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ABSTRACT. In this paper, we study the initial-boundary value problem for the Poiseuille flow of
hyperbolic-parabolic Ericksen-Leslie model of nematic liquid crystals in one space dimension. Due
to the quasilinearity, the solution of this model in general forms cusp singularity. We prove the global
existence of Holder continuous solution, which may include cusp singularity, for initial-boundary
value problems with different types of boundary conditions.
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1. INTRODUCTION

The hydrodynamic theory of incompressible liquid crystals was established by Ericksen ﬂﬂ@]
and Leslie ﬂﬂ] The Ericksen-Leslie’s system is written as

pi+VP=V-0- V(¥ ® Vn),

v 0 oVn

-u=

. ’ (1.1)
ﬁzin—%—vg—wv'(%),

n =1,

where u is the velocity, n is the director field of the liquid crystal molecules, p is the constant
density, P is the pressure, v is the inertia coefficient of the director n. g and o are the kinematic
transport and the viscous stress tensor, respectively, which satisfy

g=7N+v%Dn, N=n-—wn,
D= %(Vu + Vi), w= %(Vu — Vtu),
c=a(n'Dnn®n+ N @n+asn® N + ayD + a3(Dn) ® n + agn @ (Dn),
where aq,- -+, ag, 71,72 are physical coefficients satisfying (see ﬂg, ])
V=3 — Q2,72 = 0 — Q5,02 + Q3 = Qg — Qs,
ay > 0,201 + 34 + 205 + 2 > 0,771 > 0,
204 + a5 + ag > 0,471 (20 + a5 + ag) > (o + az + 72)2

If the orientation order parameters of nematic materials are treated as a unit vector n € S?,
the director, then the Oseen-Frank energy density determines the macrostructure of the crystal
1
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structure ([27])
2W (n, Vn) =K, (V -n)? + Ko(n - (V x n))?> 4+ K3|n x (V x n)|?
+ (K3 + Ky)[tr(Vn)® — (V - n)?],

where K, j = 1,2, 3, are the positive constants representing splay, twist, and bend effects respec-
tively, with Ky > ’K4’, 2K1 > Ky + Ky.

Successful theories with a wide range of interesting properties have been established for the
equilibrium theory (the elliptic case on n) and the evolutionary theory (the parabolic case on n)
when the inertial effect in (II]) is neglected, i.e. when v = 0. See a partial list of references in
[18, 120, 122, 28, 13134, 36, 137].

However, there are very few studies on the full Ericksen-Leslie system, including the inertial
effect, i.e. when v = 0. Many fundamental problems including global wellposedness are still wide
open. When one considers a special Oseen-Frank potential W = |Vn|?, which makes the wave
equations on n essentially semilinear, for small data problem, Jiang and his collaborators obtained
a series of existence results on regular solutions |12, |23-26].

In general, the solution of (ILT]) might form a finite time singularity even in one space dimension,
due to the quasilinearity in the wave equation of n. See [§] for the formation of finite time cusp
singularity for the Poiseuille flow, and [13] for the formation of cusp singularity in multiple space
dimension. For solutions in multiple space dimension, Chen-Huang-Xu in [9] found another type
of singularity for (ILI]) due to the geometric effect, similar as the one for the semilinear wave map
equation.

In [§], the first large data global existence result on the Cauchy problem of (I.I]) was established
by Chen-Huang-Liu in [§] for the 1-d Poiseuille flow, where the solution may include cusp singularity.

In this paper, we establish some global existence results for the initial-boundary value problem
of the Poiseuille flow for nematic liquid crystals via the full Ericksen-Leslie model (II). More
precisely, for the 1-d Poiseuille flow with u = (0,0, %)%, n = (sin#, 0, cos #)*, the system of u and 6

becomes
pur = (9()ug + h(0)0), )
V0 + 710 = c(0)(c(0)03)x — h(0)uy, .
where .
g(0) := oy sin® @ cos® O + w sin? @ + A3TA6 20 + %,

c(0) := VK cos? 0 + Kgsin2 6,

2
h(h) := azcos®f — agsin® @ = %COS(Q).
See the derivation of this model in [8]. Notice that g(f),c(0), h() are smooth with respect to 6,
and g(6),c(0),h(0),4'(6),c(0),d"(0),h(0) are uniformly bounded.
There are several physically interesting boundary conditions. For the velocity u, we have the
following possible choices. We denote an important quantity

J = g(e)um + h(e)et

e Nonslip boundary condition. If the boundary is a solid wall, we can propose the nonslip
boundary condition v = 0 on the boundary. If the boundary is moving, we can also propose
u = f(t) on the boundary with f(¢) is a given function with ¢. This corresponds to the
Dirichlet boundary condition on wu.

e Stress-free boundary condition. On the boundary the shear stress is zero. (1,0,0)D =
(0,0,J)t = 0, where (1,0,0) is the normal direction of the boundary. This boundary
condition can be seen in the jet with a free boundary. Under the assumption of the Poiseuille
flow, there is no in-flow or out-flow, so the boundary is fixed. This corresponds to the
Neumann boundary condition on .
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e Navier boundary condition. On the boundary, the shear stress is proportional to the tan-
gential velocity, that is J = —~yu. This corresponds to the Robin boundary condition on
U.
For the director n, one can propose the following boundary conditions [35].

e Strong anchoring condition. On the boundary, n is given. This corresponds to the Dirichlet
boundary condition.

e No anchoring condition. %Vj = 0.
1]
e Weak anchoring condition. %V]’ + %VXS = Yn;.
1, 7

In this paper, we will consider all combinations of boundary conditions, excluding the Navier
boundary condition.

1.1. Main result. For simplicity, we only consider a special case when a1 = 0, a5 — s = a3 + ag,
so that g(0) is a constant W. Without loss of generality, we assume ¢g(f) =1, v = 1,y =
2,7 =0and p=1. So h(f) = 1. Then the system is written as

Uy = (uac + Ht)m
{ ett + 2915 = 6(9)(0(9)090)90 — Ug,

where the function c(-) is a C? function satisfying
0<Cp<c()<Cy<oo, [d()]<C<o0, (1.4)

for some positive constants Cp,, Cyy and Cq. In this case, J = u, + 6.

The first equation of (L3]) has constant coefficients. This gives us some technical advantage
than (I2). In [], the authors first considered the simplified system (L3]). Later in [10], the global
existence result of Cauchy problem was extended to the general system ([2]). We conject the result
in this paper on ([3]) (Theorem [[]) still holds for (L.2)).

The following global existence theorem on the initial boundary value problem of (L3]) on = € [0, 7]
is our main theorem. For the convenience on notations, we choose the domain as x € [0,7]. The
result holds for any bounded domain x € [a, b] by the same proof.

(1.3)

Theorem 1.1. Assume initially
u(x,0) = ug(x) € H([0,7]), 6(x,0) = bo(x) € H'([0,7]), 0:(x,0) = 6 (z) € L*([0,7]).  (1.5)
We consider one of the following boundary conditions:
u(0,t) = u(m,t) =0, (16)
—110(0,t) + 120,(0,t) = 130(m,t) + 140, (7, t) = 0,
" (12 + 6)(0,1) = (g +80)(, 1) = 0,
—110(0,t) + 120,(0,t) = 130(m,t) + 140, (m,t) = 0,

where 11 to 14 are nonnegative constants satisfying L% + L% >0 and Lg —H?1 > 0. The functions up(x),
0o(z) and 01(z) satisfy the corresponding compatibility conditions at 0 and 7, and two additional
conditions:

(1.7)

ug(z) + 01(z) € C*([0, 7)), (1.8)

for some « € (0,1/4), and 0y are absolutely continuous.

For any given time T € (0,00), the initial-boundary value problem (L3)-([L8) admits a weak
solution (u(x,t),0(z,t)) defined on [0,7] x [0,T] in the sense of Definition [I.2. Moreover, the
associated energy

E(t) == % /Oﬂ(ef + 2 (0)6% + u?)(x,t) dz 4 B (8(m,t)) + Bo(6(0,1)), (1.9)
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is well-defined for t € [0,T] and satisfies

£(t) < £(0) - /Ot /OW((u;p +0,)? + 602)(z, 1) dadt, (1.10)

where By(0(0,t)) and Br(0(w,t)) are, respectively, the boundary energies on © = 0 and x = T,
defined as

y (00D ) . 1 [O0mD) ) 4
Bo(0(0.0) =4 15 Jy  C@sde A0 g gy o Z/O Cl)sds 20, )
O, L2 = O7 07 [,4 g 0

Next, we define the weak solution. First, the energy equality for the smooth solution is

™1 1 1 4
4 / —u? + —0F + Z*0%dx + / 07 + (ug + 0p)dz — [(ug + 0p)u + 26,0,]
dt J, 2 2 2 0

0 0

Definition 1.2. For any given time T > 0, we say (u(z,t),0(x,t)), defined for all (x,t) € [0, 7] X
[0,T], is a weak solution to the initial-boundary value problem (L3))-(LS)) if

(i) there hold
/OT /Oﬂ <u¢t — (ug + 90%) dadt + /OT[(uw +00)y]

=T
=0,

z=0

dt =0, (1.13)

=0

and
T T T ="
—(c c — 201 —uy T b, =0, .
[ (etsot (c(0)9)ac(8)6; — 201 s@) dadt + [ (pt) Cw=o
for any test functions ¥, p € F, where
F = {feCoo((O,w)x(O,T)): Lol f =0, Vz’,ij,l,Q---}, (1.15)
t=0,T"

9 € CY2([0, 7] x [0,T]) N L*([0,T], H*([0, 7)), (1.16)

and
w e L®([0,T), H([0,7])) N L>=([0, 7] x [0,T]), (1.17)
up € L*([0, ], H~ ([0, 7))); (1.18)

(ii) the first and second equations for initial conditions in (LB are satisfied pointwise, and the
third equation holds in LP for p € [1,2);
(iii) the boundary conditions in (L6) or in (L) are satisfied in L*(0,T) sense.

We note that the global existence theory for (I.3)), is base on earlier work of Bressan-Zheng in
[5] on the variational wave equation. In fact, before considering (L3]), a class of simplified 1-d
wave models only on n were first studied. For example, when n = (cos 6, 0,sin6)(z,t), z € R, the
variational wave equation satisfies

Ot — c(0)(c(0)0:) , =0, 0(x,0) = bp(x) € H', 0y(x,0) =6(z) € L*. (1.19)

It is natural to consider the finite energy (H') initial data. Since H' < C%? in 1-d, which
is not Lipschitz, finite time cusp singularity forms even if initial data are smooth [17]. For the
Cauchy problem (.19)), the existence, uniqueness and Lipschitz continuity of global C1/2 energy
conservative solutions was established by [5, [19], |3] and [1, 2], respectively. Later, these results
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were extended to a wave system with n € S? when the Oseen-Frank potential takes its general
form in [6, [7, 11, 139, 40], and another general system in [21]. See existence of dissipative solution
of (LI9) for the Cauchy problem at [4, 38].

Our existence result on the initial boundary value problem also applies to the variational wave
equation (L.I9]), which is missing for many years.

However, one cannot easily extend the result for the variational wave equation to (L3]) (or (L.2])).
This is because u; has the similar regularity as ¢, which maybe unbounded. There is no direct
method to cope with the variational wave equation with an unbounded source term. The key
observation in |§] which helps solving this issue, is to find J = u, +60; € C*NL>NL*> on (z,t) for
(L3).

For the initial-boundary value problem, we still use J to rewrite (I3]). Then, for any given
J € C*N L?>N L™, we first establish the global existence result on f(x,t) € L>(H"'), by solving
an initial-boundary value problem of ([LI9)) with damping and the force term J. In this step, we
need to change the equation into a semilinear system on characteristic coordinates. This method
was first used by Bressan-Zheng in [5], then by Chen-Huang-Liu in [8], for the Cauchy problem.
For the boundary value problem, we need to transform the boundary conditions on (u,#) in the
original (z,t)-coordinates to conditions on J and other new dependent variables under the new
coordinates. Here we need some new methods to cope with these additional boundary values (see
Subsection 2.5)).

The second step is to find a fixed point using the heat equation on .J for the boundary value
problem. The difficulty lies in the fact that the source term of the equation on J is only H~!.
One cannot directly use the smoothing effect of the heat equation, but need to first use the wave
equation to change 60y into 6., and other lower order terms. Then one can show the enhanced
regularity on J, since the smoothing effect of heat equation on the source term 6,, is much better
than 6. Different from the Cauchy problem [§], in this initial-boundary value problem, the heat
kernel is expressed as an infinite series by using the image method. Finally we used the Duhamel’s
principle and the Schauder fixed point theorem to prove the existence of a fixed point.

1.2. Structure of this paper. We will first consider the nonslip (Dirichlet) boundary condition
(L8] on velocity u, in sections 3 and 4. To cope with different types of boundary conditions on 6,
we only need some minor changes in the proof. To avoid a repeat, we propose to only prove the
following mixed boundary conditions.

u(0,t) = u(m, t) =0,
6(0,t) = B(m,t) + Oy(m, t) =0,

where ¢+ > 0. This is a special case of (LL6). The functions wug(x),0p(x) and 61(x) satisfy the
corresponding compatibility conditions at 0 and 7

90(0) = L@o(ﬂ') + 91(7‘1’) =0, UO(O) = UQ(T(') =0. (1.21)

(1.20)

Correspondingly, our results can be stated as follows.

Theorem 1.3. Assume all conditions in Theorem [L1 hold. For any given time T € (0,00),
the initial-boundary value problem (L3)-(L8) admits a weak solution (u(x,t),0(x,t)) defined on
[0, 7] x [0,T] in the sense of Definition L2 Moreover, the associated energy

E(t) == % /Ow(ef +c2(0)0% + u?)(z,t) dz + B(0(m, 1)), (1.22)

with B(O(m,t)) = foe(w’t) 1c?(s)s ds > 0, is well-defined for t € [0,T] and satisfies

E(t) < E(0) — /Ot /OW((ux + 60;)% + 67)(x,t) dadt. (1.23)
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In the proof of Theorem [[L3] we include all necessary techniques to cope with three types of
(Dirichlet, Neumann and Robin) boundary conditions on € included in (L6). So all other cases
in Theorem [[.T] with the boundary condition (I.6]) can be proved similarly. We leave them to the
reader.

In section 5, we will present a proof of Theorem [[.T] with stress-free (Neumann) boundary con-

dition ([L.7).

Remark 1.4. The result is still correct for the general Dirichlet and Neumann boundary on u and
0, with for example, U(O,t) = fl(t)) ’LL(7T,75) = f2(t)) 9(07t) = gl(t) and Le(ﬂ-7t) + em('n’t) = gQ(t)
with absolutely continuous f12(t), g2(t) functions and C1 continuous g1(t) function. For this case,
when considering the global existence of the wave equations, we replace the boundary conditions on

Lo and L, in 223) by

z w 1+ [2g](t) — tan ¥]?

5= arctan[2g (t) — tan 5], q— Tt 2l 4=0, on Ly,
1+ [tan Z + 2¢(6)ga(t) — 2uc(0)6]?

% = arctan[tan% + 2¢(6)ga(t) — 2uc(6)0], p — [tan 3 . _i_(t;iz;%) (6)6] q=0, on L,

and replace the boundary energy B(0(m,t)) in (L22) by a corresponding form. Moreover, instead
of BI), B2, the current initial-boundary value problem for the variable J = u, + 0y is

Jp — Jpze = c(0)(c(0)0y)r — O — J,
J(x,0) = Jo(z), (1.24)
JI(Ovt) = f{(t)v Jm(ﬂ-vt) = fé(t)
Furthermore, replaced ([848]), the initial-boundary value problem for the variable u now is
Ut — Ugy = Oz,
u(z,0) = uo(z), (1.25)
w(0,t) = f1(t), wu(m,t) = fa(t).
We can introduce some suitable variables for problems (L24) and (L28) to transform them into
homogeneous boundary condition problems, and then use the Green/Neumann functions defined in

Section[3 to express the corresponding weak solutions. The proof is very similar to the cases of the
homogeneous boundary conditions (LG) or (LT).

2. EXISTENCE OF WAVE EQUATION FOR ANY GIVEN J = u, + 6,
In this section, we show the global existence of Holder continuous solutions to the initial-boundary

value problem of the nonlinear wave equation in (L3]) for any given J = u, + 6;.

2.1. The semilinear system in characteristic coordinates. Let J = u,; 4+ 6;. The wave
equation in (L3]) reads

O — c(0)(c(0)0z)z + 6+ J = 0. (2.1)

Denote
R:=0,+c(0)0;, S:=0i—c(0)0,, (2.2)

so that
et:R—JrS, ex:R_S (2.3)

2 2¢(0)



INITIAL-BOUNDARY VALUE PROBLEMS FOR POISEUILLE FLOW OF ERICKSEN-LESLIE MODEL 7

By (21)), the equations in terms of variables (R, S) are

R —c¢(0)R, = %(W -5 — %(R +8)—J, o1
S, +¢(6)S, = :c((?) (8% — R?) — %(R +8)—J.

Let (z,t) be any point in [0, 7] x [0,00). We define the forward and backward characteristics
x =xy(s;z,t)(s < t) passing through the point (x,t) as follows
dﬂl‘i(s; z, t) .
— qs +e(0(z+(s;2,t),5)), (2.5)
ry(tyz,t) =

We now define the coordinate transformation (z,t) — (X,Y’) on [0,7] x [0,00). We first specify
this transformation to_transform thAe lines + = 0 and x = 7 with ¢ > 0 into the lines Y = X with
X >0and Y = X — X with X > X, respectively, where

. ™ 0 N ™
X = /0 (1+ R2(2)) dz — /ﬂ (14 82()) dz, X = /0 (14 B2(2)) ds. (2.6)
Here
Ro(z) = 01(z) + c(00(2))0,(z), So(z) = 01(z) — c(00(2))0,(z), V z € [0,7]. (2.7)

Moreover, we set that the segment ¢ = 0 with € [0, 7] is transformed to a piece of curve I'y : Y =
#(X)(X € [0, X]) defined through a parametric = € [0, 7]

_ 2
X—/O(l—I—RO(z dz, Y = / (1+ S2(2 (2.8)

It is observed by the initial data (L) that the two functions X = X(z) and Y = Y (z) with
x € [0, 7] are well defined and absolutely continuous. Moreover, X (z) is strictly increasing while
Y (x) is strictly decreasing. Hence the function ¥ = ¢(X) is continuous and strictly decreasing.
Next for any point (z,t) € [0,7] x (0,00), we draw the backward characteristic x_(s;x,t) up to
a point P, on x = m, and then draw the forward characteristic z4(s; P1) up to a point P, on
x = 0. Repeating the above process, since the wave speed ¢(f) > C, we can reach the segment
t = 0(z € [0, w]) through finite steps by (L4)). Assume that there exists a point P, onz =0orz =7
such that the backward characteristic z_(s; P;) or the forward characteristic x4 (s; F}) intersects
the segment ¢ = 0(z € [0,7]) at a point P*(zp+,0). It is clear that the points P; are on z = 7
for odd numbers ¢ < [, and on « = 0 for even numbers ¢ < [. See Fig. 2.1 (a) for the illustration.
Denote the coordinate of P; by (m,t;) if 7 is an odd number, and by (0,t;) if ¢ is even. The numbers

ti(i=1,---,1) and zp- can be determined sequentially as follows
(z_(t;;z,t) =,
a:+(t2; Pl) = O,
x_(t3; P2) =,
( ) (2.9)
x4 (t;; P—1) =0, xp~=2_(0;P), iflis an even number,
x_(t;; P—1) =m, xpx =24+(0;F), iflis an odd number.

( ) =X(P Y( )—|—X Y(P2)+X X(Pg)-i—X

T

Then we define the value of X(z,t) by
(P1) =

=X (Ps) +X = (Y(Ps) —|—X) + X = Y (Py) +2X
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_ ) x(p)+kX, =2
l Y®P)+(k+ DX, [=2k+1

T px* ~
/ (14 R2(2) dz+ kX, =2k,
={ 7% N (2.10)
/ (1+83(2)) dz+ (k+1)X, 1=2k+1.
T px*

R [
,”/// S Q,
Pl
\ st\

1=
P P =2k+1) Qun Qm(m=2k)
(=20 a (m=2k+1)| o
0 PP T X 0 OO X
(a) (b)

FIGURE 2.1. Characteristic curves.

To define the value of Y (z,t), we draw the forward characteristic x4 (s;x,t) up to a point @1 on
x =0, and then draw the backward characteristic x_(s; Q1) up to a point Q2 on x = 7. Similarly,
we can reach the segment ¢ = O0(x € [0,7]) through finite steps by repeating the above process.
Assume that there exists a point ), on £ = 0 or x = 7 such that the backward characteristic
x_(8;Qm) or the forward characteristic x4 (s;@,,) intersects the segment ¢t = O(x € [0,7]) at a
point Q*(zg+,0). Obviously, the points Q; are on = = 0 for odd numbers i < m, and on x = 7 for
even numbers i < m. See Fig. 2.1 (b) for the illustration. Denote the coordinate of Q; by (0,%;) if
i is an odd number, and by (7, ;) if i is even. We can determine the numbers #;(i = 1,--- ,m) and
xQ+ sequentially

1’+(Z€1;$,t) = 07

x—(tNQ; Ql) =T,

x4 (t3;Q2) = 0,

, +(t3 Q2) (2.11)
T (tm; Qm-1) =7, g+ =24+(0;Q), if m is an even number,

Ty (tm; Qm-1) =0, 20+ =2_(0;Q,), if m is an odd number.

Thus the value of Y (x,t) can be defined as follows
Y(2,t) =Y(Q1) = X(Q1) = X(Q2) =Y (Q2) + X =Y (Qs) + X
=X(Qs) + X = X(Qa) + X = (Y(Qu) + X) + X = Y(Qu) +2X

) Y(Qu) kX, m=2k
T X(Qum) +EX, m=2k+1
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0 ~
/ (14 S5(2)) dz + kX, m =2k,
_ ) Jae (2.12)

fEQ* —
/ (1+R%(2) dz + kX, m=2k+1.
0

It is easy to note by (2.9) and (2.11)) that for the point (z,t) on ¢t = 0(z € [0, 7]), the transformation
defined in (2I0), (ZI2]) reduces to (Z8]). Furthermore, according to the construction process of the
transformation (x,t) — (X,Y’), we see that X and Y are constants along backward and forward
characteristic, respectively; that is,

Xi—c(0)X, =0, Yi+¢0)Y,=0, (2.13)
from which one has for any smooth function f

fe+e@)fe = (fxXe + fyYe) +c(0)(fxXe + frYe) = 2¢Xs fx, (2.14)
Je—c0) fe = (fxXe + fyYe) — c(0)(fxXe + fyYe) = —2cYo fy. '

For convenience to deal with possibly unbounded values of R and S, one can introduce the
variables

w := 2arctan R, z:= 2arctan$. (2.15)
In order to complete the system, we further introduce two key dependent variables

1+R* 1452
x, 1T Ty

pi= (2.16)

Then by summing (24]), (2I3)-(2I6), we acquire a semilinear hyperbolic system with smooth
coefficients for the variables 0, w, z, p, ¢ in terms of the coordinates (X,Y)

wy:i{%/<cos2g—002%>—smwcoszg—smzcos2%—4,]cos %COS2;},
zxzi{%<cos2%—co2g>—smwcos2§ s1nzcos2% 4.J cos? Q;)(30523}, (2.17)
py:SZ{Z—C(Sinz—sinw)—ismwsmz—sngcoﬁ; Jsinwcoszg},
qX:%{Zj(sinw—sinz)—Zsinwsinz—sinzgcos2%—Jsinzcos2%}.

The detailed derivation of (ZI7) can be found in Chen-Huang-Liu [§]. In addition, one also has

1 1+ cosw y 1 l+cosw
€T = =
YT ex, T YT %X, T 4 P (2.18)
1 1+cosz b — 1 14cosz )
Yoy, T TR YT oy, T 4 T
which can be achieved by setting f = z and f = ¢ in (ZI4). It suggests by (ZI8]) that
dadt = Z—Z cos? Q;} cos? g dxdy. (2.19)
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Y
Lo

FIGURE 2.2. The region in the (z,Y") plane.

2.2. The boundary value problem in the (X,Y) coordinates. According to the construction
of the coordinate transformation (x,t) — (X,Y’), we know that the segment ¢t = 0(x € [0, 7]) is
transformed into a piece of continuous and strictly decreasing curve Ty : Y = ¢(X)(X € [0, X]),
which defines in ([Z.8)) by a parametric x € [0, 7]. Moreover, the lines x = 0(¢ > 0) and = 7 (¢t > 0)
are transformed into the lines Lp:Y = X(X >0)and L, : Y = X — X (X > X ), respectively. See
Fig. 2.2.

Since I'y is parameterized by the parameter x, we can thus assign the boundary data (6, w, Z, p, q) €
L defined by

0 = 0o(z), w = 2arctan Ry(x), z = 2arctan Sp(z), p=1, ¢ =1, (2.20)
where Ry(x) and Sp(x) are given in (2.7]) and the boundary values (p, ¢) come from (2.I6]). Moreover,
recalling (.20)) yields 6; = 0 on 2 = 0, which implies by (2.3) and (2.15]) that R+S = 0 and w+z = 0
onz=0. Onz=m,0, =—u0leads to R — S =tan § —tan 5 = —2.c(0)0.

Hence the boundary values of (w, z) satisfy

w+2z=0, on Ly, % = arctan[tang —2uc(0)0], on L. (2.21)
Furthermore, in view of (ZI8]), we see that
dr = zxdX + xydY = H%de — #qdlﬂ
which indicates by (Z2I)) and the definitions of Lg, L, that

1+ cosw
0= ———
4

Thus the boundary values of (p, q) satisfy

(p—q)dX, on Ly, 0=][(14cosw)p—(1+cosz)q]dX, on L.

1+ (tan % — 2c(6)0)?
1+ tan? 3

Summing up (220)), (22I) and (2:22]), the new boundary value problem in the (X,Y") coordinate
plane is the semilinear system (2.I7) supplemented with

p—q=0, onLy, p-— g=0, on L. (2.22)

(0,w,2,p,q) = (0,9, %5,9), on T,

w+2=0, p—qg=0, on Ly,

1+ (tan % — 2uc(6)9)?
1+ tan? 3

(2.23)
q=0, on L,

% = arctan[tang —2uc(0)0], p—



INITIAL-BOUNDARY VALUE PROBLEMS FOR POISEUILLE FLOW OF ERICKSEN-LESLIE MODEL 11

We use Q2 to denote the region bounded by ¢t = 0,2 = 0 and = 7 in the (z,t) plane, and use Q to
represent its image in the (X,Y") plane which is bounded by T'y, Ly and L.

2.3. Local existence of the boundary value problem to the semilinear system. We use
the level lines of X and Y to divide the region §2 into a series of subregions

where Q0 = Q% U QY U QF with

Q={(X,Y): 0<X<X,0<Y <X},
0 ={(X,Y): 0<X <X, ¢(X) <Y <0},
W={X,)Y): X<X<X, X-X<Y <0},

and Q" = Q7 U QS U QY with
O ={(X,Y): X+kX <X <(k+1)X, X +kX <Y < X},
B ={(X,Y): X+kX <X <(k+1)X, kX <Y < X +kX},
(X,V): b+ DX <X <X+ (k+1DX, X-X<Y <X +EX},
forn=2k+1(k=0,1,2,---), and with
={(X,Y): kX <X <X +kX, kX <V < X},
O = {(X,Y): kX < X <X + kX, X+(k:—1)X<Y<k:X}
—{(X,)Y): X+kX <X<(k+1DX, X -X <Y <kX},

for n =2k(k =1,2,3,---). See Fig. 2.3 for the illustration.

Y
Lo

o ‘

FIGURE 2.3. The region Q.

According to the local existence result of the Cauchy problem in [8], we know that there exists

a small positive number 6, < min{X, —¢(X)} such that the problem ZI7) with (6,w, z, p, ¢ q)|r, =
(0,w, z,p,q) admits a local solution (6,w,z,p,q)(X,Y) on Qf; , where

%5, = {(X,Y) € Q) : dist((X,Y),I) < &} (2.24)

We next only discuss the local existence of solutions in the region Q(l) near point (0,0), the local
existence result in the region OQf near point (X, (X)) can be obtained similarly.
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Denote QY5 = Q) N {X < 6}. By means of the solution on ¥ = 0(X € [0,4d2]), we can use
2I7), 218) and [2:23) to construct a map for any point (X,Y) € 9?52,
(6.0,2,p,4) = Ta(6,w,2.p.9), (2:25)
where

sin z

q(X,Y") dY”, (2.26)

Y /
W(X,Y) =w(X,0) +/ d {c <COS2 2 cos? E) —sinwcos2%
0

e ¢ 2 2
— sin z cos? % — 4J (T, t ) cOS? % cos? %}(X, Y’) dy”, (2.27)
Yg (d z w z w
2(X,)Y) =—w(Y,0) — / — 3~ cos? = — cos® = ) —sinwcos® = — sin z cos® —
o dcc 2 2 2 2
X /
w z p [c o W 9 2
— 4T (&, t) cos® — cos? = Y(Y,Y') dY’ L gt —— z
J (T, t) COS 5 COS 2}( Y d +/Y 4C{C<COS 5 — cos 2>
— sin w cos? % — sin z cos? % — 4J(xy,t,) cos? %cos2 %}(X', Y) dX/, (2.28)
Ypgfd JW 52
p(X,Y) =p(X,0) +/0 %{E(sinz —sinw) — Zsinwsinz — sin 5 08" 5
— J(&p,, ty) sinw cos? %}(X, Y') dY’, (2.29)
and
Ypg(d 1 oW 92
4(X,Y) =p(Y,0) —1—/0 %{g(sinz —sinw) — Zsinwsinz — sin 5 008" 5
— J (@, tm) sin w cos? z (Y, Y') dY’ + /X Pa c—/(sinw — sin 2)
e 2 v 2c | 4c
1
~1 sin w sin z — sin? % cos? % — J(2n, tp) sin z cos? %}(X', Y) dX'. (2.30)
The points (2, ty,) and (z,,t,) are defined as follows
z
1
em(Z,Y") = / —%p(‘){/, Y') dX', (Z=X,Y), (2.31)
Y"1 4 cosz
bl 2.Y) = o)+ [ gy ay”
d(Y") 4c
A
1
+/ —%p(X',Y’) dX', (Z=X,Y), (2.32)
, Y 1-+cosz ,
oalXY) =X (X + [ Ry ay, (239
oxn 4
and
Y 1+4cosz
to(XY) = (X, 0(X")) —i—/ ———q(X",Y") ay". (2.34)
H(X") 4c
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It is noticed that (T, t,)(Z,Y’) and (x,,t,)(X’,Y) have finite partial derivatives in Z and Y,
respectively.
We denote
V=(0wzpaq), V=012p07),
and
Vo (X) = (0,w,2z,p,q)(X,0), VX €]0,d].

Note that the functions (8, w, z,p, ¢)(X,0) are achieved by solving the problem in 9(2]62‘ Due to the
result in [], one knows that the vector function V(X)) is C* continuous. It is obvious that

A~

0(X,0) = 0(X,0), W(X,0)=w(X,0), p(X,0)=p(X,0), (2.35)

X /
i(X,O):—w(O,O)—I—/O %{%<C082%—0082%>
92

— sinw cos? g — sin z cos? % —4J(zp, tn) cos? % cos 5}(X’, 0) dX’

X /
=2(0,0) —I—/O 4%{% <C082 % — cos? %) — Sin’lUCOSz%

— sin z cos? % —4J (2, tp) cos® % cos? g}(X', 0) dX’ = 2(X,0). (2.36)

and

The relation ¢(X,0) = ¢(X,0) can be checked similarly by (2.30).
Let K; be a sufficiently large positive constant that only depends on ||[Vp(X)|cw. Set

= {V [ IVCE Y lewiog, ) < Koo (w4 2)(X. ) =0,

(r—q(X,X) =0, V(X,O)zvo(X)}, (2.37)

where §; < &9 is a small positive constant and
s, = {(X,Y) € Qf, ¢ dist((X,Y),(0,0)) <41 }. (2.38)

It is easy to see that V(X,0) = Vo(X) and K; is a compact set in CO(Q?(Sl) space. To apply
the Schauder fixed point theorem, we only need to show that the map 77 is continuous under C°
norm and maps KCq to itself. By selecting appropriate constants K and then d1, these properties
can be checked based on the facts that J(z,t) is C* continuous in (z,t) and (2, t,)(Z,Y’) and
(Tn,tn)(X',Y) have finite partial derivatives with respect to Z,Y. We omit the proof since it is
entirely similar to that in [8].

2.4. Inverse transformation. We recall ([2.I7) and (2.I8]) to calculate

1+ cosw B 1+ cosz 1+ cosw _ 1+ cosz (2.39)
T P) " ) o P) 9 :

which mean that
Txy = 2Tyx, txy =1tyx. (2.40)

Thus two 2 equations and two ¢ equations in (ZI8]) are equivalent, respectively. Therefore, we have
by (Z.31)-(2.34)
($m(X7 Y)v tm(Xv Y)) = (l‘n(X, Y)v tn(Xv Y)) = (337 t)'
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Moreover, if the solution exists, we can define the functions (z(X,Y"),#(X,Y)) based on the region
where (X,Y) is located. For example, if (X,Y) € O3, then

Y

X
1 1
2(X,Y) = / LS (XYY dX = 7+ / _ LS XYY Y, (2.41)
Y 4 Y+X 4
and
V=X 14 cosz 1+ cosw

Y ~
tHX,Y) :/ N Tq(Y—X,Y’) dY’+/ - p(X')Y — X) dX’
(Y —X) ¢

y-x 4
Y X
1 1
+/ wq(y7 Y') dy/+/ Mp(X’,Y) dx’
Y-X 4c Y 4c
X-X _ X ~
:/ Mq(X—X,Y’) dy’+/ Hﬂp(X’,X—X) dx’
p(x-X)  4c x-x 4
Y
1
+ / quo{,y’) dy”. (2.42)
X-X €

We point out that the map from (X,Y) to (z,t) constructed above may not be one-to-one mapping.
But the values of 6 do not depend on the choice of (X,Y), that is, if 2(X1,Y1) = 2(X3,Y2) and
t(X1,Y1) = t(X2,Ys) for two points (X7,Y7) and (X2,Y2) in §2, we have

H(x(Xl, Yi),t(Xl,Yl)) = 0(33‘(X2,Y2),t(X2, Yé))

To show this assertion, we divide the proof into two cases: Case 1. X7 < X5,Y; <Y, and Case 2.
X1 < X5,Y7 >Y;,. The proof for Case 2 is identical to that in Bressan and Zheng [5]. For Case 1,
if 2(X1,Y1) = 2(X2,Y2) =2* € (0,7), as in [5], one considers the set

Dx- ={(X,Y): z(X,Y) <z*}

and denote by dDx+ its boundary. Due to the facts that x is increasing with X and decreasing
with Y, this boundary is a Lipschitz continuous curve in 2. Hence we can construct a Lipschitz
continuous curve 7; connecting points (Xi,Y7) and (Xs,Y3), which consists a horizontal segment
Y = Yj, 0Dx+ and a vertical segment X = X,. On 71, there hold z(X,Y) = x(X1,Y1) and
t(X,Y) =t(Xy1,Y1) by 2I8]). Thus we find that

1—|—coswp 4xX — 1—|—coszq dy =0,
4 4
along ~;, which imply by ([2.I7) that
sin w sin z
0o (X, ¥2), 10X, Y2) — 0 (X0, V) 0000 1) = [ 2 ax + 55 q av =0,

71

If 2(X1,Y7) = (X2,Y2) = 0 or 7, we then use the line Ly or L, to replace the boundary 9D x«
as before. For instance, if z(X1,Y7) = 2(X2,Y2) = 7, a Lipschitz continuous curve 7, connecting
points (X1,Y7) and (X3, Y2) can be constructed by a horizontal segment Y =Y}, L, and a vertical
segment X = Xj5. Due to t(X1,Y7) = t(X2,Y3), one has by (2ZI8) and the boundary condition
(1+cosw)p=(1+cosz)qon L,

0 =t(Xs,Y2) — (X1, Y1) = t(X2, Xo — X) — t(Y1 + X, Y1)

-/ PR (Lt coswlp g, (L cosz)g
(

Pax + 49y

Yi+X,Y1) de de

:/X2 M(X X - X)dx
Y1+)? 2% ) )
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which implies that (1 + cosw)p(X,X — X) = (1 +cosz)g(X, X — X) = 0 for X € [Y; + X, Xo].
Thus we utilize the equations in ([Z.I7) to get along o
H(x(Xg, Yg), t(XQ, Yg)) — H(x(Xl, Yl), t(Xl, Yl))
=0(m, (X2, Xo — X)) — 0(m, t(V1 + X, V1))

(X2,X2—X) .
:/ i sin wp dX+SlH2q 4y — 0.
(Y1+X,Y1) 4e C
In addition, one also has
pq pq 2 W 2 %

dadt = dXdY = — — —dXdY. 2.43
T+ )1+ 52 2c % 9 % 3 (243)

We now show that the estimate
E(t) = / (02 + 2(0)02)(x,t) do +2B(0(m,t)) < Cg, (2.44)

0

for t € [O,f], where Cg is a positive constant depending on E(0) and J, T is the existence
time of solution, and B(f(m,t)) is the boundary energy defined in (IL22]). Let I'; C QT be the
transformation of the horizontal segment of ¢ with « € [0, 7] in the (z,¢) plane, where QT is the
corresponding region of Q7 = [0, 7] x [0, T in the (X,Y) plane. We use (Xo, Xo) and (X, X, — X)
to represent the coordinates of the intersection points of I'y and the lines Ly, L., respectively.
Denote ; = [0, 7] x [0,¢] and €, the corresponding region of €, in the (X,Y) plane. Then one has

s 1_ L
/ (62 + 2(0)02)(, 1) da = / Locosw gy Locosz o
0 I'tN{cos w#—1} 4 Ty {cos 2#—1} 4
< / m dX_yq ay

{/ / (X7, Xr— /(Xo,Xo) }1 — Coswp 4x — 1-— COSZq dy
I'o (0,0) 4 4
2
w z z w
= z z — XdY
//Qt <sm 0082+51n2c:os2> dXd
—//§2t4—cJ<51nwcos §+smzcos 5) dXdY

:/ 1—coswp 4xX — 1—coszq dY—I-/(AXﬂJjﬁ_X) 1—coswp 4xX — 1—coszq av
r, 4 4 (£,6(%)) 4 4
2
PG LW o Z w z
— — — —| tan — +tan - | dXdY
/ﬁt4ccos 2cos 2<an2+an2>
_/ﬁt%0082%6082 §2J<tan§ —|—tan2> dXxdy. (2.45)

Here we have used the boundary conditions w + z = 0,p = ¢ on Lg. Moreover, recalling the
boundary conditions ([2:23]) on L, arrives at

(XTHX‘"'_)’Z) i —
/A i 1 coswp 4X — 1 coszq 4y
(X6(5)) 4

X — 2¢in? % 1 +tan?2¥  2gin2Z ~
:/ < 2 Sz 2>q(Y—|—X,Y) dy
@ 4 1+tan 3
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Xe—X cos? Z ~
:/M) <tan2%—tan2 %) ~2a(Y +X.Y) dY, (2.46)

Along L, we have by (2.18]) and the boundary conditions (2.23])

1+ cosw 1+ cosz cos?

dt=—pdX+ —qgdY =
4c P + 4c 4 c

Putting the above into (2.46]) and using the boundary condition 6, = —f on z = 7 yields

[\SIEN]

q dY.

(Xr, Xr—X) 7 _ _
/A i 1 coswp 4X — 1 coszq qv
(X,6(X)) 4 4
t 0(m,t)
_ / _o2(0)00,(m. 1) dt = —2 / 12 (s)s ds = 2B(0(w, 0)) — 2B(0(r,1)). (2.47)
0 0(m,0)

We now insert (Z.47) into (2.43]) and utilize ([2.43)) to obtain

/ " (02 1 2(0)02)(w,1) da < / "(02 1 2(0)62)(2,0) dz + 2B(0(x, 0))
0 0

—2B(f(m,t)) — 2 / 67 dzdt — 2 // JO; dzdt, (2.48)
Qt Qt

from which we get

E@gE@—2/tﬁ@&5ﬂzunMMt
Qt Qt

<B(0) + / 2 dadt < E(0) + J(T)xT, (2.49)
Q4
which means that
max_ FE(t) < E(0) + J(T)nT. (2.50)
0<t<T

Furthermore, the inequality in (2.50) indicates that (0:,60;)(-,t) and then (R, S)(-,t) are square
integrable functions in z.

2.5. Global existence of the boundary value problem to the semilinear system. Let
T > 0 be an any fixed time. Denote

Qr = {(z,1) x € 0,7, t € [0,T]}.
We use S~)T to represent the image of Q7 in the (X,Y’) plane. For any given J(z,t) satisfying
[Tl cances@p) =t J(T) < o0, (2.51)

we next extend the local solution constructed in Subsection 2.3l to the whole region §~2T. It suffices
to establish the global a priori estimates on p and gq.

Lemma 1. Let (6, w, z,p,q)(X,Y) be a solution of the boundary value problem (217, ([2:23]) on
Q. Then there exist two positive constants M and N depending only on the boundary data on
I'p and J(T') such that

0<M< max {p(X,Y),q¢(X,Y)} <N. (2.52)
(X,Y)eQr



INITIAL-BOUNDARY VALUE PROBLEMS FOR POISEUILLE FLOW OF ERICKSEN-LESLIE MODEL 17

Proof. For convenience, we write equations of p and ¢ in (2.I7) as
py = Fpg, qx = Gpg. (2.53)

We first discuss the region Q°. From (Z53]), we know by p = ¢ = 1 on I'g and the boundary
conditions on Lg, L, that p and ¢ are positive on Q.

For any point (X,Y) in Qf, we consider the region X{ enclosed by a horizontal segment between
(YY) and (X,Y), a vertical segment between (X,Y) and (X,¢(X)), I'ov and Ly. By a direct
calculate, one obtains

/ de'—qu’:—// gx + py dX’'dY’
o9 29
2
// % <SIHECOS§ +sm§cos %) dx’'dy’
20 C

+ // —J<Slnz0052 Y4 sinwcos? > dXx’dy’. (2.54)
50 2 2 2

In view of the construction of X!, we apply the facts p = ¢ =1 on 'y and p = q on Lj again

X Y
/ de/—qu/:—/ p(X')Y) dX/—/ q(X,Y") dy’
oy Y #(X)

X (YY)
+/ 1dX’—1d¢(X’)—/ pdX —qdX’
0 (0,0)
Y

D'
—X — ¢(X) — / p(X,Y) dX' — / g(X,Y") dY". (2.55)
Y $(X)
Putting (2.53]) into (2.54]) yields
X Y
/ p(X'Y) dX' + / g(X,Y") dY”

Y #(X)
2
=X — (X // smgcosE —i—smicosE dx’'dy’
50 2 2 22
2 W /
—// —J(SIDZCOS — + sin w cos? >dXdY
50 2¢ 2 2
2
=X — (X // tan— +tanz cos? ¥ cos? £ dX'dy’
50 2 2 2 2
z w z
_2 - 2_ 2_ X/ Y/
//20 9e J<tan —|—tan2>cos 5 €8 5 dX'd
<X — ¢(X // pqu\?cos s2% dx’dy’
<X+ X+ // |J? dadt < X + X + J(T)#T. (2.56)
=%

Here i? is the region in the (z,t) plane transformed from X{. Moreover, if the point (X,Y") on Ly,
that is X =Y, we directly have by (2.56])

Y ~ —
/ VY dY' < X + X + J(T)nT. (2.57)
oY)
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Now we integrate (2.53)) and employ (Z.56]), [2.57) to acquire

P(X,Y) =p(X, 6(X)) exp ( /¢ " Fo(x.Y) dY’)

(X)
~ Y ~ A~ ~ —
<exp <F/ q(X,Y") dY’) < exp (F[X + X+ J(T)?TT]), (2.58)
$(X)
and

a(X,Y) =q(Y,Y) exp < /Y : Gp(X',Y) dX’> = p(Y,Y)exp < /Y : Gp(X',Y) dX’>

Y

=p(Y, $(Y)) exp ( /¢ ” Fq(Y,Y") dY’> - exp < / : Gp(X',Y) dX’>

Y

<exp <F /¢> ' q(Y,Y") dY’) - exp (F / * p(X',Y) dX’>

() Y
<exp <2F[)? + X+ J(T)wT]) : (2.59)

where
_ e _
F,IGISKF=———+24+J1)|.
FLIG < F = 5o (5o + 2+ 7))
Here the assumption (I4]) is applied.
The case (X,Y) € QY can be easily handled. We now discuss the case (X,Y) € Q9. Consider

the region %9 enclosed by a vertical segment between (X,Y) and (X, X — X), a horizontal segment
between (X,Y) and (¢~(Y),Y), I'g and L. By Green’s theorem, one also has

/ pdX' — g dY’:—// ax + py dX'dY’
o9 9

2
- /zg % cos? % cos? %(tan% + tan %) dx'dy’

+ /Eg % cos? % cos? §2J<tan% + tan g) dXx’dy”’. (2.60)

Due to the construction of X9, we employ the boundary conditions in ([2.23)) on Iy to get

Y X
/ de'—qu':/ —q(X,Y") dY’—/ p(X',Y) dX’
059 X-X o= 1(Y)

61(Y) (X.X-X)
—/ 1dX’—1d¢(X/)+/ . pdX' —gqdX'

X (X,X-X)
Y
X W)Y —o(D) - [ any) v
X-X
X X-X _
. / p(X',Y) dX' + /A -+ XY Ay (2.61)
¢~ 1Y) X-X

We next estimate the last term in (2.61)). Making use of the boundary conditions in (2.23]) on L,
leads to

X-X

/AX_jz(p —q) (V' + X,Y') dY’ = /A q

X-X X-X

1+ (tan § — 2uch)?

-1
1+ tan? 3

Y +X,Y") dY’
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an £ — 2uef)* — tan® 2
= dy’ + Ix |q (tan 3 ) 2 dx’dy’,
o 0 1+ tan? 2
X-X To 23,1 2

(2.62)
where 231 is the region enclosed by a horizontal segment between (X, X — X) and (¢~ (X —
X ), X — X ), T'o and L. Performing direct calculations, one obtains by system (2.17))

14 (tan £ — 2uch)?

-1
1+tan2§

tan £ — 2uef)? — tan2 2
ox |q (tan 3 )2 . 2 = Oy [q(_zwe sin z + 20%c%0% cos z + 2L26292)}
1+ tan 5

=qx [—2L00 sin z + 202¢%6% cos z + 2L26292:| + zx [—2ch(9 cos z — 202qc?6? sin z}

+0x |:—2L(C,9 + ¢)gsin z 4+ 212q(2¢c 0% + 2¢26)(cos z + 1)]

—IZ)—Z coszgcos —(LA1+L As), (2.63)
where
A =cO [4tan%sin2g+2tang —2tan%] —4ctangtan%
+c0 2—1—‘5&1&22—1—‘5211023—GtanitanE — 2c¢fsin z
2 2 2 2
+ 8¢f sin? %J +4chJ cos z + 2cf sin z + 2cf sinw — 26,
and
A C/t C/ (1_|_t w) 1t w . . 9 R Tsi -4202
= |—tan— — —sinz an” —) — = tan — sin z — sin“ — — J sin z | 4c
27 2¢ T2 4c 2’ 2% 2 2

+ 8tan % [(66/92 + 629):|

/ -
+ [% <Sin g tan g — Cos g tan? %) — 2tan % — 2sin g — 4J cos g [—20202 sin %} .

Note that the quadratic terms of tan 5 and tan § appear at most in Ay, Ag, and Eg,1 c Qisa
bounded region. We use (2.43]) and the estimate (Z50]) to acquire

tan £ — 2uef)? — tan2 2
//0 Ox |q <( - 1+ta1)12 z 2) dx’'dy”’
23,1 2

= // PT s E cos —(LAl +1%Ag) dX'dY’| <
EO

S+ AE0) + 1+ J(T)T. (2.64)

Here and below, we use A < B to denote A < C'B for some uniform constant C. Combining (2.60]),

261, (262) and (2.64]), one achieves

Y X
/ (X, Yy Ay’ + / p(X',Y) dX’
X-X $=1(Y)

- R (X, X-X) -
gx—¢—1<y>+y—¢<x>+/M (p— (Y + X,Y") 4y’
(X7 _X)
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2
— /Eg Z—Z cos? % cos? %(tan% + tan %) dx’'dy’

— /zg % cos? % cos? §2J<tan% + tan g) dx’day’

<X+ X 4+ J(T)rT + (v 4 A)[E(0) + 1 + J(T)]T. (2.65)

With similar arguments as (2.58) and (2.59]), we can obtain the upper bounds of p(X,Y’) and
q(X,Y) for all (X,Y) € Qg. Thus there exist two positive constants My and Ny depending only
on the boundary data on I'y and J(T") such that

0< Mo < X,Y),q(X,Y)} < No. 2.66
0= e pXY) g(XY)} < No (2.66)

Thanks to (m), there hOld
0< My < max Z?XY QXY < N, 2.67
0 = (XY)e 1{ ( ) )7 ( ’ )} > 1V0, ( )

where I'y = I'11 UT9,
Mp={(X,Y): X=X, 0<Y <X}, Tp={X,Y): X<X<X, Y=0}

which are two boundaries of the region Q. For any point (X,Y) in Q!, for example, (X,Y) € Q3,
we consider the region X} enclosed by a horizontal segment between (X' ,Y) and (X,Y), a vertical
segment between (X,Y) and (X, X — )N(), Ly, T12 and I'yy. According to the construction of 3,
one has as in (255

X Y
/ de'—qu':—/ p(X'Y) dX'—/ q(X,Y") dy’
o1 X X-X

Yy o X (X,X-X) ~
—i—/ q(X,Y") dY’+/A p(X',0) dX’—i—/~ pdX' —qd(X' - X)
0

X (X,0)
N X Y
<Nog(Y+X —X) — /A p(X')Y) dX' — / (X, Yy dY’
X X-X
X-X B
+ / (p—q)(Y'+X,Y')dY". (2.68)
0

The last term in (2.68]) can be treated as in ([2.62). Hence similar to (2.65]), we can acquire

b Y
/A p(X',Y) dX’ —I—/ q(X,Y") aY’
X X-X

<No(X + X) + J(T)aT + (1 + ) [EO) + 1 + J(T)T =: Co(v, J, T, Ny). (2.69)
Integrating (2.53) and utilizing ([2.69]) and the boundary conditions ([2.23]) give

p(X,Y) =p(X, X — X)exp ( / ' _Fq(X,Y") dY’>

X-X
1+ (tan £ — 2uc(0)6)? ~ </Y , />
_ X, X - X Fq(X,Y") dY
1+ tan? 2 al Jexp X-X g )
N _ X _ Y
<q¢(X,X — X)exp </A Gp(X', X — X) dX’) - exp </ _ Fq(X,Y') dY/>
X X-X

<N exp (2#00@, J, T, N0)>, (2.70)
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and
R b
(05 Y) =)o ([ Golxv) ax')
X
SNy exp <2FC'0(L, J, T, N0)>. (2.71)

The analysis are the same for the point (X,Y) € Qf and (X,Y) € Q). Hence there exist two
positive constants M; and N; depending only on the boundary data on I'g and J(7T') such that

<M< e BXY) 0¥} < M o

Assume that [ > 1 is the maximum integer such that
-1
U O c ﬁT,
i=0

and denote .

Q' =Qr\ (UQ)
i=0
We repeat the above process to obtain

0< M < X,Y),q(X, )} <Ny i=1,2,---,0—1, 2.73
< ax p(XY), ¢(X, V) i (2.73)

where M;, N; are positive constants depending only on the boundary data on I'g and J(T). Set

(X 4+ kX, kX), 1=2k+1,
X, Y;) = HE - 2.74
(X0, 1) {(k:X,X+(I<:—1)X), I =2k, (2.74)
Then it follows by (2.73]) that
0< M- < max {p(X,Y),q(X,Y)} < N4, (2.75)

(X,Y)er,
where I'; = I'j; U T'y9,
In={(X,Y): X=X, ,<Y<X}, Tp={X,Y): ;<X<Y+X, Y=Y}
which are two boundaries of the region Q!. Using the same argument as before, one can show that

there exist two positive constants M; and N; depending only on the boundary data on I'g and J(T')
such that

0<M; < X, Y),qX,Y)} <N, 2.76
1 < (Xrglya)tgg,{p( ),a(X,Y)} < N (2.76)
By setting
M:min{M07M17”' 7Ml}7 N:maX{N07N17'” 7Nl}7
we complete the proof of the lemma. O

2.6. Global existence for the wave equation. This subsection is devoted to verifying that
0(z,t) constructed above is a weak solution for the wave equation (2.I]) on the region Q7.

We first claim that the function 0(z,t) is Holder continuous in both x and ¢ with exponent 1/2.
To prove this claim, for any point (£, 7) € Qp, we consider the forward characteristic t — x4 (¢; &, 7).
By construction, this curve is parameterized by the function X + (¢+(X,Y),z(X,Y)) for a constant
Y depending on (&, 7). Integrating along this forward characteristic from (&, 70) to (€, 7) and using

@13), @), @17) and @IF) gives
X,

/ 0+ c(0)0 2y (116, 7),1) dt = /X (2eXpux)2(2X) ! dX
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X X 2
:/ (2cX,ux)?(2¢X,) "t dX = 2¢(p cos? E) L. <£ sin = cos E) dX

Xo Xo 2 2C 2 2

XTp 1 Xr .
= — —dX < X, Y)dX < 2.
/XO LY <o [ pmax e (2.77)

where C' is positive constant depending gnly on 7, (&,70) is apointont=0orz=0 satisfying
§o = ‘/E-I-(TO; 3 T)v and (x(XTv Y)v t(XT7 Y)) = (67 T)v (l‘(Xo, Y)v t(X07 Y)) = (507 TO)- Similarly,
one integrates along the backward characteristic ¢ — x_(t;&,7) from (&, 7x) to (§,7) and noting
X = Const. on this kind of characteristics to acquire

/T[et—c(e) 2 (LE,7)8) dE < C. (2.78)

Combining (2.77) and (2.78]) and employing the boundary conditions of # on z = 0,7, we can
obtain that #(x,t) is Holder continuous with exponent 1/2. Moreover, it is concluded that all
characteristic curves are C'! with Holder continuous derivative.

Next we check that

T prm T =7
/ / <9tcpt — (c(0)p),c(0)0, — Orp — Jcp> dzdt + / (c*pb,) dt =0, (2.79)
0 0 0 =0
for any test function ¢ € F, where
F = {(p € C>®((0,m) x (0,T)) : 0y =0, Vi,j=0,1,2-- } (2.80)
t=0,T

To obtain (2.79]), we need to show that

0 —/ / (@t [0, + cOy) + (0r — cbz)] — (c(0)p)z[(0r + cbz) — (0, — cby)]

T=T

dt
z=0

— 20, — 2Jcp> dxdt+/ 2(? )

//<“’ (c0)a(0r + cbz) + o1 + (cp)a] (01 — cba)

T=T

— 2010 — 2J<p> dzdt + / 2(c*ph,) dt
0

z=0

-/ ' I (m —(ep)elR + L1 + (c9)2)S — Wi w) dad + | " a(h)

T rm
:/ / < —2cYpy R+ 2¢ X, 0x8 + ¢ (0x Xy + 0y Yy )p(S — R)
0 Jo

=T

T
—20x X+ 0yYy)p — 2J<,0> dadt + / 2[c2<,0(9XXx +60yY,)] dt (2.81)
0

z=0

Noting that the identities

1 —00522 1 ~ o2 R sinw S sinz
1+ R? 27 14582 27 1+R2 27 1452 27
and
Pq PG oW 9%
dzdt = dXdy = =% — Zdxdy,
T+ R+ 52) 9c % 9 % 3 ’
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we use (2.13), 2.16), (ZI7) and ZI8) to rewrite the integral in ([2.81) as

P s + 2) — 1]

psinw gsin z
dXdY
I, (5 5o axov e [ {53

_ M sinwcoszi—|—sinzcos22 —@Jcosz—cos
4 2 2 c

2%}(,0 dxdy

C
+/(xﬂ,xﬂ_x> 202(p<sinwp. 1+ R sinz 1+52>{1+coswp ax 4 LEeosz dy}
(Z.() de P 4c q 4c 4c
- /(XO,XO) 262(‘0<Sinwp' 1+ R? B sjnzq_ 1+ S2> { 1 +coswp AxX & wq dY} (2.82)
(070) 4c p 4C q 4C 4

which together with the boundary conditions in ([2:23]) yields

I, (5o s oo awor [l {52

pq( . 2 . q W 9 W
_ A d hd __J z
1 (smwcos 2 + sin z cos 2> - cos? B cos? 5

Xr — XO
—I—/A psinwe(X, X — X) dX—/ psinwe(X, X) dX,
X 0

where (Xo, Xo) and (X, Xy — X) are the points in the (X,Y) plane transformed from (0,7 and
(m,T), respectively. By means of Green’s theorem and boundary conditions, one gets

// <psmw n qSlDZCpx) dxXdy

Or 2

// {<ps1nw > N <qsmz(p> }dXdY—// 1[(10Sinw)y4—(qsimz)x]<,0 dXdy
Qr Y 2 X or ?

_/ _psiw Ly p BSINE gy // [(psinw)y + (gsinz)x]e dXdY
oQr

) —1]

} dXdYy

(2.83)

2

X ~ Xo
=— /A psinwep(X, X — X) dX—I—/ psinwe(X, X) dX
X 0
1
- //~ 5[(]9 sinw)y + (¢gsin z) x]e dXdY. (2.84)
Qp
According to (2I7)), we directly compute to achieve
1., . .
5[(1) sinw)y + (gsinz) x|
/
:cggfzq [cos(w + z) — 1] — % <Sinw cos? % + sin z cos? %) - ?Jcos2 % cos? % (2.85)
Inserting (2:84]) and (2.85)) into (Z83]) leads to
// <psmw(py gsin Zch> dXdY+// { [cos(w + z) — 1]
’QT 2 QT
P inweos? £ + sin z cos? YY) P reos? Yeos? 2 p dXdY
c 2 2 c 2 2
(2.86)

Xr _ Xo
—I—/A psinwe(X, X — X) dX—/ psinwe(X, X) dX =0,
X 0

which completes the proof of (2.79]).
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Moreover, we can repeat the proof process of (2.44]) to show that for any ¢ € [0, T].
™
E(t) = / (02 + 2(0)62)(x,t) dz + 2B(0(m, 1)) < Ck. (2.87)
0

In sum, there has

Lemma 2. Let 7" > 0 be any fixed number and J(x,t) be any C® function over 7. Assume that
the assumptions on initial and boundary conditions in Theorem [[.3lhold. Then there exists a weak
solution of (2.I)) over Qr with bounded energy E(t) < Cg for some Cg depending on E(0) and J.

Finally, for this subsection, we give some comments on the map from J(z,t) to J(X,Y). As
pointed out in [8], one can use a similar method in Bressan, Chen and Zhang [3] for varia-
tional wave equation to show that the uniqueness of forward and backward characteristics for
1), that is the uniqueness of the (X,Y) coordinates. This uniqueness leads to the unique-
ness of (zp(X,Y), tn(X,Y)) = (2,(X,Y),t,(X,Y)). Hence, for any given J(z,t) € C*Qr),
the solution constructed previously satisfies system (ZI7) with a unique source term J(X,Y) =
J(z(X,Y),t(X,Y)). Moreover, one can check that J(X,Y) is L. The details can be found in [g].

3. EXISTENCE OF THE COUPLED SYSTEM

In this section, we use the Schauder fixed point theorem to show the global existence of weak
solutions to the initial-boundary value problem of the coupled system (L3)).

3.1. Preliminaries for the heat equation. For smooth solutions of (I.3]), the variable J = u,+6;
satisfies

Ji = Jog + Ou,
which together with the wave equation in (3] gets
Jt = Joz = c(0)(c(0)02)0 — Or — J. (3.1)
According to the initial and boundary conditions (L.20)-(LS]), one obtains
J(x,0) = Jo(z) := uj(x) + 01(x) € C¥([0,7]), Ju(0,t) = Ju(m,t) = 0. (3.2)

Let Go(x,t;&,7) be the fundamental solution of the heat equation

1 ($—£)2>
Go(x,t;6,7) = ————ex — , (t>71). 3.3
Then
I < [ x t T x t E 1]
tE 7)== Tl L) G, Lo -2, L 4
G($7 a£77_) ﬂ'n:z_:oo _G0<ﬂ_7ﬂ_2a n+ﬂ_7ﬂ_2> G0<7T77T2’ n 7T’7T2>_’ (3 )
and
. 1 T r ot E T Tt E 7\]
N(z,t;€,7) = %n;oo _G0<?Fa2n+ %7?) +G0<;,P72n— ?F)_’ (3.5)

are, respectively, the Green function and the Neumann function for the first and the second initial-
boundary value problem of the heat equation. See Li, Yu and Shen [29, |30] for details. As a
function of (z,t), G(z,t;&,7) satisfies the equation Gy = G, for t > 7 and G = 0 for x = 0, T,
while as a function of (§,7), G(z,t; &, 7) satisfies the adjoint equation G, = —G¢¢ for 7 < t and
G = 0 for £ = 0, 7. Moreover, as a function of (z,t), N(x,t;£,7) satisfies the equation Ny = N,
for t > 7 and N, = 0 for x = 0,7, while as a function of (§,7), N(z,t;&,7) satisfies the adjoint
equation N, = —Ng¢ for 7 <t and N¢ = 0 for { = 0, 7. Furthermore, we have

oG ON 0G ON
% 0 % on (36)
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Set
o 22
Wo(z,t) =t~ 2 exp ( - 1_6t> (3.7)
A direct calculation arrives at
/ Wol(,1) d = 4/mt'2", (t>0), (3.8)
R
and
t
/ /Wo(é,t—T) dedr = VT35 (5 < 3), (3.9)
0 R 3 — 0
In addition, one also has
In|® exp < - Z) < exp < - 1%>, (3.10)

for 7 > 0, where 3 is an arbitrary nonnegative real number.
By using the Neumann function N(z,t;&,7), the solution of the first initial-boundary value
problem (B]), (3:2)) can be expressed as

J(a,t) = /0 " N :£,0)J0(6) dé /0 /0 "N ti6,7)(0, + J)(E7) dedr
E=m

v N(ati6,7)2(0)0c(€.7) e / t [ Ve e ) dear

— /t /7T OeN (z,t;€,7)20¢(&, 1) dédr. (3.11)
0o Jo

3.2. The existence of fixed point. For any given function J(z,t) € C*(Q2r), we know by previ-
ous analysis that there exists a weak solution 6(z,t) = 67 (z,t) of the wave equation [2.1J). In view
of ([BI1)), we can define a function M(J) on Qp

M(J) (1) = /0 " N(a 46,001 €) de — /0 /0 " N, t:£.7)(0, + T)(E7) dedr

t §=m t pm

+ [ Naten@open| dr- [ [ Naugneoien s
0 = 0o Jo
t ™ =

—/ / 8§N(x,t;£,7)020§(£,7) dédr. (3.12)
0o Jo

It follows by BII]) that M(J)(z,t) is a weak solution of
My — Myz = c(0)(c(0)0z)r — 60 — J. (3.13)

Furthermore, we have a map
T: J(x,t) = M(J)(x,t), (3.14)
on C“(Q2r). Following Chen-Huang-Liu [§], we define a set K for some constants ¢ and K
K= {J(az,t)| [T (2,t) — T, )| ca(ay) < K, J(2,0) = Jo(z), Jo(0,t) = Jo(m,t) =0, ae. }
(3.15)
where Q5 = [0, 7] x [0,0] and

w0 = [ Nt:6.0100(6) de
0
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We first show that, for a given large K, the map 7 has a fixed point on K if § is sufficiently small.
Next we derive the energy estimate to select a constant K that only depends on the initial value.
Based on this constant K, we can fix the small number § > 0 and then extend the existence on {24
to Qp in finite steps.

We apply the Schauder fixed point theorem to show the existence of fixed points on K for
sufficiently small §. It is clear to see that K is a compact set in L°°. To use the Schauder fixed
point theorem, it suffices to check that 7 maps from K to itself and is continuous under the L*°
norm.

Lemma 3. 7 maps from K to itself.

Proof. According to the properties of the Neumann function N (z,t; £, 7), we know that M(J)(x,0) =
Jo(x) and 0, M(J)(0,t) = 0 M(J)(m,t) = 0. To finish the proof of the lemma, it suffices to verify
that Lo 123(x,t) are C“ functions, where

E=7

Lotet) = [ N te (s )| ar

t s
Lyi(z,t) = /0 /0 N(z,t;&,7)(0- + J)(& 1) d&dT,
Ly(z,t) = /t /7r N(z,t;€,7)ccd 03¢, 7) dédr,

Li(z,t) = // OeN (x,t;€,7)c*0¢ (€, 7) dédr.

We just only consider the function L3, and the functions Lg 12 can be discussed analogously. In
view of the expression of Lg, it is sufficient to show that L3 is C* continuous with respect to x,

that is
// 10N (o, t; & 7) = 9N@LEE T 21016 ) dedr < 1, (3.16)

(xg —x71)®

for any x1 < x9 € [0,7], where C' is positive constant and v € (0,1). Recall the expression of

N(z,t;¢,7) in ([34), one has

> —2nm — &)? — 2nm —
(x —2nm + £)? x —2nmw+§)
row (-5 ) (st (317
from which we obtain
0N (o, t;6,7) — 0N (a1, t:6,m) = Y (L) + L$)), (3.18)
where
(n) _ 1 B (1 — 2nm — £)? ' B B
A=) [exp ( At =) > o= d)
— exp < — (332 ;(fn_ﬂ'T; 6)2> : (952 —2nm — f):|7
and

n 1 -2 2
1 = o (- B2 e
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exp ( Lo ;(f”_”; 5)2> (s — 207 + 5)} ,

We first fix n € Z and consider the integral

=[] '31 el (€. 7) dgdr
//B 2'31 2106l (€, 7) dsdw//BQ _2/6el(€,7) dédr

—1" 4 1" (3.19)

where
B : ‘33‘1—2717T—£|<‘$2—2n77_£|7
By : ‘x1—2nﬂ—§|>‘w2—2nﬂ—§|.

By the definitions of By and B, we find that

|:E2 —3:1| < ‘:E2—2n7r—£ + |:E1 —2mr—£‘ < 2|x9 —2mr—£‘, on Bi, (3.20)

and
|:E2 —3:1| < ‘:132—2n7r—£| + |:E1 —2mr—£‘ < 2‘:@ —2mr—£‘, on By, (3.21)

Then we handle I fn) as follows

| é/ot /B 457? (g — xl)la(t Y

2nm

Lo — a2
(o= an)enp = 22 g, acar

" /ot /B 457? (22— xl)la(t Y

@y — 2nm — €] - exp < (= 2(?71777—; §)2>

[(z2 — 2nm — €)% — (21 — 2n7 — €)?]
1_eXp <_ 4(t—T) |05|(£77—) dédT
Ty O (3.22)
The term I, (") can be treated similarly by symmetry. For I f’f), one gets by (B3.20)
I(n / / é» 11—«
1 S
Bl t — T ™

_ )2
- exp < - Sz 4(?7iﬂ7) 9 >’95’(§77') dgdr
T2 §

t 1
< — = —om—=
—{/0/31&—7)3—% "

(- ([ f ] o

2—2a
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where 71 satisfies

1 1
Z+%<r1<§, and then oy = 4 — 4r) + 2a < 3. (3.24)

Applying the fact

<(3:2 — 2nm — g)?)l—aexp (  (wp = 2nm — §)2>

t—7 2(t — 1)

<ow ( s

we have

RS R P
{0 m/ o)

1 a1 —2 — 2 %
< ||9m||L2([07ﬂ)t2—n{/0 /Bl(t—T)_2eXp<— G 4(]571”7) 3\ > dﬁdT} . (3.25)

(NI

Note that
<% —on— %)2 > (x;§>2+(2\n\ 121,
<§ “on 4 %)2 > (””;5>2+(2\n\ _ 92y,
e @2ln| —1)>=1>0, (2jn|-2)2*—-4>0, for |n|>2. (3.26)
Then by (33) one acquires
/t / (t- )~ F exp ( _(m Z(f”_i; Oz) dedr
B .
for |n| < 2, and
/t/Bl(t—T)_%leXp<— (=2 ;(?;W;£)2> dedr 2
/ / (t—71) 2 exp< %) -exp(—%) dedr
G oy - L1 a2

for |n| > 2. Set
1, In| <2,

A, = (2ln] —1)%2 -1 (3.29)
- > 9.
exp ( T , In| >2
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[e.e]
Obviously, the positive series Z A,, is convergent. Putting (327)-(329) into (B:25]) yields

n=—oo

3—0o

n 1_,
I§1) 5 ||9(E||L2([0,7r])t2 1, A t 1 1

3—(4— 47“+2a)

1_a
= ||9m||L2([o,7r]) At = 10zl 2 jo,m)t % 2 An. (3.30)
To deal with the term I g), we recall the following property:

l—e*< 3 (3.31)
for all z > 0and 0 < A < 1. Since

2 2
<a:2 —2nm — §> - <$1 —2nm — 5)
=(xg — 1) - 2(% —2nm —f> >0,

on the region Bi, then we use ([3.31)) to achieve

(z2 — 2nm — €)* — (21 — 2nm — £)°
o<1 - A=) )

1 - <($2 - :1:1)(2%5 2nm — g))

o (3.32)

D=

IN

1
2
for any number p € (1, 152). Thus we have

t
7™ < 1
2~ 0 /B1 (xQ—iUl)a(t—T)%

(z1 — 2nm — §)?
'eXp<_ At —7) >

. ((1’2 —M)(Z%j)— 2nm —§)>

r1 —2nm — &

(SIS

—n
0¢|(&,7) dédT. (3.33)
Noting that

(:vg—a;1)<x142_a72 —2n7r—§> :(azg—xl)(@;xl +x1—2n7r—§>
%( 2—%1)24-(%2—1'1)' <x1—2n7r—§>,

one has
3—H
(22 2]
3—h
S(w2 — 351)1_2“ + (2 — 561)% . <1’1 —2nm — €> 2
Inserting the above into (3.33]) arrives at

1) < (g — xp) 2@
12 S 5 (t—r)En

(r1 — 2nm — )2
-exp<— 14(:5—7) >'\9§!(§,T) dedr

x1—2n7r—§'
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1’2—%1 2 THTo
B t—T2M

(l‘l — 2nm — 5)2 n n
exp ( - SR ) el ) dedr =I5 + 115

—n

Njw

x1 —2nm — &

For Ig’)l, we get by 1 — 2 —a >0

t
(n) 1 .
2
=) ([ )
oo _ _ )2 3
Shodlizgonyt ([ [ % e (- CE ) agar)

where 79 and o9 satisfy

T — 2nmw —

[NIES

3 1
——u<re< =, 09=06—4ry—4u <3.

4 2
Similar to handling (8:25]), we can obtain
_r 3—0o9 1
112 1 S 0all2qoant2 " -t A = 102l 2o, " % An
Now for I£2)2, one acquires by s—p—a>0

3—2u

(n) 1
5[ [, o
(1 — 2nm — &£)? ‘9§‘2 3
.eXp<— 20 —7) > dﬁdT) </ /31 — e d£d7>
—2 (z1 — 2nm — €)? 3
SOzl 22 po,x </ /31 exp( =) ) d6d7> ,

where r3 and o3 satisfy

ry —2nm — &

<7’3<%, o3 =5—4rs —2u < 3.
Hence we find that
15 S WBellzzqomyt? ™™ -+ Au = 12l 20t A
Combining (3.34), (3.37) and (B.40]) leads to
Iy < 116, Il 22 o, (B~ T 15)A,.
Thus we sum up 3.22), (330) and (341]) to conclude that
1Y S 10s 2o (7% + 975 + %) Ay,

The above estimate is also valid for the term 12(") in (3.19). Therefore there holds

"= / / ‘ T 2’95’(5’ ™) d€dr S 1620 my (3% +75 +£5) Ay,

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
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[ee]
which together with (3.29]) implies that the series Z 1 is uniform convergent. Similarly, one also

has o
Li()g 2 1_o 1 Iz
[ [ v aedr < 1l @h8 + ot s 4, @
2 — 1
Then
™ |9 N (22, t; N(z1,t;
// |a§ 332, 67 ) 8§a(x17t7£77—)|c2‘0§‘(§77_) dng
(g — 1)
< S L 1L )26 |(¢, 7) dedr
<[ e 2o (D) ag
n__m// W(IL§7I+IL32 )c?|0¢] (€, 7) dgdr
5”990HL2([0,7T])(t%_% Hod 4t Z A, < Ct, (3.45)

for some constant C' > 0, where v = min{% — G, U i, £} > 0. The proof of Lemma [Blis completed
by choosing 3C'¢" < K. O

Lemma 4. The map 7 is continuous under the L* norm.

Proof. The proof follows from the fact that (0,w,z,p,q,2,t)(X,Y) is Lipschitz continuously de-
pendent on J(X,Y) in the L* distance. The proof is entirely similar to that in Chen-Huang-Liu
[8] and we omit it here. O

By means of Lemmas [3] and 4, we know by the Schauder fixed point theorem that there exists a
function J*(z,t) € K such that

M(JT)(z,t) = J*(x,t). (3.46)
We fix J = J* and utilize previous results to obtain that
Ht('vt)v Hﬂv("t) € L2([077T])7 J € Ca([ovﬂ-] X [075]) (347)

Furthermore, we consider the initial-boundary value problem for «

Ut — Ugy = Htma
u(z,0) = up(w), (3.48)
u(0,t) = u(m,t) =0.

According to the properties of the Green function G(z,t;&,7) given in ([B.3]), the weak solution
u(z,t), (t € [0,0]) of (B:48) can be expressed as

T t s
w(z, ) = /O Gla, 1€, 0)ug (€) dé — /0 /O 0cGa, 1:€,7)0, (¢, 7) dedr. (3.49)

Clearly, this weak solution u(x,t) satisfies

§ pm 8 =7
/ / <u¢t _ (uﬁet)sz) dadt + / (o +00)0|  dt =0, (3.50)
0 Jo 0 =0
for any test functions ¢ € F. Letting 1) = ¢, in (3.50) gives
6 pm 8 =7
/ / <uxcpt (g + Ht)cpm> dedt — / (o + 0)pa|  dt =0, (3.51)
0 JO 0 =0
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Finally, we prove J = u, + 6; in some sense. By ([B.13]), the function J satisfies

6 pm é
[ (68 ) = Hehact 00+ 1) = [ 172 = 0]

0o Jo 0
for any test function ¢%(z,t) € C°([0,7] x [0, 6]), which together with (2.79) yields

6 pm [
/ / <(J— 0:)p} + Jcp%) dwdt—/ J)
0 0 0

We take the difference of (.53 and (3.51]), with the test function ¢ vanishing on the boundaries,
to obtain

=7
dt =0, (3.52)
=0

dt = 0. (3.53)
z=0

=T

)
/ / (4 0D+ o0) dadi / (] — g — 6)°
0

Hence it is clear that J = u, + 6y, for a.e. any (z,t) € [0,7] x [0, 4].

dt = 0. (3.54)

=0

3.3. Energy estimate. In this subsection, we derive the energy estimate in Theorem [[.3] which
allows us to extend the local solution on Qs to Q7.
Following [8], we proceed by the inequality in (248) and the fact J = u, + 0; in L*(Qr) sense

/ "(02 + A(0)0) (2, 1) dw < / "(02 4 2(0)02)(2,0) d + 2B(6(r, 0))
0

0
t ™ t ™
—2B(9(7r,t))—2// 0? dxdt—2// JO; dadt
0 JO 0 JO

/ﬂw? + 2(0)62)(x,0) dz + 2B(6(x, 0))

—2B(f(m, 1)) —2// 02d:13dt—2// J —ug) dzdt. (3.55)

Since u; = J; holds in L?(§27) sense, one has by integrating by parts

// Ju, dxdt = // wpu dadt

- / ()d:z:——/ W2(z,1) da. (3.56)
2 0 2 Jo
Putting (3:56]) into (3.55]) yields
/ (02 + 2(0)62)(x, ) dz + 2B(0(m, 1)) < / (02 + 2(6)02)(,0) dz + 2B(8(r, 0))
0 0
t s t T s T
—2/ / 6? d:z:dt—2/ / J? d$dt+/ ud(x) dzn—/ u?(z,t) du, (3.57)
0 Jo 0 Jo 0 0
which means that
1

— i 2 C2 2 U2 x x s
5 |62+ G062 + ) (at) do o+ BO(r0)

_;/ (02 4 ¢*(0)02 4 u?)(x,0) dz + B(A(w,0)) // (ug + 0;)* + 07 dzdt, (3.58)

which is the desired inequality ([23]).
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4. THE PROBLEM WITH NEUMANN BOUNDARY CONDITIONS FOR HEAT EQUATION

In this section, we provide the proof on the initial-boundary value problem of (L3]) with the
Neumann boundary conditions on wu.
First, in Section 2, we solve a boundary value problem for 8, so the result still holds for the case
with the Neumann boundary conditions.
For the existence of (u,f) by Schaulder fixed point theorem, to avoid repeat, we only give
calculations different from the case with the Dirichlet boundary condition.
Consider system ([3]) with the initial condition (LI and the following the mixed boundary
conditions
(ugp +6;)(0,t) = (ug + 0;)(m,t) =0,
6(0,t) = 0(m,t) + Oy (m,t) = 0.

Assume that the initial functions ug(z), fg(x) and 61 (z) satisfy the corresponding compatibility
conditions at 0 and 7. Based on the results in Section 2 for any given T > 0 and J € C?%, we
obtain the global solution #(x,t) for the wave equation

Htt — C(Q)(C(Q)em)x + et + J =0.

Corresponding to the Neumann boundary conditions of u, the initial-boundary value problem of J
now is

(4.1)

Jp — Jpw = c(0)(c(0)05)r — 0 — J,
J(z,0) = Jo(z) := uj(x) + 01 (x) € C*([0,7]), (4.2)
J(0,t) = J(m,t) =0.

Thanks to the Green function G(z,t; £, 7) given in Section[3] the solution J of ([A.2]) can be expressed
as

J(a,t) = /O " Gl 16,00 (€) dé — /0 /0 "Gt 6,70, + J)(E7) dedr

t 0 t ™
_ . /02 _ . 2
/0 /0 G(x,t;8,7)ec 0 (€, 1) dédr /0 /0 0cG(x, 1€, 7)c 0 (&, 7) dédr. (4.3)
The relation (£3)) defines a map on C*(Qr)
T J(w,t) = M(J)(x,t), (4.4)

where

M(T) () = /O " Gl 1,00 (€) dé — /0 /0 "Gt 6,70, + J)(ET) dedr

t ™ t ™
- [ [ e nesien - [ [ ocwue o . @s)
0o Jo 0o Jo
which is a weak solution of the following equation
M, — Mg = c(0)(c(0)0,)s — 0, — J. (4.6)

Through the parallel procedure as in Subsection B.2] we can verify that the map T exists a fixed
point in the set

kv: = {J(ﬂj‘,t)‘ ‘|J($7t) - jo($7t)||ca(95) <K, J(ﬂj‘,O) = J0($)7 J(07t) = J(7T7t) = 0}7 (47)
for some constants § > 0 and K > 0, where

Pt = [ Gne0n(© de
0
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Denote this fixed point still by J € K. Then there has
M(J)(z,t) = J(z,1). (4.8)
We next show J = u, +6;. It follows by (4.6) and (L8] that the weak solution J of (£.2]) satisfies
§ 6
/ / (J(gpg +62,) — [(cp)ncha + (01 + JW]) dadt + / (ot 0% di=o0, (49)
o Jo 0 2=0
for any test function ¢%(z,t) € C°([0,7] x [0,6]). Combining (2.79) and (&J), one obtains

§ pm ) =T
/ / ((J — ;)Y + Jgpgx> dzdt —I-/ T o®
0o Jo 0

dt = 0. (4.10)
Furthermore, for the variable u, we consider the initial-boundary value problem

T=T

=0

Ut — Ugy = 0t1‘7
u(z,0) = up(x), (4.11)
uz(0,t) =0, ug(m,t) = —0i(m,t).

Let L
ie.t) = u(w.t) + - [ ubila.0) du
0

Then the initial-boundary value problem for 4 is
1 1 1 [ 1 [®
Up — Uy = (1 — E)t9m — 20, + —xc?0, — —/ (c+ycdby)ch, dy — —/ y(0: + J) dy,
T T T ™ Jo ™ Jo

oo0) = 0fo) + 1 / “you(y) dy, € (0,7
™ Jo

Here we have used the wave equation for 6(z,t). According to the Neumann function N(z,¢;&, 1)
given in Section [3] the weak solution of (4.I1]) can be expressed as

ety =2 [“untrt) v+ [ i) (@) + L [0 ) ae

3 3
/ / Nz, t; ¢, 7 <;5029§—%/0 (c+ycd'0,)ch, dy—%/o y(0r+ J) dy>(£,7') dédr

(4.12)

—/0 /0 O¢N(z,t;€,7) (1 - %) 0-(&, 1) dédr, (4.13)
which satisfies
/0 ' /0 ' (w,? — (ug + et)¢g> dzdt = 0, (4.14)
for any test functions ° € C2°([0, 7] x [0,6]). Letting ¥° = ¥ in (@14]), we get
/05 /07r <ux<pg + (ugy + Ht)gogm> dzdt — /05 up?) o dt = 0. (4.15)
By taking the difference of (4.10) and ([AI3]) yields -
/ 71 = o 000 + ) ot + (g + 6") Ca=0 o

which implies by the disappearance of the test function ¢° on the boundaries that J = u, + 6;, for
a.e. any (z,t) € [0,7] x [0,4].
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Finally, the energy estimate in (.58)) still holds for the current case, so we can extend the local
solution on Qs to Qr.
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