of A-probability zero (recall Proposition 3.2(iii)), it follows that m; =~ 7. O

Proposition 3.5(i) above shows that, whenever n € P, (X), stationary Markov policies in the
same class of equivalence yield the same occupation measures. Therefore, in case that n € P (X),
we will henceforth refer to the sets of Young measures Y; and Y, as to the stationary Markov
policies of the players, with a slight abuse of terminology.

3.2 Some continuity facts

Let L>(X,B(X),A) be the set of M-essentially bounded measurable real-valued functions on X
endowed with the weak* topology (we identify functions which are equal A-a.s.). Let [jv|| be the
essential supremum of v € L>®(X,B(X), A). The next result follows from Assumption (A.4).

Lemma 3.6 Ifv € L™(X,2B(X),\) then Qu € Cary(X x A, R).
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Lemma 3.7 Suppose that (71 n,Tan) — (71, m2) in Y1x Ve and v, — v in L®(X, X, \) asn — co.
Under these conditions, for any t > 0 we have

t N Q
T1,n,T2, n 7"'177r2

asn — oo in L=®(X, X, \). (3.7)

Proof. The result is trivial for ¢ = 0. The case t = 1 can be shown by using similar arguments as
in the proof of Lemma 4.1 in [17]. Once we know that Qxr, , ., Vn 2 Qn, .m0, the stated result for
any integer ¢ > 2 follows easily. O

Proposition 3.8 The mappings from Pr(X) x Y1 x Vs to P(X x A;)defined by (n,m1,m2) —

unxﬁl‘% are continuous for i = 1,2 where P(X) is endowed with the metric of total variation and

P(X x A;) with the ws-topology. As a consequence, the R- and RP-valued mappings
(n,m1,m2) = Ri(n,m,m2) and (n,m1,m2) = Ci(n, 71, 72)
are also continuous on Px(X) x Y1 x Yo fori=1,2.

Proof: Fix i = 1,2. Since P»(X) x Y1 x Y3 is a metric space, we will check continuity by proving
sequential continuity. Consider a convergent sequence (7, T1n,T2n) — (1,71, 72) in the product
space PA(X)x Y1 xYsand f € Carb(Xx A,, R) Let us denote by vn and v the bounded measurable
functions on X defined by v, (z fA (x, a;)m; n(dai|xz) and v( fA (z,a;)m;(da;|z). Since
Tin — T in Y; then v, S vin LOO(X, X,)\). We can now apply Lemma 3.7 to conclude that for
any t > 0 we have Qf, iV N Q% r,v in L%(X,B(X), \). Moreover, by hypothesis 7, — 7 in
total variation, and so it is easﬂy seen that dn,/d\ — dn/dX in L'(X, %, \). Therefore,

dnn
| Qs n(@)m(dr) = lim Qm,m <>JA< )A(dr)

n—oo

- / Q' (e / QL nyo(@)n(de),

by using Proposition 3.13(iv) in [8]. Therefore, since f is bounded, by dominated convergence

lim
n—o0

lim f(z, a,)uifr‘f‘mm (dz,da;) = (1- Z Gt nl;rrgo Qm oV U ()1 (dx)

n—o0 XXA

1 - Zﬂt/ Qm m U ) - /X A f(xval)ﬂi(;lérg(dxvdai%

which establishes the continuity of (n, 71, m2) — :“7)7(;1A7r2 Continuity of the reward and constraint

functions follows because they are defined by integration of bounded Carathéodory functions. O

3.3 The sets D, and D, ;

Based on the result of Proposition 3.2(i), given an initial distribution n € P(X) we define

Dy={pePXxA):pK)=1and * = (1-B)n+ suQ}.
The set of occupation measures satisfies O, C D,. Note that any p € D,, can be disintegrated as

p(dz, day, day) = w(day, dag|z) ™ (dx) (3.8)

11



for some stochastic kernel 7 on A given X which satisfies m(A(x)|x) = 1 for all z € X, although
this 7 might not correspond to a pair (m1,m2) € My X My of stationary Markov policies of the
players. The stochastic kernel Q on X given X is then defined as Q(dy|z) = [, Q(dy|z,a)n(da|z)
for z € X, and Q! for t > 0 denotes the t-th composition of Q,, with Q% (dy|r) = 6,(dy). Clearly,

- B)>_ BQk. (3.9)
t=0

For n € P(X), we define D, ; as the set of (X x A;)-marginals of the measures in D), for i = 1,2:
Dy = {" A e Dy} CP(X x Ay).

In our next result we establish compactness of the above defined sets. Such result is known in
the literature when X is a Borel space whereas, in this paper, X is an abstract measurable space.

Proposition 3.9 Given an initial distribution n € P(X), the sets D, and Dy ; are convex compact
metric spaces when endowed with their respective ws-topologies.

Proof. Let us first show that D, is relatively compact in P(X x A). To this end, consider a
decreasing sequence {h;};jen of functions in Cary(X x A,R) such that hj(x,a1,a2) | 0 for any
(z,a1,a2) € X x A. By Proposition 2.1, to prove relative compactness we need to show that

lim sup/ hjdp = 0. (3.10)
J=00 ueD, JXxA

According to (3.8) and (3.9), for any p € D, there exists a stochastic kernel m, on A given X
satisfying 7,(A(z)|z) =1 for all € X such that

/K hy (. a)pu(de, da) < /X d@n(ds) where ¢'(r)=(1-8) S FQ fi(x)  (311)

t=0

with fj(x) = sup,ea hj(z,a). Combining Lemma 10.1 and Theorem 12.1 in [26], we obtain that
{fj}jen is a decreasing sequence of bounded measurable functions defined on X which satisfies
lim f;(z) = sup lim hj(z,a) = 0 for any & € X. Define the functions f;; for j,t € N on X by
J—00 CLEA J—00

fis(x) = sup Qfj-1(z,a) and  fjo(z) = f;(x)
acA
for z € X, t > 1, and j € N. Observe that the functions {f;+};ten do not depend on u € D,,.
Clearly, we have (Qr,)" fj(x) < fj+(x) for any j,t € N. From (3.11), this implies for any = € X and
j € N that g (z) < (1 - 8) X2, Bt fi+(x). Tt follows that

sup/X Ahj(x,a),u(dx,da <(1-p Zﬁ /f]k (3.12)

neD

From Lemma 10.1 and Theorem 12.1 in [26], and recalling Assumption (A.4), it can be shown by
induction that for any k € N, { fj,k}jeN is a decreasing sequence of bounded measurable functions
satisfying lim; o fj () = 0 for any € X and k € N. Therefore, taking the limit in (3.12) and by
using the monotone convergence theorem, we get (3.10) and thus D, is indeed relatively compact.
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Once we know that D, is relatively compact we use [7, Theorem 5.2] and the fact that A is a
compact metric space to conclude that D?f ={uX:puc D, } is relatively compact in the s-topology
of P(X). Since X is countably generated, we deduce from [7, Proposition 2.3] that D, is metrizable.

To conclude the proof of compactness, it remains to show that D, is closed. To this end, let
{1tn}nen be a sequence in D,, that converges in the ws-topology to i € P(X x A). For any bounded
measurable function f: X — R we have

/X fp = /X  fdp = (=) /X fdi+ 8 /X Oz de, dar, dao)

where we still use the notation f for the function (x,a1,a2) — f(x) which is in Cary(X x A, R).
By Lemma 3.6, we can take the limit as n — oo in order to obtain

/ fap™ = (1~ 5)/ fdn+pB Qf (x, a1, az)u(dz, day, daz)

X X XxA

and, in particular, p* = (1 — 8)n+ BpQ. To show that p € D, it remains to prove that u(K) = 1.
The mapping (z,a1,a2) — —Ik(x,a1,a2) is measurable on X X A and it is such that (aj,a2) —
—Ik(7,a1,a2) = —Ipz(@p)(a1,a2) is lower semicontinuous for any fixed z € X because A(w) is
compact. Thus, —Ix is a normal integrand [7, p. 502] and so by [7, Theorem 3.1.(c)] we have
lim,, p1n,(K) < p(K), implying that u(K) = 1. This concludes the proof that u € D,. Finally,
observe that convexity of D, is a straightforward consequence of its definition.

It is easy to check that the mapping from P (X x A) to P(X x A;) that associates to each p €
P(X x A) its marginal probability measure pX*Ai is continuous for the ws-topologies. Hence D,
is compact in P(X x A;). Recalling that X is countably generated and noting that the set of
X-marginal probability measures of D, ; is precisely D%(, which has already been shown to be
relatively compact for the s-topology, we get from [7, Proposition 2.3] that D, ; is metrizable.

Finally, regarding convexity, let 4 and 4 in D,,; and fix 0 < o < 1. There exist i and z in D,
such that 4 = gX*Ai and 4 = pX*Ai. By convexity of D, we have u = afi + (1 — a)ii € D, and
so o + (1 — o)y = pX*A is in D,,.i, showing convexity. O

Proposition 3.10 Consider an initial distribution n € PS(X).

(i). For any p € Dy then there exists a unique (w1, m2) € Y1 X Y2 satisfying

XXAl _ XXAl XXAQ _ XXAQ
L = Wiy 0nd p =ty (3.13)

(it). We have Dy ; = {uXxAi - (11, m5) € Y1 x Yo} for each i = 1,2.

7,701,702

AN XxA; _ , XxXA ) :
(i13). If (w1, m2) and (7}, 7h) in Y1 x Y2 are such that Pty = ,uwriﬂrlé then m1 = 7). A symmetric

result holds for the marginal probability measures on X X As.

Proof. (i). Since u(K) = 1 we have pX*A1(K;) = 1 and pX*42(K,) = 1. By Lemma 2.3 there
exist (my,m) € My x Msy such that pXxAr = X @ 1 and pXA2 = X ® . Now, u satisfies

MX = (1 — 5)7’} + IBMQ = (1 - /8)77 + 51“’XQ7r1,7r2

and so pX = “37(,#1,@' The above stochastic kernels m; on A; given X are unique p*X-almost surely.
Since pX = MFXMQ ~ X (Proposition 3.2(iii)), it follows that uniqueness is A-almost surely. This
shows that there is indeed a unique pair (71, 72) € Y1 X Y2 with the above mentioned properties.

(ii). This result directly follows from part (i) and the definition of D, ;.

(iii). By using arguments similar to those in (i) above, the result readily follows. |
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4 Main results

In this section we address our results on the existence of Nash equilibria. First of all, in Section 4.1,
we will prove the existence of such equilibria for a game model with initial distribution in P§(X),
while in Section 4.2 we will treat the general case a game model G(v, 6) satisfying Assumption A.

4.1 The case of an initial distribution n € P(X)

Suppose that the initial distribution of the system n € P§(X) and that the constraint constants p =
(p1, p2) € RP x RP that satisfy the Slater condition. In order to prove the existence of a constrained
Nash equilibrium for G(7, p) we will suitably define a correspondence D, 1 X Dy o — Dy 1 X Dy o
which will be shown to have a fixed point, from which we will derive equilibrium stationary Markov
policies. In fact, we shall construct this correspondence in two steps: as the composition H,, , o 7,
of a function J;, : Dy 1 X Dy 2 — Y1 X Y2 and a correspondence H,, , : Y1 X Y2 — Dy 1 X Dy 9.

The function [J,. Given a player ¢ = 1,2 we define the function 7, ; : D,; — Y; as follows. For
any v € Dy, let m; = J,,4(y) be the unique m; € Y; satisfying v = X @ ;. The existence and
uniqueness of such decomposition is guaranteed by (ii) and (iii) in Proposition 3.10.

Proposition 4.1 Given n € P§(X), the functions Jp; : Dy — Y are continuous for i = 1,2.

Proof: For simplicity in the notation, we prove the case i = 1. Consider a sequence {y, }nen in Dy 1
such that v, — 7 for some v € D, ;. Using Proposition 3.10(ii) it follows that for each n € N
there exist (71, m2,) € Y1 X Y2 satisfying v, = uff,;ﬁll’ﬂm and there exist (m,m2) € Y1 X V2
such that v = ,uﬁfﬁé. We have, by definition, 71, = J5,1(7,) and 71 = Jp,1(y). Our goal is to
show that 7y, — 7. Since Y1 is a compact metric space, to prove the result it suffices to consider
an arbitrary convergent subsequence {my,/} of {m1,} with m,, — 7} € Y and to show that,
necessarily, m; = m1. But Y being also a compact metric space, there exists a further subsequence
—which, without loss of generality, we will denote also by n’— such that my,, — w5 for some
mh € Yo. By Proposition 3.8 we have

XxAq XxAq

Y — == .
Tn Mnﬂrl’n/,ﬂzn/ — Mnyﬂllﬂré i

Recalling Proposition 3.10(iii), this implies that m = 7} = 7, 1(7), and the proof is complete. O

Based on this result, we can now write J,, = (jml’ ‘7,772) which is therefore a continuous function
from D, 1 x Dy 2 to Y1 x Yy for any n € P§(X).

The correspondence #,, ,. Recall that we are considering n € P§(X). Given any 7y € Yo let

Lon(m) = {iXFAL cm € Y1} €Dy CP(X x Ay),

n,7m1,72

which is the set of (X x Aj)-marginals of the occupation measures for the initial distribution n and
pairs of stationary Markov policies (71, m2) € Y1 X Y2 when the policy o € Y5 of player 2 remains
fixed and the policy w1 € Y1 of player 1 varies. Similarly, for any m € Y1 we define

ﬁmg(ﬂ'l) = {MXXAQ Ty € yg} C 'Dmg - P(X X Ag).

n,71,72

Proposition 4.2 Given an initial distribution n € PS(X) and any (71, m2) € Y1 X Yo, the sets
Ly1(m2) and Ly 2(m1) are conver and compact when endowed with their respective ws-topologies.

14



Proof. We only make the proof for £, i(m2). To prove convexity, we fix two measures 7,7 in
Ly1(m2) and some 0 < o < 1. We want to prove that oy + (1 — )y € L, 1(m2). By definition of
Ly1(m2), there exist 71,71 € Y1 such that ¥ = ,ui(;lAWlQ and 7 = /‘777;1%32' By convexity of D,, (recall

Proposition 3.9), we have that p defined by p = a7, =, + (1 — @)ty 7, 7, lies in D,). Therefore,

by Proposition 3.10(i), there exists a unique (7}, 75) € Y1 x Yo such that pX*A1 = ,ui%ﬁ% and
pX A — Mi%‘?%. Clearly, we have
0+ (1— )y = AL (4.1)
To get convexity, we need to show that 75 = ma. Observe that
ay+(1-a)y = [aﬂs,(,frl,m +(1 - a)Miﬁlm] @M =p* @M = Miﬁ,w; X T2 (4.2)
Moy = Mt g © 75, (4.3)

However, fo,n;m; ~ A from Proposition 3.2(iii) and so, by uniqueness of the disintegration, we
deduce from (4.1)—(4.3) that m = 5. Hence, £, 1(m2) is convex.

Since Ly, (m2) C D1y, which is a compact metric space, in order to prove compactness of
Ly1(m2) is suffices to show that it is closed. To this end, consider a sequence {v,} in L, i(m2)

converging to some vy € D, 1. We have v, = Mnxﬁﬁfm for some 71 ,,. For some subsequence n’ and

some 7 € Y1 we have 7 ,» — m (recall that Yy is compact) and, by Proposition 3.8, this implies

_ XxA1 XxA1 _
Pyn/ - /’[/7]771'17”/,7'(2 - 'u'77,7T177T2 - 7

This shows that v € £, 1(m2) and the proof that £, 1(m2) is compact is complete. O
We explain how the payoff of the players for the policies (71, m3) € Y1 X Y2 relates to Lq(m3).

Remark 4.3 Recalling (3.1) observe that for an initial distribution n € PS(X), when player 2
fizxes a policy mo € Yo, the family of total expected discounted payoffs Ri(n,-,m2) when player 1
uses stationary Markov policies in Y1 is given by

/ r%d’y + / r%d(fyx ® ) (4.4)
XXA1 XXA2

when v varies in Ly 1(m2). The important fact is that (4.4) is linear in y. The same result holds for
the constraint C1(n, -, m2) and, symmetrically, for the payoffs Ro(n,m1,+) and Co(n, w1, ) of player 2
when player 1 fizes his policy m1 € Y1.

Based on this remark, we define the following sets. Given the initial distribution n € P$(X),
the constraint constant p; € RP, and a stationary Markov policy m € Yo, let A, , 1(m2) be the
set of (X x Aj)-marginals of the occupation measures induced by the policies (71, m2) € Y1 X Yo
—as 7y varies and o remains fixed— which satisfy the constraint of player 1, that is,

Appii(m) = {MXXAI : for m € Y; such that Ci(n,m,ma) > ,01}

n,7T1,7T2
= {7 € Ly(m) : / cldy +/ Ad(y* @ 1) > pl} CDyi.  (4.5)
XxAq XxAsz
Similarly, for n € P§(X), p2 € RP, and m € Y1 we define
A po2(m1) = {uff,?ﬁé : for my € Yq such that Coy(n,m,ma) > ,02}

= {W € Lya(m) : / cd(y* © m) +/ cady > P2} C Dya,
X><A1 X><A2
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which is the set of (X x Ag)-marginals of the occupation measures of the policies (71, m2) € Y1 X Y2
—as m is fixed and w9 varies— which satisfy the constraint of player 2. We will need the following
result in which we will consider an initial distribution ¢ € P(X), but not necessarily in P§(X).

Proposition 4.4 Consider an initial distribution ¢ € Px(X) and constraint constants (p1,p2) €
RP x RP that satisfy the Slater condition, and let {ny}nen be an arbitrary sequence in PS(X)
converging to ¢ € Px(X) in total variation. Then the following assertions hold.

(i). Fiz an arbitrary pair (71,m3) € Y1 X Yo such that C1((,71,m3) > p1. For any sequence
{man}nen € Y2 converging to ma, there exists a sequence {Vn}tnen in P(X x Ay) such that

Y — ugf;lﬁé and such that, for some N € N, we have v, € Ay, p,,1(m2,,) for everyn > N.
(ii). Fiz an arbitrary pair (71,m3) € Y1 X Yo such that Cy((,71,m2) > pa. For any sequence
{T1n}nen € Y1 converging to m, there exists a sequence {Vn}nen in P(X x Aj) such that

Y — uzf;ﬁé and such that, for some N € N, we have v, € Ay, pp2(71,) for everyn > N.
Proof: We prove (i). From Proposition 3.8 we have lim;,,_,oc C1 (1, 71, m2n) = C1(¢, 71, m2) > p1.
Therefore, there exist a sequence {¢e, }nen taking values in the interval (0, 1) with €, — 0 and some

index ng for which

Ci(nn, m1,m2n) > p1 — €, for all n > nyg. (4.6)

On the other hand, since ¢ and (p1, p2) satisfy the Slater condition, we can find 71 € Y; and 6 > 0
such that Cy((, 7, m2) > p1 + d. So, again from Proposition 3.8, there is some n; > ng such that

Ci(Nn, 1, m2n) > p1+6  for all n > ny. (4.7)

Observe that for any n € N both /’LUXn);%ylWQ,n and ,uf,iﬁ—;?}wm are in L, 1(m2,,), which is a convex set

(see Proposition 4.2). Hence, there is some v, € £, 1(m2,) and 71, € Y1 such that
XxA —\, XxA — XxA
Tn = /j’nni(m,lmm,n = (1 - En)unni(m,lm,n + en/’bnnfﬁ'lylﬂ'ln (4'8)

; ; X _ X X
with, as a consequence, fip, - o= (1= /€l 71 ry . T Venkin, 71w, and O

XxAs _ X _ =\, XxAg /=, XxAs2
'unnyﬂ'l,nJrQ,n - ’Ul77n77r1,n77r2,n ® 7T27n - (1 - En)’u’nnﬂrlﬂrln + 6nunn7ﬁlyﬂ2,n' (49)

XxAq _ XxA; We

It is clear from (4.8) and Proposition 3.8 that lim, . v, = lim, Py imom = Heomymy-

deduce from (4.8)—(4.9) that for all n > ny

_ 1 X xAq 2 Xx Ao
Cl (77n, T1,n, 7'('27”) = / CldllJ’nn77T17n,7T27n + / Cldlu’nn,ﬂl’n,ﬂg,n
XXA1 X><A1

= (1= Ve)Ci(Mn, ™1, m20) + VenCr(Mn, T1, T2,0)
> ot val - (- vaval, (110)

where the last inequality is derived from (4.6) and (4.7). Consequently, there exists some N > ng
such that Ci(ny, T1n,m2,) > p1 for n > N. Since by definition v,, = u%ifﬁ’lmm’n, this establishes
precisely that v, € Ay, p,1(m2,) for all n > N. This completes the proof of (i). The rationale for
using the coefficient /€, in (4.8) is to mix the measures at a rate slower than the bound in (4.6)

in order to satisfy the constraint as in (4.10). |

Proposition 4.5 Let n € P$(X) and (p1,p2) € RP x RP satisfy the Slater condition. Then, the
correspondences Ay, 11 Yo — Dy 1 defined by mo — An,pl,l(ﬂg) and Ay p,2 1 Y1 = Dyo given by
1 = Ay po,2(1) are both continuous with nonempty convex and compact values.
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Proof. We make the proof for the correspondence A, ,, 1. Given my € Yo, we have that A, , 1(m2)
is nonempty by Assumption (A.5). Since L, 1(m2) is convex (recall Proposition 4.2), the fact that
Ay py,1(m2) is given by a linear constraint in v —see (4.5)— yields that it is indeed a convex set.
We prove compactness of A, , 1(m2) along with upper semicontinuity of m — A, 5, 1(m2). To
this end, we use the Closed Graph Theorem in [1, Theorem 17.11]. Indeed, since the range of the
correspondence is the compact metric space D), 1, the correspondence has closed graph if and only
if it is upper semicontinuous and closed-valued (hence, in our case, compact-valued). So, it suffices
to show that mp — A, , 1(m2) has closed graph. Suppose that we have a convergent sequence
(72,n,7n) in the graph of A, , 1. This means that ma, — m in Yo and that v, € A, ,, 1(m2,,) are
such that v, — v € Dy ;1. Our goal is to prove that v € A, ,, 1(m2). We note that for each n € N
there exists 71, € Y1 such that
Vo = Hmiateyand C1(1, 710, T2.0) > p1 (4.11)
for all n € N. There exists a subsequence {7y ,/} of {71 ,}nen that converges to some m € Y.
Using Proposition 3.8 in (4.11), we have ~,, — u%ﬁﬁé = v, which establishes v € £, 1(m2), and
Ci(n,m1,m2) > p1, from which v € A, ,, 1(m2) follows. Lower semicontinuity of A, ,, 1 is a direct
consequence of Proposition 4.4(i) applied to the constant sequence 7, = n and the sequential
characterization of lower semicontinuity of correspondences given in [1, Theorem 17.21]. O

Based on Remark 4.3, given 7 € Y1 or, equivalently, given v € £, 1(m2) we have

Ry(n,m,m2) :/

r%d’y + / r%d(’yx ® ).
XxA1 XxAz

For a fixed policy of player 2, therefore, the goal of player 1 is to maximize the above integral over

all v € Ay, p,1(m2), that is, over all measures v € L, 1(m2) which satisfy his constraint. This leads
to the definition of the correspondence H,, 5,1 : Y2 — Dy 1 given by

Hypr1(m2) = arg max / r%dfy +/ 7n%d(,yx © 7o)
YEAR,p1,1(m2) XxA1 X xAg

for my € Yo, p1 € RP, and n € P§(X). Similarly, we define H, p, 2 : Y1 — D as

Hppe2(m1) = arg max / r%d(wx ®m) + / r%ch
YEA, py,2(T1) XxA; XXAz

for m € Y1, p2 € RP, and n € P§(X)

Proposition 4.6 Let n € PS(X) and (p1,p2) € RP x RP satisfy the Slater condition. The corre-
spondences Hy p, 1 and Hy) p, 2 are upper semicontinuous with nonempty compact and conver values.

Proof. We prove the result only for H, ,,1. We have that

(12.7) = f(m2,7) = / Pl + / P2d(vX © )
XxAq XxAsz

is continuous on the graph of A, ,, 1. Indeed, suppose that {772,”} C Y5 converges to some 7y € Yo
and that v, € Ay, 1(m2,) is such that v, — 7 with, necessarily (the correspondence A, ), 1
being closed) v € A, ,, 1(m2). First of all note that r] € Cary(X x Ay, R) and so by definition of
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the ws-convergence we have fX><A1 ridy, — fXxAl ridy. On the other hand, since the sequence

[r2d(7X* @ 72,,) is bounded, in order to prove the convergence

/ rid(vX @ mop) — rid(y* @ ) (4.12)
XXAQ XXAQ

it suffices to show that the above limit holds through any convergent subsequence | r%d(%)f, QT ).
For ~, there exists some 7y, € Y1 such that v, = u%ﬁf‘}@ ,. Without loss of generality we
can assume that, for some m € Y1, we have 7 ,» — 7. In particular, using Proposition 3.8, this

implies that v, — M%(,?f% = v. But we also have X ® o,y = u%ﬁf:ﬁ@ L M%(,?f% =X ®@ms by

using again Proposition 3.8. Thus, since 7? € Cary(X x A, R), the convergence (4.12) through n’
follows. This completes the proof of the continuity of the function f on the graph of A, ,, 1.

Now we are in position to apply Berge’s Maximum Theorem [1, Theorem 17.31] to the function f
on the graph of A, ,, 1. Indeed, we have already shown that f is continuous and, besides, we have
that A, , 1 is a continuous correspondence with nonempty compact values (Proposition 4.5). By
the maximum theorem we conclude that the arg max correspondence (that is, H,, ,, 1) is upper
semicontinuous with nonempty compact values.

Finally, from Proposition 4.5 we also have that A, , 1(m2) is convex and since the mapping
v = f(me,y) = fXxAl ridy + fXXA2 r2d(yX @ my) is linear in « for fixed 7o, it follows that its set
of maxima is a convex set. This proves that H,, ,, 1 is also convex-valued. O

Hence, given an initial distribution n € P§(X) and constraint constants p = (p1, p2) € RP x RP
satisfying the Slater condition, let us define the correspondence H,, ,: Y1 X Y2 — Dy 1 X D2 as

'Hn,p(ﬂl,ﬂ'g) = 7‘[777,)1,1(7'(2) X 'Hn,p%g(?ﬁ) for (71'1,71'2) c y1 X yg.

As a consequence of the previous results and using [1, Theorem 17.28], we conclude that the
correspondence H,, , is upper semicontinuous with nonempty compact and convex values.

Nash equilibrium for an initial distribution n € P(X).

Theorem 4.7 Let n € PS(X) and p = (p1,p2) € RP x RP satisfy the Slater condition. Under
Assumption A the following results hold.

(i) The correspondence Hy, ,0Ty : Dy1 XDy o — Dy 1xDy o has a fived point (v7,73) € Dy1XDyo.

(i) The pair of stationary Markov policies (7], 75) = Tp(V1,75) € Y1 X Y2 is a constrained
equilibrium in the class of history-dependent policies I11 x Ily for the game model G(n, p).

Proof: (i). We can use [1, Theorem 17.23] to prove that H, , o J, is an upper semicontinuous
correspondence (it is the composition of the continuous function 7, and the upper semicontinuous
correspondence H,, ,) with nonempty compact and convex values. By the Closed Graph Theorem
[1, Theorem 17.11}, the correspondence H,, , o J; is closed. On the other hand, D, x D, is a
nonempty compact convex subset of the locally convex Hausdorff space M(X x A1) x M(X x Ag);
recall Proposition 2.2. The Kakutani-Fan-Glicksberg fixed point theorem [1, Corollary 17.55] yields
the existence of a fixed point for H, , o J;.

(ii). Denote by (7f,73) € Dy,1 x Dy2 a fixed point of H,,, 0 J, and let (77, 75) € Y1 x Y2 be the
stationary Markov policies given by (7], 73) = 7, (71, 73), so that (77,75) € Hyy p(7],75). Observe

that v{ € £, 1(n3) and so v{ = uf::f;; for some 71 € Y1. But then we have 7 = J,1(7]) = 7.
Hence, using the symmetric argument for 5 we can conclude that

* _  XxXA1 * _ XxXAp
M= Moyt ns and 5 = H et s (4.13)
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It follows that C1(n, 71, 73) = [x,a, cldyy + Jxxa, Ad(viX @ m3) > p1 since v € Ay py1(73).
Similarly, we can show that Ca(n,n],75) > p2 and so, the stationary Markov policies (7],7})
satisfy the constraints of both players (see item (i) in Definition 2.5).

Suppose now that player 1 varies his policy from 7] € Y; to some history-dependent policy
m1 € II; which satisfies his own constraint, that is, Ci(n,71,75) > pi. We want to check that
Ri(n,m,75) < Ry(n,n},n5). By Corollary 3.3 we can suppose without loss of generality that
w1 € Y1. Hence, for this Markov policy 71 € Y1 we have

Ch (77’ 1, 7T>2k) = / C%dﬂijlﬁrl; / C%d,uff:ﬁf Z P1- (414)
X><A1 XXA2
With this in mind, (4.14) implies that ,uf](:ﬁrk € Ay, 1(m5) but by the definition of 7§ € H,, p, 1(75)
we have
* 17, XxA 2 X
Ri(n,m,m5) = /X><A1 Tld#nv:h% /X><A2 Tld(/‘nﬂrlﬂr%‘ ® 73)

< / Pl + / P2d(iX @ w3) = Rl m),
X><A1 XXA2

where we have made use of (4.13). We proceed similarly for player 2 and we conclude that the
stationary Markov policies (75, 75) € Y1 X Y2 are indeed a constrained Nash equilibrium. O

4.2 Existence of a Nash equilibrium for an initial distribution v € P, (X)

Theorem 4.7 establishes the existence of a Nash equilibrium for an initial distribution in P§(X).
To obtain our main result in this paper, we now drop this condition and replace it with v € Py (X).

Theorem 4.8 Consider the game model G(v,0) and suppose that Assumption A is satisfied for the
initial distribution v € PA(X). There exist stationary Markov policies (w5, 75) € My x My which
are a constrained equilibrium for the players in the class of history-dependent policies T1; x Ils.

Proof. Let {n,}nen € PS(X) be the sequence defined by 1, = 15v n}H)\ for n € N. Clearly,
{Nn }nen converges to v in total variation. Recalling (3.3)—(3.4) and since the constraint function
¢; is bounded, there is some constant ¢ > 0 such that |C;(n,, 71, m2) — Ci(v, 71, m2)| < ¢/(n + 1) for
all i = 1,2 and (71, m) € Y1 X V2. Hence, the initial distribution 7, € P§(X) and the constraint
constants p, = (p1,n,p2,n) given by p;, = 60; — —71p for n € N satisfy the Slater condition in
Definition 2.6. We are thus in position to apply Theorem 4.7 to the game model G(n,, pn) to
obtain the existence of a Nash equilibrium. That is, for each n € N there exist stationary Markov

policies {(77,,, 75 ,,) fnen in Y1 x Yo satisfying
Ci(Mny T > M) = pin fori=1,2. (4.15)

and
vy € Ty, C1(n, T1,73.0) = p1n = Ri(ns T 0 T5.0) = Ri(ns 71,73 )5

Vo € Mo, Co(0n, T 0, T2) = P2, = Ro(Nns T 1, T2.0) = Ra (0 71 4, T2).

By compactness of Y1 and Y, there exists a convergent subsequence of {(7] ,, 73 ,,) fnen. Without
loss of generality, we will assume that the whole sequence converges to some (77, 75) € Y1 X Ya.
Our goal now is to show that (77, 75) is a Nash equilibrium for the game model G(v,0).

From Proposition 3.8, we get by taking the limit in (4.15) Ci(v, 7}, 73) > 6; for i = 1,2. On
the other hand, let m be an arbitrary policy in IT; satisfying Ci(v, 71, 75) > 61. Without loss
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of generality, it can be assumed that m € Y; (recall Corollary 3.3). Consider the associated

measure y = uz(;ﬁ%. We can apply Proposition 4.4 to deduce the existence of a sequence v, — =y

with v, € A, 9,1(75,) for large enough n > N. For such large n, let 71, € Y1 be such that
_  XxA
In = ’unnﬂrl,lnﬂr;m

a Nash equilibrium for the game model G(n,, p,,), for such n > N

. We have that Cl(nn,mm,ﬂin) > 01 > p1, for any n > N. But (ﬂ'in,ﬂ';’n) being

Ri(1hn, 7'('?7”, 7T;,n) > Ri(mn, T1,n, 7'(';7”) = /

v+ [ e o)
XXA1 X><A2

Observe that since -, — -y, we have

. 1 _ 1 _ 1 XxAq
lim ’I“ld’)/n—/ 7"1d7—/ Tld#vm,ﬂ;'
N0 JXx Ay XxA; XxA;

XXA2

v, 1,7

We want to show that [y, 77d(yyX @75 ,) = [x,a, ridH . Since 7} is bounded, it suffices

to show that the limit holds through any convergent subsequence {n'} of [y 4, rid(yX ® T3 p)-
Without loss of generality, we can assume that my,, — 7 for some 7 € Y1. By Proposition 3.8

we have
X * _ XxAs XxA: X *
r)/n’ ® 7T27n’ - Mnn“ﬂ-l,n“ﬂ-* —> ltj’y7fr177r§ - IU/VJTI,T(E ® 7T2

2,n/

and, in particular, 71)1(, — ,ul)fﬁwr; in the s-topology of P(X). On the other hand, we have 71)1(, —
X = ,ul),(7T1 . is the s-topology of P(X). This implies that ,u?fm = ,ul),(fTl = We conclude that

XXAQ

X * X *
Tn! ® 772,11/ — :u'u,ﬂlﬂr; ® g = :U'V,ﬂhﬂ—;

and the desired convergence follows. Using again Proposition 3.8 we can take the limit in

Ry (nn7 ﬂq,n? 7Tz,n) = /

i+ [ ddeX o)
XXA1 X><A2

and obtain Ry (v, n},m3) > Ri(v, 71, m5). Summarizing, if m € Y, satisfies C1(v, 71, 75) > 61 then,
necessarily, we have Ry (v, 7], 75) > Ry (v, m,75).
Proceeding symmetrically for player 2, it follows that (7], 75) is a Nash equilibrium. |
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