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Abstract. The energy dissipation law and the maximum bound principle (MBP) are two impor-
tant physical features of the well-known Allen—Cahn equation. While some commonly used first-order
time stepping schemes have turned out to preserve unconditionally both the energy dissipation law
and the MBP for the equation, restrictions on the time step size are still needed for existing second-
order or even higher order schemes in order to have such simultaneous preservation. In this paper, we
develop and analyze novel first- and second-order linear numerical schemes for a class of Allen—-Cahn
type gradient flows. Our schemes combine the generalized scalar auxiliary variable (SAV) approach
and the exponential time integrator with a stabilization term, while the standard central difference
stencil is used for discretization of the spatial differential operator. We not only prove their uncon-
ditional preservation of the energy dissipation law and the MBP in the discrete setting, but we also
derive their optimal temporal error estimates under fixed spatial mesh. Numerical experiments are
also carried out to demonstrate the properties and performance of the proposed schemes.
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1. Introduction. The classic Allen-Cahn equation, originally introduced in [2]
to model the motion of the antiphase boundaries in crystalline solids, takes the fol-
lowing form:

(1.1) u = 2Au+ f(u), t>0, zcQ,
where the spatial domain Q C R?, u(t, ) : [0,00) x Q@ — R is the unknown function,
e > 0 is an interfacial parameter, and f(u) = u — u? is the nonlinear reaction.

Equipped with the periodic or homogeneous Neumann boundary condition, (1.1) can
be viewed as the L? gradient flow with respect to the energy functional

(1.2) B(u) = /Q (522|Vu(a:)|2+F(u(a:))) dz,

where F(u) = 1(u® — 1)? (i.e., —=F" = f) is the double-well potential function, and

thus satisfies the so-called energy dissipation law in the sense that the solution to (1.1)
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decreases the energy (1.2) along with the time, i.e., %E(u(t)) < 0. The solution u
usually represents the difference between the concentrations of two components of the
alloy, and thus should be evaluated between —1 and 1 naturally, which corresponds
to another important feature, the mazimum bound principle (MBP); i.e., if the initial
value falls pointwise between —1 and 1, then so is the solution for all time. Recently,
some variants of the Allen-Cahn equation (1.1) have been developed to model various
processes of phase transition, such as the nonlocal Allen-Cahn equation for phase
separations within long-range interactions [3] and the fractional Allen—Cahn equation
for anomalous diffusion processes [23], and they also satisfy the energy dissipation
law with respect to their respective energy and the MBP. Since the analytic solutions
to these models are usually not available, numerical solutions play a key role in their
study and applications. In order to obtain efficient and stable numerical simulations
and avoid nonphysical results, it is highly desirable to design accurate numerical
methods in space and time which also preserve important physical features of the
models, such as the energy dissipation law and the MBP.

In recent years, numerical schemes preserving the energy dissipation law have
attracted a lot of attention for time integration of the Allen—Cahn type equations
and other gradient flows, including convex splitting schemes [22, 42, 50], stabilized
implicit-explicit (IMEX) schemes [18, 46, 51], discrete gradient schemes [15, 19, 38],
exponential time differencing (ETD) schemes [14, 32, 56], invariant energy quadrati-
zation (IEQ) schemes [52, 54], scalar auxiliary variable (SAV) schemes [9, 43, 44, 45],
and some variants of the SAV method [7, 8, 26, 28, 37]. By combining the SAV
approach with the Runge-Kutta (RK) method, arbitrarily high order linear schemes
preserving the energy dissipation law were developed in [1, 20]. In addition, there is
also a large amount of literature denoted to MBP-preserving numerical schemes for
the Allen—Cahn type gradient flow problems, such as the stabilized IMEX schemes
[41, 48] and the exponential integrator methods [14, 34]. Borrowing the idea of strong
stability-preserving methods [21], MBP-preserving RK-type schemes with high-order
accuracy were studied theoretically and up to fourth-order schemes were provided
for practical computations in [31, 35, 55]. However, among all schemes we have just
mentioned, only a few first-order schemes can preserve simultaneously the energy dis-
sipation law and the MBP unconditionally [14, 16, 41] (i.e., without any restriction on
the time step size), while the second-order schemes always require certain restrictions
on the time step size [27, 36]. It is an interesting and important question whether
there exist second-order or even higher order time stepping schemes preserving both
the energy dissipation law and the MBP unconditionally. An initial improvement
was made in [53] by considering the high-order SAV-RK method [1] to guarantee the
energy dissipation, and the maximum bound is enforced by the cut-off postprocessing
but not by the scheme itself.

The H~! gradient flow with respect to the energy (1.2) gives the classic Cahn—
Hilliard equation u; = —A(e?Au + f(u)), which fails to satisfy the MBP due to the
existence of the fourth-order dissipation term. It is also worth noting that if the
nonlinear reaction function f is changed to the logarithmic one defined by (4.2) (i.e.,
corresponding to the Flory—Huggins potential) tested in our numerical experiments,
the solution of the Cahn—Hilliard equation still remains in the open interval (—1, 1) for
all time under some appropriate boundary conditions [10, 17], where +1 are the points
near which the singularities occur. Implicit or IMEX numerical schemes preserving
such uniform boundedness have also been developed, where the singularity of the
nonlinear term plays a crucial role [5, 13] in their construction.

In this paper, our main purpose is to systematically develop first- and second-
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order (in time) linear numerical schemes preserving both the energy dissipation law
and the MBP unconditionally for a family of Allen—Cahn type gradient flows. More
precisely, we will consider (1.1) with a more general reaction term f : R — R given
by a continuously differentiable function satisfying

(1.3) there exists a constant 5 > 0 such that f(8) <0 < f(—5).

The periodic or homogeneous Neumann boundary condition is equipped, and the
initial condition is given as u(0,-) = ujnx on Q. Then the MBP holds [14] in the
sense that if the absolute value of the initial value is bounded pointwise by (3, then

the absolute value of the solution is also bounded pointwise by § for all time, i.e.,

(1.4) max |umit ()] < B = max |u(t,x)| < Vit >0.
xel xze)

Furthermore, the energy dissipation law is also satisfied with respect to the energy
(1.2) with F now being a smooth potential function satisfying F' = —f. The key
ingredient is the appropriate combination of the SAV approach and the exponential
integrator method [11, 25]. Note that similar ideas have been applied to some non-
linear hyperbolic-type equations [12, 29]. We first reformulate the model equation
(1.1) in an equivalent form by defining an auxiliary variable, similar to the idea of the
generalized SAV approach [8]. Then we introduce a stabilization term to the system
and apply exponential integrators to develop first- and second-order linear schemes in
time. We show that both schemes simultaneously preserve the energy dissipation law
and the MBP unconditionally under an appropriate stabilizing constant. In the error
analysis, one of the major difficulties is caused by the variable coefficients from the
nonlinear reaction and the stabilization terms. By using the energy dissipation law
and the MBP, these variable coefficients are shown to be bounded from above and
below by certain generic positive constants, which helps us to successfully prove the
optimal temporal convergence under fixed spatial mesh. To the best of our knowl-
edge, this is the first work providing a second-order linear numerical scheme for time
integration of the model Allen-Cahn type gradient flows, with provable unconditional
preservation of both the energy dissipation law and the MBP.

The rest of this paper is organized as follows. In section 2, we present the spa-
tial discretization with the central finite difference and some useful lemmas. In sec-
tion 3, we propose the first- and second-order generalized SAV-exponential integrator
(GSAV-EI) schemes and then prove their unconditional preservation of both the en-
ergy dissipation law and the MBP, followed by their temporal convergence analysis.
Numerical experiments are carried out to validate the theoretical results and demon-
strate the performance of the proposed schemes in section 4. Finally, some concluding
remarks are given in section 5.

2. Spatial discretization and some preliminaries. Throughout this paper,
we consider the two-dimensional square domain Q = (0,L) x (0, L) for the model
equation (1.1) with f satisfying the assumption (1.3). Without loss of generality, we
impose the periodic boundary condition. Extensions to the three-dimensional case
and homogeneous Neumann boundary condition do not have any difficulties. In this
section, we will present some notations related to the spatial discretization and a few
preliminary lemmas for the analysis of the time integration schemes proposed later.

Given a positive integer M, let h = L/M be the size of the uniform mesh par-
titioning 2, and denote by ), = {(z;,y;) = (ih,jh) |1 < i,j < M} the set of mesh
points. For a grid function v defined on 2, we denote v;; = v(z;,y;). Let My, be the
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set of all M-periodic grid functions on Qy, i.e., My = {v : Qp = Rlvigrm jriv =
vij, k,l € Z, 1 <i,57 < M}. Let us apply the central finite difference method to
approximate the spatial differential operators. For any v € My, the discrete Laplace
operator Ay is defined by

1 L.
Apvi; = ﬁ(viﬂ,j + v v F U1 —4vy), 1<, <M,

and the discrete gradient operator Vy, is defined by

Vs i Vs s —v:N\T o
Vhrl)ij:( 74+1»Jh ZJ’ 15J+1}l 7’.7) , ].SZ,]SM

The eigenvalues of Ay, are given by [33]

(2.1) Amz—;<$ﬁﬁg+mﬁz>gq 0<kI<M-—1.
As usual, the discrete inner product (-, -), the discrete L? norm || - ||, and the discrete
L norm || - || can be defined, respectively, by
M
(v,w) = h? ”221 vwig, ol =Vive),  olle = | Jmax Juig|
for any v, w € M, and
(v,w) = (' w') + (0% w?), o] = /(v v)

for any v = (v, v?)T, w = (w!,w?)T € My, x My,. By the periodicity, the summation-

by-parts formula obviously holds:
(v, Apw) = —(Vpv, Vyw) = (Apv,w) Yo,w € My,

The space-discrete problem corresponding to (1.1) is then to find a function uy, :
[0,00) — M}, that satisfies

dun

(2.2) =

= €2Ahuh + f(uh)v t>0,
with up (0) = Ginit, where @, is the pointwise projection of ujni; onto My,. Through-
out the paper, we do not differ ;¢ and winir anymore since there is no ambiguity. It

is easy to verify the energy dissipation law for the space-discrete problem (2.2), i.e.,
4 By (up(t)) <0, where Ej, is the spatially discretized energy functional defined as

2
(2.3) Emm:%WwW+w@@ Vv e M.
As shown in [14], the MBP is also valid for the space-discrete problem (2.2), i.e.,
(2.4) luimitlle <8 = Jlua(t)llc <B VE>0.

We have assumed that f is continuously differentiable, so ||f'||c[—s,5 is finite.
Then the following result is valid [14].
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LEMMA 2.1. Under the assumption (1.3), if & > ||f'|lcj—g,5 holds for some pos-
itive constant k, then we have |f(€) + k€| < kB for any & € [-5, B].

Since My, is a finite-dimensional linear space, any grid function in My, and any
linear operator from M) to M) can be treated as a vector in RM* and a matrix
in RM2XM2, respectively. For functions of matrix/operator, we have the following
lemma (see [24]).

LEMMA 2.2. Let ¢ be defined on the spectrum of a diagonalizable matrix A €
R™>*™ j.e., the values {Pp(N;)} 1 exist, where {\;}, are the eigenvalues of A. Then
the following hold:

(i) ¢(A) commutes with A and ¢p(AT) = ¢(A)7T;

(ii) the eigenvalues of ¢(A) are {dp(N;) |1 <1i<m};

(iii) ¢(P~TAP) = P~1¢(A)P for any nonsingular matriz P € R™*™.

We still use the notations || - | and || - ||« to denote the matrix-induced norms
consistent with |- || and ||-||o defined before, respectively. By viewing A, as a matrix,
we know that Ay is symmetric, negative semidefinite, and weakly diagonally dominant
with all diagonal entries negative. Moreover, we have the following useful estimate,
which comes from the fact that Ay is the generator of a contraction semigroup [14],
and the proof can be found in [14, 31].

LEMMA 2.3. For any real numbers a > 0 and b > 0, we have |[e®®» % || < e7?,
where I € RM**M? g the identity matrizx.

REMARK 2.1. Apart from the central difference discretization discussed above, the
lumped mass finite element method with piecewise linear basis functions can also be
adopted and Lemma 2.3 still holds correspondingly [14]. In addition, there have been
some initial explorations on the MBP-preserving methods using the fourth-order accu-
rate spatial discretization, such as the compact difference approzimation [49] and the
finite difference formulation of the Q? spectral element method [47], combined with
the Fuler-type time-stepping approaches. However, it is not obvious whether these
fourth-order discrete Laplace operators satisfy Lemma 2.3, and thus it is worthy of
further investigations on the combination of higher-order spatial discretizations with
the exponential integrator methods studied in this paper.

3. Generalized SAV-exponential integrator schemes. From now on, we
always assume the initial value uj,;; has enough regularity as needed. Let us define
the bulk energy term E1p(v) := (F(v),1) for any v € Mj,. The continuity of F' implies
that F' is bounded from below on [—f, 8]. Therefore, according to the MBP (2.4),
there exist two constants C, > 0 and C* > 0 such that

(31) - C* S Elh(uh) S C*

Motivated by the idea of the generalized SAV approach [8], we define the auxiliary
variable s;,(t) = FE1p(un(t)) and rewrite the space-discrete equation (2.2) in an alter-
nate but equivalent form as

(32&) dd% = €2Ahuh + Gmf(uh)v
dsp . o(sp) dup

where o : R — R is a one-variable function satisfying the following two conditions:
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(X1) o0 >0o0nR;

(22) o is continuously differentiable and ¢’ > 0 on R.
These conditions are crucial to the MBP preservation and error analysis of the pro-
posed time integration schemes in this paper. For any v € M}, and r € R, define

_ o)
(3.3) g(v,r) = (B @)

(clearly, g(v,7) > 0 due to the condition (X)) and the modified energy

2
(3.4) En(v,r) = Va0l + 7.

Obviously, g(up, sp) =1 and &, (up, sn) = Ep(up,) without time discretization.

REMARK 3.1. The form (3.2) and the conditions (X1) and (X2) differ from those
given in [8], where o may not be defined on the whole real line R and the constructed
schemes may be nonlinear, while our schemes developed later are all linear. A trivial
choice for the function o satisfying (31) and (X2) is the positive constant mapping,
e.g., o = 1. This gives a degenerate case since we still have exactly g(up,sp) = 1
with whatever time discretization, and consequently s does not provide any feedback
to the update of up at each time step, which is similar to the idea adopted in [39].
Some nontrivial choices [8] include elementary functions such as o(z) = €, o(x) =
% +arctan(z), o(x) = 14 tanh(z), or even special functions constructed by the
integration such as o(x) = ffoo n(y)dy for some continuous function n > 0 on R.

Next, we develop exponential integrators for the space-discrete system (3.2), in-
stead of the original one (2.2). Let us partition the time interval using the nodes
{tn = nT},>0 with a uniform time step size 7 > 0, and set u™ and s™ as the approxi-
mations of up ¢ (tn) and sp e (tn) = E1n(un,e(tn)), respectively, where up . denotes the
exact solution to the problem (2.2) (equivalently (3.2)).

3.1. First-order GSAV-EI scheme. Set u’ = ui,; and s = Eyp,(u). Sup-
pose the numerical solution (u”, s™) is known for some n > 0. Introducing a positive
stabilizing constant x > 0, (3.2a) is equivalent to

S — 2 Ayun -+ gloun, ) Fun) + mgot” 5™ un — un)
= —L{un + N[ (un, sn),
where the linear operator L" = rg(u™, s")I — 2/, and the nonlinear operator
NZ(v,r) =g(v,r)f(v) + kg(u™, s")v Yv e My, Vr € R.
We know that L7 is self-adjoint and positive definite since g(u™,s™) > 0 and k > 0.
Using the variation-of-constants formula on [t,, t,+1], we have

Up (tngr) = e TERug (t,) + / e~ TOLENT (uy, (t, + 0), s (tn + 6)) dO.
0
By approximating the term N by its value at 0 = 0, i.e., NI (upn(tn + 0),sn(tn +
0)) ~ N (up(tn), sn(tn)), we obtain the first-order exponential integrator scheme for

computing u"*! as

(3.5a) utt = e TRy 4 (/ e (T=OL; d9> NI (u™,s")
0
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=e Thry™ £ 1y (—TLT)NT (u™, s"),

where ¢1(a) = a~t(e® — 1) for a # 0. Integrating (3.2b) from ¢, to t,1 and using

the approximation g(up(tn +1), sn(tn + 1)) f(un(tn +1)) = g(un(tn), su(tn)) f(un(tn)),
we obtain the first-order formula for computing s"*! as

(3.5b) s = 5" — g(u™, s™)(f(u"), u" Tt —u™).

The combination of (3.5a) and (3.5b) defines the first-order generalized SAV-exponential
integrator (GSAV-EI1) scheme, which is uniquely solvable for any 7 > 0 due to its
explicit formulation.

3.1.1. Energy dissipation and MBP. We first show the unconditional preser-
vation of the energy dissipation law with respect to the modified energy &, defined by
(3.4) and the MBP of the GSAV-EI1 scheme (3.5). As a consequence, we then prove
the uniform boundedness of g(u™, s™), which is crucial to the convergence analysis.

THEOREM 3.1 (energy dissipation of GSAV-EI1). The GSAV-EI1 scheme (3.5)
is unconditionally energy dissipative in the time-discrete sense that E,(u™t1, s" 1) <
En(u™, s™) holds for any T >0 and n > 0.

Proof. Using (3.5b), some simple calculations yield
&2 &2
(3.6)  Ep(u™t s"Th) — & (u, s") = 5||th"+1||2 - EHV;ZU"H2 + st g
2
= E2<thn+l, thn+1 - thn> — %“thn-i_l — thn||2
— gl () um )

2
9
= (A g, 5 f () w =) = SVt - Yy

= (L™ — N™(u™, s™),u" T — u™)
2
_ Hg<un7sn)||un+1 _ unHZ _ %thun+1 _ vhun||2~

It can also be derived from (3.5a) that
W — ™ = (7T — D™ + 7y (—TLY)N™ (U, ™).

Multiplying [r¢1(—7L?)]~! = (I — e 7E<)~1L? on both sides of the above equation
leads to

[rén(~E] 7 (" — ) = ~ L+ NP (" 5")
= L™ (u"t —u™) — L™+ N (u™, s™),
and thus
(3.7) Lru™t — NP (", s™) = [L — (I — e ") L) (umH — um).
Note that L7 is positive definite and a — (1 —e~%)"1a < 0 for any a > 0, which means,

by Lemma 2.2, that L — (I —e~"L%)~1L" is negative definite. Combining (3.6) and
(3.7), we obtain the energy dissipation &, (u™*!,s"+1) < &, (um,s") . O
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REMARK 3.2. Theorem 3.1 states that the GSAV-EI1 scheme (3.5) is energy dis-
sipative with respect to the modified energy En(u™, s™) rather than the original energy
En(u™). Note that E(u™,s™) is only an approximation of En(u™) after time dis-
cretization since usually s™ # Eip(u™) for n > 0.

COROLLARY 3.2. For any 7 > 0 and n > 0, it holds that s™ < Ej,(tinit)-
Proof. Since s° = Eyj,(uinit), we have by Theorem 3.1 that

2
€
Ethu”Hz + 8" =Ep(u™, ™) < Ep(unTh s < < ER(u0, 8°) = B (i)

Dropping off the nonnegative term %thu"HQ leads to the expected result. 0
THEOREM 3.3 (MBP of GSAV-EIL). If k > ||f'|lc(—p,5, then the GSAV-EI1
scheme (3.5) preserves the MBP unconditionally; i.e., for any T > 0, the time-discrete

version of (2.4) is valid as follows:

(3.8) l|tinit]| oo < B = [u™loo < B Vn >0.

Proof. Suppose (u™,s™) is given and [|u"™||o < 8 for some n > 0. By Lemma 2.3,
we get [|e” LR ||o < e"TR9(u"s™)  Since K > Ilf'llcr-8,6 and g(u™,s") > 0, by Lemma
2.1 we have

IV (1", 8™)loo = g(u™, 8™ f (u™) + Ku" oo < £Bg(u", s").

Therefore, we obtain from (3.5a) that

||un+1||OO < eang(u”’sn)ﬂ + (/ ef(rfe)mg(u",s") de) .Kﬂg(un7sn)
0

1— ef‘r/-cg(u" ,8™)

— T KBg(u”,s") = B.

rg(um, sm)
By induction, we have ||u"||s < 8 for any n > 0. O
REMARK 3.3. By applying e ™" ~ (I + 7L™)~" to (3.5a), we can obtain

un+1 —u" 2 n+1 n .n n n n n+1 n
(3.9) — = Apu™ + g(u™, s™) f(u”) + kg(u™, s™) (w0 —u™).
The scheme formed by (3.9) and (3.5b) can be regarded as the stabilizing version of the
generalized-SAV scheme [8], which also satisfies the energy dissipation law (Theorem
3.1) and the MBP (Theorem 3.3). In particular, by setting o(x) = e, it recovers
exactly the first-order stabilized exponential-SAV scheme [30)].

Unlike the time-continuous case in which g(up, sp) = 1, the coefficient g(u™, s™)
may vary at each time step unless o is chosen as a constant function, which leads to
some difficulties for the error analysis. Fortunately, by the energy dissipation law and
the MBP, we can show that g(u™, s™) is bounded uniformly in n. The following lemma
(without proof) is useful to estimate some exponential-related functions of matrices.

LEMMA 3.4. For any a > 0, the following inequalities hold:

0<l—-e*<a, 0 < ¢1(—a) <1, 1< (1+a)pi(—a) < 2.
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COROLLARY 3.5. Given any fized h > 0 and T > 0, if & > ||f'|lcj=p,5 and
[|tinit|loo < B, then there are two constants G, > 0 and G* > 0 such that

G, <gu™s")<G*, 0<n<|T/7],

where G, and G* depend on C., C*, |Q|, T, uinit, &, €, and | f|lcj-p,s but are
independent of T.

Proof. Since ||[u™]|oo < S (by Theorem 3.3), according to (3.1) and the conditions
(31) and (X3), it holds that 0 < o(—C.) < o(En(u™)) < o(C*). According to
Corollary 3.2, we have

a(s") 0 (En(tinit))

g(u™,s") = = INCD) < 2(-C.) = G*.

Using (2.1), we then obtain the uniform bound of the spectral radius of L, p(L}), as
n n o .n 2 A * 882 .
(3.10) p(LY) < kg(u",s™) +ep(Ap) < G*k + 7= My,

Next, we show the existence of the lower bound of {s™}. By making use of the MBP
and the first inequality in Lemma 3.4, we derive from (3.5a) that

u — || < |1 — e TR || + 7l dr (—TLE) [ Nie (u™, s™)|
< 7p(LY) - BIQUF + 7 - kBg(u”, sM)|QE < 78|90 (M), + G*5).

Since || f(u™)| < FolQ|z with Fy := Ilfllci—p,5, We then obtain from (3.5b) that
(3.11)  s"TL > 5" — g(u™, s™)|| f(u™)]||u™ T = u”|| > s — G*FyB|Q|(M), + G*k)T.
By recursion, noting that s® = Eyj (uinis) > —C., we obtain

(3.12) 5" > 5" — G*FB|Q|( M, + G r)nr > —C, — G*FoBIQ|(My, + G*K)T = S,.

Thus, g(u™, s™) > 0(S«)/c(C*) := G, which completes the proof. 0
3.1.2. Temporal error analysis. Note that (3.5a) is equivalent to finding
u™t = w(7r) with w(0) satisfying
dw(0)
7 L’ﬂ 0) = Nn ’I’L, n , 0 0, ’
w(0) = u".

Let sy, ¢(t) = Eip(un,e(t)). Define wy, ¢(0) = up e(t, + ) for 6 € [0, 7]. It holds that

dwh7e(0)
(3.14) a6
wh,e(o) = uh,e(tn)a

+ L:wh,e(o) = Ng(uh,e(tn)v Sh,e(tn)) + R?u(0)5 NS (077'}7

where the truncation error

16(0) = g(un,e(tn +0), spe(tn + 0)) f(un,e(tn +0)) — glun.e(tn), Sne(tn)) f(tn,e(tn))
+ kg(u”, s™) (upe(tn +0) — upe(tn)).
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For s, (t), we have

(3.15) spe(tnt1) — Sne(tn)
= —g(un,e(tn), sh,e(tn))(f(Un.e(tn)), tn,e(tns1) — une(tn)) + TRY,

for some truncation residual RY,. Furthermore, it is easy to verify that

(3.16) sup [|Ry, (O)| < Cent, Ry < Cenr,

0€(0,7)

where the constant Ce 5 > 0 depends on up e, K, €, and || f|[c1j-p,5). Now we define
the error functions as

(3.17) ey =u" —upe(tn), ey = 58" —spe(tn).

(T

LEMMA 3.6. Given any fived h > 0 and T > 0, if & > || f'llc=p,8 and ||[tinit]lco <
B, then we have

llg(u™, ™) f(u")=g(tn,e(tn), sne(tn)) f(une(tn))ll < Co(llegll+leg]), 0 <n<|T/7],

where Cy > 0 is a constant depending on C, |, uinis, and || fllc1—p,5-

A special case of this lemma with o(z) = e® has been proved in [30]. Using (3.1)
and the conditions (X1) and (32), there is no essential difficulty to obtain the general
result, so we omit the proof.

THEOREM 3.7 (temporal error estimate of GSAV-EIl). Given any fized h > 0
and T > 0 and letting k > || f'[|c[-p,5), assume that the exact solution up . is smooth
enough on [0,T] and ||tinit|lco < B. If T > 0 is sufficiently small, then we have the
following error estimate for the GSAV-EI1 scheme (3.5):

(3.18) lu"™ — upe(tn)|l + 8" = She(tn)| < Cham, 0<n<|T/7],

where the constant Ch 1 > 0 is independent of T.

Proof. Define e(8) = w() — wp (0). The difference between (3.13) and (3.14)
leads to

dz(:) + Le(0) = N (u",8") — N2 (up e(tn), She(tn)) — R, (0), 6 € (0,7],

e(0) = ey,

whose solution e(r) = untl — Une(tnt1) = eﬁ“ can be expressed as
(3.19) et = e Threl 4 7y (—TLI)[NY (", 8™) = NI (une(tn), she(tn))]
— / e~ (=L RR () d6.
0
Acting I + 7L? on both sides of (3.19), we obtain

(3.20) (14 7rg(u™, s™))(em T — ™) — 7e2(Ape™ — Ape)
=7+ 7L)o1(=TLE) [N (u", ") — N (un,e(tn), She(tn))]

+ (T4 7LMY (e~ 5% — Dyen — / (I + LMo~ T=OLE RN (9 do.
0
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Taking the discrete inner product of (3.20) with §;e?*! := (en*! — e) /7, we get the
reformulation of the left-hand side (LHS) of (3.20) as

LHS = 72 + mg(u”, ")l — el + 2| Vaclt — Vel
and the reformulation of the right-hand side (RHS) of (3.20) as
RHS = 7((1 + 7L)¢1 (~TL) NS (u", 8") = N (un,e(tn), she(tn))], Seen ™)

(I + 7L (e TE — Delt, Spen ™) — /O T((I +7L)e” TTOLLRY (), 5,61 do.
By using Corollary 3.5, the identity |[en™! —e? |2 = [le?F1||2 — |le?||> — 27(e?, e H1),
and Young’s inequality, we obtain
(3.21) LHS > 7|52 + GurllelTH|? — Gurlle?||* — 2G kT (e, 5emt)

7
> §Tllf5t63“||2 + Gunillen TP — Gunllen||* — 8GIR* el .

According to (3.10), when 7 < M, ', we have |[I + 7L"|| < 1+ 7p(L?) < 2. By
Lemma 3.4, we have [le”7t% — I|| < ||[7L?|| < My7. Thus, for 7 < M; !, we have
(3.22) RHS < 27| N (u”, ") = N} (une(tn), sne(tn)) [I0cer |
+2Myllenlllldeer ™ + 27 sup R, (O)][16een |
0e(0,7)
< 8TINZ(u", ") = Ny (une(tn); sne(tn))®

+8Mjr|en||* + 87 sup ||RY,(O)17 + < [16ien .
9€(0,7) 8

Using Lemma 3.6, we have

(3.23) [INZ(u",8™) = N (tn.e(tn), sn.e(tn))ll

< lg(u™; s") f (") = g(un,e(tn); sn.e(tn)) f (une(tn))ll + rg(u”, s")|le; |
< (Cg + G R)ley |l + Coleg],

and thus we obtain from (3.22) and (3.23) that
(3.24) RHS < [16(Cy + G*r)* + 8M]r||epn||* + 16CoTel|?

3T
+87 sup [|RY,(0)]* + §H5t63+1ll2-
0€(0,7)

Combining (3.24) with (3.21), we obtain
(3.25)  Gumller P = Ganllel|? + Zoer

< [16(Cy + G*K)? 4 8M}; + 8GER°7|lel||* + 16Co7[el |

+87 sup [|RT, ()|
0€(0,7)

The difference between (3.5b) and (3.15) leads to

ngrl — ey = (g(une(tn), sne(tn))f(une(tn)) —gu”,s") f(u"), une(tnr1) — une(tn))
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— g(um, s (f(um), entt — el — TRY,.
Multiplying the above equation by 2e7*? yields
(3.26) [ed™H* — |ef]* + les ™ — el]?

= 2€g+1<9(uh,e(tn)v Sh,e(tn))f(uh,e(tn» —g(u”, ") f(u"),
Uhe(tnt1) — Une(tn)) — 27g(u™, s”)e”“(f(u"), 6teZ+1> — 2TR?562+1.

S

For the first term on the RHS of (3.26), using Lemma 3.6, we have

(3.27)
2€?+1 <g(uh,e(tn)7 Sh,e(tn))f(uh,e(tn)) - g(un, sn)f(un)’ uh,e(thrl) - uh,e(tn)>
< 2lef g (une(tn), shoe(tn)) f(une(tn)) = g(u™, s™) f(u™)[[wn,e(tnsr) = wne(tn)]]
< 2Og7—‘e?+1|(||62|| + leg DIl (un,e)(0n) | (tn < On <tni1)
< Crr(fleql® + lex]? + ler ),
where C7 > 0 depends on C, |, up,c, and || f||c1[—p 5. For the second term on the
RHS of (3.26), we have
(3.28) —27g(u", s")es THf (u"), S ) < 270G f(u™)|les T H[|Spen |
< Corled P+ Zarel 1,
where C > 0 depends on C., €, uinit, and | f|c[—g,5. For the third term on the
RHS of (3.26), we have
(3.29) — 27RY " < 7| RY|2 + Tlem A

Substituting (3.27)—(3.29) into (3.26) leads to
(3.30)

et 12 —le2|? < Cirllel||? 4+ Crrlel P+ (14 Cr + Ca)Tlel T + g”&sez*l |2 +7|RT)?.
Adding (3.25) and (3.30) and using (3.16), we reach

Gurllen ™ * = llenl®) + (ed™ 1 — les?) < Cor(lleqll” + e * + les™'*) +9C2 77,

S

where C3 > 0 depends on Cs, |, T, up, k, €, and || f||c1—g,6- Finally, by applying
the discrete Gronwall inequality, we obtain

Gurllen|® +lel]” < Cpar?,

where C~’h71 > 0 is a constant independent of 7, which finally gives us (3.18) by taking
Cht = /Cra/ min{L, Gur}. 0

3.2. Second-order GSAV-EI scheme. Now we present the second-order
generalized SAV-exponential integrator (GSAV-EI2) scheme, which is developed in
the prediction-correction fashion. Let x > 0 again be the stabilizing constant. First,
we adopt the GSAV-EI1 scheme (3.5) to generate a solution (u"*!,5""1) as the pre-
diction and define 7" *2 = (u™ +a"*+!)/2 and 32 = (5" +35"1)/2. Then we rewrite
the space-discrete system (3.2a) in the equivalent form as

dup, il gl
e 2 Apup + g(up, sp) f(un) + rg(@™ 2, 3"42) (up, — up)
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nt3 nt+
= —Lx *up + Ne > (un,sn),

1
where the linear operator L = /{g(ﬂ”*é , §”+%)1752Ah is self-adjoint and positive
definite since g(ﬂ”*é,?”r%) > 0 and k > 0, and the nonlinear operator
1
(3.31) N2T2(0,r) = g(o,r) f(v) + kg(@ 12,52 )0 YveM,, VreR.

Applying the variation-of-constants formula gives us
Lt Y
(3.32) up(tng1) =€ 77" uh(tn)—i—/ e * TNk 2 (up(t,+0), sp(tn,+06))do.
0
1
Approximating the term Ntz by its value at § = 5 in the above equation, i.e.,

nt3 nt1
(3.33) Ni 2 (un(tn +0),sn(tn +0)) = Ny 2 (uh(tn-&-%)v Sh(tn-i-%))v
we obtain the GSAV-EI2 scheme for computing u"*! as

n+1 7TL"+% n ! 7(7_79)Ln+% ntg ~ntl opil
(3.34a) u" T =e T T+ e = T df N, (T2, T2)

0
_ L"+% NS\ AL apgl apgl
=e T Tu + 1o (—7Lk 2)Ng 2(uT2,8"72).

To update s"*!, we discretize (3.2b) at t = tpy1 to give

(3.34b) s = 5" — gt ) (f (e un T — )

+ gg(a”+%,§“+%)<un+1 _ gt L yny,

The second term on the RHS of (3.34b) is based on the Crank—Nicolson discretization,
and the third term is an artificial stabilization term of high order.

3.2.1. Energy dissipation and MBP. Similar to the analysis of the GSAV-
EIl scheme, we first prove the unconditional preservation of the energy dissipation law
and the MBP of the GSAV-EI2 scheme (3.34); then we show the uniform boundedness
of g(u™, s™) and g(@"*2,5"2), which is important to the error analysis.

THEOREM 3.8 (energy dissipation of GSAV-EI2). The GSAV-EI2 scheme (3.34)
is unconditionally energy dissipative in the time-discrete sense that &, (u™t!, s"t) <
En(u™, s™) holds for any 7 >0 and n > 0.

Proof. Similar to the proof of Theorem 3.1, some simple calculations give us

En(u !, ") = E,(un,s7) = (LETRunt - NPT @R ) ant - )
- ﬁg(ﬂ”+%,§ﬂ+%)<un+l — gt gyt u')

2
_ %thun+1 _ thnH2 + gg(ﬂn+%7gﬂ+%)<un+l _ an+1,un+1 _ un>

1 nt g ntl
= (L = (L= e mhe )T (L ) )

2
€ K pal 1
= S VR = VP = D@t E R -t
Then the energy dissipation comes from the negative definiteness of the operator
1 nti 1
R D N A O
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COROLLARY 3.9. For any 7 > 0 and n > 0, it holds that s" < Ep(uinit) and
ST < B (usniy) for the GSAV-EI2 scheme (3.34).

Proof. Similar to the proof of Corollary 3.2, the uniform boundedness of {s"} is a
direct consequence of Theorem 3.8. Since 5"*! is generated by the GSAV-EI1 scheme
(3.5), we have 3"t < &, (u"t!, ") < &,(u", s") according to Theorem 3.1, and
thus ’§n+1 S Eh(uinit). O

THEOREM 3.10 (MBP of GSAV-EI2). If k > ||f'|lc-p,8), then the GSAV-EI2
scheme (3.34) preserves the MBP unconditionally; i.e., for any T > 0, the time-
discrete version of MBP (3.8) is valid.

Proof. Suppose (u", s™) is given and ||u"||cc < S for some n. According to The-
orem 3.3, we know that ||a"*!||o < 8, and thus |[|7"" 2 ||s < 8. We also have from
Theorem 3.8 that "2 < FEj, (uinit). Noting that (3.34a) has the same form as (3.5a),
the proof can be completed in a way similar to that of Theorem 3.3. O

COROLLARY 3.11. Given any fived h > 0 and T > 0, if & > || f'[|c[-p,5 and
|[tinit|lco < B, then there are two constants G. >0 and G* > 0 such that

G. <gu",s") <G, G.<g@*2,3+3)<G*, 0<n<|T/7]-1,

where G* is the same constant defined in Corollary 3.5, and G. depends on C\, C*,
1, T, tinit, &, €, and || f|lc[—p,p) but is independent of T.

Proof. As done in the proof of Corollary 3.5, the upper bound G* of {g(u", s™)}
and {g(@""z,5""2)} is the direct result of the monotonicity of o and Theorems 3.8
and 3.10, and thus p(L7?) < M} and p(LZ+%) < Mj, with M}, > 0 the same constant
defined in (3.10). For the existence of the lower bound G, it suffices to show the

existence of the lower bounds of {s"} and {3"*2}. Similar to the derivations in the
proof of Corollary 3.5, we have

[ut — || < TBIQIE (M + G*r),  [[@"T = u| < TIQIE (M) + Gr),
and thus |[u"t — @71 < 2T8|Q2 (M), + G*k). Then we derive from (3.34b) that

s> s g(@ e F) | f@ )| [u Y —

— GO Jur |

> " — G*FoB|Q(My, + G* k)T — G* KT |Q(M), + G* k).
By recursion, we obtain
s" > —C, — G*FB|Q(My, + G*k)T — G*kB%Q| (M), + G*k)?T?.
Finally, according to (3.11), we also have
3L > s - GFRyBIQ(M), + G R)T,

which completes the proof. O

3.2.2. Temporal error analysis. The following lemma claims that the tem-
poral truncation error of (3.34) is of second order. The proof involves some careful
computations in calculus, and we present it in Appendix A.
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LEMMA 3.12. Given any fized h > 0 and T > 0, assume that the exact solution

1 ot d
Up,e s smooth enough on [0,T]. Define 17;:2 = (un,e(tn) +un,e(tnt1))/2 and shiz =
(Sh,e(tn) + Sh,e(tnt1))/2. It holds that

(3.35a)
nt+d ntl n o n
Une(tni1) = e 5 Pup o (ty) + Té1(—TL ? )N * (Uhtzv h?) +7RY,,
(3.35b)

~n+3 ~n+3 +3
Shoe(tn+1) = Sne(tn) — g(”: e s Sh, 62><f(“2 ) une(tng1) — une(tn)) + TR,
with the truncation terms RY, and RY, satisfying
(3.36) |RE | < Cent?, |RY,| < Cent?,

where the constant Ce p, > 0 is independent of T.
The error functions €]l and e? are defined by (3.17). In addition, we define
'éruLJrl

n+1 E?“ _ gnJrl

=u - uh,e(tn+l)a - Sh,e(tn+1)~

We first present a lemma on the estimates with respect to e"*! and e?*!. The proof
is similar to that of Theorem 3.7 and will be given in Appendlx B.

LEMMA 3.13. Given any fived h > 0 and T > 0, let & > |[f'||cj—p,5. Assume
that the exact solution up . is smooth enough on [0,T] and |tinitlleo < B. If T is
sufficiently small, then it holds that

(337) @ P+ e < Culllenl® + el ?) + ChC2yr, 0 <n < [T/7),

where the constant éh > 0 s independent of T.

THEOREM 3.14 (temporal error estimate of GSAV-EI2). Given any fized h > 0
and T >0, let & > || f'||cj—p,5)- Assume that the evact solution up, . is smooth enough
on [0,T] and ||uinit]|co < B. If T is sufficiently small, then we have the following error
estimate for the GSAV-EI2 scheme (3.34):

(3.38) lu™ = une(ta) | + 15" = she(ta)] < Chor®, 0<n < [T/7],

where the constant Ch, o > 0 is independent of T.
Proof. The difference between (3.34a) and (3.35a) gives

n«i»l

1 1
entt = e Tt el rn (—r Ly NS TR @ ) - R @R ) - TRy,

Acting I + TL:+% on both sides of the above equation, we obtain
(3.39) (1+7kg(u avts 3t ) (e —em) — 12 (Ape™t — Ape)
= T(I+ 7L )y (—r L INETE @ 5 ) - N @t gt
L e e (14 LI RY,

Taking the discrete inner product of (3.39) with §;en™!, similarly to (3.21), we esti-
mate the LHS of the above identity as

LHS = 7|l P + g (@ 3,574 et = en)]2 4 2 Vaen ! — Vpel |
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> 7)|8en 2 + kG lent! — e

= 7)|8eel 12 + Gurllel |2 — Gurllel||? — 2G kel 6iei ™)

Y

T . . .
5 10eei TP + Gunller ™ = Gunllel||* — 8GIR*rllef I,

and, when 7 < M, !, we estimate the RHS of (3.39) as

n+é Nn+%

n n nl,vn,,vn, 1 n+l n
RHS = 7((I + 7L 2)gn (—r LU ) NIF 2 @t 3y - NIP 2 @t 50 7)) den )

,,L+1
I+ L) e~ Del, ety — (I + 7L )R, 8l
<o NETE@ETE ) - NI E el
+2Mur il Beei | + 27| Rl 8eel |

<srINEPE @ ) - N st )P

+8M ey ||* + 87| B3, ||° +*H5 en 2
Note that

n+i o 1 1 n+i n+i 4l
N;—c 2(un+2’§n+2)_]\]}‘€ z(uh6278hez)

-

~ 1 1 ~ 1 ~n+ +l _;,_l
=gtz 3 f(ante) ~ g(UZeQ,Shez)f(uhe )+ rg(@ts, 3 R)E

1
and 4"t uh-b stz Emh+2 are all bounded uniformly according to the energy dissi-
pation law and the MBP. Similar to the proof of Lemma 3.6, we can obtain

n 1 ~ n ~N ~N
(3.40) INEFE @ ) - NPT @R )

Cy + Gk 1 Coimt i
< =I—lleull + 1D + S (et + @),

Combining (3.40) with estimates of the LHS and RHS of (3.39), we get
(341)  Gunllel ™ — Cunllel]* + Loy P
< [8(Cy + G™r)* +8M; + 8G2R’I7|lel||” + 8(Cy + G r) rllEr |
2 n|2 ~n+1|2 2
+8CT(led]” + €5 ) + 87 Ry, |
For the error equation (3.35b), we can add a zero-value term to the RHS to give

(3.42)  spe(tny1) — Sne(tn)
n+3i ntl nJF u" s 3
:_g(uhez’sh62)<f(uhe ) uh,@(tn'f‘l)_uh,e( n)>+ 29( +2 +2)
) <uh,e(tn+1) - uh,e(tn-‘rl)’ uh,e(t""rl) - uhve(t”» + TRy,

The difference between (3.34b) and (3.42) leads to

~n+ + ~n+ ~n+1 1 ~n+1
€?+1 - 6? = <g( Zﬁﬁgﬁ)f(%iﬁ) - g(un+27§%+2)f(un+2)7uh,e(tn+1) - uh,e(tn)>

@ F @ - et - o)

— g(@tE ) (@), ent - o)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/18/23 to 158.132.161.52 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

GSAV-EI SCHEMES FOR ALLEN-CAHN TYPE EQUATIONS 1921
1
+ 9@ TR () — wne(ta)) — 7R3,
Multiplying the above equation by 2e7*? yields
e (el + fert! — enf?

+ + + ~ntl 1\ po~ntl
= 2e?+1<g(u2527§262)f(u232) - g(un+2a§n+2)f(un+2)vuh,e(tn+l) - uh,e(tn)>

—‘rTKg( n+2 ~n+ ) ;L+1<un+1 _an+1’6t62+1>

—2rel g (@t 3 ) (F(@TE), 6, )
+ rg(u n+2 grte Z)e Z+1<€Z+1 - éIZ-’_lvuh,e(tnﬂ) — up,e(tn)) — 27€Z+1Rgs
Similar to the deduction from (3.26) to (3.30), we then obtain
(343)  led™P el ]* < Csr(flenl® + llen ™1 + [l 1?
T e o D e LA

with Cs depending on C,, |, upe, &, and || f|lc1—s,5-

Adding (3.41) and (3.43), we obtain
(3.44) Gurlllen ™1 = llenl®) + (Jes ™ — ler]?)

< Cor(lleg 1 + llet ™M IZ + eI + e + les ™ + [ ?)
+ 87| RS, |I> + 7| Ry, |,
where Cs > 0 depends on C., [Q|, upe, and || f|[c1j-p,p. Substituting (3.37) into
(3.44) and using the estimate (3.36), we obtain
(3.45) Gur(llen™ 1 = llenll®) + (led™* — ez )
< Co(Ch+ D)r(lel® + llen™ > + leb | + s ™) + (CoCh + 9)C2 7"
When 7 is sufficiently small, similar to the last paragraph in the proof of Theorem
3.7, applying the discrete Gronwall inequality to (3.45) leads to
Gurllenl® +1e2]® < Cnor',

where C~’h72 > 0 is a constant independent of 7, which gives us (3.38) by taking
Cho= \/éh,g/ min{1, é*m} ]

REMARK 3.4. In addition to the periodic or homogeneous Neumann boundary
condition considered above, one can also equip (1.1) with the Dirichlet boundary con-
dition u(t,x) = Y(t,x) for t > 0 and x € Q. Then it is shown in [14] that the
solution satisfies the MBP (1.4) if |¢(t,x)| < B for any t > 0 and x € 99, and the
energy dissipation law is also valid if ¥(t,x) = ¥(x) is independent of t. In particu-
lar, for (1.1) with a time-independent boundary value ||V a0y < B, we are still able
to develop the GSAV-EI schemes simultaneously preserving the MBP and the energy
dissipation law, based on a slight modification of the space-discrete system (3.2). The

main idea is to add an extra term By, to (3.2a), where By, depends only on the ratio
£2/h? and the boundary value v; see [14] for details of the form of By. For example,

ntl
the GSAV-EI2 scheme can be established by combining (3.34a) with N2 replaced
by Ni2 + By and (3.34b) with —(By,u"*t — u™) added to its RHS. Since By, is
time-independent, the By -related terms do not affect the order of the truncation error

in time. The first-order scheme can be developed in a similar spirit. We omit the
details due to the limited space.
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4. Numerical experiments. Let us consider the model equation (1.1) for Allen—
Cahn type gradient flows in two-dimensional square domain 2 = (0, 1)x (0, 1) equipped
with a periodic boundary condition or a homogeneous Neumann boundary condition.
In either case, the product of a matrix exponential with a vector can be efficiently
implemented by using the fast transform based on Lemma 2.2(iii). We also set the
interfacial parameter € = 0.01. There are two commonly used forms of the nonlinear
function f(u). One is given by the cubic function

(4.1) fu) = —F'(u) = u —u?,

where F(u) = (1 —u?)? is the double-well potential. In this case, one can set § = 1
and [|f'|lcj=1, = 2. The other one is determined by the Flory-Huggins potential

F(u)=4[(1+w)In(l +u) + (1 —u)In(l — )] — %u?, and
0. 1-

(4.2) fu)=—F'(w)= 3l +Z +0,u,

where 6. > 6 > 0. In the following numerical experiments, we set § = 0.8 and
0. = 1.6; then the positive root of f(u) = 0is 3~ 0.9575 and || f'||c|—g,5 ~ 8.02. We
always set k& = || f'||c[_g,5) for both cases in the following experiments. In addition,
we always adopt the exponential function with a constant parameter a > 0 as

(4.3) o(x) =e*, xR

Clearly, 0(0) =1 and ¢'(0) = a.

REMARK 4.1. For the double-well potential (4.1) and the Flory—Huggins potential
(4.2), it is easy to see that the value of the bulk energy part Eqp(u™) is close to 0 due
to the MBP of {u™}. Since s™ is also an approximation of E1p(u™), only the behavior
of o near 0 has a relatively large effect on the performance of the proposed GSAV-EI
schemes. By the Taylor expansion, these typical elementary functions for o given in
Remark 3.1 perform like a linear function near O with the y-intercept being 1 and the
slope a = o’ (0) if parameterized as (4.3). Thus, there is no essential difference on all
these choices for the above test problems.

4.1. Convergence in time. To verify the temporal convergence rates of the
GSAV-EI schemes, let us consider the problem (1.1) with a smooth initial value

Uinit (2, y) = 0.1sin(27x) sin(27y).

By fixing the uniform spatial mesh size h = 1/2048, we compute the numerical
solutions at ¢ = 2 using the GSAV-EI1 and GSAV-EI2 schemes with various time
step sizes 7 = 27% k = 4,5,...,12. To compute the numerical errors, the bench-
mark solution is generated by using the fourth-order integrating factor Runge-Kutta
(IFRK4) scheme [31] with the time step size 7 = 0.1 x 27!2. Figure 1 plots the L?
norms of the numerical errors versus the time step sizes, produced by GSAV-EI1 and
GSAV-EI2 with o given by (4.3) with @ = 1, a = 10, and a = 100, where the left graph
shows the results for the double-well potential case (4.1) and the right one corresponds
to the Flory—Huggins potential case (4.2). The expected convergence rates in time,
first order for GSAV-EI1 and second order for GSAV-EI2, are clearly observed for all
cases. In addition, we find that the larger a leads to smaller numerical errors for the
GSAV-EI2 scheme, but such an effect is not obvious for the GSAV-EI1 scheme.
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We also repeat all the above convergence tests on the spatial mesh with A = 1/512
and find that the results are almost identical to those with h = 1/2048 shown in Figure
1. This suggests that the temporal convergence constants in (3.18) and (3.38) could
be independent of the spatial mesh size h, although we are not able to remove their
dependence on h in the theoretical analysis.

=
102§ E
S 510°¢F Pt
= 4 = -
S 494 j 5 :
€ €
£ £
o o
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Time step size

Time step size

F1G. 1. The L2 norm errors vs. the time step sizes produced by the GSAV-EI1 and GSAV-EI2
schemes with the spatial mesh of h = 1/2048 for (1.1). Left: the double-well potential (4.1); right:
the Flory—Huggins potential (4.2).

4.2. Unconditional preservation of MBP and energy dissipation law.
We numerically verify the MBP and the energy dissipation law of the proposed GSAV-
EI1 and GSAV-EI2 schemes by simulating the phase transition process beginning with
a random state. Though the discrete energy dissipation law is proved with respect to
the slightly modified energy (3.4), we are more concerned about the original energy
defined by (2.3) since it reflects the real physical mechanism of the dynamic process.
We consider (1.1) on the uniform spatial mesh with h = 1/512. Different from the
previous convergence tests, the initial state is generated by random numbers ranging
from —0.8 to 0.8 on each mesh point, and thus it has highly oscillated values.

We compute the numerical solutions by the GSAV-EI1 and GSAV-EI2 schemes
with 7 = 0.01 and various values of a (a = 1, 5, 10, respectively) and treat the results
obtained by the IFRK4 scheme with the time step size 7 = 10™* as the benchmark.
First, we adopt the double-well potential (4.1), and the evolutions of the supremum
norms and the energies of the numerical solutions are shown in Figure 2. Obviously,
the MBP and the energy dissipation law are preserved perfectly. In addition, we
observe that the smaller a produces slightly more accurate numerical solutions in this
case. This behavior is opposite to that with a smooth initial value shown in the
convergence tests. Then we consider the Flory—Huggins potential (4.2) and Figure
3 presents the evolutions of the supremum norms and the energies of the numerical
solutions. Similar to the double-well potential case, the preservation of the MBP
and the energy dissipation law are obvious, and the smaller value of a in (4.3) yields
slightly more accurate numerical solution.

Next, we repeat the above experiments by choosing the (10 times) larger time
step size 7 = 0.1. We can observe the similar results that the MBP and the energy
dissipation law are still preserved well, although the large time step size leads to a
little less accurate numerical solutions.

4.3. Adaptive time-stepping and long-time simulation. Since the two pro-
posed GSAV-EI schemes (3.5) and (3.34) are both one-step approaches, without sac-
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Fi1G. 2. Ewolutions of the supremum norms and the energies of simulated solutions computed
by the GSAV-EI1 (top row) and GSAV-EI2 (bottom row) schemes with T = 0.01 for (1.1) with the

double-well potential (4.1).
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Fic. 3. Ewolutions of the supremum norms and the energies of simulated solutions computed
by the GSAV-EI1 (top row) and GSAV-EI2 (bottom row) schemes with T = 0.01 for (1.1) with the
Flory—Huggins potential (4.2).
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rificing the energy dissipation law and the MBP, they can also be applied on a set of
nonuniform temporal nodes {¢, },,>0 with tg = 0 and ¢,,41 = t,, +Tn41, where the time
step size 7,41 varies in n. Let us consider (1.1) with € = 0.01 and the Flory—Huggins
potential (4.2) again but with the homogeneous Neumann boundary condition. The
spatial mesh and the random initial value are the same as aforementioned. We adopt
the GSAV-EI2 scheme (3.34) with o(z) = €* and variable time step sizes 7,41 updated
by using the approach from [40]:

Tn+1 = Max {Tmin, Tmax }a
V1+ aldEp(ur)]?

where d; Ep,(u™) = (Ep(u™) — Ep(u™1))/7, and a > 0 is a constant parameter. Here
we choose the minimal and maximal time step sizes as T, = 0.0001 and 7. = 0.1,
respectively, and set o = 10° as done in [40]. For comparison, we also conduct the
simulation by the GSAV-EI2 scheme with the uniform time step size 7 = 0.01.

The coarsening dynamics reach the steady state at around ¢ = 3000. We find that
the CPU time for the whole simulation with adaptive time stepping is only about 10%
of that with uniform time step size. One can observe from the left and middle graphs
in Figure 4 that the energy dissipation law and the MBP are preserved perfectly. The
right graph in Figure 4 plots the evolution of the adaptive time step sizes. In the
time interval [0, 20], the time step size varies significantly and sometimes is very small
since the energy decreases rapidly most of the time. Then, after ¢ = 20, the energy
changes more and more slowly and the time step size is magnified gradually. When
t > 200, the time step size remains around 0.1 (not shown in the graph), and we
find that, although the large step size is used for this period, the relative error of the
energy is only about 1% in comparison with the case of uniform time step size. One
can also observe from Figure 5 that the configurations at some moments simulated
by the adaptive time stepping match those generated with the uniform time step size
very well. These results show that the adaptive time-stepping strategy can greatly
help accelerate the computation without sacrificing the desired properties and the
accuracy.
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0 10 20 30 40 50

Supremum norm

.
Time step size

o
s

o
o
®

o
=)
)

o
o
®

-0.2 g
0.2

0 500 1000 1500 2000 2500 3000 0 5 10 15 0 50 100 150 200
Time Time Time

adaptive o 1 2 w 4 %
fffff uniform

F1G. 4. Evolutions of the energies (left), the supremum norms (middle), and the time step sizes
(right) of simulated solutions computed by the GSAV-EI2 schemes for (1.1) with the homogeneous
Neumann boundary condition and the Flory—Huggins potential (4.2).

5. Concluding remarks. In this paper, we study the numerical schemes pre-
serving both the energy dissipation law and the MBP unconditionally for a class of
Allen—Cahn type gradient flows by combining the exponential integrator method and
the generalized SAV approach. With the appropriate stabilization terms, we develop
first- and second-order GSAV-EI schemes and prove their unconditional preservation
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t=12.0068 t=59.9657 t=500.0111

t=6

F1c. 5. Snapshots of the phase transition generated by the GSAV-EI2 schemes with adaptive
time step (top) and uniform time step (bottom) for (1.1) with the homogeneous Neumann boundary
condition and the Flory—Huggins potential (4.2).

of the energy dissipation law and the MBP in the time discrete sense, as well as their
optimal temporal error estimates under fixed spatial mesh. Different from most ex-
isting numerical schemes, the energy dissipation law and the MBP of the proposed
GSAV-EI schemes can be established in parallel, which provides more flexibility to
apply the proposed schemes to other types of gradient flow equations to preserve some
important physical properties. We also note that the fully discrete error estimate for
the case that the spatial mesh size and the time step size change simultaneously is
still an open question for the proposed GSAV-EI schemes and surely worthy of fur-
ther study. A major difficulty comes from the issue that the matrix exponential e™%x |
defined by a power series of the sparse matrix 7L}, is dense and affects the solution
globally. In particular, to estimate the temporal truncation error of the GSAV-EI2
scheme (Lemma 3.12), an h-dependent bound is inevitable, and thus we fix the spatial
mesh size to regard such a bound as a constant in this paper.

When constructing the second-order GSAV-EI scheme (3.34), we approximate

the term N:Jr%(uh(tn +0),5n(t, +0)) in (3.32) by its value at the midpoint 6 = 7
rather than its linear interpolation in [0, 7]. This allows the cancellation between the
nonlinear terms in the analysis of the energy dissipation (Theorem 3.8). Instead, if
we adopt the linear interpolation as usually done for the RK2 method, two terms
involving the numerical solutions at t,, and t,; will be included with the ¢-functions

of TLZ+% as the coefficients, which makes the cancellation unavailable due to the
different coefficients between the updating formula for ©”*! and that for s”*!. For a
similar reason, it is an open question whether higher-order GSAV-EI schemes exist in
either RK or multistep form, although there have been third-order multistep schemes
based on the standard ETD method for the epitaxial thin film model [4, 6].

It also remains interesting how to choose the function o appropriately for the
GSAV-EI schemes in practical applications. As we explain in Remark 4.1, we only use
the exponential function (4.3) in section 4 since the differences can hardly be observed
for the typical choices of o given in Remark 3.1 for the specific problems we consider in
the numerical experiments. However, their performance could be significantly different
for some other situations and gradient flows, and more careful investigation is needed.
In addition, the effect of the parameter a on the numerical errors seems completely
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opposite for the smooth and nonsmooth initial data based on our observation from
numerical experiments, and such a phenomenon also deserves deeper study.

Appendix A. Proof of Lemma 3.12.
Proof. From (3.32), we have

n+%

T n+l 1
U o(tni1) = e 7% Ty o(t,) + / e~ T=OLe 2 N2 (uy (4 0), e (tn + 6)) dO
0

n+%

T nt i 1 1 1
—7L, —(r—0)L,, 2 n+s5 ,~n+s5 ~n+s
=e 7 Uh,e(tn)+ (/ e (7—0) dO)NK 2(uh16275h,€2>+7 gw
0

which gives (3.35a) with

n 1 [T (gt 1 1 a1 1
RS, = — / O NI (e (b + 0), me (b + 0) — NET2 (@075 2)] dO
0

1 T n+l n+1 ~N 1 a4l
= f(/ NG (e (b +0), sn (b +0)) = NXT2 (30, (2,5, 0%)] o
0

n+%

4 nt g il bl gl
+/ (e OB DINTTE (une(tn +60), snetn +6)) — N2 (@, 2,5 02))] d0>
0
1 n,1l n,2
= ;(RZu + R2u )

For the function N:+%(v,r) defined in (3.31), let us denote by VUN;H_%(’U,T) and

1 1
8TN,?+2 (v,r) the derivatives of Nit? (v, r) with respect to v and r, respectively. By
the Taylor expansion, we have

(A1)
~n+% An—i-%
Ne(un,e(tn +0), snetn +0)) = N(uy > 55, %)

n+1 +1 n+1
= VvNﬁ(uZ,ez "?Z,ez )(Une(tn +0) — Uz,ﬁ)

~n+1 +1 +1
0N B et +0) 5 4

20 — n+i ntd n+1 1
= T (Ve Nl 3t (une) () + Nl o2 55 me) (tasy))
il onrd (20 —1)? 02 + (6 — )2
9@ (T w0 ) - S w0 ) )
n+i n41 29—7’2 92+ 9_7-2
+ 8T]\f,.€(uh’t2 , sth ) <(4)(sh’e)”(tn+é) — (4)(Sh,e)”(tn+é)) +re,

where 7. represents the higher-order remainder term.

If we integrate both sides of (A.1) with respect to 6 from 0 to 7 and notice that
J7(20 — 7)d0 = 0, then we obtain [|Ry;'| < Cj73, where Cj, > 0 is a constant
depending on uy, ¢, T, h, and x because we have ||up ¢ (t)]lco < 8 and —Cy < sp (1) <
En(uinit) for all ¢, and N, (up,e, Sn,e) is smooth with respect to up,. and sp.e.

According to Lemma 3.4, we also know that

n+l 1
lem =8 E —I|l < (7 = O)p(Li*) < My(7 - 6).
Combining it with (A.1), we obtain that the leading term of ||R};”| is

3

/ (r—0)]20 —7]df = —,
O 4
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which implies || Ry:2|| < Cy/3 for some constant C > 0 depending on wy, ., T, h, and
k. Thus, we complete the proof of the first mequahty in (3.36).

The second inequality in (3.36) can be viewed as a direct consequence of the
Crank—Nicolson discretization. O

Appendix B. Proof of Lemma 3.13.

Proof. According to the proof of Theorem 3.7, the error equations with respect
to en*l and e"*! are given by

(B.da) ept! —ep = (e ™F — Dep + 7¢1 (—TLE) [N (u”, s™)
NP (une(t), she(tn))] — / e~(=OLE RR (9) o,

(B.1b) ettt — el = (g(une(tn), She( w)f (Un,e(tn)) — g(u”,s™) f(u"),
uh,e(tn+1) (tn)> g( 78n)<f(un)”éz+l n> TR?m

where the truncation errors R}, and RY, are identical to those in (3.14) and (3.15),

respectively, and satisfy (3.16).
Taking the discrete inner product of (B.1a) with 2¢"*! and using Lemma 3.4 and
(3.23), we get

~n+1 ~n+1 ni 2
1% = llewl® + et — el
~n n; n o on n ~n+1 ~n
< Allenllllen ™ I +27| N (u”, s™) = Ni (une(tn), sne(ta) €0 | +27 , Sup l\Rw( e
0e(0,7
< 16]le ) + 5 ||~"+1H +87°[(Cq + G™R)?[lel|” + Cqlel "] + ||W+1H

+47% sup |[RIL(O)I° + ; HNRHH
0e(0,7)

=16[le} ||* + 8(Cy + G*r)*r2||ei||” + 8CT el | + 5 H“’"HH +47° sup || R, (0)]%,
6e(0,7)
and then
H”"“II2 +llentt —enll? < 17llen]® + 8(Cy + G*r)* 72 len]?

+8CI el |? +47% sup |[Ry,(0)].
0€(0,7)

When 7 < 1, by using (3.16), we get
(B.2) [le P +4flen™ —ebl|* < (68+32(Cy +G*rk)?)lley [|* +32C5 el [ +16C7 , 7

Multiplying (B.1b) by 2e?*! yields

|~n+1|2 |en|2 4 |~n+1 n|2
2~n+1< (Un,e(tn), sh.e(tn)) f(un,e(tn)) — g(u", s™) f(u"), un.e(tni1) — un.e(tn))
—2e0 g, ") (f(u), et —en) — 27 R e

The last two terms on the RHS of the above equality can be estimated as

1s€s )

1
— 2P RLE < 4R +

— 2T g(ut, s (), E — ey < T+ Collentt — e

pM>—~
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with Cy > 0 depending on C., [Q|, winit, and [|f|ci_g,5. The first term can be
estimated in a way similar to (3.27), and then we obtain

e — el et = el < Cur(llenll® + led [ + [er ™)

S

1
+ et —enll® + ST+ AT R,

u

and thus

(1 —2Cm)[et? < 20eg? + 2017 (e |” + e ) + 2Calle ™ — el + 87| Ry, |*.

When 7 < ﬁ, we can get, by using (3.16),

(B3) et < el +5lel|? + 4Cu ey ™ — e ]|* + 1602,
The sum of (B.2) multiplied by C4 and (B.3) leads to (3.37). O
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