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This paper provides a step forward to developing an algorithmic study of
linear systems of polynomial ordinary integro-differential equations over
a field k of characteristic zero. Such a study can be achieved by first ob-
taining a constructive proof of the coherence property of the ring I; (k) of
linear ordinary integro-differential operators with coefficients in k[#]. To
do that, the finiteness of the intersection of two finitely generated ideals has
to be algorithmically studied. Three cases must be considered: first when
evaluation operators generate the two ideals; second, when only one ideal
is generated by evaluation operators; and third, when none is generated
by evaluation operators. In this paper, we first explicitly characterize the
intersection of two finitely generated ideals defined by evaluation operators.
As for the second case, a key result is that the ideals generated by evaluations
are semisimple I1-modules. We develop an algorithmic proof of this result.
In particular, we show how a finite set of generators, defined by “simple”
evaluations, can be obtained, that characterizes the class of finitely generated
evaluation ideals of I; as finitely generated k[#]-modules. Due to lack of
space, the second and third cases will be developed in other publications.

CCS Concepts: « Computing methodologies — Symbolic and algebraic
manipulation; - Symbolic and algebraic algorithms — Algebraic algo-
rithms.
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1 INTRODUCTION

Calculus is fundamental in mathematics, mathematical physics, and
engineering sciences. The idea of mechanizing the computation
of integro-differential expressions is rather old in computer alge-
bra. The problem of simplifying integro-differential expressions
using a consistent system of rewriting rules — which corresponds
to the standard calculus relations between the differential, integral,
function multiplication, and evaluation operators — has recently
regained interest in computer algebra, control theory, physics, etc.
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The fine algebraic study of the ring I (k) of polynomial ordinary
integro-differential operators, where k is a field of characteristic 0,
was initiated in [1]. See also [11]. It can easily be shown that Iy (k) is
not a left nor a right noetherian ring. An important result of Bavula
(see [1, Theorem 4.4]) proves that I (k) is a coherent ring, namely,
the left/right I (k)-module of relations between the generators of
any finitely generated left/right ideal of I; (k) is finitely generated.

A linear system of polynomial ordinary integro-differential equa-
tions naturally defines a finitely presented left I; (k)-module: its
representation as a linear system Ry = 0 yields a matrix of integro-
differential operators R € I; (k)?*P, and thus, the finitely presented
left I; -module M = cokery, (1)) (.R) =Ty (k)P / (I, (k) 9 R). Within
the algebraic analysis approach [2, 8, 9], the solution space of the
corresponding integro-differential linear system can then be inter-
preted as the k-vector space homy, () (M, F) of all the left I (k)-
homomorphisms from M to a left I;-module ¥ where the solutions
are sought. Hence, the study of linear systems of polynomial or-
dinary integro-differential naturally lies in the category of finitely
presented left 11 (k)-modules. In homological algebra, it is well-known
that finitely presented left modules over a coherent ring are stable
by all the standard algebraic operations, exactly as the category of
finitely generated left modules over a left noetherian ring. Bavula’s
result on the coherence of I; (k) thus opens the possibility to develop
an algorithmic study of polynomial ordinary integro-differential
systems within the algebraic analysis approach. Such an approach
would be the extension of the effective algebraic analysis approach
to linear systems of polynomial ordinary differential equations de-
fined over the Weyl algebra A1 (k) (see, e.g., [3, 9]).

To develop such a research program, we first have to obtain an
algorithmic version of Bavula’s proof, i.e., an algorithmic elimination
theory for polynomial ordinary integro-differential linear systems.

The goal of this paper is to further develop the algorithmic proof
of the coherence of I; (k) initiated in [5].

The coherence property relies on a characterization that includes
two conditions. The first one states that the left/right annihilator
of an element of I; (k) is finitely generated. An algorithmic proof
of this condition was developed in [10] for the elements of I; (k)
that do not belong to the only two-sided ideal (e) of Iy (k) defined
by evaluation operators, namely, the elements of (e) = k[t] ek[d],
where 0 = d/dt denotes the differential operator with respect to t,
I = fot -drt the indefinite integral operator, and e = 1 — I 9 the
evaluation at t = 0. The case of the annihilator of the elements
of (e) was algorithmically developed in [5].

In this paper, we study the second condition of the coherence
property that states that the intersection of two finitely generated
left/right ideals of I (k) is finitely generated. We first show how the
method proposed in [5] can be extended to effectively characterize
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the intersection of two left ideals 7 and J finitely generated by
evaluation operators, ie., 7, J C (e). To study the case where
only one ideal is included in (e), a key ingredient of the proof of [1,
Theorem 4.4] relies on the fact that ideals defined by evaluations are
semisimple I; (k)-modules. We then develop an algorithmic proof of
this result by showing how a finite set of generators {g; };=1,..,
formed by “simple” evaluations, namely, elements of e k[3], can be
computed. This result exhibits the semisimple property of I since
we then have 7 = 35 I1 (k) g; = X5_, k[t] g; = k[t]*, where k[¢]
is a simple left I[; (k)-module (see [1]). The fact that 7 N 7 is finitely
generated in the case of two finitely generated ideals 7 C (e) and
J ¢ (e)yorI ¢ (e)and J ¢ (e) will be constructively studied in
other publications.

2 GENERALITIES ON THE RING OF
INTEGRO-DIFFERENTIAL OPERATORS

In the rest of the paper, k will denote a field of characteristic zero
(Q while studying the computational aspects) and k[¢] the ring of
polynomials with coefficients in k.

2.1 The ring of integro-differential operators

Let endy (k[¢]) be the endomorphism ring of k[¢], namely, the ring
of all the k-linear maps from k[¢] to itself. This paper studies some
properties of the ring Iy of ordinary integro-differential operators
with polynomial coefficients which is defined as follows.

Definition 2.1. The ring I3 (k) of ordinary integro-differential oper-
ators with polynomial coefficients is the k-subalgebra of endy (k[¢])
generated by the following three linear operators:

t:k[t] —k[t], p+—tp,

d: k[t] — k[¢], — df;—(tt)

t
I:k[t] —Kk[t], p l—>'/0' p(r)dr.

In what follows, I; (k) will simply be denoted by I;.

Notice that I; contains the Weyl algebra A; of ordinary linear
differential operators with polynomial coefficients defined as the k-
subalgebra of endy (k[t]) generated by the operators ¢ and 9 above.

Among the elements of the ring Iy, let 1 denote the identity of
endy (k[¢]) and let us consider e := 1 — I 9. It satisfies:

Vpeklt], e(p)=(1-10)(p)=p(0).

Hence, e corresponds to the evaluation operator at 0. Note that e is
multiplicative, namely, e(p1 p2) = e(p1) e(p2) for all p1, p2 € k[t].

In the ring Ij, certain identities between the operators t, 9, I,
and e hold [1, 5, 10, 11]. For instance, we have 9] = land [d = 1 —e,
which correspond respectively to the first and second fundamental
theorems of calculus. It can be proved that every element f € I; can
be written uniquely as

f:iaiai+ibj10j+zrldkeak,
i=0 j=0 k=0

where aj, bj,cj,di. € k[t] and n,m,r € N. For more details, see
[1, 5, 10, 11]. The above writing is called the normal form of f.In
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what follows, an element of I; with a normal form of the form
er<=0 dre ok, where di € k[t], will be called an evaluation operator.
We shall see that ideals of I; generated by such evaluation operators
have interesting properties. We recall that the set (e¢) := I el; is
the only two-sided ideal of I; (see [1]). We further have:

q
(e) =k[t]ek[d] =qd €]y | d= Z died dp €k[t], qeN
j=0
Thus, (e) is the ideal formed by all the evaluation operators of I;. A
left/right ideal I C (e) will be called an evaluation ideal.
An interesting family of evaluation operators is formed by the
Taylor operators T, defined by:
n [k
VneN, T,= Feak. (1)
k=0
One can first prove the following identity
VneN, T,+I"™1o =1, (2)

which is the operator-theoretic interpretation of Taylor’s theorem
with integral remainder. See [5, Lemma 2.4]. In particular, (2) shows
that the sequence (T)nen plays the role of an approximate identity
in (e). It explains why (2) plays a central role in [5] and in this paper.

The operators T,,’s satisty T, T, = Try for 0 < m < n. They pro-
vide the strictly ascending chain (I; T,)pen of left ideals of I; ([10]),
which proves that I; is not left noetherian. Using the involution 6 of
I; defined by 8(9) = 1,6(I) = 9,and 6(t) = ot p = (t 9+1) p (see [1]),
we can deduce that I; is also not a right noetherian ring.

Therefore, contrary to its noetherian subring A; (see, e.g., [2]),
I; is not noetherian. This negative result seems to be an important
obstruction for the development of an algorithmic study of the linear
systems of integro-differential operators. In the next section, we
shall explain why this is fortunately not the end of the story.

2.2 The ring of integro-differential operators is coherent

As explained in [5], the fact that one can develop an algorithmic
study of linear systems over I; relies on the so-called coherence
property of I;. Let us recall it hereafter.

Let R be a noncommutative ring. A left R-module M is said to
be finitely generated if it admits a finite set of generators, i.e., there
is a family {g;}i=1,...p, Where g; € M and p € N, such that every
element m € M can be written as m = Zle ri gi for some r; € R.

A left R-module M, finitely generated by {g;}i=1,...p, is said to
be finitely presented if the left R-module of relations between the
generators {g; }i=1,...p, i.€.,

P
Syz(M) = {(Al,...,ap) e R | Z/ligi = 0}

i=1
is finitely generated.

of e; is 1 and the other entries are 0) and 7 : R™*? — M the left
R-epimorphism defined by sending e; onto g; fori =1,...,p, ie,
() = Zle A; g; for all 1 € R™*P. Then, we have ker 7 = Syz(M).

Let us suppose that Syz(M) is a finitely generated left R-module



Effective characterization of evaluation ideals of the ring of integro-differential operators

and R = (R], ... RL)T € RIPIf R: R¥9 — RVP is the left
R-homomorphism defined by (.R)(u) := R for all u € R1*9, then
S = img (.R) := R19 R and we have the following exact sequence
.R

Rqu Rlxp T M 0,

namely, ker 7 = img (.R) and 7 is surjective, which then yields

M = coker(.R) = RIXP /(‘Rlxq R) . The left R-module M is said

to be finitely presented by R € R7*P. For more details, see [2, 12].
We can now give the definition of a coherent ring.

Definition 2.2. Let R be a noncommutative ring. A left R-module
M is said to be left coherent if M is a finitely generated left R-
module and if every finitely generated left R-submodule of M is
finitely presented. The ring R is said to be left coherent if R is a left
coherent R-module, i.e., if every finitely generated left ideal of R
is finitely presented. Symetric definitions hold for right R-modules
and a ring is said to be coherent if it is both left and right coherent.

In [1], Bavula proved the following important result for I;.
THEOREM 2.3 ([1], THEOREM 4.4). Iy is a coherent ring.

To prove the latter theorem, Bavula used the following standard
characterization of coherent rings.

PROPOSITION 2.4 ([13], PROPOSITION 13.3). A ring R is left coherent
if and only if the following two conditions hold:
(1) For everya € R, anng(.a) := {r € R | ra = 0} is a finitely
generated left ideal.
(2) For all finitely generated left ideals I and J, the left ideal
I NJ is finitely generated.

A similar result holds for a right coherent ring (anng (.a) is then
replaced by anng (a.) and left ideals by right ideals).

The proof of the coherence of I; given in [1] is not algorithmic. In
order to develop an effective algebraic analysis approach to linear
systems over Iy, we aim at providing such a constructive proof. To
do that, we rely on the characterization of Proposition 2.4. In [10],
an algorithmic characterization of anng (.a) for a € I; \ (e) was ob-
tained. In [5], we provided an explicit characterization of anng (.a)
for a € (e) and gave an algorithm for computing a finite set of gen-
erators for anng (.a). Therefore, Condition (1) on the annihilators
of elements of I; was made algorithmic. It thus remains to obtain a
constructive version of Condition (2). It is the goal of the present pa-
per. More precisely, to do that, we distinguish three cases depending
on the fact that both, one, or none of the ideals is an evaluation ideal,
i.e., is included in (e). In this paper, we shall handle the first case.
Due to lack of space, the second one will be developed in another
publication (based on the results of Section 4 in the present paper).
The last one will be investigated in the future (see Section 5).

3 THE INTERSECTION OF EVALUATION IDEALS

In this section, we shall provide an algorithmic version of Con-
dition (2) of Proposition 2.4 in the case where both 7 and J are
finitely generated left evaluation ideals.

For instance, if we consider the principal ideals generated by the
Taylor operators defined by (2), namely, 7 =1; T, and J = I; T for
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two integers r, s € N such that r < s, then, the relation T, T; = T
implies that I} T, ¢ I} T so that we have T N J =1 T, = 1.

To develop a method for all evaluations ideals, we shall first gen-
eralize the algorithm developed in [5], which computes generators
of the annihilator of a scalar evaluation operator, to the matrix case.

3.1 Annihilator of a matrix evaluation operator

LetR= Y] Ri(t)e ok € ()PP, where Ry, € k[t]7*P, be a matrix

whose entries are all evaluation operators. Let us show how to deter-

mine a finite set of generators for kery, (.R) = {u € ]Iin |uR= 0}.
To do that, we shall need the following definition.

Definition 3.1. If A is a matrix with entries in k[¢], then the degree
of A, denoted by deg(A), is the maximal degree of all its entries.

Note that the proofs of Lemma 4.5, Proposition 4.7, and Theo-
rem 4.9 of [5] can easily be generalized to the matrix case by adapting
the dimensions of the matrices. Hence, we have the following result.

TuroRem 3.2. Let R € (e)?*P and write R = ¥} _ Ri(t) e dk,
where Ry € k[t]7P. Let m = max¢[o,] deg(Rx), and
Ry ... Ry lq
1,0
C= : : c kq(m+2)xp(n+1), Jimt1 =
1 1 :
R R o

Finally, let D € k[t]™4(m*2) qnd E € k%9 (m*2) be two full row
rank matrices satisfying

kerk[t] (C) = imk[t] (.D),

and let us define the following matrices

kery (.e(C)) = imy (.E),

U1 U1
=D Jm+1, =Ee Jm+1,
Ur Us
1Xq
whereuy, ..., ur andvy, ..., vs belong to I[l . Then, we have:

r S
kery, (.R) = Z]Il Uj +Z]Il vj = imy, ((ulT urT UIT vST)T).
i=1 j=1

Thus, kery, (.R) is a finitely generated left 11 -module and a set of gener-
ators {u1, ..., ur, v1,...,0s} ofkery, (.R) can effectively be computed.

In [5, Corollary 4.7], for a € Iy, it is proved that kery, (.a) can be
generated by the sole u;’s. This result was obtained by proving that
the k[t]-module finitely presented by C, i.e, N := cokery [} (.C), is
reduced to 0, a fact that implies that we can take E = e(D), so that
s=rando; =ewu; fori=1,...,r. For more details, we refer to [5].

In the matrix case, we can extend [5, Corollary 4.7] by showing
that the k[t]-module N is free, i.e., N is isomorphic to k[¢]4 for a
certain d € N, which is denoted by N = k[¢]%. Note that d is called
the rank of N and the k[¢]-module 0 is free of rank 0. For more
details, see [12, Ch. 2, p. 56-60]. As a consequence, kery, (.R) can
be generated by the u;’s. To prove this result, we shall need the
following lemma.
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LemMaA 3.3. Let A € k[t]TP, m = deg(A), and

A
Dm(A) = Jm(A) =| © |€k[]am)xp,
Alm)
Ig tly ... L
tm—l
U= 0 Iq D1 la € k[¢]9(m+D)xq(m+1)
0 ... Iq

Then, we have U™! € k[t]2(mtD)xq(m+1) gpg
A(0)
U Dm(A) = Dm(A)(0) =| © | 3)
Alm) (o)

Proor. Clearly the matrix U is invertible and

=™
Ig —tlq ml g
(_t)mfl
vl= 0 Ig (m—-1)! Iq )
: Iy ;
0o ... Iq
Then, we have
2
A—tAD 4 Ea@ 4 EO7 4om)
U Dm(A) = | 4() _p 4GHD) 4.y D™ 4 (m)
(m—i)!
A(m)
LetT; = A _p AGFD oy %A(m) fori=0,...,m. Differ-
entiating T; with respect to ¢ produces the telescoping sum
AT _ 1) _ 4 (%1) _y g (%2) o
dt
L GO, CDMTT e
(m—i-1)! (m—-i-1)! ’

which finally shows that T; = T;(0) = AD (0)fori=0,....,m. O

With the notations of Theorem 3.2, if we consider the matrix
A= (Ry ... Ry) € k[t]P?("*1) then using Lemma 3.3, we obtain

_ [Dm(A)(0)) _ (U'Dm(A) _ (U 0) (Dm(A)
cor = (" PO) ()= ) ()

Ul o
B (O Iq)C' @

ProPosITION 3.4. With the notations of Theorem 3.2, the k[t]-
module N' = cokery[;](.C) is such that N = cokery[;(.C(0)), and

thus, is a free k[t]-module, namely, N = k[t]d, where
d = p(n+1) — ranky (C(0)).
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PRrOOF. Let us consider A = (Ry ... Ry) € k[t]?P(n+D) Us-
ing (4) and the fact that U is unimodular, i.e., U! € k[t]9(m+1)xq(m+1)
RIXq(m+2) © = R1Xq(m+2) ¢(0), which yields

N = cokery[;1(.C) = cokery[;](.C(0)) = cokery[;](.Dm(A)(0)),
where
Ry e R,
Dm(A)(O) — e kq(m+1)xp(n+1)_
R{™ (0) RY™ (0)
Finally, using the fact that D, (A)(0) is a matrix with entries in k,
N = k[t] Q@ cokery(.Dpy(A)(0)), where cokery(.Dp, (A)(0)) is a
k-vector space of dimension
d =p(n+1) — rankg (D (A)(0)) = p(n+ 1) — rankg (C(0)),
and thus, N = k[t]9, i.e,, N is a free k[¢]-module of rank d. O

Example 3.5. Let us consider R =te +ted € (e). Thus, we have
p=q=1,R=Roe+Riep, where Ry =Ry =t,m=n=1,and

t ot 0 0
C=(; ;)’C<O>=(g ;)’D=(é P S A
_fur) _(1-to [} [ e
“= u) ~\ # | 0= vy  \ed?]”

By Theorem 3.2, we then have

kery, (.R) = anny, (R)=I;(1-td)+1; &+ Lie+] ed’.
Moreover, we can check that (4) holds

1t _ 1 -t Ul o
U=(0 1)’ Ul:(o 1)’ (0 1)C=C(O)'

We have ranky (C(0)) = 1, which, by Proposition 3.4, shows that
N = k[t]P2/(k[t]P3 C) = k[£]?/(k[t]™*3 C(0)) is a free k[t]-
module of rank 1. This last result can easily be checked again [3, 7].

Note that Proposition 3.4 generalizes and simplifies the proof of
Proposition 4.16 of [5] as follows.

COROLLARY 3.6. With the above notations, N = 0 if and only if
C(0) is a full column rank matrix.

If p = q = 1 and if the polynomials Ry.’s are supposed to be k-
linearly independent, then N = 0.

Proor. The first result is a direct consequence of Proposition 3.4.
Let us now write Ry = Z;’io Ry t!, where Ry € k. Using Propo-
sition 3.4, N' = cokery[;](.C) is then a free k[t]-module of rank
d =n+1-rankg(C(0)), where

Roo oo Rno
coy=| :
m! Rom m! Rym
0 0
1 ... 0 0\ /[Ryow ... Rno
0 ... m! Of{|Rm ... Rum .
0 0 1 0 0
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Over the infinite field k, the fact that the Ry’s are k-linearly inde-
pendent as formal polynomials implies that the right matrix factor
of C(0) has column rank n + 1. Thus ranky (C(0)) = n+1,ie,d =0,
and thus, N = 0. m]

TueOREM 3.7. Let R = Y7 Ri(t) ed* € ()PP with matrices
Ry € k[t]9*P. With the notations of Theorem 3.2, we have

.

T

kery, (.R) = Z]Il u; =imy, (U), U= (u{ . urT) ,
i=1

i=

where r = q(m + 2) — ranky (C(0)) and m = maxy e[o,n] deg(Ry).

Proor. With the notations of Theorem 3.2, we have the following
long exact sequence of k[¢]-modules

0 _>k[t]1><r -_D>k[t]l><q(m+2) ~_C>_k[t]l><p(n+l) SN — 0,

where o denotes the canonical projection onto N. By Proposition 3.4,
N is a free k[t]-module of rank d = p(n + 1) — ranky (C(0)). Since
the alternative sum of ranks in an exact sequence is zero (see [12,
Exercise 3.16(i), p. 129]), we have

r—qm+2)+pn+1)—-d=0 = r=q(m+2)—rankg(C(0)).

The freeness of N also implies that the latter exact sequence splits
(in other words, we have a contractible complex [12, Ch. 6, p. 337]),
i.e., that there exist X € k[t]9(M¥2XT and Y € k[¢]P(n+D)*xq(m+2)
satisfying the identities DX = I and X D + CY = Iy(;n+2)- Using
DC = 0, we have D(0) C(0) = 0, i.e., im(.D(0)) C kery(.C(0)).
Now, if v € kery (.C(0)), using X(0) D(0) +C(0) Y(0) = I4(m42), we
obtain v = (vX(0)) D(0), which yields v € imy(.D(0)), and thus,
ker, (.C(0)) = imy(.D(0)). Thus, we can take E = e(D) in Theo-
rem 3.2. With the notations of Theorem 3.7, using the identity ea =
e(a)eforalla e k[t],v =EeJm+1 = e(D)eJms1 = eD Jm+1 = eu,
i.e., the v;’s are evaluations of the u;’s, which ends the proof. m]

Example 3.8. Continuing Example 3.5, eu; =e(1—t9d) =e=10;
and euy = e & = vy yield kery, (R) =11 (1-to)+I .

REMARK. Let us explain how a full row matrix D € k[¢]" xq(m+2)

satisfying ker[;](.C) = imy[;](.D) can directly be computed. Let
E € k¥4(m+2) pe a full row rank satisfying kery (.C(0)) = imy (.E).
Such a matrix can easily be computed using linear algebra methods.
If we denote by V € k[]7(m*2)Xq(m+2) the first matrix in the right-
hand side of (4), using (4), we then get kery[;1(.C) = imy[;](.(EV)).

3.2 Generators of the intersection of evaluation ideals

We shall now use the results of Section 3.1 to show how to compute
a finite set of generators of the intersection of two finitely generated
evaluation ideals, i.e., finitely generated ideals of I included in (e).

Tueorem 3.9. Let I = Y7 Iip; and J = Z;’il Iy gj be two
finitely generated evaluation ideals. Moreover, let
T T
p=(1pn) > q=(q1-qn)

,
and

>(n1+n2)xl'

R=(p" q") = (pr-pu 41+ am) € (e
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Ifuy,...,uy are the generators of kery, (.R) given by Theorem 3.7,
. 1x(ny+
ie, kery (R) = X7_ Tiu;, where u; = (w1 ui2) € I (mitnz)
uj1 € ]I}Xm, andu;y € ]Iixnz, then, we have

r r
Ing-= Z]Il (ui1p) = Z]Il (uiz2 Q).
in1 i=1

In particular, I N J is finitely generated and a set of generators
can explicitly be computed.

Proor. With the notations of Theorem 3.7, kery, (.R) = ¥7_; I u;,

1x(ny+
where u; = (u;1 ui2) €1 (m "2), ujq € ]Iixnl, and u; 2 € ]Iixnz.
Therefore, we have u; 1 p = —u;2q for i = 1,...,r, which shows

that 37 Iy (ui1p) = X0 i (wizq) €I NYJ.

Let us now consider x € 7 N 9. Thus, x € I so that there exist
ai,...,an, €Iy suchthatx = Z;:l aj pi = ap witha = (a1 .- 'anl).
Similarly, x € J so that there exist by,...,by, € Ij satisfying
x = Z?zzl biqi = bqwith b := (b1 ---by,). Therefore, we have
the relation x = ap = bq, which implies (¢ — b) R = 0 so that
(a —b) € kery, (.R). We thus have (a  —b) = 3.7_, f; u; for some
fi € Iy, and thus, a = 37, fiuj1 and b = = 37, fiui2. Then, we
havex =ap =3T_, fiui1p =bq=~-37_, fiui2q, which proves
the reverse inclusion and the result. o

We obtain Algorithm 1 displayed at the end of the paper.

Let us illustrate our algorithm for computing generators of the
intersection of two finitely generated evaluation ideals.

Example 3.10. Let T =T; (t? + 1)eand J = I1(te + t?ed). To
compute a finite set of generators of 7 N J, we first define

(P + e} (P41 0
R_(te+tzea =) et ) €9

~—— S~——
Ry Ry

and then we can consider the following matrix

2+1 0

t t2

RO Rl 2t 0
R | 2t 82
C= (,3) (.3) = ) 0 € k[¢]°*=.

R R; 0 2

0 0

0 0

Using, e.g., the OREMoDULEs package ([4]), we can compute a full
row rank matrix D satisfying kery[;] (.C) = imy[;} (.D). We get

-2 0 t 0 1 0 0 O
0o -4 1 2t 0 0 0 O
D= 0 o -1 0 ¢t 0 0 O
0 0 0 -2 1 2t 0 o)
0 0 0 0 0 0 1 0
0 0 0 0 0 0 o0 1
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so that kery, (.R) = imy, (.U), where

?P+t9-2 0
I 0 2td—4
I o t? -9 0
u=b Lo~ & 2t9%-20|
I, 3 > 0
0 >

Using Theorem 3.7, we have p = 1, ¢ = 2, m = 2, ranky (C(0)) = 2,
and thus, r = 8 — 2 = 6. Partitioning U = (u3 uz), where u; (resp.,
uy) is the first (resp., second) column of u, we finally have

w (B+1)e=uy(te+t’ed) =(0 2te 0 2e 0 0),
sothat 7 N J =1jte+I;e=1;ebecauseedte=e(td+1)e=ce.

Finally, the above computations show that the syzygy module
Syz(K) = {(a p) €eIP? | a(t*+1) e+ f(te+t*ed) =0} of the
ideal K =Ty (t2+1) e+I;(t e +1? e 9) is generated by the rows of U.

In Example 3.10, we have considered two principal ideals. First
note that the algorithm applies similarly for ideals which are not
principal. Moreover, in Proposition 4.7, we shall constructively prove
that any finitely generated ideal of (e) is principal.

4 STRUCTURE OF FINITELY GENERATED EVALUATION
IDEALS AS SEMISIMPLE MODULES

In this section, we study the left ideal structure of finitely generated
evaluation ideals. Using the involution 6 of I given in Section 2.1,
which satisfies 6({e)) C (e), we can similarly handle finitely gener-
ated right evaluation ideals of I;. In [1], these ideals are proved to
be finitely generated semisimple left I;-modules (see the definition
below). More precisely, they are finitely generated k[t]-modules.
Below, we show how to constructively prove these results. In partic-
ular, we explain how to effectively compute a finite set of generators
of these ideals as k[¢]-modules. In the next section, this last result
will be used to algorithmically characterize the intersection of two
finitely generated ideals in the case when at least one is in (e).

Using the fact thatk[¢] is a subring of I;, aleft ideal 7 ofI; inherits
ak[t]-module structure. Hence, the generators of an evaluation ideal
T of I as a k[t]-module also generate 7 as a I;-module.

Definition 4.1 ([12], Ch. 4, p. 154). Let M be a left module over a
ring R.
e M is said to be simple if it is non-zero and has no non-zero
proper left R-submodules.

e M is said to be semisimple if it is a direct sum of simple left
R-modules.

We give examples that will play important roles in what follows.

Example 4.2. In [1], itis shown that k[¢] is a simple left I;-module.
It is finitely presented as left I;-module because (2) and e? = e yield

I1/T10) =11 /(I; (1 —e)) =1 e =k[t] e = k[1].

As a consequence, k[¢]" is a finitely generated semisimple left I;-
module for all n € N.

Before stating the main result of this section, we need to introduce
another concept.
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Definition 4.3. An element a of (e) is called a simple evaluation if
it is of the form a = e q(9), where q € k[9], i.e., a € ek[d].

Using [5, Lemma 2.4],if P € Iy and a = er<=0 dpe 9 € (e), where
dp €k[t] fork=0,...,r, then we have

,
Pa= ZP(dk)eak, (5)
k=0
where P(dy) is an element of k[¢] obtained by applying the operator
P €I to the polynomial d. .

If a = e q(9) is a simple evaluation, then, using (5), for any b € I,
we have ba = b(1) eq(9d) = b(1) a € k[t] e q(9), which shows that
I; a = k[¢] a. For instance, we have I; e = k[] e. More generally, we
have btk a = btk eq(d) = b(tk) eq(d) = b(t*)aforn e N.

The main result of this section is Theorem 4.5, stated below, which
shows that, as a k[¢]-module, every finitely generated evaluation
ideal of I} can be generated by simple evaluations.

Let us consider an evaluation ideal 7 C (e) finitely generated
by evaluation operators aj, ..., ag. We can then form the column
vector A = (ay ... aq)T of ()91 and write its normal form A =
ZzzoAk(t) e 9, where Ay € k[t]9! fork = 0,...,n. Using the
notations of Theorems 3.2 and 3.7, let m = maxc[o,,] deg(A),

1,
A . A q
? " Igo
C= : : 5 ]m+1 = : 5
+1 +1 .

D € k[t]™4(m*2) be a full row rank matrix generating kery[41(.C),
ie, satisfying kery ;] (.C) = imy[;)(.D) = k[¢t]" (see Remark 3.1). If
wenoteD = (Dy ... Dpmy1), where D; € k[t]"™fori=0,..., m+1,
and B = D Jjpe1 = Do + D19 + - -+ + Dyyy1 ™1, then we have
kery, (.A) = imy, (.B).

Notice that, by definition of m, we have C = (C’ T OT)T, where

Ay ...  An

C/ — e k[t]q(m+1)><(n+1), (6)

Alm Al

’
so that we can choose D with a block-partition D = (D O),

0 I

q
where D’ € k[t]("=9*a(m+1) i5 3 full row rank matrix satisfy-
ing kery[;)(.C") = imy[;](.D’). As a consequence, the matrix B =
D Jim+1 can be written as B= (BT gm*! Iq)T, where

B =) Do el )

s

I}
o

15

and D’ = (D] Dy,), where D] € k[t] (r=@%4q fori=o0,...,m.
By the proof of Theorem 3.7, D has a right inverse X € k[]2(m+2)xr,
i.e., DX = I,. Using the above structure of D, we then get

D" 0\ (X1 Xi2 _ Ir—q 0
0 Iq X1 Xa2) O Iq ’
which yields D’ X1 = I—g, i.e., D" has a right inverse.
We first have the following lemma.
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LEMMA 4.4. With the above notations, if M = cokery, (.B) is the
left11-module finitely presented by the matrix B and 7 is the canonical
projection onto M, then the following map

Vi M — I =im(A) =57 La
1><q =0 (8)
(D) — 1A Vel

is well-defined and is an isomorphism of left I;-modules, i.e, M = I.

Proor. Let us check that ¢ is an isomorphism whose inverse is

0:I — M

AA > z(d), Vaen .

Let us first show that the two maps ¢ and ¢ are well-defined. First,
if m(A) = w(u), where A, p € ]Iixq, then we have (A —p) = 0 which
implies A — p = v B for some v € I[%X’. Thus, AA-pA=vBA=0
so that AA = pA. Regarding ¢, if x € 7 and x = 1A = pA for
A pe ]Iixq, then (A —p) A =0, so that A — € kery, (.A) = imy, (.B).
Thus, there exists v € ]I}XV such that A — y = v B. Then, we have
7(A —p) = w(vB) = 0, so that 7(A) = n(y). Finally, we have
(o) (n (A1) = n(A) and (o) (LA) =AAforall A € Hixq’ which
proves that i and ¢ are isomorphisms, M = 7,andp =y, O

THEOREM 4.5. Let I C (e) be an evaluation ideal finitely gener-
ated by elements ay,...aq and let A = (a1 ... aq)T‘ Then, I is a
semisimplek[t]-module that can be generated by a finite set of simple
evaluations.

More precisely, if we consider

C’ the matrix defined by (6),

s = rankg (C(0)), r=q(m+2)—s,

U the unimodular matrix defined in Lemma 3.3,
{ek}k:L...,q the standard basis ofﬂixq,

= (n(e1) ... n(eq))T where : ]leq —> M = cokery, (.B)
rxq

is the canonical projection onto M and the matrix B € I,
satisfies kery, (.A) = imy, (.B) as explained in Theorem 3. 7
e z=(eyl eay” edmyn)T,
o O’ € KImDXs g gl column rank matrix whose columns
define a basis of imy (C’(0).),
o T € k%™ g lefi inverse of Q’,
e w=Tze M5,
then the entries w; of the vector w are simple evaluations and the finite
family {g; = ¥(w;) = 71'_1(w,-)A}i=1,_“,S generates the left ideal I as
ak(t]-module, ie, I =33  k[t] g;.

ProOF. Let us consider the following exact sequence

I[ixr B, ]IIXq M= cokery, (.B) — 0,

where 7 is the canonical projection onto M. If ey, . . ., eq denotes the
canonical basis ofl[ixq, then {y; = 7(e;) }i=1,....q is a set of generators
of M and these generators of M satisfy the left I;-linear relations
By =0, wherey = (y; ... yq)T. For more details, see, e.g., [3, 9].

Now, using B = (BT gml Iq)T, where B’ € ]Iirfq)Xq, in the
left I;-relation By = 0, we then have 9™+ y = 0.
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Let T = XL, Z—IT ¢ * be the m™ Taylor operator. Using (2),
o™y = 0 yields I+ 9™ y = 0, and thus, (1 -
y = Tn y. Conversely, using (5), y = Tr,, y yields

Za’"”( ) F=o.

Therefore, 3™ y = 0 is equivalent to y = Ty, y. Hence, if we set
z =edy € M4 fork =0,...,m and denote by 2y j the j™M entry
of z; for j =1,..., g, we then obtain

Tm)y =0, ie.,

g+l y= g+l Ty = Z am+1

- 2k ©

.....

of M defined by means of simple evaluations, which yields
m g m 9
M= STz =y Y kltlz.
k=0 j=1 k=0 j=1
Thus, {2, j}k=0,...,m,j=1,....q als0 generates M as a k[t]-module.
Using (5), for any P € I;, we have Py = ZZ;O P (Z—k,) zy., where
P(%) ek[t] fork=0,...,

k
P acts in I; as the multiplication by P, and thus, Py = P ZZ’ZO % Zk.

Let us now find the relations satisfied by the generators zj ;’s
We first have that e z; = z; for all k = 0. .. m. Using (9), we obtain:

Zk = Z B Xl ) 9
. 2T and

B’ (%)) € k[f] (r-q)xq(m+1)

m. If P € k[t], then we state again that

0:B'y:B’
kO

— (T
If we note z = (z;

P= (B'(l) B'(t)

then the relations satisfied by the generators z; ;’s are ez = z and
Pz =0, so that we have

p
M = M' = k . .
X ( ((1 -0 Iq<m+l)))
Let us now compute kery[;(P.) = {n € k[1]9(m+Dx1 | pp = 0},
Using (7), we first have

=(D6 £D}+D) D4+ D).

=(D; D Dy,) U=D"U,
where U is the unimodular matrix introduced in Lemma 3.3. Now,
if n € kery[;)(P.), then we have D’Un = 0 which is equiva-
lent to D’{ = 0 and { = Un. Now, kery[,)(D’.) = imy[,(C".)
implies { = D’ ¢ for a certain ¢ € k[t ]q(m”)Xl, and thus, n =
U~!C’ £ This shows kery[;1(P.) = imy[;)((U™' C’).). If we note
Q = U1/, then Lemma 3.3 shows that O = C’(0) € k(mtD)xq(m+1)
and thus, kery[,1(P.) = imy[;1(C’(0).). Let us consider a basis of
the finite-dimensional k- vector space imy (C’(0).) and stack the cor-
responding column vectors into a matrix Q' € k9("*1Xs where
s = ranky (C’(0)). Then, we have kery[;](P.) = imy[;1(Q".)

We state again that D’ has a right inverse Xj; € k[t ]‘Z(mﬂ)x(r’q),
i.e,D’ X11 = I,—q, whichshows that S = U™! Xy € k[¢]9(m+)x(r-9)
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is a right inverse of P = D’ U because U is unimodular. Therefore,
we have the following split exact sequence of k[¢]-modules
0 —> k[t]SXI & k[t]q(m+1)><1 i) k[t] (r-=g)x1 _ 0,

which implies s = g(m+ 1) — (r — q) = q(m + 2) — r (see [12,
Exercise 3.16(i), p. 129]). From Theorem 3.7, we then have r =
q(m+2) — ranky (C’(0)), which shows again that s = ranky (C’(0)).

Using P S = I,—q, we have P (Iy(m+1) —S P) = 0, which shows that
imy () ((Ig(m+1) — SP).) C kery[s)(P.) = imy[;)(Q’.) and proves
the existence of a matrix T € k[¢]*9(™*1) satisfying the identity
Ig(m+1)—SP=Q'T,ie,SP+Q’T = I(;ns1)- Hence, using P Q’ = 0,
we have SPQ"+Q'TQ' = Q’,ie, Q' TQ’ = Q’ or, equivalently,
Q' (TQ" - Is) = 0, and thus, T Q" = I; because kery[,(Q’.) = 0.

Now, we have kery, (.P) = 0 because y P = 0 and P S = I yield
p = puPS = 0. Therefore, we have the following split exact sequence

P
0 —> k[1]1X(r@) =2 [ 1xq (m+) Yo cokery {41 (.P) —> 0,
S

which shows that cokery[;(.P) is a stably free k[t]-module [12,
Ch. 4, p. 204], and thus, a free k[¢]-module of rank g(m +2) —r =
ranky (C’(0)) because k[¢] is a principal ideal domain (see, e.g., [9]).

Using PQ’ = 0, i.e., imy[;](.P) C kery[;](.Q"), we can consider
the following complex

/
Q sx1

0 — k[#]X 0= Lo pepixatm+) = gyt g,

The identiy PS = I;—q (resp., T Q" = I;) shows that .P is injective
(resp., .Q" is surjective). Now, let A € kery[;1(.Q”). Using the iden-
tities SP + Q" T = Iy(m41), we then have A = (15) P € imy[;](.P),
which shows that kery[;(.Q") = imy[,](.P) and proves that the
above complex is a split short exact sequence (see [12, Ch. 2, p. 52]).
We have the following commutative exact diagram of k[#]-modules

,

0 S k[t]lx(r—q) %k[t]lxq(m+l) %k[t]sxl >0

AN

0 —> k[#]X(=9) === k[1]>a(m+1) Lo cokery ) (.P) —> 0,
.S

where y is the canonical projection and ¢ the isomorphism of k[¢]-
modules defined by: for A € k[t]4 (™*1) $(y(1)) = A Q. This ap-
plication is well-defined: if y (1) = y(y), where A, u € k[t]1*9 (m+1)
then there is v € k[¢]™("~9 such that A — = vP. Then, we
have AQ’ — pQ’ = vPQ’ = 0, which yields AQ’ = uQ’, ie,
d(y(1)) = ¢(y(p)). Clearly, ¢ is injective and surjective. Finally,
¢~ is defined by ¢~ (1 Q”) = y(p) for all i € k[+]P¥q (m+1)

Let us set w = Tz € M%¥L. Since the z; = edk y’s are formed
by simple evaluations and the entries of T belong to k, the wy’s are
formed by simple evaluations. Now, SP + Q" T = I (41) yields z =
Q’ w because P z = 0. The entries w; of w are then generators of M
as a [1-module, and thus, as a k[t]-module. Finally, if  : M — I
is the isomorphism of Lemma 4.4, 7 is then finitely generated by
{9i}i=1,....s, where g; = ¢(w;) = a Y wi)Afori=1,...,s. O

We obtain Algorithm 2 displayed at the end of the paper.
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Let T € k[t]2%90m*1) be the matrix satisfying y = T z (see (9)).
Using z = Q' w, we have y = (I Q’) w, which yields A = T Q’ G,
where A and G are defined in Algorithm 2, and expresses the original
generators a;’s of I in terms of the second set of generators g;’s.

Example 4.6. Let T =T; (t? + 1) e and J = Ij(te + t2 ed). Let
us explicitly show that 7 and J are two semisimple k[¢]-modules,
that they can be generated by simple evaluations, and finally find
again the result of Example 3.10.

For I, we have A = ((t2+1)e),q= 1,n=0,m=2,r =3,and

t2+1 1 -t L 1
cr=| 2t |.U'=lo 1 | Qr=U;'Cy=|0].
2 0 0 1 2

Then, we have s = rank, (C(0)) = 1and Ty = (0 0

inverse of Q 7, and thus,

%) is a left

y 1 2 1 2,2 1
wr=Trz=Tr eaz =563 =>WIA=5€(9 (t+l)e=§e,
eo

which yields 7 = k[t] e. Note that if we consider, e.g., the left
inverses TJ/‘ =(1 0 0)or T}’ =(3 0 =—1)ofQyr, we obtain
o7, ’ _ 2 —
wr=Trz=e = w]A—e(t +1)e=e,
W’I’ =T1’_’z= 3e—-2e0* = w}'Az (Be-2ed%) (t2+1)e=e¢,

which also yields 7 = k[t] e.
For J,wehave A= (te+t?ed),q=1,n=1,m=2,r=2,and

2 1 -t % 0 0
Cly=|1 2t|, Ui =l0o 1 -t|,Qy=UjCy=(1 0]
0 2 0 0 1 2

(=)

Then, we have s = 2,

e
0 1 0 0 1 0 ed
=y o gl g %)(::2)_(%@32)

[ eo 2 _ ed(te+t2ed) e
= WjA_(%eaz) (te+t7ed) = (%eﬁz(te+tzea) “leo
and thus, we have J = k[t] e + k[¢] e 0. Finally, we can then check

that 7 N J =k[t] e =1 e (see Example 3.10).

The next proposition shows that every finitely generated eval-
uation ideal is principal, i.e., can be generated by a single element.
This result first appears in [1, Theorem 4.5]. We give here an explicit
proof.

PROPOSITION 4.7. Let I C (e) be a finitely generated evaluation
ideal. Then, I is principal, i.e., can be generated by a single element.

Proor. Let I C I; be a finitely generated evaluation ideal. From
Theorem 4.5, there is a finite number of simple evaluation {h;};=1,...n
that generate I as a k[t]-module, i.e., 7 = 21, k[t] h;. Now, set
h=3%7 % hi € I.Then, using the results in the paragraph af-
ter (5), we have edh= ZZ:1 ed (% ) hy =hyforalll=1,...,n.
Thus, h; belongs to the ideal generated by hforalll =1,...,n, so
that 7 =I; h, which ends the proof. O
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5 PERSPECTIVES

In this paper, we have first generalized a result obtained in [5] —
on the explicit characterization of the annihilator of an evaluation
operator — to the matrix case. Using this result, we have shown
how to compute a finite set of generators for the intersection of
two finitely generated ideals included in (e). Finally, we have effec-
tively characterized the fact that a finitely generated ideal in (e)
is semisimple. More precisely, we have explained how a finite set
generators, defined by simple evaluations, can be obtained for such
an ideal. It gives an explicit description of this ideal as a finitely
generated k[¢]-module.

This characterization of finitely generated ideals in (e) as semisim-
ple modules can be used to compute a finite set of generators of the
intersection of two finitely generated ideals in the case where one is
in (e). The main idea is to transform this problem into a simple k[¢]
problem. For lack of space, this result will be explained elsewhere.

Finally, the last case to be considered for an effective proof of
the coherence of I; is the case where both finitely generated ideals
7 and J are not in (e). The main idea of the proof given in [1] is
first to determine an element 0 # a € 7 N J which is not in (e)
and then use the fact that the length of the left I;-module I /(I a)
is finite. Such an element a can be obtained as follows. We can
consider h € I and g € J such that neither h nor g belongs to
(e). Using [5], there are N, M € N such that ™ h, 9™ g € A; \ {0}.
Finally, using the left Ore property of A1, there are u, v € A1 \ {0}
such thata = uoV h = vaMg € I N g\ (e). But the use of the
finite length condition of I; /(I; a) still has to be made algorithmic.

Algorithm 1 Compute generators of 7 N J where 7, J C (e)

Require: pi,...,pn, generatorsof 7, qy, ..
®SetR=(p1 ... Pn, q1 --- qny) .
e Compute the matrix C corresponding to R.
e Compute D such that kery[;1(.C) = imy[;](.D).
e Compute u = (uy, ..., ur)T = D Jppe1, where u; = (uin ui2).
return {uy1p, ..., Un,1p}

., qn, generators of J

Algorithm 2 Compute simple evaluation generators of a finitely
generated evaluation ideal 7 as a k[t]-module

Require: ay, ..., aq generators of I
eSetA=(ap ... aq)T and compute the matrix C’ defined by (6).
e Compute a full column rank matrix Q” whose columns define a
basis of imy (C’(0).).
e Compute a left inverse T of Q.

e Compute G=(g; ... g5)T =T (ely edly ... eamlq)T A
return {g1,...,9s}.
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