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1 Introduction and main results

In the qualitative theory of real planar differential systems, the main open problem is to
determine the number and location of limit cycles. A classical way to produce limit cycles
is by perturbing a system which has a center in such a way that limit cycles bifurcate in
the perturbed system from some of the periodic orbits of the center for the unperturbed
system. For instance, consider a planar system of the form
(t) = Hy + <[ (@.9.5.0) "
y(t) = —Hy +eg(z,y,€,a),
where H, f, g are C* functions in a region G C R?, ¢ € R is a small parameter and
a € D C R" with D compact. For ¢ = 0, (1) becomes a Hamiltonian system with the
Hamiltonian function H(x,y). Suppose there exists a constant Hy > 0 such that for
0 < h < Hy, the equation H(z,y) = h defines a smooth closed curve L, C G surrounding
the origin and shrinking to the origin as h — 0. Hence H(0,0) = 0 and for € = 0 (1) has
a center at the origin.

Let

(I)(ha CL) = (gd;v - fdy)a:O (2)

h

(Hyg + fo)azodt,

h
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which is called the first order Melnikov function or Abelian integral of (1). This function
plays an important role in the study of limit cycle bifurcation. In the case that (1) is a
polynomial system, a well-known problem is to study the least upper bound of the number
of zeros of ®. This is called the weakened Hilbert 16 problem, see [Arnold 1983; Ye,
1986].

In this paper, we first state some preliminary lemmas which can be used to find the
maximal number of limit cycles by using zeros of ®. These lemmas are already known or
easy corollaries of known results. Then we study the global bifurcations of limit cycles
for some polynomial systems, and obtain the lower upper bound of the number of limit
cycles. This is the main part of the paper.

Now we give some lemmas. First, for Hopf bifurcation we have the following:

Lemma 1.1([Han, 2000]) Let H(z,y) = K(z* + 4*) + O(|x,y|?) with K > 0 for
(x,y) near the origin. Then the function ® is of class C* in h at h = 0. If ®(h,ag) =
Ki(ag)h* 1 4+ O(hF+2), K (ag) # 0 for some ag € D, then (1) has at most k limit cycles
near the origin for |e| + |a — ao| sufficiently small.

The following lemma is well-known(see [Ye, 1986] for example).

Lemma 1.2 If ®(h,ag) = Ky(ag)(h—ho)*+O(|h—ho|*™), Ky(ag) # 0 for some ag € D
and hg € (0, Hp), then (1) has at most & limit cycles near Ly, for |e| + |a — ag| sufficiently
small.

Let Ly denote the origin and set

S= U Ln (3)
0<h<Hy

It is obvious that S is a simply connected open subset of the plane. We suppose that

the function ® has the following form
®(h,a) =1(h)N(h,a), (4)
where I € C* for h € [0, H — 0) and satisfies
I(0) =0, I'(0) # 0 and I(h) #0 for he (0, Hy). (5)

Using above two lemmas, we can prove(see [Xiang & Han, 2004])

Lemma 1.3 Let (4) and (5) hold. If there exists a positive integer k such that for every
a € D the function N(h,a) has at most k zeros in h € [0, Hy) (multiplicities taken into
account), then for any given compact set V' C S, there exists eg = £9(V') > 0 such that

for all 0 < |e| < ey, a € D the system (1) has at most k limit cycles in V.



Remark 1.1 As we known, if there exists ag € D such that the function N(h,a) has
exactly k simple zeros 0 < hy < -+ < hy, < Hy with N(0,aq) # 0, then for any compact
set V satisfying Ly, C intV and V' C S, there exists g9 > 0 such that for all 0 < || < &,
la — ag| < go, (1) has precisely k limit cycles in V.

Remark 1.2 The conclusion of lemma 1.1 and lemma 1.2 are local with respect to both
parameter a and the set S while the conclusion of lemma 1.3 is global because it holds in
any compact set of S and uniformly in a € D.

In this paper, we consider a real planar polynomial system of the form

T = y(1—ayz)™ (1 — agr)™? (6)
gy = —z(l —aqz)™ (1 — agz)™
where my, my are positive integers and aq, ap are real constants which satisfy oy - ag # 0.

We shall prove that if we perturb above system by the polynomial systems of degree n

we can obtain up to first order in £ at most 4(["“]

On the region Q = {(z,y)[(1 — ay2)™ (1 — aex)™ # 0}, the perturbed system by the

+ my + msg) — 7 limit cycles.

polynomial systems of degree n of (6) is equivalent to

. €
r =19y + (1 _ Oél.flf)ml(l — OKQ.ZL’ 0<;<naz]$ y )
£ d (7)

Yy = —x+ by
a1y , 2,

where |a;;| < K, |bj;| < K with K a positive constant and Bx = {(a;;, bi;)| |ai;| <
K, |b;;| < K}.

Let ®(h) denote the first order Melnikov function of (7) for 0 < h < Hy, Hy =
mz’n(ai%, ai%) Then we have the following main results.

Theorem 2.1 Suppose o # as. For any K > 0 and compact set V' in €2, if ®(h) is not
identically zero for (a;;, b;;) varying in a compact set D in By, then there exists an gy > 0
such that for 0 < |e] < &0, (aij, bij) € D, the system (7) has at most 4([2E] +my +ma) —7
limit cycles in V.

Theorem 2.2 Suppose oy = ay. For any K > 0 and compact set V' in Q, if ®(h) is
not identically zero for (a;;, b;;) varying in a compact set D in By, then there exists an
g9 > 0 such that for 0 < |e| < g, (a;;, b;j) € D, the system (7) has at most n limit cycles
in V.

2 Proof of the theorems

Before proving the theorems in Section 1, we give some lemmas first.



Let

I j{ ry dt, 1>0,7>0
i — , 12U, 2 U,
7 L, (1 —aq@)™ (1 — agz)™ J

in.J
I(’f):f Y gt k=123 .i>0.7>0
,] (1—Oéll')k ) ) Sy 02U, 02U,

Qi = ajiliv1;+ bl 1, ©>0,5 >0,

OF) = ay LD+ b5y, k=1,2,3,-+-,i>0,5 >0,

Qi i+1,5

where

Ly: x=Vhsint, Y= Vhcost.

ry=4/1—ah, ro =4/1—a3h.

The following results can be seen in the paper [Xiang & Han, 2004].

Let

Lemma 2.1 For m > 1 it holds that

1 [25]

m 2

[(go) = om—1 Z erljv
T o

where C;(j > 0) are constants which C; # 0. [-] denotes the integer part function.

Lemma 2.2 For 0 < k£ < m, we have

Ly =

—1ycirgy

j=0
[m72k:71]_,’_k

1 .

_ 25

- 2ml § : Ciry,
1 §=0

and for k > m we have

m—1 [kim]
my _ 1
I/LC’0 = - IZCT’ + Z Dr
1 =0

where C}, D; are constants.

For the function

[L’k

(1 — v Ymi(1 — e )m2

(12)

(13)



we have that

if & < my 4+ mao, there exist real constants flk,j, Bk,j such that

(1 — ayz)™ (1 — agw)m™2 p (1—ayz) p (1 — aor)d’

and if k& > my + my, there exist real constants Ay, ;, By ; and Cj ; such that

m mo k—mi—ma
S(Zk . Ak,j Bkg L

_ j
(1 —apz)™ (1l —agz)m™ 4~ (1 —ayx)! + Z (1 — agz)l T Z Ch g

J=1 J=1

Hence from the definition of I; ¢ and lemma 2.1 for 0 < &k < m; + mg we have

o
1 = dt
k0 7{ (1 —apz)™ (1 — agz)™?

Akj Bkg
= —=——t
Zﬁ 1—04125 +Z% 1—062.]7

1
- P _1(h) + —— Pry_1(h),
T%m 1 1( ) T%m_l 2 1( )

and for k > my; + mo we have

B Ak] k—m1—mo ;
Ik70 = Zﬁ 1—a1x dt-‘-z% 1—0(21’ dt‘l— Z %del’dt

1
= T’%m 1Pm1 l(h) + WPmQ_I(h) + P[’W%W}(h)a
where P,(h) denotes a polynomial of h of degree n, and h = l;ﬁ = 1_55.

1 @3

Using the definition of L;, and I; ;, we can prove easily ([Xiang & Han, 2004))

Lemma 2.3 For ¢ > 0, k£ > 0, we have

Iiop—1 =0
and
k . .
[i,Qk == Z(—l)jclili+2j70hk_j.
7=0

Lemma 2.4 For k > 0 we have

1
> by = le =1 P 106 (0) + =57 P10 (B) + Pty —ong ()
Ty 2
i+j=2k—1
and

1
Z (I)w = me1—1+k(h) + mpmz—lﬂc(h) + P{M](h)-

F1a—9 2

(16)

(17)

(18)



Proof. By the definition ®;; and lemma 2.3, we have

k
Z ¢ = (Pok—2i2i + Por—2it1,2i-1) + Paro
1

i+j=21 i

= |l

= a2k,i]2k—2i+1,2i
0

= Doprlroh® + -+ bog1 Loe—1.0h + bog. 0 Lokt 1.0-

So (20) follows from (17) and (18). (19) can be proved in the same way.
The proof is completed.
Similarly, we can prove the following formulae by using lemma 2.2 and lemma 2.4 of

the paper [Xiang & Han, 2004].

Z q)z(-;n) = Iég)(gzk—l,khk + o+ bygor1h + bok—10)

(=D (Clbog 1 ghE + -+ Cly_obog 1.1+ Clybor1.0)
+(—1)m_1[o(,13(Cg@lg%,k—[%]hk_[%} oo O bop 11 h + O Mhgr10)
1O (Kobyyoy gy + o Koo o 1.0 1175
+H(=1)"Cp 5 <K062k—1,1 + K2l~72k—1,0) h+ (=1)"Cp Koboy—10 (21)
and

Z q)z(';'n) = Itg,rg)(g%,khk +oeeet B2k,1h + sz,o)

i+j=2k

+(_1>[éfg_l)(02162kvkhk + oo+ Co_ybok b + Coy 1 baro)
U 11(1 (Cmmﬂl 1~2’”“ m£1]hk_[%] + Cyp i baah + O3 i bono)
+(_1)mcg[l%;]l <K0[~)2k,k—[%”] + e+ sz_2[%](~)2k70)hk—[%}

+(=1)"Cp 4 <K0[;2k,1 + K2(~72k,0> h + (—1)ng;i_1K0[~?2k,o (22)

Now we are in position to prove the main results.



Proof of Theorem 2.1 In the following we suppose n = 2s first. In this case, by (2)
the Melnikov function ®(h) of system (7) has the following form

(I) h, = i i+1,7 bl i, j+1 dt
") %Lh (1 —=oqz)™ (1 — agx)™ Z (aix" ™ y? + byx'y’™)

0<i+7<2s
= Y @, (23)
0<i+j<2s
=D YD S IEE S NEE
k=1 i+j=2k—-1 i+j=2k

From (19) and (20), (23) becomes

1 1
®(h) = (mel—uk(h) + a1 Prma—141(h) + P[m}(hw
= 1 r ’
1 1
= T“Pml 1+s(h) + mpmz—l-i-s(h) + P[M}(h% (24)
™ 2 ?
where Py(h) is a polynomial of h of degree k.
Obviously all the zeros of (24) satisfy
1 1 2 2
[ 2m— 1Pm1—1+8(h> + 2m2—1Pm2—1+s(h)} = [P[m}(h)] .
&1 T2 2

Further the above formula becomes

\/(1 — Oz%h)(l — a2h)P25+2(m1+m2) 4(h) = Q2s+2(m1+m2—3)(h)a

where Pagyo(m, +ma)—a(h) and Qaosia(m,+me—3)(h) are two real coeflicient polynomials of h

of degree 2s + 2(my + mgy) — 4 and 2s + 2(my + mg) — 3 respectively. Hence the number
of zeros of ®(h) are not large than 4s + 4(my + ms) — 6.

For the case of n = 2s — 1, similarly we can prove that the number of zeros of ®(h) are
not large than 4s + 4(my + msy) — 6.

Notice that ®(h) = 0 at h = 0 in (23). From lemma 1.3, we know that there exists an
g0 > 0 such that when 0 < |¢] < g9, a = (a4, b;;) which satisfy |a;;| < K, |b;;| < K, the
system (9) has at most 4(m1 + ms + "T“> — 7 limit cycles. The proof is completed.

Proof of theorem 2.2 We suppose a; = oy and my + mgy = m in (7).

For the case of n = 2s, from (21) and (22) the Melnikov function ®(h) of system (7)

has the following form

o(h) = I O™k + -+ 0™ h 4 ™)

4o bR b))
2l ...+ Bih + By),



where bg-i), B;(1 <i<m,j > 0) are linear combinations of a;;, b;; with 0 < i+ j < 2s.
Let /1 —a2h=7r,0<r < 1. And from (12) and (13), the above formula becomes

1
o 2s+m 2s+m—1 2m—1
(b(h) N r2m—1 (028+mr + Cos+m—1T + -+ Cop—17
2m—2 2m—4 2
+Com_oT m “+ Com_4aT m + o cort + Co)
1
= r2m—1 P25+m(’l"),

where Pygi,,(7) is a polynomial of r of degree 2s+m and Pas1,,(r) = 0 at » = 1. Notice
that the polynomial Py, (r) has only 2s + 2 items. By Rolle theorem Pagyp,(r) has at

P, .
231%";(” has at most 2s positive zeros. From

most 2s+ 1 positive zeros. So the polynomial
lemma 1.3, we know that there exists an gy > 0 such that when 0 < |¢| < g¢, a = (aij, b;j)
which satisfy |a;;| < K, |b;j| < K the system (7) has at most 2s limit cycles.

For the case of n = 2s — 1 we can prove the theorem in the same way. The proof is

completed.

Remark 2.1 In fact, for the system

i = y(1—oq2)™ (1 —az)™ (1 — o)™,

g = —x(1 —agz)™ (1 — o)™ - -+ (1 — agx)™*,
where my, msg, - -+ ,my are positive integers and aq, s, - -,y are real constants which
satisfy aq - -+ -+ ay # 0. Using the same way we can prove that if we perturb the above

system inside the polynomial systems of degree n we can obtain up to first order in ¢ at

most 2k<[n"7+1] + 2?21 m; — k:) + 2" 1(k — 1) — 1 limit cycles.
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