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Abstract

Operating under both supply-side and demand-side uncertainties, a mobile-promotion platform
conducts advertising campaigns for individual advertisers. Campaigns arrive dynamically over time,
which is divided into seasons; each campaign requires the platform to deliver a target number of
mobile impressions from a desired set of locations over a desired time interval. The platform fulfills
these campaigns by procuring impressions from publishers, who supply advertising space on apps,
via real-time bidding on ad exchanges. Each location is characterized by its win curve, i.e., the
relationship between the bid price and the probability of winning an impression at that bid. The win
curves at the various locations of interest are initially unknown to the platform, and it learns them
on the fly based on the bids it places to win impressions and the realized outcomes. Each acquired
impression is allocated to one of the ongoing campaigns. The platform’s objective is to minimize its
total cost (the amount spent in procuring impressions and the penalty incurred due to unmet targets
of the campaigns) over the time horizon of interest. Our main result is a bidding and allocation
policy for this problem. We show that our policy is the best possible (asymptotically tight) for
the problem using the notion of regret under a policy, namely the difference between the expected
total cost under that policy and the optimal cost for the clairvoyant problem (i.e., one in which the
platform has full information about the win curves at all the locations in advance): The regret under
any policy is Q(+/I), where I is the number of seasons, and that under our policy is O(v/T). We
demonstrate the performance of our policy through numerical experiments on a test bed of instances
whose input parameters are based on our observations at a real-world mobile-promotion platform.
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1 Introduction

Mobile advertising, i.e., advertising on mobile devices such as smart phones or tablets, has now emerged
as the dominant form of online advertising, with consumers spending increasingly more time on these
devices (eMarketer|[2019). The mobile ad market in the U.S. is predicted to increase from $76 billion
in 2018 to $113.21 billion in 2020, surpassing the combined advertising expenditure on all traditional
media, including TV and radio (eMarketer|2018|). Not surprisingly, the sizable business opportunities
in the mobile ad industry have led to the emergence of a variety of providers who help advertisers
display their ads on mobile devices. One such player is a mobile-promotion platform — prominent ex-

amples include Centro (http://www.centro.net/), Cidewalk (http://www.cidewalk.com/), ExactDrive



(http://www.exactdrive.com/) — that accepts advertising campaigns from individual advertisers and
procures mobile impressions via ad exchanges from locations of their interest over their chosen time
durations to fulfill these campaigns. The problem we study in this paper emerged from our interactions

with Cidewalk, Inc. We begin by introducing the primary features of the problem.

The Demand Side: An impression refers to an advertising opportunity that arises on a mobile
application (app) when an end-user interacts with the app. Each season, e.g., two weeks or a month,
mobile-promotion platforms such as Cidewalk contract with individual advertisers to deliver a certain
number of impressions from their desired set of locations (cities, zip codes, or even smaller customized
regions) over their desired time intervals within that season. We refer to each such contract with an

individual advertiser as a campaign.

The Supply Side: To deliver the required number of impressions for the accepted campaigns, the
platform procures impressions from publishers (content owners), who supply advertising space on apps,
via real-time bidding on ad ezchanges such as DoubleClick and OpenX. At each location of interest,
the arrival of impressions is uncertain and is characterized by a location-specific arrival probability.
The outcomes of the platform’s bids to acquire impressions are also uncertain; at each location, we
refer to the relation between the bid price and the probability of winning an impression at that bid as
the win curve at that location. If the platform fails to meet the total requirement of impressions for a
campaign, then it incurs a penalty cost for each unmet impression. This penalty cost could represent
a monetary payment from the platform to the advertiser, or correspond to a loss of goodwill. For each
impression that becomes available from a desired location, the platform determines the bid price in
real time and, if it wins that impression, allocates it to an ongoing campaign. The platform’s objective
is to minimize its total cost (i.e., the amount spent in procuring impressions and the penalty cost)

over the time horizon of interest.

The Learning Component: The probability of winning an impression increases in the bid the
platform places to acquire that impression. The platform does not know the win curves at the various
locations of interest in advance and thus needs to learn them on the fly based on the bids it places to win
impressions and the realized outcomes. At each location, we consider a general parametric win curve
characterized by a vector of location-specific parameters that are initially unknown to the platform.
Thus, our problem involves the platform’s (1) dynamic bidding for impressions, (2) allocation of the
acquired impressions to ongoing campaigns, and (3) learning, i.e., estimating the parameters of the

win curves at the locations of interest.

Overview of the Analysis: For convenience of exposition, we first analyze a “static” setting of
the platform’s problem, where the information about all the campaigns, namely their respective time

durations and the desired number of impressions, in each season is available to the platform at the start



of that season. Aside from notational simplicity, the static version shares many of the core features of
the problem with the “dynamic” version, where campaigns arrive dynamically over time. Therefore, it
is convenient to first present our analysis of the static setting and then use it to investigate the dynamic
version. For both settings, we present a bidding and allocation policy and analyze its performance.
The performance of a policy is measured using its regret, i.e., the difference between the expected total
cost under that policy and the optimal cost of the clairvoyant problem (i.e., one in which the platform
has full information in advance about the win curves at all the locations). In both scenarios, we derive
a lower bound on the regret under any policy in terms of the number of seasons and also establish
a matching upper bound on the regret under our policy. We also illustrate the performance of our

policy numerically.

We now summarize our main results and first explain our contributions relative to three papers

that are the closest to our work. Later, in Section [1.2], we review other related literature.

1.1 Owur Contributions

To our knowledge, our work is the first to study a mobile-promotion platform’s impression acquisition
and allocation problem that involves dynamic bidding, allocation, and learning. The main outcomes
of our analysis are bidding and allocation policies for both static and dynamic arrival of campaigns.
We show that the regret under each of the two policies is O(v/T), where I is the number of seasons. To
establish a lower bound on the regret, we construct an instance for which the regret is Q(v/I) under
any policy. Thus, we obtain an asymptotically tight bound, namely @(\/.7 ), on the regret. In addition,
we analyze the special case where all impressions arrive from a single location and the win curve at
that location satisfies the so-called “well-separated” condition defined in|Broder and Rusmevichientong
(2012), and propose a policy that achieves a ©(log I) regret. We also establish nuanced results with
respect to other problem parameters such as the number of locations and the number of periods in
each season. We demonstrate the performance of our policies through numerical experiments on a test

bed of instances whose input parameters are inspired from our observations at Cidewalk.

As far as the advertising application is concerned, the problem studied in [Aseri et al. (2017) is
similar to ours, with the major difference being that they only analyze the clairvoyant problem, i.e.,
one in which full information about the win curves is available to the platform in advance. In contrast,
our focus is on the platform’s learning of the win curves at the various locations of interest. There are
other relatively less-significant differences; e.g., in their model, the platform does not incur a penalty
cost if it does not meet the requirement of a campaign. Instead, they impose a constraint that the
requirement of each campaign be met with a high probability. The authors offer attractive policies

with performance guarantees for both static and dynamic arrival of campaigns.



In terms of methodology, our work is closely related to two papers that incorporate learning of the
demand distribution (i.e., the relationship between demand and price) —|Broder and Rusmevichientong
(2012)) and den Boer and Zwart| (2015]). Since a detailed comparison of our setting and analysis with
respect to these two papers would be appropriate only after our model and technical results have been

presented, we relegate it to Appendix [K]

We briefly mention some of the highlights of our technical analysis. While the platform needs
to execute both the bidding for impressions and their allocation decisions on the fly, we leverage the
characteristics of the advertising campaigns to quickly isolate the allocation decision and obtain an
optimal allocation policy, and also simplify the platform’s objective to a more-tractable one for the
subsequent analysis of the dynamic bidding and learning decisions. The two types of uncertainties on
the supply-side (namely, the uncertain arrival of impressions and the uncertain winning of impressions)
and demand-side uncertainty (namely, the uncertain arrival of campaigns) result in a DP and a cost-
to-go recursion that need to be analyzed to evaluate the performance of our bidding policy: the DP
obtains the expected cost under the optimal bidding policy for the clairvoyant problem and the cost-
to-go recursion computes the expected cost under an arbitrary bidding policy. We use the DP to derive
an upper bound on the difference between the optimal bids under two arbitrary parameters of the
win-curves. The cost-to-go recursion is used to obtain an upper bound on the regret under an arbitrary
bidding policy; in turn, this upper bound helps us obtain an upper bound on the regret under our
specific policy. Finally, under our bidding policy, the length of each exploration (exploitation) phase
and the number of bids placed in each exploration phase are both random due to the uncertain arrival
of impressions. We show that the regret under our policy essentially depends on the number of bids
placed in each exploration (exploitation) phase instead of the length of each phase. In addition, we

derive a uniform upper bound on the expected number of bids placed in each exploration phase.

In another highlight of our technical analysis, we establish two lower bounds on the regret under any
policy in two settings. First, for the general problem, we show an Q(v/T) lower bound on the regret
under any policy. Similar to Broder and Rusmevichientong (2012), we apply the Kullback-Leibler
(KL) divergence as a measure of the difference between two distributions to establish the lower bound.
However, under two different values of the underlying parameters, Broder and Rusmevichientong
(2012) compute the KL divergence of the distributions of the demands, while we use the KL divergence
of the joint distributions of the outcomes of impression arrivals and the winning of impressions. Second,
if we restrict our attention to the case where the total number of required impressions by the campaigns
in each season is strictly less than the number of periods in a season, then we establish an Q(I1%/7)
lower bound on the regret under any policy. In this case, we face an active capacity constraint, namely

that the number of impressions assigned to each campaign cannot exceed its requirement, and need



to analyze the regret under this constraint.

Apart from the three papers discussed above, we now briefly review other related work.

1.2 Other Related Work

Being situated in the operations of a mobile-promotion platform, our work is naturally related to the
literature on online display advertising. We refer the reader to |[Korula et al.| (2015)), |Chen| (2017),
Agrawal et al. (2018]), and |Choi et al.[ (2019) for a comprehensive review of this literature. For brevity,
here we focus on recent studies that address the learning of win curves or of the value of impressions
by individual advertisers. [Iyer et al. (2014) study bidding strategies of advertisers in repeated second-
price auctions in which they learn, in a Bayesian fashion, their own distribution of the reward from
winning an auction. The objective of each advertiser is to maximize the total expected payoff (rewards
from winning auctions minus the bidding costs). They show that a mean field equilibrium exists in
which it is optimal for each advertiser to bid truthfully. |[Zhang et al.| (2014) propose a bidding strategy
for an advertiser who first estimates the win curve (resp., the value of an impression) using least-square
estimation (resp., Logistic regression) based on a training data set, and then bids to maximize the total
expected value of winning impressions under a budget constraint. The effectiveness of the proposed
bidding strategy is verified numerically. Balseiro and Gur| (2019) consider the problem of advertisers
bidding in repeated second-price auctions to maximize their respective total expected payoffs under
budget constraints, without prior knowledge of the distributions of their own valuation of impressions
or the distributions of the highest bids among their competitors. The authors propose an adaptive
pacing bidding strategy, which dynamically adjusts the pace at which an advertiser depletes her
budget using the realized expenditure in each period. They show that the strategy is asymptotically
optimal and the regret under the strategy is (’)(\/N ) if the advertiser’s valuation and competitor’s
bids are independent and identically distributed, where N is the number of auctions. When all the
advertisers adopt such strategies, they characterize a regime under which these strategies constitute
an approximate Nash equilibrium. |Baardman et al| (2019) consider a multi-armed bandit problem
of an advertiser deciding the portfolio of types (e.g., locations) of impressions to bid on in each of
T periods while learning the unknown revenue and cost of each type. In each period, the advertiser
maximizes the expected total revenue subject to the budget of that period. The authors propose an

optimistic-robust learning algorithm that achieves a regret of O(logT)).

There has been extensive work in recent years on demand learning in the Operations Management
literature. For brevity, we avoid presenting an extensive review and limit ourselves to a few recent
studies that develop results of the kind we obtain. Keskin and Zeevi (2014)) consider a retailer selling

multiple products over a time horizon of T' periods with unlimited inventory and assume a linear



demand function with unknown parameters. They develop a pricing policy, which is a variant of
the well-known greedy iterated least squares policy, and show that the regret under their policy is
O(VT). Wang et al.| (2014) consider a retailer selling a single product with finite inventory over a
finite selling season, where the demand function is nonparametric and unknown to the retailer. For
the problem where the demand function and initial inventory are scaled by k£ > 0, they propose a
learning-while-doing pricing policy whose regret is O(v/klog?® k). Besbes and Zeevi (2012) consider a
general network revenue management problem with multiple products and multiple limited resources.
They consider an unknown and nonparametric demand function and show that the regret under their
proposed policy is O(k4+2)/(@43) /ogk), where d is the number of products. If the demand function
is s-times differentiable, they propose another policy that reduces the regret to O(k(%JrQ)/ (§+3)\/m)‘
Chen et al.| (2019b) improve this upper bound by developing a nonparametric self-adjusting control
that achieves a regret of O(k'/?*€logk) for any arbitrary small € > 0. |[Levi et al.| (2015) consider a
newsvendor problem with an unknown demand function. They analyze the performance of a sample-
average approximation approach and show that the cumulative regret over T periods is O(logT).
Chen et al. (2019a)) study a joint pricing and inventory-replenishment problem with backorders over
a planning horizon of T' periods where a retailer makes the replenishment and pricing decisions at
the beginning of each period. They propose a nonparametric learning algorithm with regret O(v/T).
Keskin et al.| (2020) consider a utility company that dynamically sets electricity prices to serve N
customers over a time horizon of T periods. The company initially knows neither the underlying
cluster structure — induced by customer characteristics and exogenous factors — nor the consumption
parameters in each cluster. The authors develop a data-driven policy, using spectral clustering and
feature-based pricing, whose regret is O(\/W ) when all features are fully heterogeneous over time and
customers. |[Keskin and Li (2021) study a dynamic pricing problem with unknown and time-varying
heterogeneity in customers’ preferences for quality. The expected number of market shifts is at most
n over T periods in a Markovian market with unknown transition probabilities. The authors design
a simple and practically implementable policy whose regret is O(\/W ). For an excellent review of

this literature, we refer the reader to den Boer| (2015).
2 Static Campaign Arrivals

Recall that each advertising campaign is specified by its season (say, two weeks or a month), start
time, end time, and the target number of impressions. The static setting assumes that, for all the
campaigns within a season, this information is available at the beginning of that season. The platform
bids on an ad exchange to win the impressions needed to fulfill the campaigns. We begin this section

by precisely defining the static setting and stating our assumptions. Then, in Section we derive an



optimal bidding and allocation policy for the full-information scenario (i.e., the clairvoyant problem).
Finally, in Section we derive an upper bound on the regret under any policy; this upper bound is

used later to obtain an upper bound on the regret under our policy.

Each season consists of T" discrete time periodsﬂ where the length of a time period is sufficiently
small so that at most one impression arrives in one time period over all locations of interest. Let
t € {1,...,T} denote the t* period of a season. In the i** season, information about all the campaigns
that are to be executed in that season is available at the beginning of the season. Let m; denote the
total number of campaigns in season i. For the j* campaign in the i*" season, denoted by (i, j),
Jje{1,...,mi}, let W;; > 0 denote its target number of impressions and t_i,j,QJ e {1,...,T} with
tij < 1; ; denote its start and end time periods. Without loss of generality, we order these campaigns

in increasing order of their end times, and let the end time of the last campaign in the season be T,

Le,tig < oo <ty = T. Let C; denote the set of all the campaigns over the first I seasons. That is,

I
Cr = J{G1),..., (4,mi)}.
=1

The concept of a season is defined as a practical “unit of time” to make it convenient for the
platform to accept advertisement campaigns and for customers to specify their campaigns. Suppose
the duration of a season is one month, with each season starting at the beginning of a month and
finishing at the end of the month. In practice, if a customer (company) wants to engage with the
platform over a long duration, then it requests the platform for a certain number of ad impressions
per season (i.e., per month); for example, 30,000 ad impressions per season. Thus, the company signs
a contract for several individual campaigns, each of duration one season. These individual campaigns
are billed separately and ensure that the ad impressions are evenly distributed over the entire length
of the engagement. In this manner, a long advertisement engagement is broken down into smaller
campaigns that each has a duration of one season. Note that the length of a season is arbitrary (e.g.,
2 weeks or 1 month or a quarter). In this sense, the assumption that all campaigns start and finish in
the same season is a mild assumption. We will discuss the case where this assumption is not satisfied

in Remark 4 in Section 3.2

Let £ = {1,...,L} denote the set of locations; impressions acquired from any of these locations
can be used to satisfy the requirement of any campaign. This is reasonable, for example, when the
advertisers that the platform caters to belong to the same metropolitan area. In period t of season i,
denoted by (i,t), an impression from location | € £ arrives with probability ¢;. Let (;; = [ if an

impression arrives from location [ € £ in period (i,t) and (;; = 0 if no impression arrives in that

!This is purely for expositional convenience. The analysis easily extends to the setting where the seasons are of
different lengths.



period. Thus, E[1{¢;+ = I}] = ¢. Let b;j; denote the platform’s bid price in period (i,t). If no
impression arrives in period (i,t), i.e., (;+ = 0, then no bid is placed and the bid price b;; = 0. If
an impression arrives in period (i,t), i.e., (;+ # 0, then the platform decides whether or not to place
a bid. If no bid is placed, then the bid price b;; = 0. Otherwise, the platform chooses a bid price
bi; € B = [bmin pmaxX]wwhere H™MaX > pMIn > (. Let d;+ = 1 if the impression is won by bidding an
amount b; ; at location (; ¢, and d; ; = 0 otherwise. Clearly, if the platform places no bid, i.e., b;; = 0,
then no impression is won, i.e., d;; = 0. Let p;(v;, b;) denote the win curve at location [ € L, i.e., the
probability of winning an impression that arrives from location [ by bidding an amount b; € B, where
=1, Ym) €T CR™ is a vector of n; parameters that characterize this distribution and I
is an open set. Then, d;; is Bernoulli distributed with mean p, , (¢, ,,bi¢t). The true value of ~; is

unknown to the platform, and is denoted by 71(0); the platform learns this vector from the outcomes

of the bids it places for winning impressions at location [ € £. We assume that ’yl(o) € Fl(o), where
Fl(o) C I is a compact and convex set. Let v = (y1,...,75), 7 = (7}0), cel 20)), =Ty x---xI'p,

and T = F](LO) X oo X F(LO). The characterization of p;(~;, b;) for [ € L is discussed in Section

If an impression (from location (;¢) is acquired in period (i,t), i.e., d;y = 1, then the platform
needs to determine the campaign to which that impression is assigned. Let a;; denote the allocation
decision in period (i,t), with a;; = (7,7) indicating that if an impression arises in that period and
is won, then it is allocated to campaign (4, j). Let ¢;;; denote the number of unmet impressions for
campaign (i,j) at the beginning of period (i,t). That is, at the beginning of period (i,t), campaign
(,7) needs a further ¢;; € {0,...,W;;} impressions to be fulfilled. In time period (i,t), we say
that a campaign (i,7) is active if an impression won in that period can be allocated to it; that is,
tij <t< tijand ¢y > 1. Let Fjp = {(z’,j) ity <t < tijscitg>1,j€ {1,... ,mz}} denote the set
of all active campaigns in time period (i,t). Note that an impression won in period (i,t) can only be

allocated to an active campaign in that period, i.e., a;; € JF;;.

We assume that the platform’s bidding and allocation decisions in a time period only depend on
the past history; specifically, the (i) arrival of impressions, (ii) the platform’s bids, (iii) the realizations
of the winning of impressions, (iv) the allocation of the impressions won to the various campaigns, and
(v) the information about the campaigns. Let h; ¢+ denote the history until the beginning of period (i, t).
Thus, we let

hi,t = (<ﬁ7f7 bifv d{"f?arz’fa w; t;]aifz’] 1< % < iv (Z7£) < (Zat)a 1< ] < m{)a (1)

? 4,j7
where (,1) < (i,) if and only if 7 < i or 7 =i and £ < t. Let H;; denote the set of all possible histories

until the beginning of period (i,t).

The sequence of events in period (i,t) is as follows: (i) the platform observes the history h;¢



and makes the allocation decisionﬂ a;¢; (ii) the impression arrival ¢+ is realized; (iii) the platform
determines the bid price b;4; (iv) the binary outcome d; ¢, which indicates whether or not the platform
wins the impression, is realized; (v) if the impression is won, i.e., d;; = 1, then the platform pays
the bid b;; and allocates the impression to campaign a;;. A non-anticipating (deterministic) policy
7 is then defined as 7 := (0], (hi¢), af,(hig) 10 € {1,... . I}t € {1,..., T}l € L, hiy € H;y), where
b7, (hiy) is the bid price for an impression that arrives from location [ in period (i,?) and af,(h; )
is the campaign to which the impression won in that period is assigned under the history h;; € H; ;.
For notational convenience, we use b, ; (vesp., a;) to denote b7, (h;¢) (resp., af,(h;)) whenever no

confusion arises in doing so. Let

(Czta 36 1]7 l]’ilﬂ 1< < (’L t) (.?t)71 S] < m{) (2)

We show in Appendix @ that for any x;; and policy 7, we can find the unique corresponding history
hi, = hzt(l'i,t)- Therefore, for notational brevity, we refer to z;; as the history until the begin-
ning of period (i,?), and with slight abuse of notation, we use b7, ,(z;¢) (vesp., af;(x;:)) to denote
bZt,l(th(fEii)) (vesp., af,(hT,(zit))) in what follows. To further ease exposition, we drop the super-

script 7 in th(:U@t) and denote it simply as h; (2 ¢).

The platform’s bidding cost is the cost it incurs in procuring the impressions. In period (i,t),
the bidding cost incurred under policy m is } ;- bf’“]l{g,t = [}d; . If the platform fails to fulfill a
campaign (i.e., does not deliver the number of impressions needed to fulfill that campaign), then it
incurs a penalty cost. For each campaign (i, ), let e; ; € [e™, e™2X] denote the unit penalty cost for

each unmet impressionﬂ Then, the penalty cost for campaign (i, j) is

T +
[Wi,j — Z Z Wi = 1}di W{a], = J}] €ij-

t=1leL
Thus, the total expected cost (i.e., bidding cost plus penalty cost) under policy 7 after I seasons is

I

ZE ZZb”mt l}dzt+2[ g ZZn{clt—Z}dnﬂ{a” j} ew. (3)

t=1leL t=1lel

The platform’s goal is to obtain a bidding and allocation policy 7 that minimizes its cumulative
expected cost. For each location [ € L, since the underlying vector of parameters +; (that characterizes
the distribution of d; ;) is unknown, a policy should be careful in offering bids to adequately learn the

unknown vector of parameters (i.e., compute a good estimate) at each location.

2Note that a;,; can be determined either before or after observing (; : and d; ;.

3The unit penalty cost e;,; for each unmet impression includes both the opportunity cost of the revenue that could
have been earned from winning an impression, as well as additional direct penalty (i.e., the direct monetary penalty
that the platform pays advertisers for each unmet impression). In Remark 1 below, we specify the two parts of the unit
penalty cost e; ; in formulating an equivalent profit-maximization problem for the platform.



It is immediate that, for any campaign (i, j), it is optimal for the platform to not assign more
than Wj;; impressions to that campaign. We let II denote the set of all non-anticipating policies
satisfying Z,:T:1 Yer Wi = 3dig1{a], = j} < W, ; as. for all (i,5) € Cr. Under any policy 7 € II,

we can rewrite the total expected cost in (3] as

I
Y E ZZb 2 1{Ge = Uiy + Z i ZZ 1{¢iy = U}di1{a, =j}] €ij (4)
=1 |t=1iec t=1 leL
I I m
= ZE ZZ() 1 MG = 1}diy — Zzl{Qt l}dltzel,]l{azt Jj} +ZZW736%J
=1 | t=1leL t=1leL i=1 j=1
I [T T m
=D B DY 050G =i — Y Y 1{Gi = Ddigeiar, | + ZZ Wi jeij
i=1  Li=11ec =1 lec i=1 j=1
I T I om
=E Z Z Z(bzt,l — €iar,)aidiz | + Z Z Wi jéi ;-
i=1 t=1 leC i=1 j=1

The third equality holds, since E[1{(;; = {}] = ¢;. Thus, the platform’s problem can now be equiva-

lently written as
I
mig 2373730 - e |

Remark 1: (Profit Maximization Version) Let r; ; denote the unit revenue the platform collects
for each impression supplied to satisfy the demand of campaign (4,j). Let é;; be the direct unit
penalty cost for each unmet impression of campaign (i, j) (i.e., the direct monetary penalty that the
platform pays to the advertiser for each unmet impression of campaign (4,7)). Then, the platform’s

profit-maximization problem, over all policies 7 € II, is:

glngE [ZZH{@ - z}dmZﬂ{a” ey~ W) =3 W [ ZZ 1{Gie = U}di o 1{al, :j}} ]
t=11eL

t=11lec i=1
I T mg T I my
&max ) E [Z D (riar, = bEe)1H{Gie = i — Y {Wm D> WG = dig1{a], = j}] éi,j] =D > riiWiy
e S ier ' j=1 t=1leL i=1 j=1
I T m; T
<:>£rr16111]1l:21 E ; ZEZE bie 1 1{Ci,e = U}die + ; {Wm - ; ZEZE G = l}di ai, = J}] (rij +éi5)] - (5)

Comparing the objective above to the cost-minimization objective we defined earlier, note that
the unit penalty cost e; ; for each unmet impression of campaign (4, j) in corresponds to 7; ; + €; ;
(i.e., the opportunity cost of the unit revenue that could have been earned from winning an impression
plus the direct unit penalty cost for each unmet impression of campaign (7, 7)) in . |

Our analysis with respect to the penalty cost is organized as follows. In the remainder of this

section and in Sections (3 and |4, we assume that the penalty cost for each unmet impression is the
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same across different campaigns, denoted by e. This assumption is motivated by our observation of a
mobile-promotion platform in practice: nearly all the customers of this platform are small- to medium-
sized businesses, with similar valuations for an advertising opportunity. In Remark 5 in Section [3.2
and in Appendix [ we discuss the robustness of our results by analyzing a setting where the unit
penalty cost for an unmet impression differs across campaigns. In Section |5, we numerically examine
the behavior of the regret under our policy when the unit penalty cost for an unmet impression differs

acCross campaigns.

Under the assumption of the same penalty cost across campaigns, the platform’s problem can be

written as in below.

min E ZZ (b1 —e)adit| - (P)

Remark 2: It is clear from the above objective that, if e < ™ then not placing any bid (thus
resulting in the objective function value of 0) is optimal for the platform, since it loses money by
placing a bid. Therefore, we assume henceforth that e > ™. Also, for ease of exposition, we refer to

the objective of problem as the expected cost of the platform. |

First-End-First-Serve (FEFS) allocation: We first specify the campaign to which an impression
won in period (i, t) is assigned. Recall that F;; is the set of all active campaigns in time period (i,t). It
is easy to see that the following is an optimal allocation policy: In any period, allocate the impression
won (if any) in that period to the active campaign that ends first, i.e., af, = (i,9it), where g;y =
2

ming jyeg, , j. We refer to such an allocation policy as a FEFS policyﬁ and formally note its optimality.

Property: Without loss of optimality, we can assume that the allocation policy is FEFS.

Note that if there are no active campaigns in period (4,t), i.e., F; ¢+ = (), then no bid should be placed
and no impression is won in that period; thus, the allocation a7, is of no consequence and can be

chosen arbitrarily.

2.1 Win Curves

We now discuss our assumptions on the win curve p;(7;,b;), i.e., the probability of winning an im-
pression that arrives from location | € £ by bidding a price b; € B, with the vector of parameters
Y= N1,---,Mn) €Il characterizing this distribution. Note that the function p;(;, b;) is defined on
I'; x B, and the true value of v; (i.e., 'yl(o)) is assumed to be in Fl(o) CTIy. Forl € L, we impose the

following assumptions on the win curve p;(7;, by).

“For the setting where the unit penalty cost for an unmet impression differs across campaigns (see Remark 5 at the
end of Section and Appendix [, the FEFS allocation policy may not be optimal.
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Assumption 1 For any l € L, pi(y,b) € C? (twice continuously differentiable in vy, and b;) for all
by € B and v € T';. Further, pi(y,b;) is log concave in by, pi(y,b;) € (0,1) and %}Yfl’bl) > 0 for all

b, € B and RS Fl(o).

Under the above assumption, the probability of winning an impression from any location [ € L is
bounded away from 0 and 1 on the bid interval B, and increases in the bid price b € B. Many
families of parametric win curves satisfy the above assumption (for appropriate choices of I';, I‘Z(O) and
B) including p;(y1,b1) = vi,1 + Y20 (linear win curve), p;(y;, b)) = exp(y,1 + Y1,2b1) (exponential win
eXp(%’lJr%’le)) (logit win curve). Such linear, exponential, and logit forms

14-exp(vi,1+71,2b1
have been discussed in Broder and Rusmevichientong| (2012) and den Boer and Zwart| (2015]).

curve), and py(y, b)) =

We also impose a statistical assumption. For each location I € L, let Q?‘ 7:40,1}F — [0, 1] denote
the probability distribution of the outcome D = (Dq,---,Dy) of the winning of impressions for a

given sequence of fixed bids by = (b1, , b1 k) € BF. This distribution is represented by
k
QM (d) = [ pi by )% (1 = pi(a, by )%,
k=1

where d € {0,1}* denotes an arbitrary realization of the random vector D.

Assumption 2 (Statistical Assumption). For anyl € L, there exist k; € N and a vector of exploration
bids by = (b1, ,big,) € B* such that the family of distributions {Qg_”m ty € Fl(o)} is identifiable,
e, ¥y #3, 3d e {0,1}*, s.t. Q?ml(d) #+ Q?ml (d). Moreover, the Fisher information matriz
I (bi, 1), given by

2 _

[1(by, 7)]uw = E log QX" (D) |, foru,v=1,...,m, (6)

B a’}/l,ua%,v

is positive definite.

Assumptionis a common assumption (see, e.g., Besbes and Zeevi 2009 and Broder and Rusmevichien-
tong 2012) and guarantees that we can estimate the vector of parameters %(0) based on the observations
of the impressions won at the exploration bids b;. As shown in the following examples, many para-
metric win curves satisfy Assumptions [1| and

Example 1 (linear win curve). Let B = [1/2,1], I’Z(O) = [1/8,1/4] x [1/3,2/3], T} = (0,7/24) x
(0,17/24), and py(, b)) = 1,1 +i,2b; for all I € L. 1t is straightforward to check that Assumption [1]is
satisfied and {Q;_nm iy € FZ(O)} is identifiable for any b; = (5171,5572) € B? with 5171 # l_)l72. The Fisher

information matrix is:

L) 1 ( 1 bu) N 1 ( 1 bl,2>
1\91, = = = - = — _ _ _ .
Y i) (I = pi(ys b)) \bur 071) T i bi2) (1 — pi(, bi2)) \bi2 by
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It is easy to verify that the above matrix is positive definite. Thus, Assumption [2]is satisfied.

Example 2 (exponential win curve). Let B = [1/2,1], I‘Z(O) = [-3/2,-3/4] x [1/3,2/3], I'| =
(—2,—17/24) x (0,17/24), and py(y1, br) = exp(yi,1 +,2b1) for all I € L. Assumption [1]is satisfied and
{Qf_’ml Dy € Fl(o)} is identifiable for any by = (b, 1,b,2) € B? with b1 # by 2. The Fisher information
matrix, which is positive definite (thus satisfying Assumption 2), is:

(v, bi1) (1 l_)z,1>+ pi(v, bi2) (1 l_)z,z)

Ii(by, ) = b bo) \b
1(br, ) i b7y ) 1 —pi(y,bi2) \bi2 Oy

1= bia)

Example 3 (logit win curve). Let B = [1/2,1], T\” = [=3/2,3/2] x [1/2,3/2], T} = (=2, 2) x (0,2),
and py(y, b)) = % for all [ € £. Assumption (1] is satisfied and {Qf_’mz iy € 1“1(0)} is
identifiable for any b; = (5171, 13172) € B? with Bz,l #* 5172. Assumption 2 is also satisfied, since the Fisher
information matrix

1

) i , b i C b
161 ) = o) = b)) (5 5 ) + mnba) - mon i) (51 35°)

is positive definite.

2.2 Optimal Bidding Policy for the Clairvoyant Problem (The Vector v is Known)

We now obtain an optimal bidding policy for the clairvoyant problem; i.e., the problem in which
the vector of parameters of the win curves at all the locations v = (v1,...,7r) is known, where
v = (M1,---,7m,) characterizes the win curve at location | € £ = {1,...,L}. It is important to
note that, in our main optimization problem , the learning of v occurs across seasons, in the sense
that, in a given period, we can estimate  based on the bids placed in the past (including the bids
placed before that period in the current season as well as those placed in all the previous seasons)
and the corresponding outcomes. However, when v is known, no learning is needed. In this case,
the optimization problem decouples into I optimization problems, one for each season, since each
campaign starts and ends within the same season. Therefore, it is sufficient to solve the problem

corresponding to an individual season, say i € {1,--- ,I}.

Given that allocations are made in an FEFS manner, it is easy to see that the optimization
problem for season i can be written as the following DP, in which the state in any period (i,t) is the
number of unmet impressions at the beginning of that period for each campaign in the season; i.e.,
(Cit1,,Citm;). In the sequel, we drop the time index (i,t) of ¢; 4 j, Fit, and g;¢ when there is no
ambiguity in doing so. Let ¢; = (c1,- -+, ¢m,; ). Let Vj¢(cs;7y) denote the optimal cost-to-go function of
the DP and let b7, ;(c;; ) denote the optimal bid price at location [ in period (i,?) in state ¢;. Then,

Vit(ci;y) satisfies the following recursion:
Vii(ei;)
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{]1{3j 7é 0} Zle[j QZPI(%»bl)[bl —e+ V;l,tJrl((Cla 5, Cg — 17 T ,le)7")’)] +
= min

5,*;163[?;2; [1 — T # 0} 31 api(v, br) | Vi (e y)
=H{T i o) |br — e — AV, i Vi 7)),
{T# @}ng Inin Py, be) [br — e tr1(ci )] + Vigri(eisy)
where V; 711(¢;;v) = 0 and, for F # 0,

AViir1(ei57) = Vigpi(ei;y) = Vigpa((er, - yeg =1, em, )5 7).

For F # (0, the optimal bid price when an impression arrives from location [ € £ is as follows:
bieaeisy) = arg H];inpl(% by) [br — e = AV (e v)] - (7)
€

If F = (), then no bid is placed, i.e., b}, ;(cs;) = 0 for all [ € L. We show (in Lemma Appendix|C])
that b7, ,(cs;y) is uniquely defined. The following technical assumption we make is similar in spirit to

Assumption R4 in (Chen et al.| (2019b)).

Assumption 3 For alll € £, v €e IO, F £ 0,1 <i <1, and1 < t < T, the optimal bids
bi,.(cis) € (b™in pmax) - the interior of the bidding interval B.

Under Assumption [3] we establish Lemma [T}, which will be used later in Section [3.2]to obtain an upper
bound on the regret under our policy. The proofs of the technical results are in the appendix.

Lemma [1| below shows that for any two vectors «y, 4 of parameters of the win curves, the difference

in the optimal bids under v and 4 is O(||y — 4||), where || - || denotes the Euclidean norm.

Lemma 1 Forallle £, v,3eTO, F£),1<i<I, and1 <t <T, there exists a constant K; > 1
that is independent of I and T, such that

b5 10(eisv) = b a(eis 7)] < (B Iy = Al

This concludes our analysis of the optimal policy when v is known. In the remainder of Sections
and [3, we study the setting in which v is unknown. Before we proceed with this, we define the
performance metric we use (namely, regret) when 7 is unknown. This definition relies on the full-

information setting studied above.

Regret: The performance of a policy is measured by its regret, which is defined as the expected
increase in the platform’s cost from not using the optimal bidding and allocation policy (under the

true vector of parameters 7(0)). The platform’s optimal expected cost during season i € {1,---,I}, if
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it knew 7@, is Viit((Wig, -, Wim,); ~(©)). Thus, the regret under a policy m € II after I seasons can

be written as:
I T

Regret(ﬂ',l;’y(o)) =K ZZZ(()Z” —e)qdiy ZVz (Wi, - Wi,m¢)§7(0))-

=1 t=1leL

2.3 An Upper Bound on the Regret Under Any Bidding and Allocation Policy

In this section, we derive an upper bound on the regret under an arbitrary bidding and FEFS allocation
policy, say mw. This will be useful in deriving an upper bound on the regret under our policy in
Section For any v € T we first compute the expected cost in each season under policy .
Consider season i. Recall that x;; is the history until the beginning of season i. Let Z;¢ := (Cz-,g, d;;:
1 <t < t) denote the history in season i until the beginning of period (i, ¢). Then, the history until the
beginning of period (i,t) is x;+ = (i1, Z4+); thus, the bid price for each location [ € £ under policy 7
is bz’,t,z(wi,l»wi,t)' Conditional on z;1, we compute the expected cost-to-go in season i for state Z;;

under policy 7, denoted by Vi (Zit; zi1,7), as follows.

For a given &;, we can find the associated number of unmet impressions of each campaign (3, j)
at the beginning of period (i,t), denoted by c¢;j(Z;); see Appendix [B| for details. Let c(;¢) :=
Zj:t_i,jétézi,j ¢j(Z;) denote the associated total number of unmet impressions at the beginning of
period (i,t) over all the ongoing campaigns in that period. Let ¢;(Zi;) = (c1(Zit), -+, Cm,; (Tit))-

V7 (244 24,1, y) satisfies the following recursion:
(5 . —
Vi (@i m51,7) =

L{c(@ie) = 13> apu(vs 07 (wias &) [0 (i1, &ig) — €+ Vi (i, (1,1);201,7)] +

ler
> a [V = Le(@ie) = pi(n, 07y (@i, #0.0)] Vi ((Bi, (1,0)); 2i1,7) +
leL
(1 - Z Ql> i, t+1 ‘T’L,t’ (Oa 0))a Ti,1, 7)a

ler

and V; T+1( ;xi1,7) = 0. Note that if ¢(#; ;) = 0, then there are no active campaigns, and thus no bid
should be placed, i.e., b7, ,(xi1,2:¢) =0 for all I € L.

Under policy 7, let X[} denote the random history until the beginning of season ¢ and X;rt denote
the random history in season 7 until the beginning of period (i,t). Then, the expected cost under
policy 7 after I seasons is ZZ'I:1E [X@TI(Q;XZ?H,’Y(O))], and thus the regret under policy 7 after [

seasons is:

I
Regret(w,[;fy(o)):z [ 7 (0; le, ] ZVzl Wi, Wi,mi)§7(0))~
i=1
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Lemma [2| below provides an upper bound on the above regret.

Lemma 2 There exists a constant Ko > 0 that is independent of I and T, such that the regret under

any bidding and FEFS allocation policy w after I seasons satisfies

! ~ N 2
Regret(m, I;4\%) < KR [Z D a (bZt,l(Xz‘T,rlv X7 =i (es(XT); 7(0))) :

3 Analysis of Static Campaign Arrivals

In Section we present our bidding and allocation policy for the setting where the vector of param-
eters v = (y1,---,vz) of the win curves is unknown, where v, = (y,1, -+ ,V,n,) characterizes the win
curve at location [ € £ = {1,---,L}. Section establishes an O(v/T) upper bound on the regret
under this policy. In Section we establish a matching Q(v/T) lower bound on the regret under any
policy. For the special case where the total number of required impressions over all the campaigns
in each season is strictly less than the number of periods in that season, we obtain an Q(1%/7) lower

bound on the regret under any policy.

3.1 Bidding and Allocation Policy

We refer to our bidding and allocation policy as BIDALLOC. Recall that allocations are made in an

FEFS manner. The formal description of BIDALLOC follows.

Figure 1: The basic structure of BIDALLOC, our bidding and allocation policy.

exploitation exploitation exploitation exploitation
exploi'ation ___,I___‘explo‘ration _______ | e xploration exploration
, e I { )
I I I I I
L A A A J
T I ! I
cycle 1 cycle 2 cycle 3 cycle 4
I I I I I
‘ Y . Y Lo ‘ Y ) time
season 1 season 2 season |

Policy BIDALLOC
Input: For each location [ € £, the exploration bids b; = (b}, - - - ,1_7;”); see Section

Bidding: The bidding policy operates in cycles, with each cycle consisting of an exploration phase
and an exploitation phase. Figure [l shows the basic structure of the policy. Let s denote the index

of a cycle, starting with s = 1. We refer to the infinite sequence E;’° = (I_)ll, e ,5?’,1_711, e ,Ef’, ),
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which iteratively repeats the sequence by, as the exploration sequence for location [ € £. Let Y; denote

a counter for the exploration sequence for location [.

Initialize T; = 0 for all [ € £. We now describe the two phases of an arbitrary cycle s, s > 1.
e Ezploration Phase of Cycle s: Consider any period (4,t) in this phase.

o If there are no active campaigns or if no impression arrives, then no bid is placed.

o Otherwise, for an impression that arrives from location I € L, the exploration counter for [
increases by 1, that is, Y; = Y; + 1. The bid placed is the element in position Y; of the

exploration sequence 5;"’.

This phase concludes whenever we have Y; > sk; for all [ € £; that is, every bid in b; has been

“explored” at least s times cumulatively from cycle 1.

At the end of this exploration phase, for each location | € L, consider the first sk; realized
outcomes of the bids placed at that location. Note that these observations correspond to the
placing of the exploration bids b = (b}, - - - ,Ef’) repeatedly s times. For 1 < § < s, let Dy(s) =
(D}(3),--- ,lel (3)) denote the corresponding outcomes when the exploration bids b; are placed
for the 5™ time. Let 4;(s) denote the maximum-likelihood estimate (MLE)E based on these sk;

observations; that is,

A1(s) = argmax [ | QP (Dy(3)).

wer® 521
e Ezxploitation Phase of Cycle s: Consider any period (i,t) in this phase.

o If there are no active campaigns or if no impression arrives, then no bid is placed.
o Otherwise, for an impression that arrives from location [ € L, place the bid b, ,(¢cs;49(s)),

computed by Equation (7)) using the vector of estimates 4(s) = (91(s), -+ ,YL($)).

This phase concludes when a total of Ls bids are placed in this phase over all locations. Then,

the exploration phase for cycle s + 1 begins.
Allocation: If an impression is acquired in a period, then allocate it to the active campaign that
ends first.

Lemma [3] below guarantees that, after a sufficient number of exploration cycles, our estimate 4(s)

is guaranteed to be close to 49, in the following precise sense:

"Note that both the MLE formulation (e.g., lden Boer and Zwart| (2015) and [Broder and Rusmevichientong| (2012))
and the Bayesian approach (e.g., |Sunar et al| (2021)), |Qi et al.| (2017), [Harrison and Sunar| (2015), and [Harrison et al.
(2012)) are common modeling approaches for parametric learning problems. While our problem can also be modeled
with the Bayesian approach, our use of the MLE formulation is just a matter of modeling choice.
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Mean-Squared Errors for MLE Based on IID Samples

Lemma 3 There exists a constant K, > 0 that is independent of I and T, such that, for any s > 1,

the vector of the maximum-likelihood estimates 4(s) = (41(s), -+ ,7L(s)) after s exploration phases

® i+l < %

We note that the basis for Lemma |3 is a fundamental result — Theorem 36.3 in Borovkov| (1998]) — on

satisfies:

the convergence of maximum-likelihood estimators.

3.2 Upper Bound on the Regret Under BIDALLOC

The main result of this section is Theorem [1| which establishes an upper bound on the regret under

the policy BIDALLOC.
Theorem 1 Under Assumptions @ and@ the policy BIDALLOC satisﬁeﬁ
Regret(BipALLoc, I;79) < K31,

where K3 = Kg(Kl)QT\/T for constants K1 and Ko that are independent of I and T'.

Proof of Theorem [1; Let # denote the policy BIDALLOC. Let Sy = [1/2IT/L]. Then, the total
duration of the first Sy cycles is at least I'T periods because the total number of bids placed during
the exploitation phases of Sy cycles is Zssil Ls = LSy(So+1)/2 > IT. Let X™ denote the random
history over I seasons under policy 7. For any realized history z, let Ag, (x) (resp., As,(z)) denote
the collection of periods belonging to the exploration (resp., exploitation) phase of cycle s in which

there are active campaigns. Then, the regret of policy 7 after I seasons satisfies:

I

SOE VA0 X170) = Via (Wi, Wi, )i7 )]
T I T
< Kok ZZZ‘H ( it leaXth) bztl(cz(X t) (0))) ] (using Lemma

Li=1 t=1 leL

I T
= KoE | Y23 1 = 1} (b zl,Xz;)—bzt,,(cz-<Xz;>w<0>>)2]

Li=1 t=1 leL

+

= KOZE [ZZZ LG = D1{(00) € Aq (X)) (bu(XF X5 — bia(e(X7):0®))

i=1 t=1 leL

5We also show that the regret is O(T) in Lemma and O(v/Tlog?(T)) under the setting defined in Theorem |A.1}
see Remark 3 for more details.
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I T
KoZE ZZlZ;ﬂ{cm—l}ﬂ{zt)eA@(X”)}(;?tt,l( T X7 = by R): <0>>)] ®)

i=1 t=1

The first equality holds since E[1{¢;+ = [}] = ¢ and (;; is independent of X7 I and Xfl The
second equality holds because for those periods with no active campaigns, we have bi7t7l(XZ7§1, ngt) =
b;}t’,(ci()%;;); 7(0)) = 0. We will show that the first (resp., second) expectation in each cycle in (8] is
bounded from above by a constant K > 0 (resp., K = LK,;;.(K1)*" > 0) that is independent of T

and s. Thus, we have

I
> E [Wi(@;Xﬂ’Y(O)) —Vir (Wi, - 7Wi,mi);7(0))} < KoSo(K + K) 9)
=1
2IT S .
L
< < QILT+1> Ko(K + K)
< K3\ﬁ,

where K = Ka(K1)?"V/T for Ky = (\/2 + DEo(K + LK,uie).

We now derive an upper bound on the first expectation in (8)):

I T
ZZZ 1{Ge = 1}1{(4,1) € A5, (X™)} ( ?,t,l( i X X ) — by 44 (c( Af,rt)é’Y(O))Y]
i=1 t=1 leL

I T

< (B™ = b™)’E [Z DD MG =11{G1) € A51<Xﬁ>}]

i=1 t=1 leL
max __ pmin\2 @
< (b b™m) o

lel

o in\2 k

Thus, we let K = (0™ —p™")2 %", . q—;
Next, we derive an upper bound on the second expectation in . Let X™ denote the set of all
possible histories under policy #. For any z € X7, let Pr(z) denote the probability of = to be the
realized history under policy 7, ¢; +(x) denote the realized impression arrival in period (,t), and Y(s; x)

denote the realized estimates based on x. Then, we have

I T
E (D33 G = {00 1) € A (X7} (8 (XF1, XF) — bz‘,t,xci()%z;)w(m)f]

i=1 t=1leLl

I T
B (S0 G = {00 1) € Au (X)) (Bea(eiXE); () — b aales(XE): <0>>)]

i=1 t=1 leL

EI:ET:Z 1{¢ = 1}1{(i,t) € Agy (XT)} Hﬁ(s) B 7(0)H2]

i=1 t=1 el

S (K1)2TE
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I T
= (K™ Y Prl@) 30D M) = (0. 1) € Ay (@)} [3(s:) _7<0>H2.

zEXT i=1 t=1 leL
The inequality holds by Lemma
Notice that for any given history x, the total number of bids placed in the exploitation phase of
cycle s is Y1 ST Yoier HGit(x) = 1}1{(i,t) € As,y(x)}. Recall that in the exploitation phase of
cycle s, the number of bids placed is Ls. Thus, for any x, we have

1

T
SOSTS 1{G(x) = B1{(i,t) € Ay, (2)} = Ls, and

i=1 t=1 el

I T
(K™ 3 Pr(@) 30D 3" HG(@) = D1{(1) € Ay (@)} [5(s50) _7<0>H2

TEXT i=1 t=1 leL
2
= (K™ Y Pr(@)Ls [5(si2) = 4|
TEXT

— (258 | [360) ]
< (K1) Ls K’:’e (K1)*T LK e

The inequality holds by Lemma 3| Thus, let K = (K;)?T LK,,;.. This completes the proof of @D |

Remark 3: We also obtain an upper bound on the regret with respect to T'. Specifically, we show that
the regret under any policy is O(T), and that the constant in the definition of O(T') is independent
of the number of locations L. Further, under the special case where all the impressions arrive from
a single location, whose win curve is p(vy,b) = exp(y(b — €)), and the start and end times of the
campaigns in each season are ordered in the same way (i.e., the campaigns end in the order of their
arrival), we show in Theorem that the regret under our policy is O(v/T log?(T)). We refer the
reader to Appendix [G] for more details. [

Remark 4: Our analysis assumes that a campaign starts and finishes in the same season. Without this
assumption (i.e., when campaigns can start and end in different seasons), there is no “decomposition”
of campaigns across time, and hence a general analysis becomes intractable. However, under the special
case where all impressions arrive from a single location, whose win curve is p(, b) = exp(y(b—e)), and
the start and end times of campaigns are ordered in the same way, Theorem (which we discussed in
Remark 3 above) helps us establish that the regret under our policy is O(v/Tlog?(I)) (Theorem [A.2)).
We refer the reader to Appendix [G] for more details.

Remark 5 (Analysis of the Regret Under Other Allocation Policies): Consider the setting

where the unit penalty cost for an unmet impression differs across campaigns, and hence the FEFS
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allocation policy may not be optimal. Consider the following general class of non-anticipating (de-
terministic) allocation policies: In each season, the allocation decision in each period of that season
is deterministically defined based on the history in that season until the beginning of that period.
More precisely, the active campaign to which an impression acquired in period (,t) from location [ is
assigned (i.e., the allocation decision a; ;) is deterministically defined based on the history in season 4
until the beginning of that period, i.e., #; ;. Let ® denote the set of all such allocation policies. Given
an allocation policy[] in @, the platform only needs to decide its bidding policy. In Theorem of
Appendix [[ we show that, under the given allocation policy, the regret under our bidding policy re-
mains O(v/T), where I is the total number of seasons. Thus, our learning algorithm is effective under

any allocation policy in .

To establish Theorem we formulate a DP and a cost-to-go recursion that both need to be
analyzed to evaluate the performance of our bidding policy: the DP defines the expected cost under
the optimal bidding policy for the clairvoyant problem and the cost-to-go recursion defines the ex-
pected cost under an arbitrary bidding policy. Note that when the unit penalty costs differ across
campaigns and we are given an arbitrary allocation policy in ®, the DP and the cost-to-go recursion
are significantly different from the ones in our analysis of Theorem [I} which only applies to the FEFS
allocation policy. We use the DP to derive an upper bound on the difference between the optimal
bids under two arbitrary parameters of the win-curves (Lemma . The DP and the cost-to-go
recursion are both used to obtain an upper bound on the regret under an arbitrary bidding policy
(Lemma ; in turn, this upper bound helps us obtain an upper bound on the regret under our
specific policy. Finally, using Lemmas [A.14] and [A.15] we show that the regret under our policy is
O(VI). We refer the reader to Appendix [I| and Appendix |J| for more details. |

3.3 Lower Bounds on the Regret Under Any Policy

In Theorem |2| below, we obtain an Q(\/T ) lower bound on the regret by constructing an instance of
problem that satisfies Assumptions and |3 and whose worst-case regret is Q(\ﬁ ) under any
policy. For the setting where the total number of required impressions by the campaigns in each season
is strictly less than the number of periods in a season, we establish an Q(I%/7) lower bound on the

regret under any policy in Theorem

Theorem 2 Consider the following instance of problem : pmin = 5/8, bMax = 11/8, e =2, T =1
and I > 2. There is only one location, i.e., L = 1. In each period, an impression arrives with

probability ¢ > 0. The probability of winning an arriving impression under a bid price b € B =

"Examples of allocation policies in the set ® include the FEFS policy and the policy that allocates an acquired
impression to the active campaign with the highest ratio of penalty cost to the remaining duration of the campaign.
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[pin pax] s p(y,b) = 1/2 — v 4+ b, where v € T = [1/3,1] and T©) c T = (0,4/3). There is one
campaign in each season and the required number of impressions is no less than the number of periods

in the season, so that the target of the campaign can never be exceeded. Then, the following statements

hold:
(i) Assumptions @ and@ are satisfied for this instance.

(ii) For any policy m, there exists a true parameter 70 € TO) such that the regret after I seasons

satisfies:

Regret(m, ;7)) > 2(2(143) V1.

The intuition is as follows. For the instance defined in Theorem [2] note that when b = 1, we have
p(7v,b) = 1/2, regardless of the value of the underlying parameter . Thus, bidding at this amount
does not help us gain information about the value of «; thus, b = 1 is an uninformative bid. To learn
~, we need to place some bids away from the uninformative bid. However, the uninformative bid is the
optimal bid when v = 1/2; thus, placing bids away from the optimal bid increases the total expected
cost. This leads to the Q(v/T) lower bound on the regret in Theorem [2, The proof of Theorem [2| is

provided in Appendix

In the instance we used in Theorem [2| the required number of impressions by a campaign in a
season is no less than the number of periods in the season. den Boer and Zwart| (2015) study the
dynamic pricing of multiple products and obtain an Q(log ) lower bound on the regret under any
policy when the initial inventory of each season is strictly less than the number of periods in a season.
They show that their problem satisfies an endogenous learning property and propose a pricing policy
which achieves an O(log?(I)) upper bound on the regret. However, in our context, if the total number
of required impressions by the campaigns in each season is strictly less than the number of periods
in a season, then due to the random arrival of impressions, the endogenous learning property does
not hold and the O(log?(I)) upper bound on the regret cannot be achieved. Specifically, in this case,
Theorem (3| below establishes an Q(1%/7) lower bound on the regret under any policy.

Theorem 3 Consider the following instance of problem .' pmin = 5/8, bMaX = 11/8, e =2, T =2
and I > 2. There is only one location, i.e., L = 1. In each period, an impression arrives with
probability ¢ = K4I~ Y7 for a constant 0 < K4 < %\1/6 that is independent of I. The probability of
winning an arriving impression under a bid price b € B = [b™® bM¥] js p(vy,b) = 1/2 — v + b, where

v eT® =1[1/3,1] and T < T = (0,4/3). There is one campaign in each season whose required

number of impressions is one. Then, the following statements hold:

(i) Assumptions @ and @ are satisfied for this instance.
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(ii) For any policy m, there exists a true parameter 70 € TO) such that the regret after I seasons

satisfies:

1| VK,  (K4)?
() A A S 2/7
Regret(m, [; ")) > 5 [96\/6 194 .

We discuss the intuition. Consider an arbitrary season. Notice that, in the instance defined in
Theorem [3] the required number of impressions by the campaign in the season (namely, 1) is strictly
less than the number of periods in the season (namely, 2). Following the same argument as in the
intuition of Theorem [2}, if no impression arrives in the first period of the season, then the optimal bid
in the second period is the uninformative bid b = 1 when v = 1/2. We need to place some bids away
from the uninformative bid, which increases the total expected cost. If the arrival probability ¢ of
impressions is reasonably small, then with high probability, no impression arrives in the first period
of the season. However, ¢ should not be too small. This is because if no impression arrives in both
periods of the season, then no bids will be placed in the season and the regret in that season will be
zero. By choosing an appropriate value of ¢ (namely, ¢ = K41 -1/ 7), we derive an Q(1 2/ 7) lower bound

on the regret under any policy in Theorem [3| The proof of Theorem [3]is provided in Appendix
4 Dynamic Campaign Arrivals

We now consider the setting in which campaigns arrive dynamically. To distinguish the notation from
that of the static model, we use superscript D to denote “Dynamic”, where necessary. At most one
campaign can arrive in a period, and a campaign arriving in period (i,t) (if any) is assumed to arrive
at the beginning of that period. For any w > 0 and 7 > 1, let )\’;L,)t’T denote the probability that a
campaign which requires w impressions and ends in period (i, 7) arrives in period (i,t); let YW denote
the set of all possible values of the tuple (w, 7). All the other details of the dynamic setting are the
same as those in the static setting defined in Section [2] Note that, similar to the static setting, we
can also restrict our attention to FEFS allocation policies without loss of optimality.

The flow of our analysis in this section is similar to that for the static setting in Sections [2| and
As with the static model, we first obtain an optimal bidding policy for the clairvoyant problem; i.e.,
the problem in which the vector of parameters of the win curves at all the locations v = (1, ,7z)

is known, where v, = (9.1, -+ ,7,n,) characterizes the win curve at location [ € £ = {1,---,L}.

4.1 Optimal Bidding Policy for the Clairvoyant Problem

For the clairvoyant problem, we specify the optimal bidding policy in each season by formulating the
following DP. Consider season i. Let ¢;; » denote the number of unmet impressions at the beginning of

period (i,t) for all season-i campaigns that start in or before period (i,¢) and end in period (i, 7); the

23



time index (i,t) of ¢; ¢, will be dropped when there is no ambiguity in doing so. Let ¢ = (¢1,--- , cr),
gi(c) = min{r : 7 > t,¢; > 1} and n(c) = Zfzt ¢r. Note that if n(c) > 1, i.e., there are active
campaigns in period (7,t), then the impression won in that period should be allocated to one of the
active campaigns that ends in period (i, g:(c)). Let e, denote a unit vector of length T whose 7"
component equals to 1. The optimal cost-to-go Vﬁ (c;7y) at the beginning of period (i,t) satisfies the

following recursion:
Vien) =

E )\;Ut’T min
’ (b1 bL):

.....

{ 1{n(c+wer) =133 api(n,bi) [ — e+ Vi, (c+wer — eg, (ctwe.)i V)] + }
(w,T)EW bEB,IEL

(1=1{n(c+wer) >1} 3o apm(n, b)) Vil (e +wer; )

= Z AT (]l {n(c+we,) > 1}2(]1 gnei%pl('yl,bl) [br—e— AVi{:t)Jrl(c—i—we.,.7 7)] + |7t i1+ wer;y )
(w,7)EW lec
>

where AVR, | (c+weri ) = V2, (c+wer;7) = V.7, (c+wer —eg,(ctwe,); ) for all n(c+wer) > 1

and V; TH(C—}— wer;y) =0 for all np(c+wer) > 0.

Let bﬂ,l(c—kwe.,.; ) denote the optimal bid price at location | € £ in period (i,t). If n;(c+wer) = 0,
then no bid should be placed, i.e., bgt’l(c + wer;y) =0 for all [ € L. Otherwise, the optimal bid at

location [ is:

bft’l(c+ wer;y) = arbg rr];inpl(fyl,bl) [bl —e— AV t+1(c+ weT,'y)] )
1€

As in the static setting, bf’)t’l(c+we.,-; ~v) is uniquely defined (Lemmain Appendix. Analogous
to Assumption [3] and Lemma [1] for the static model, we assume that the optimal bids lie strictly in
the interior of B and establish Lemma [ which will be used later in Section to derive an upper

bound on the regret under our policy.

Assumption 4 ForallyeT© e £, 1<i<I,1<t<T, andn(c+we;) > 1, bP (c+wer;7) €
(bmin’ bmax)‘

Under Assumption 4] we show that for any two vectors =y, 4 of parameters of the win curves, the

difference in the optimal bids under v and 4 is O(||y — 4||)-

Lemma 4 For alll € L, 7,5 € o, m(c) >1,1<i<1I,and1 <t <T, there exists a constant
K5 > 1 that is independent of I and T, such that

[bik(e7) = bia(es7)] < (Ks) Ty = Al
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The proof of Lemma [ is similar to that of Lemma [T} and is therefore omitted for brevity.

Next, we compute the expected cost under an arbitrary policy m when v is unknown and derive
an upper bound on the regret under that policy; along with Lemma[4] this bound will also be used to

bound the regret under our policy in Section

4.2 An Upper Bound on the Regret Under Any Bidding and Allocation Policy

Let w; ¢+ (resp., 7;+) denote the target number of impressions (resp., end time) of the campaign that

arrives at the beginning of period (i,t). Let xft denote the history before period (i,t). That is,

:CZD7t = (C%,t’dz t’w TA i (Z t) (%t))

Note that the history :L‘l% is comprised of the history before season i (i.e., :L'Z-Dl) and the history within

season 7, denoted by %t ' (Czt’ Wi Tt 1< t<t),ie, 2l = (x le’ ) Thus, for an arbitrary
policy m, the bid price bm( 2D17 3,wi7t,7'i7t) in period (i,t) at location | € £ depends on wj g, 7i4,
and the history =P, = (xﬂ, D 1)

For a given &P, it et cr (2 ) denote the total number of unmet impressions at the beginning of
period (i,t) for all the campaigns that arrived before period (i,t) and end in period (i,7). Let
c(if?t) = (cl(ift), e ,CT(@%)). Recall that 7;(c) = Y.7_, ¢, and 7:(c) > 1 if and only if there are
active campaigns in period (i,¢). Conditional on a:fl, the expected cost-to-go ‘/;Z’D(:i‘ft;xfl,v) in

season ¢ under policy 7 satisfies:

7D aD . D
Vi,t (mi,tvxi,lv')')

#D w,.D/ D ~D b:-tDl( ?17:%?1577”77—)76‘}’
I {m(c(mi’t) +wer) > 1} > ap (717bi,,t,l(mi,la‘ri,ﬂw’T)) 7,D D +
e Vi (@ Lt7(1717’w 7)) Ti1, )

AT x ,
<w§:€W it Z qQ [1— ]l{nt :E” + wer) > l}pl (’yl,bl tDl(Z’ZDl,l‘Pt,’w 7'))] ‘/”fl((x”,(l 0,w,7)); xfl,'y) +

(1 - Z ql) 'Lt+1((£i,t7(070711}77—));3:5177)
and foﬁl(-; :cl-[fl, v) = 0. Note that if nt(c(i“ft) + we,) = 0, then no bid is placed, i.e.,

bftlz)( ?pfﬂ,wﬂ') =0forallle L.

Let X ZT iD (resp., X ,Zr t’D) denote the random history before season i (resp., within season i, before pe-
riod (i,t)) under policy m. Then, the expected cost under policy 7 in season i is E [Viﬁ’D(@ XZTID7 7(0)) ,

and the regret of policy 7 after I seasons is

M -
f<1

1
Regret”(r, 1;:7%) = S E [VE"(0; X7, ]
=1

s
Il
—
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Analogous to Lemma |2 in the static setting, the following result derives an upper bound on the

above regret.

Lemma 5 Let Wi (Tit) denote the random number of target impressions (resp., end time) of the
campaign that arrives in period (i,t). Then, there exists a constant Ko > 0 that is independent of 1

and T, such that the regret under any policy w after I seasons satisfies

Regret” (w, 1;4\) <
I T

. . 2
ZZQI (bZiﬁ) (XZiD,th’D, VV@t?ﬁ,t) — bz%,l (C(XZ-T;;D) + Wi,tefri,tw(o))> ] .

1t=11leL

1

The proof of Lemma [5]is similar to that of Lemma [2] and is therefore omitted for brevity.

4.3 Policy DYNBID

We refer to our bidding policy under dynamic campaign arrivals as DYNBID. This policy simply
modifies the BIDALLOC policy under static campaign arrivals as follows: In the exploitation phase
of each cycle s, for an impression that arrives from location | € L, place the bid bEtJ(C + wer;(s))

instead of the bid b}, ,(¢;;4(s)) under the BIDALLOC policy.

)

Upper Bound on the Regret of DYNBID: Theorem [4] below establishes an upper bound on the
regret under the policy DYNBID.

Theorem 4 Under Assumptions @ and@ the policy DYNBID sa,tisﬁeeﬂ
Regret” (DYNBID, I;y(o)) < K:+V1,
where K7 = KG(K5)2T\/T for constants K5 and Kg that are independent of I and T'.

The proof of Theorem [4] is similar to that of Theorem [1| and is therefore omitted for brevity.

Lower Bounds on the Regret Under Any Policy: The regret under any policy is Q(v/I) (resp.,
Q(I?/7)) when the total number of required impressions by campaigns in each season is no less than
(resp., strictly less than) the number of periods in the season, since the problem instance described in
Theorem [2| (resp., Theorem [3]) also serves as a special case of the setting of dynamic campaign arrivals,

where exactly one campaign arrives at the beginning of each season.

Remark 6: Consider the special case where all impressions arrive from a single location and the

win curve at that location satisfies the so-called “well-separated” condition defined in [Broder and

®As in Remark 3, under dynamic campaign arrivals too, we can show that the regret is O(T") and O(v/T log*(T))
under conditions similar to that in Theorem in Appendix]g The details are omitted for brevity.
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Rusmevichientong| (2012). Under this condition, the uninformative bid is precluded; thus, the platform
can exploit at the optimal bid based on the estimated win curve, and at the same time passively learn
the parameters of the win curve. For a policy that is similar to the “greedy” policy presented in
Section 4.2 of Broder and Rusmevichientong (2012)), we show in Appendix [H| that the regret over I
seasons is O(log I). [

5 Numerical Analysis

In this section, we numerically illustrate the performance of our policy on a realistic setup that is
based on our observations at Cidewalk. Section [5.1] describes our test bed. Section [£.2] discusses the
approximations we use in our numerical computations for the dynamic programs in our learning algo-
rithm. In Section we illustrate the rate of the regret under our policy with respect to the number
of seasons (I), the number of periods in each season (7"), and the number of locations (L). We also
consider the more-general setting where the unit penalty costs and the desired sets of geographical
locations (from which impressions are sought) differ across campaigns, and illustrate the rate of the
regret under our policy with respect to the number of seasons. In Section we numerically decom-
pose the total regret under our policy to assess how much of it is due to the approximations used in

our computations.

5.1 Test Bed

In our test bed, the information regarding the geographical locations and the win curves is obtained
from data made available by Cidewalk while the choices of the other parameters are based on our

observations at that company.

In our base setting, each season consists of two weeks and there are 10% time periods in each week.
Thus, T = 2 x 105, which implies that the duration of each time period is about 0.6 seconds. We
consider three locations from the Boston area; these are indexed by | = 1,2,3 and corresponding
to zip codes 02110, 02114, and 02116, respectively. The monetary unit in the data below is 0.1
cents. The win curve at location [ is p;(7y;, b;) = %;l = 1,2,3, where b € B = [0.3,8];
the true values of the parameters in the win curves are (y1,1,71,2) = (—2.281,0.705), (72,1,72,2) =
(—2.192,1.042), (y3.1,73,2) = (—1.905,0.876), and Fl(o) = [-8,—0.1] x [0.1,8]. Note that the true
values of the parameters in the win curves are unknown to the platform in advance. The duration of
a campaign is either one week or two weeks, and each campaign requires 80,000 impressions. In each
time period, an impression arrives from location [ € {1,2,3} with probability 0.01. In the base case,

the penalty cost of each unmet impression is 12.5; this cost is the same across different campaigns,

as is observed in the status quo at Cidewalk. Campaigns can arrive at the beginning of each week.
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Consider an arbitrary season: At most one campaign can arrive at the beginning of each week. At
the beginning of the first week, either a one-week or a two-week campaign can arrive; each of these
two events occurs with probability 0.45. At the beginning of the second week, a one-week campaign

arrives with probability 0.9.

We also consider a generalized setting where the unit penalty cost and the desired set of locations
may differ across campaigns: (i) the penalty cost of each unmet impression can take two values: 10
and 15. For a campaign arriving at the beginning of the first week, if the duration of a campaign is one
week (resp., two weeks), then the unit penalty cost is 10 (resp., 15). For a campaign arriving at the
beginning of the second week, the duration is one week and the unit penalty cost can either be 10 or 15.
(ii) Each campaign requires impressions from two out of the three locations; accordingly, there are
three desired sets of locations: {1,2}, {1,3}, and {2,3}. Thus, there are six possible campaign-types
at the beginning of each week. For an arbitrary season, at the beginning of the first week, at most one
campaign belonging to one of the six types can arrive; each of these six events occurs with probability
0.15. Similarly, at the beginning of the second week, at most one single-week campaign belonging to
one of the six campaign types can arrive; each of these six events occurs with probability 0.15. All

other details are the same as in the base case.

5.2 Approximating the Dynamic Programs in the Learning Algorithm

Recall that the clairvoyant problem in Section [£.1]is a DP with a multi-dimensional state space and
its optimal solution is used as a benchmark to compute the regret under our policy. In our numerical
study, instead of solving the DP optimally, which would require sophisticated and industry-strength
software, we solve a convex optimization problem whose optimal objective value is a lower bound on
the optimal cost of the clairvoyant problem. Also, recall from Section that at the beginning of
each exploitation phase, to compute the optimal bid based on the latest estimates, we need to solve a
DP with a multi-dimensional state space. Similar to the convex optimization problem to approximate
the DP of the clairvoyant problem, we define and solve a convex optimization problem instead of the
DP in the exploitation phase. The optimal solution of this problem is used to obtain the bid price
and allocation decision during the exploitation phase under our policy. Clearly, the expected cost
under these bid prices and allocation decisions is greater than the optimal cost-to-go of the DP. Thus,
through these two convex optimization problems, the regret we compute in our numerical study is an

upper bound on the true regret under our policy.

The technical developments of the two convex optimization problems are in Appendix [}
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Figure 2: Behavior of the regret with respect to the number of seasons, I.
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5.3 Behavior of the Regret with Respect to I, T, and L

We first examine the behavior of the regret with respect to the number of seasons, I. For each value
of I, we compute the average regret under our policy over 80 simulations under the base setting defined
in Section Figure |2 plots the logarithmﬂ of the average regret as a function of the logarithm of
the number of seasons, i.e., log(I), and also displays the corresponding best-fit line. Recall from
Section that we, in fact, compute an upper bound on the true regret under our policy. Also, recall
from Theorem [4| that the true regret under our policy is O(v/I). Thus, the slope of the best-fit line
would be close to 0.5 had we computed the true regret by optimally solving the DPs in our learning
algorithm. Instead, since the average regret we plot here is an upper bound on the true regret, the

slope of the best-fit line in Figure [2is higher (approximately 0.70).

Next, we examine the regret under our policy with respect to the number of periods in each
season (7T) and the number of geographical locations (L), by fixing I = 10 and varying T or L. The
values of all the other parameter remain the same as in the base setting defined in Section We vary
the number of periods in each week from 3 x 10° to 1.5 x 105, in increments of 3 x 10°. Thus, since each
season consists of two weeks, the number of periods in a season, T' € {6 x 10%,1.2 x 10%,--. |3 x 10°}.
Accordingly, we vary the required number of impressions by a campaign proportionately from 2.4 x 104
to 1.2 x 10°, in increments of 2.4 x 10%. For each value of T, we compute the average regret over 50
simulations. Figure [3| plots the logarithm of the average regret under our policy versus the logarithm
of the number of periods, i.e., log(T), and also the corresponding best-fit line. Recall from Remark 3

(and Lemma in Appendix |G]) that the regret under any policy is O(T") and note that the average

9Throughout our computations, logarithm refers to the natural logarithm, i.e., to the base e.
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regret we plot in Figure [3|is an upper bound on the true regret. Therefore, the slope (approximately
1.24) of the best-fit line is higher than the value of 1 suggested by our theoretical analysis. To examine

Figure 3: Behavior of the regret with respect to the number of time periods, 7', in each season.
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the behavior of the regret under our policy with respect to L (the number of geographical locations
from where impressions are sought), we vary L from 1 to 10 with (v;1,72) = (—2.281,0.705) for
[ €{1,2,---,10}. For each value of L, we compute the average regret over 50 simulations. Figure
shows the logarithm of the average regret under our policy as a function of log(L). Recall from
Remark 3 (and Lemma in Appendix |G|) that there exists an upper bound on the regret under any
policy that is independent of L. In line with that analysis, the slope of the best-fit line in Figure [ is
close to 0 (approximately 0.10).

We also examine the behavior of the regret with respect to the number of seasons, I, under the
generalized setting (defined in Section , where the unit penalty costs and the desired sets of
locations possibly differ across campaigns. For each value of I, we compute the average regret under
our policy over 80 simulations. Figure [b| plots the logarithm of the average regret under our policy
with respect to the logarithm of the number of seasons, i.e., log(I). Note that the FEFS property
(Section [2]) no longer holds and the allocation decisions become significantly more complicated under
the generalized setting for two reasons. First, since the unit penalty costs differ across campaigns, the
allocation decision — i.e., the campaign to which an acquired impression is assigned — depends not only
on the end times of the ongoing campaigns, but also on the unit penalty costs of those campaigns.
Second, we now need extra constraints to ensure that the acquired impressions from a location are
only assigned to campaigns which seek impressions from that location. Thus, as explained earlier in

Section [5.2] we solve convex optimization problems to compute an upper bound on the true regret
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Figure 4: Behavior of the regret with respect to the number of geographical locations (L) from where
impressions are sought.
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under our policy. In the generalized setting, the rate of increase in the regret with respect to [ is
higher than that in the base case; specifically, the slope of the best-fit line in Figure [5|is about 0.88
as compared to 0.70 in Figure [2]

5.4 Decomposition of the Regret

In the numerical analysis reported in the previous subsection, we computed the regret as the difference
between the expected cost under our policy and a lower bound on the optimal cost of the clairvoyant
problem. Thus, our (reported) regret is, in fact, an upper bound on the “true regret” under our policy.
A natural question arises: How much of the regret is the true regret under our policy and how much of it
is due to the use of a lower bound on the optimal cost of the clairvoyant problem (i.e., the gap between
the optimal cost of the clairvoyant problem and its lower bound)? Further, for the general setting
where the unit penalty costs differ across campaigns, recall from Section that we employ another
approximation: Since the FEFS allocation policy is no longer optimal, we instead define and solve a
convex optimization problem (based on the estimates of the parameters of the win curves) rather than
solving the DP in the exploitation phase of our policy. The optimal solution of this problem is then
used to obtain the bid price and allocation decision. This leads to another relevant question: How
much of the (true) regret is caused by learning (i.e., not knowing the parameters of the win curves)
and how much of it is caused by the suboptimal allocation of impressions? We examine both these

questions numerically on a test bed of instances for the general setting where the unit penalty costs
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Figure 5: Behavior of the regret with respect to the number of seasons, I, under the generalized setting
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differ across campaigns.

For brevity, we relegate the details of this numerical study to Appendix [M] and only offer a quick
summary of our results here. A substantial portion of the regret under our policy is due to the gap
between the optimal cost of the clairvoyant problem and its lower bound. Specifically, after the first
season, about 19% of the regret can be attributed to the use of the lower bound (instead of the optimal
cost); after 50 seasons, this increases to about 36%. Our analysis of the second question shows that
learning is the dominant cause of the regret. After the first season, about 85% of the regret is caused
by learning and at most 15% of the regret is due to the suboptimal allocation of impressions. As
time goes by, the learning of the win curves improves and we get progressively better estimates of the
parameters of the win curves. Therefore, the percentage of the regret caused by learning reduces over

time. After 50 seasons, about 66% of the regret is caused by learning.
6 Concluding Remarks

Our analysis in this paper is situated in the operations of a mobile-promotion platform that faces both
supply-side and demand-side uncertainties. Fach season, the platform accepts dynamically arriving
campaigns from individual advertisers — a campaign requires the platform to deliver a certain number
of mobile impressions from a set of locations over a desired time duration. The platform procures
impressions via real-time bidding on an ad exchange. The platform learns the win curves at the
various locations in real time based on the bids it places and the realized outcomes. Our two main
results are: (1) An Q(+/T) lower bound on the regret under any bidding and allocation policy, where I
is the number of seasons. (2) A bidding and allocation policy that offers a regret of O(v/I). Thus,
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ours is an asymptotically tight learning algorithm for the platform.

In our setting, the mobile-promotion platform uses the bid prices for the impressions (at an ad-
exchange) as a lever to learn unknown information on the supply side, namely the win curves at
the various locations of interest. On the demand side, motivated by the current practice of fixed
pricing of the campaigns, we assume that the campaigns arrive dynamically with a known probability
distribution. However, to better match supply and demand, the platform can exploit pricing as a lever
on the demand side. For example, the pricing of the campaigns may change dynamically depending
on the length of the campaign, the number of required impressions, and the number of remaining
periods in a season. The design of effective dynamic pricing schemes for the campaigns in conjunction
with the learning of the win curves is an important and challenging direction in which future work

can proceed.
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Online Appendix: Proofs and Additional Technical Results
Appendix A History h], = hf,(z;;) Corresponding to z;; and Policy 7 (Section )

For any z;; (defined in ) and (deterministic) policy 7, we show inductively that there is a unique correspond-
ing hT, = hT,(x;;), where h7, is defined in (I); see Section In period (1,1), for w11 = (Wi j,t14,t, ;1 <
J <my), we have hi ;(21,1) = x1,1. Let hft(ac”) be the history corresponding to z; ;. Then, the bid price in pe-
viod (,t) is by s = b, (AT (2i¢)) if (o = Lforl € £, and b; y = 0if (; ; = 0. The allocation decision in period (i, t)
is a; ¢ = af ;(h];(z;+)). Thus, if t < T, then for z; 41, we have AT, | (%i¢41) = (h;t(aci,t),Ci7t,bi7t,di7t,ai,t). If

t =T, then for x;1,1, we have
hivia(@ivin) = (hir(@ir), Gr,bir, dir, airs Wit s tiv g, tivr j 0 1 < J < miga).

Appendix B Obtaining the Number of Unmet Impressions ¢;(Z;;) of Each Cam-
paign (i,j) at the Beginning of Period (i,t), for a Given z;; (Sec-

tion

Recall from Section that (a) #;; denotes the history in season ¢ until the beginning of period (4,t) and
(b) ¢;(&;,+) denotes the number of unmet impressions of campaign (¢, j) in period (i,t), where ¢ < T'. For any

#; 1, we derive a recursive expression for ¢;(#; ). In period (i, 1), corresponding to &; 1 = 0, we have ¢;(0) = W, ;.

Recall that ¢(&;,) is the total number of unmet impressions at the beginning of period (¢, t) over all the ongoing

campaigns in that period.
o If ¢(2; 1) =0, then ¢;(&; 441) = ¢;(&5) for j=1,--- ,m;.

o If ¢(%; ) > 0, recall that the impression won in period (7,t) is allocated to the active campaign that ends
first, i.e., (4,9i+), where g;; = ming j)eg, ,j. For any [ € £ and j # gi+, ¢j(%it41) = ¢j(2i1). For any

le E’ Cgi (j:i,tv (07 0)) = Cg; ¢ (ii,ty (la 0)) = ngﬁ,t(iii) and Cg; ¢ (ii,f/’ (lv 1)) = Cg; ¢ (ii,t) -1

Appendix C Proofs of Lemmas (1| Through
We first establish two auxiliary results, Lemmas and which will be used to prove Lemmas 1] through
Lemma A.1 Foranyle L, b € B, a € R and v, € 'y, define the function

F1 (b, ) = pi(, b) (b — e — a).

Let b} (a,v) = argminy, ¢ g f' (b, o, v1). Thus, for F # 0, we have bipa(cisy) = b (o, ), where o = AVj 111(es59).
Then:

(i) For each (a,7y;) € R x Fl(o), bi (o, 1) is uniquely defined.
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(1) Let Uar, = {(oz,m) € [b™in —¢,0] x FZ(O) o™i < b (o, 1) < bmax}. For each (a,v) € Uar,,

Af (b, o, )
ob;

O* (b, a,m)

=0 and 5‘b12

bi=b; (a, 1)

> 0.

bi=b} (e, 1)

(iii) For each (c,v;) € Uar,, both b} (c,v;) and f (b} (e, v),, 1) are continuously differentiable in o and ;.
w) For each (a,v) € Uar,, by (o, V1) 1s increasing in «.

(iv) F h (o, ) € Uar,, b] (o, ) is i ing i

(v) There exists a Ko > 0 such that f'(b, o, 1) — fL(b} (o, ), o, ) < Ko(by — b (o, m))? for all b € B and

(a,m) € Uar,.

Proof of Lemma [A 1}

(1) Let (o, 1) € R x Fl(o). We have

ft(br, o, ) Opi(, br)
— —e— )2 A-1
9, p(v, ) + (b — e — @) o (A-1)
and
0% f by, e, v) Opi(vi, br) O*pi(y1, br)
5 Oy —9 3 b —e— Y PITL OU)
07 R G -
It follows that any b; € B with afl(lgib’lo‘m) = 0 satisfies the following:
% fH(by, a, v) _ 23171(’75,55) —pi(v,bt) i, by)
ablz Bbl 8pl (’}/l, bl)/Bbl ab%
_ (v, br) _2 _ pl(’Vlabl)a2pl(7l7bl)/ab12:|
ob | (Opi(y1,bu)/0br)?
_ Opi(, b) -1 n (Opi (i, b1) Oby)? — pu(1, b0) % pi (71, b0) /OB pulye, br)?
oy | (1, br)? (Opi(y1,b1)/0br)?
_ Ol b) [, 9Plog(pi(u, b)) pulusbi)? }
8bl L 8()12 (apl (’yl, bl)/abl)2
> 0.

The inequality holds since %bll’bl) > 0 by Assumption [1| (Section and %W < 0 by the log-

concavity of p;(v;,b;) with respect to b;.
Thus, f!(b;, o, ) either has a unique minimum b} (v, ;) € (™", p™*) with

ot (br, o, ) % f1 (b, o, 1)

=0 and
b, an ob?

> 0, (A-2)

bi=b; (1)

by=by (a,v1)

or is monotone on B and the unique minimum of f!(b;,,;) is on the boundary of B.
(ii) For (o, v1) € Uar,, since b} (a, ;) € (b™™, b)), we have

oft (b, a,m) O f (b, a, )

=0 and
b, 0 an av?

bi=bj (e, 1)

> 0 by (A-2).

by=b; (a, 1)

(iii) We first show that b} (v, y;) is continuously differentiable in o and «; on Uar, using the Implicit Function

Theorem (see, e.g., Theorem 9.2 in Munkres|2018). Notice that
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l
e By Assumption %{;L&w) in Equation (|A-1)) is continuously differentiable in «, 7, and b;, on the open
set R x 'y x (bmin pmax)

e By Lemma (ii), for each (o, vi) € Uar,, (o, 11, b (a, 1)) is a point in R x Ty x (b™, b™2%) such that

afl(bl»%%) 62fl(bl7047’}’l)

=0 and
ab; 0 an ov?

by =b; (o, 1)

> 0.
bi=by (a,1)

Therefore, by the Implicit Function Theorem, b} (a, ;) is continuously differentiable in o and ; on Uar, .
Next, we show that f!(bf(a,y1),q,7) is continuously differentiable in « and 7, on Uar,. The partial

derivatives of f!(b7 (v, v), , ) with respect to a and ~; are:

afl(bzs(Oé?/yl)aau/yl) _ 8fl(bl7aulyl) 8b;(aa’7l) + 8fl(bl7a7’)’l)

= —Pl(’Yz,bZk(Oé,’Yz)),

Ooa ob; bi=b? (@) Oa Oa bi=b? (@)
Oft (b () ) _ O (b, ) b} (a, ) . Of (b, o, )
O ob; bi=b (@) o o bi=b? (@)
Opi (1, br)

= (b (c) — e~ o)

M by (M)

By Assumption (1| and the fact that b)(c,7;) is continuously differentiable in « and -, on Uar,, the above

Aft(b; (), @) Aft(b] (am),am)
da

7 are continuous in « and .. Thus, fY(b](c,v), o, y) is

expressions of and

continuously differentiable in o and 7; on Uar,.
(iv) For all («, ;) € Uar,, we have

-1
awmﬁ0:_<Wﬂwam» ) O (by, o)
by =b; (e, v1)

da ob? olotele bi=b? (c 1) '
Note that W b () > 0 by part (ii) of Lemma and
L 1=b7 (a,m
% f(by, o, 1) _ Opi(m, b) 0
dbida ) =
t bi=bj (@) Lo Tbi=by (am)

The strict inequality holds by Assumption |1 Thus, we have W > 0, i.e., bf(a,~) is increasing in c.

82 l b . . .
W is continuous in «, v;, and b;, on the closure
1

3% fl (b, .
(v) Let K} := SUD (4, by) €l ar, x B W/Q. Since

of Uar, X B, which is compact, and w b () > 0 for all (a,v;) € Uar,, we have 0 < K} < oo. The
l 1=b] (a,m
Taylor expansion of f!(b,«,v;) at b, = b} («,;) implies that
% 8 ! b , O * *
fl(blvaﬁl) < fl(bl (e, M), ) + f(éibl%) (br = by (e, ) + K(l)(bl — b (04771))2
bi=by (a,71)

= fl(b7<a77l>7a77l) + K[l)(bl - bf(a»%))2~

Let Ko := max;ez Kj. Then, we have f!(b;, o, vi) — f1(b} (c, M), o, mi) < Ko(by — b} (a, 71))? for all | € L. [ |

Lemma A.2 Fori € {l,---,I},2<t<T+1,1<j<my, andy € TO we have b™ —e < Vi ,(ci;7) —

Vit(ci —ej;v) < 0 where ej is the unit vector of dimension m; whose jth component is 1.
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Proof of Lemma In the notation of Lemma let @ = AV, 441(¢s;7) and o = AV 441(e; —ej;y). For
each location I € L, b}, ,(ci;7) = bj (o, ) and b, ,(¢; — €557) = bj(a’, ;) are the optimal bids in period (i, 1)
at states ¢; and c; — e;, respectively.

The proof is by induction on ¢t. For t =T+ 1, V; r11(¢s;v) — Viry1(e; —ej;v) = 0. For 2 <t < T, suppose
that b™0 —e < V; 1 11(ci5y) — Vi1 (ci —€5;7) < 0. We now show that b™" —e < V; 4(ci;v) — Vii(ci —ej;7) <0
using the following three cases. Let JF; ;(c;) denote the set of all active campaigns in time period (,t) when ¢; is
the vector of the number of unmet impressions at the beginning of that period for each campaign in the season.
Among the active campaigns in time period (4,1), let g; +(c;) denote a campaign that ends first. For simplicity

of exposition, we drop the indices ¢ and ¢t of F; ; and g; + below.
o Case 1: F(c; — ej) # 0. Then, F(c;) # 0. We first show that Vi (ci;v) — Vit(ei — ej;7) > b™n — e

Vii(ei;v) — Vielei — ej57)
. { 2ree @i br) b — e+ Vippi(ei — egeni)] + }
= min o

(bfleBl?g} (1= 1er api(vi, b)) Vi e (i)

{ e api(vb)[br — e+ Vigri(ei — €5 — eg(ei—e;); v)] + }

min
0L (1= cr api(v, 00)]Vier1(cs — ej57)

(b1, ):
blEBl,le[,

> Z QZpl(’Ylv b?‘ (OZ, ’Yl))(‘/i,t+l(ci - eg(ci)) - ‘/i,t-l-l(ci — €5 — eg(ci—ej); 7)) +
lel
[1 = a0 b5 () | (Vi (€isy) = Vi (ci — €537))
lel
Z bmin —e.

The first inequality holds by letting b; = bj (cv,7;) and the second holds by the induction hypothesis.

Next, we show that V; ;(c;;v) — Vii(e; —ej57) <0

Vii(€isy) = Vie(e; — €557)
. { doter api(v b)) b — e+ Viri(e — egie); 7)) + }
= min -
%’Z‘éé’;i’é% (1= cr api(vi, 00)]Vitr1(es; )

min

{ ZleL QIpl(’Ylvbl)[bl —e+ Vz‘,t+1(Ci —€j — eg(ci—ej);’Y)] + }

%IZIGBL?& (1= 1er api(vi, b)Viisa(ei — e557)
< qul(% by (7)) (Vier1(ci — eges)) — Viir1(€i — €5 — €g(ei—e;); 7)) +
lec
[1 = > a0, () | (Viera(essy) = Vi (e — e557))
lec
< 0.
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The first inequality holds by letting b, = b7 (a’,~;) and the second holds by the induction hypothesis.
j

o Case 2: F(c; —ej) =0 and F(c¢;) # 0. Then, we have g(¢;) = j. We first show that V; ;(¢;;v) — Vii(ei —

ej;v) = b —e:
Vit(eisy) = Vie(ei — e5;7)
= Z qQ bﬂglfal Py )b — e — AVi i1 (essy)] + Viggr(€iiy) — Vigsr(ci — e557)
l L 1 1

= > a0, b7 (0, ) (07 () — €) + [ 1= > apu (3, b7 (e, ) | AVi g (i)
lel lel

> bmin —e.
The inequality holds by the induction hypothesis.

Next, we show that V; ;(cs;7) — Vii(c; — ej;v) < 0:

Vii(eisy) = Vii(e: — e557)

=Y a Juin pr(, b)lbr — e = AVigra(esy)] + Vigr(€isy) = Viera(ei — e537)
lec

<Y api (o, BB — e — AV (eis )] + Viega(eisy) = Viga(ei — e53)

leL
<0.

The last inequality holds by the induction hypothesis.
o Case 3: F(c; — ej) = F(e;) = 0. In this case, we have V; (ci;v) — Vit(ei — €5;7) = Vigpa(eisy) —

Vi.i+1(ci — €5;7). Therefore, b™® — e < V; ,(c;i;7) — Vii(ci — €5;7) < 0 by the induction hypothesis. W

Proof of Lemma In the notation of Lemma let @« = AViq1(ci;y) and let & = AV, 411(ci;9).
Then, b7, ;(ci;y) — bf ;1 (cis %) = b (o, 1) — bj (&, 41). By Lemma and Assumption [3, 6™ —e < a,d& < 0
and b} (o, ), b} (&, %) € (b™",p™3>). Thus, (o,v) € Uar, and (&,%) € Uar,. Since bf (o, ) is continuously
differentiable in o and ~y; on Usr, by part (iii) of Lemma and by the fact that the closure of Uar, is compact,

it follows from the first-order Taylor expansion that
167 (e, 1) — b7 (&, )| < Kl — &l + [lve — 3ull), (A-3)

for K > 0 that is independent of o, &, 7;, and 4;. We show by backward induction below (under the title
“Derivation of Inequality (A-4)”) that there exists x; > 0 such that

[Vie(es;y) = Vieles A)| < melly — A, (A-4)

where r; < (2K9 +1)T=1 — 1 for all t > 2 and a positive constant Kg.
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Combining (A-3) and , we have

b7 (e, i) = by (&, %)
< Kg(la =@l + llm = All)
< Kg(Vie(ein) = Viesa (e d)[+
Vigr1((ers o oyeg = 1oyem, );y) = Vigra((e, ooy eg = 1oy em, ;)| + [l = Aull)
< Kg (2[2Ko + )" = 1] v =4l + Iy = All)
< (B v =4l
where Ky :max{Qmaxlel;Ké,QKg—i—l}. [ ]

Derivation of Inequality (A-4): We show inequality (A-4) by backward induction on ¢. If ¢ = T 4 1, then
Viryi(es;v) = Virsi(es; ) = 0 and (A-4) holds. Let 1 <¢ <T. Suppose ({A-4) holds for ¢t + 1. We now show
that (A-4) holds for ¢.

[Vie(ci;v) — Vie(ess 9)|
H{F # 0} >, qming, e, pr(ye, bo)[br — e — AV 1 (e y)] + Vi (€s39) —
T # 0} 31 qming e, pi(3, b)) [br — e — AV p1(ei;9)] = Vieri(eis ¥)

< |2 auf () o) = S auf! 87 (@ 40), 6 40)| + meslly = 41
leL leL
< Kolla—al + Iy = 1) + rerally = 41

< Ko[|Viegi(essy) — Vigya(ess 3)| +

WVierr((er,ooieg =100 emy )iy) = Vi ((en, oo ooy = 1o ey )i 3] 4 (Ko 4 o) |y — Al

IN

Ko [k lly = Al + ket lly = AN + (Ko + meg1) Iy — Al

HtH’Y - ’A}/Ha

where k; = 2Kgki41 + Ko + i141. The second inequality holds since f!(b}(a,v;), o, v) is continuously differen-
tiable in v and ~y;, by part (iii) of Lemma Therefore, ), . a1 (bf (a, 1), o, ) is continuously differentiable
in a and 7. In addition, [p™" — e, 0] x I'©® is compact. It follows by a first-order Taylor expansion that there
exists Kg > 0 that is independent of «, &, 7, and ¥, such that

D af O () aom) = Y af (67 (6,40, &40 | < Koo — &l + Iy —A)).

leL lel

Next, we show that x; < (2Kg + 1)T~**! — 1 by backward induction on t. If t = T + 1, then 7,1 = 0. Let

1 <t <T. Suppose ki1 < (2Kg +1)7~t — 1. We now show that r; < (2Kg + 1)T—1H1 — 1:

ke = 2Kgkp1 + Ko + k1 < (2Kg +1) [(2Kg +1)7 7 — 1] + Ko < (2K + 1)T 71 — 1.

A6



Then, we have r; < (2Kg + 1)T=t — 1 for all t > 2. [ |

Proof of Lemma [2f We establish the result by showing that there exists a constant Ky > 0 such that

N 2| .
Vi (@i in,y) — Vie(ei(Zin);y) < KoE ZZQZ ( i (931 1, X] t) —bii e ( (XZ{);’Y)> X =%i
=t lel
(A-5)

Then, the regret under any FEFS policy 7 after I seasons satisfies

I
ZE[V;Tlm;xzflm@))—vi,l«wz»,l,-- Wimi? )]
ZE [ (0 X71,7) — Vi,l(ci(@)w(o))]

< KoE [izqu (b?,t,z (XprXth) — bl (ci(f(i’ft);’y(o))f] .

i=1 t=1 el

Next, we show (A-5) using backward induction on t. For t =T + 1, we have
Vir i (@ire1;%61,7) = Virs(ei(@iri1);v) = 0.
Let 1 <t <T. Suppose (A-5)) holds at t + 1, i.e.,

Vi1 @i wi1,7) — Vigra (€ @ie41);7)

T
. N 2] .
< KoE | 0 Y (07, (i X75) = 014 (eX70057) ) | Kign = Gin

i=t+11€L
Let ay = Vigpi(ei(ie, (1,0));7) — Vigsr(ei(@ie, (1,1));7) = AVigpa(ei(@ie);y). Then, b7, (ci(2ie);y) =
bf(ay,v1). By Lemma and Assumption [3| we have (o, ;) € Uar,.

e Case 1: If ¢(&;4) = 0, then we have

Vi (@i @i, y) — Vie(ei(@in);y)

ZQZ i1 ((@ag, (1,0))s 241, 7) + <1 - ZQI)ViTtH((ii,ty (0,0));zi1,7) —

lel leL
> @Viri(ei(@ig, (1,0)) (1 - qu> et (€i(Eie, (0,0));9)
leL leL
= Z q [‘/ijrt+1((i‘i,ta (lv O))a Ti1, ’Y) - ‘/i,t-‘rl(ci(ji,h (l5 0))7 ’Y)] +
leL
(1= 3 a) [V (s (0.0)):00.7) = Vi, 0.0
lel

=E {ViTtJrl(XiT,rtJrl; Ti1,7y) — %,tJrl(Ci(XiT,rtJrl);'Y)’ XzTrt = ﬁi,t}

T
. N 21 . N
< E | KE Z qu (ng,l(l‘z‘,hXth*) - bzgl(Ci(XZg)WD Xippr || XD = Bin
t=t+11eLl

AT



— KoF ZZqz(mm, )~ b (X)) | KT =

—t lel

The inequality holds by the induction hypothesis.

e Case 2: If ¢(Z;+) > 1, then we have
Vi (@i 2i1,7) — Vie(ei(@ie);v)

= Zlel(Vhbzt,l(mi,hiﬁi,t)) (07 (@i, &ie) — e 4+ Vi (@i, (1L1);31,7)] +

lel
ZQI [1—pr(v, 07y (i1, Bi0))] Vila (@i, (1,0))5 231, 7) + (1 - ZQl)VZZH((@,t, (0,0)); 24,1,7) —
leL lel
Z Q1 (1, b5 4 (i (24.0); 7)) [07 40 (c(i0);7) — € + Vigga (€a(@ig, (1,1));7)] —
lec
qu [1 = pi(s b;'k,t,l(ci(i'i,t%W))] Vitr1(ci(ig, (1,0)) (1 - Z%) it+1(ci(Eit,(0,0));7)
leL lel
= Z api (1, b?,t,l(:vi,l, Tit)) [VZrHl((fi,t, (L,1);w51,7) — Vigga(ei(Zig, (1,1)); ’)’)] +
lel
Z a [1—po(s 07y (i1, Bi))] [Vila s (Fes (1,0))s i1, 7) — Vi (i@, (1,0))59)] +
lec
(1 - Zm) Vi1 ((#6,2,(0,0)); 251,7) — Vg (cs(@4, (0,0));79)] +
lel
Z ap (v, b?,t,l(:vi,l, 2it))Vir1(ci(Zie, (1,1));7) + Z ap (v, b7y A(@in, 2a)) [bzu(xi,l, Tit) — 6} +
leL leL
Z qi [1 — Dl (’Wa b;:t,l('ri,la jjz,t)):l ‘/i7t+1(ci (i'i,ta (l7 0))a ’Y) -
lec
Z api (1, b;t,l(ci(fi,t); 7)) [bit,l(ci(iﬁi,t); 7) — e+ Vier(ei(@ie, (1,1)); ’Y)] -
lel
S @ [ =i b4y (i(@i4);7))] Vg (€i(@igs (1,0));9)
lec

=E [V?Hl(XiﬁtJrﬁxi,la’Y) - Vi,tJrl(Ci(Xz'T,rtJrl);’Y)‘ X:t = ii,t} +

D a0 07 (i1, #00)) (070 (@ins @00) — e = aa] =D @i, b (aw, ) b7 () — e —
leL leL

N 2| . N
<E | KE qul(mm, T = U (e KT ) | X | | K0 = e | +
i=t4+11€L

Ky ZQZ (b 11 (wia, &ie) — b?(alﬁz)f
leL

R 2
= Kok ZZ(H( (i1, X ) b:tl( (Xz{)§7)> X =%

i=t leL

The inequality holds by the induction hypothesis and part (v) of Lemma |
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Proof of Lemma For | € L, recall that %;(s) is the maximum-likelihood estimate of -; based on the
sk; observations corresponding to the placing of the exploration bids b, = (bf,--- ,b}") repeatedly s times.
We apply the Tail Inequality (Theorem 36.3 in [Borovkov||1998) on the finite-sample mean-squared error of
maximum-likelihood estimators. For any [ € £, Borovkov’s result guarantees that there exist constants 5; > 0

and Sz > 0 such that for any s > 1 and any € > 0, we have
Pr{[[3(s) = 1@ 2 ¢} < Brexp(=sBe?), (A-6)
when the following conditions hold:
(i) The family {Qf_’”’” T E Fl(o)} is identifiable.
(ii) For some z > ki, SUP, () E [HVIongl T )Hz} =K < 00.
(iii) Q?"’” (d) is differentiable in 7; on FZ(O) for any d € {0,1}%.
(iv) The Fisher information matrix I;(by, ;) for any ~; € F in (6) is positive definite.

The constants 57 and By depend only on z, ki, 5_"’7’, and Fl(o).

To use inequality (A-6), we first verify that the above conditions hold. Conditions (i) and (iv) hold by

Assumption [2| To verify condition (ii), recall that for any d € {0, 1}*,

QP le 2,67 )% (1 = pi (i, b)) %
Thus, we have
— kl _ _
Viog Q"™ (d) = Y [dyViogpi(y, bf) + (1 = dg) Vlog(1 = pi(, b)) ,
g=1
which implies
| 7108 @5 (@) < 3 [ 108 puou. B + ¥ o1 = puCau, B
o

Note that p;(v;,b) is continuously differentiable in v, on F ) and is bounded away from 0 and 1 by Assump-

tion ! Thus, Vlogpi(v,b)) and Vlog(l — pi(7,bY)) are continuous in 7; on the compact set Fl( )

. Conse-
quently, there exists a constant D such that HVlog Qf""”(d)H < D. Then, with probability one, we have

HVlog Qf_’m’ (d)Hz < D=. It follows that condition (ii) holds.

Next, we verify that condition (iii) holds. Note that p;(7;,b]) is differentiable in v, on I‘l(o) and is bounded

away from 0 and 1 by Assumption It follows that Q?mz (d) = ngﬂ:l pi(71,0)% (1 — py(1, 7)) 799 is also

0)

differentiable in 7; on Fz( and is bounded away from zero. Thus, 4/ g_"’"” (d) is differentiable in ~y; on FZ(O), ie.,

condition (iii) holds.
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Having verified conditions (i)-(iv) above, we now use - ) to show that there exists a constant K

mle —
B1/B2 > 0 such that E “ )H } mzP:

E {H%(s) - %(O)HQ] = /OOO Pr {HW(S) - V(O)HQ > u} dp < /OOO B exp(—sPap)dp = % = %

Letting Kmie = Y _1cp Kfnle, we have

. 2 . 2 Kl K
B |36 =0 ] = S8 i) - ol ] < 3 Fote = ke =
el leL

Appendix D Proofs of Theorems [2| and

Let o := 1/2; this constant plays an important role in the proofs of Theorems [2] and [3| Before we proceed to
establish Theorem [2| (resp., Theorem , we state and prove an intermediate result, namely Lemma (resp.,
Lemma , using the KL divergence as a measure of the difference between two distributions. Broder and
Rusmevichientong| (2012) also apply KL divergence to establish Theorem 3.1 in their paper. However, they
compute the KL divergence of the distributions of the demands (consumer responses to a sequence of prices)
under two different values of the underlying parameters, while we use the KL divergence of the joint distributions
of the outcomes of impression arrivals (uncertain but observable) and the winning of impressions (responses to

a sequence of bids) under two different values of (%)
The following definition is reproduced verbatim from |Broder and Rusmevichientong| (2012)) (Definition 3.2

of their paper), who attribute the definition in this form to Cover and Thomas (1999).

Definition 1 (Definition 2.26 in Cover and Thomas 1999). For any probability measures Qo and Q1 on

a discrete sample space Y, the KL divergence of Qo and Q1 is

s = K auone (48).

yey

Intuitively, if the KL divergence between two distributions is large, then they are far apart and easy to distin-

guish, and vice versa.

D.1 Proof of Theorem

Consider the problem instance defined in the statement of Theorem We compute the joint probability
distribution of the realizations of impression arrival and winning outcomes under a given parameter v € I'(0)
and policy m. We then compute the KL divergence of the joint probability distributions corresponding to two

different underlying parameters.

Recall that 7" = 1 in our instance; i.e., there is one period in each season. Let (; = 1 if an impression

arrives in season i and (; = 0 otherwise. Let d; = 1 if an impression is won in season i and d; = 0 otherwise.
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Let x; = (¢;,d;) denote the outcome in season i and X = {(0,0),(1,0),(1,1)} denote the set of all possible
outcomes in each season. Let x; = (ml 1< i < 1) denote the outcome in the first i seasons. Then, the bid
price in season ¢ depends on the outcome in the past ¢ — 1 seasons, denoted by b7 (x;_1). For any v € '® and

policy 7, let
i e

Q" (o) =] ([qu? (). 1) (1= PO (z_0). )| (1 q>1-<ﬁ) .

i=1
Note that this is the probability of observing the realization x; under policy 7 when the underlying parameter

is 7. Then, for any v € T(® the KL divergence of Q7" and Q7" is

KQr; = > Q" (x;)log (%”“)

x; eX? (wl)

The following result helps us make a connection between the regret of a policy 7 and the above KL divergence.

Lemma A.3 Let v =y + il‘l/‘l. For any I > 2 and policy 7, the following statements hold:
(i) Regret(m,I;~o) > 12\[IC( Q7).
(ii) Regret(m, I;50) + Regret(r, I; 1) > qrgiy exp(—K(QT ™ QT™)).
The proof of Lemma [A-3]is provided in Appendix [E] We now prove Theorem [2] using Lemma [A73]
Proof of Theorem |2 .: ) It is easy to verify that Assumptions I and I 2| are satisfied for the instance defined

in the statement of the theorem. Next, we show that Assumption [3]is satisfied as well. Since T' = 1 for the

instance, we have

b1 (ci;y) = argminp(b, v)(b — e) = argmin(1/2 — v +vb)(b — 2) = 3/2 — 1/(4y).
beB beB

Let b*(y) = 3/2 — 1/(47). Thus, b* () € [3/4,5/4] for v € [1/3,1], which implies that b*(y) € (b™*,bM2%) i.e.,

Assumption [3]is satisfied.

(ii) Using part (i) of Lemma[A.3] we have
Regret(m, I;70) + Regret(m, I;41) > Regret(m, ;) > \fIC( Q™).
Combining this inequality and part (ii) of Lemma we have

2[Regret(m, I;vo) + Regret(m, I;v1)]

> LVIR@™ Q™)+

> exp(—K(QT;QT™))

]
12(242)

Usap) KIQT ™ QF™) + exp(-K(QF ™5 Q7 ™))

=

v

=

vV
Y

—
o
—
o
g
(V)
SN—

All



The last inequality holds since K(Q77°;Q7™) > 0 and x + exp(—x) > 1 for any x > 0.

Inequality (A-7| 1mphes that at least one of Regret(m,I;vo) and Regret(m, I;y1) is no less than q2(‘2/;3)
Therefore, there exists v(®) € {79,71} such that Regret(n, I;+() > qQ(T\/;S). |

D.2 Proof of Theorem

Consider the problem instance defined in the statement of Theorem [3] Note that 7' = 2 in this instance; i.e.,
there are two periods in each season. Recall that ¢;, = 1 if an impression arrives in period ¢ € {1, 2} of season
i and (;¢+ = 0 otherwise; d;; = 1 if an impression is won in period ¢ of season 7 and d; ; = 0 otherwise. Let
Z; ¢ = (Git,d; ) denote the outcome in period (7,t) and X = {(0,0),(1,0),(1,1)} denote the set of all possible
outcomes in a period. Let x;; = (211,12, -+ ,%;¢) denote the outcomes until period t of season i. Then,
the bid price in period 1 (resp., period 2) of season i, denoted by b7, (®;—1,2) (resp., bf5(®:,1)), depends on
the outcome in the past i — 1 seasons (resp., plus the outcome in period 1 of season ¢). For any v € I'® and

policy 7, let

i—1
QT (i) = Py (wa) [T [PT (w30 P (3.5)]
i=1
Q75 (@i) = [T [P} i) Py (35)]
=1
where
u e - T —d- C'Z’l
Pl (x;,) = {qp(b;,l(wz—l,z)m)d“(1—p(b;,l(wz_l,z)m))l d“} (1—g)'~Cn

T, T = s —d- CE,2 —(s
Pl (w5 5) = [qz?(ba,g(wz,l),v)d“(l*p(b;,z(wz,l),’y))l d“] (1—g)' %

Then, for any v € I'©), the KL divergence of Q77" and Q7 is

10, 0 Qiy (ws,1)
K(Qiy: Q7)) = Z Q77" (i,e) log (M) :

@i EX2i—2+¢

The following result helps us make a connection between the regret of a policy 7 and the above KL divergence.

Recall that vo = 1/2.

Lemma A.4 Let v =9+ i]i2/7. For any I > 2 and policy 7, the following statements hold:

. 17 7 , K,)5/2 11/
(i) \/Regret(m,I;v0) > 672{/— 12Q75") — %'

- /
(1) Regret(m,I;~0) + Regret(m, ;1) > %GXP(—’C( ?’;U; }r,’;l))~

The proof of Lemma is provided in Appendix [F] We now establish Theorem [3] using Lemma
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Proof of Theorem (3| l: ) It is easy to verify that Assumptions I 1) and [2[ are satisfied for the instance defined

in the statement of the theorem. Next, we show that Assumption [3]is satisfied as well:

. 3y —1/2—qv?/4 —q/16 — 4
b;‘,u(l;'y) = arbg I;un(l/Q —vF+)(b—2— AV, 2(1;7)) = 7 / L é,y i al
c

bj2,4(1;7) = argminp(b,v)(b — €) = argmin(1/2 — y +7b)(b — 2) = 3/2 — 1/(47).
beB beB

Let bi(y) = 37_1/2_(”22/;1_‘1/16_(”/4 and b3(y) = 3/2—1/(4y). It is easy to verify that b} (v), b5 (y) € (b™in, pmax)

for v € [1/3,1], i.e., Assumption [3|is satisfied.

(ii) Using part (i) of Lemma[A.4] we have

7[1/7 (K4)5/211/7
T Ty) > T TR0 QI —
V/Regret(m, I; o) + Regret(m, I; 1) > +/Regret(m, I;70) > N K(QT5%:Q745") 9
Combining this inequality and part (i) of Lemma [A.4] we have
2v/Regret(m, I;y0) + Regret(m, I; 1)
7 11/7 (K4)5/2
> U7 0. ()TN K 0. )TY /9) 7T
= 62\/IT4 IC( 12 »=%[2 )+\/7496\/66Xp( ( 12 <12 )/ ) 124
Il/7 T T T (K4)5/2

> VEige (K73 QT3 + o(—K(QF @73)/2)) — 17
> |:\/K4 _ (K4)®/? ]11/7.

9616 124

The last inequality holds since K(Q77,°;Q75") > 0 and x + exp(—x/2) > 1 for any x > 0. Note that 5/6\7[
(K4)®/?

o >0for 0 < Ky < 7 Therefore, at least one of Regret(m, I;vy) and Regret(m, I;y1) is no less than

2
1[VEKy (K4)>/? 127 -
8 19616 124 '

Appendix E Proof of Lemma

We first derive some preliminary results that will be useful in establishing Lemma

Consider the instance of problem defined in Theorem Also, recall from Section that v9 = 1/2.

We make the following observations:

p(v,b) € [1/8,7/8] for any b € B and v € T(®) and hence
p(7,0)(1 = p(7,b)) > 7/64. (A-8)

e Let b denote the bid price in season 7 under policy 7. Since the target of each campaign can never be

exceeded, we can write the regret as:
Regret(r, I;49)
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1
= D_E[at7 = )p(y,8D)] ~ Lqmin{(b - e)p(v”,b)}

=1

I
=q) E[r(], /) = r(t* (), 7 M), (A-9)

1

.
Il

where 7(b,y) = (b —e)p(,b) = (b —2)(1/2 — v+ ~b) and b*(y) = 3/2 — 1/(4y) is the optimal solution

that minimizes r(b, ).

o b*(y0) =1.

e Since v <1, we have

|7*70| |V*70|
b*(y) — b = > : A-1
() =" (o)l = T > (A-10)

e The absolute difference |p(y0,b) — p(7, b)| satisfies:

Ip(70,0) — p(7,0)] = [v —0llb — 1] = [v — 70[[b — 0" (70)]- (A-11)

623(;2’7) = 2v > 2/3. Using this along with the fact that ar(b’v) =0 at b = b*(v), we obtain

2
/ / (b, ) ) tbdw
“(y) Jbe b2
/ / dbdv
*(v) Jb* ()

= (-5 (). (A-12)

r(b,7) = r(*(7),7)

| \/

3

Lemma below proves an inequality that will be useful in establishing Lemma In turn, Lemma will
be used to prove part (i) of Lemma

—v)?
v(l—v

©

Lemma A.5 For any w,v > 0, wlog(¥£) + (1 — w) log(1=%

) <

<

Proof of Lemma M: Note that for any p > 0, logp < p — 1. Thus, we have wlog(¥) + (1 — w) log(
w(§ =1+ 1 -w)(=

=) <
(w=v)*
) = S ]

Lemma A.6 For any v € T© > 1, and policy ,

Y. Q(mica) Y Q7 (wilwioa)log (W) < 2200 = D E 07, 70) — 16" (0). 20)] -

x;_1EXiI-1 ;X Q ($z|wz 1) 7

Proof of Lemma [A.6; We first derive an upper bound on ) . Q7" (x|zs—1)log (

er (ac7|m1 1))
Q7 7 (zil®i—1)

Z Q77 (ws|es—1)log (Q 770(%'%_1))

2eX Q (Ii|$i—1)

= apt 0 1)) tog (BB ) 401 = oo, 7)o (T )
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(p(70, b7 (®i—1)) — p(7, b7 (xi-1)))?
p(7, 0F (zi-1))(1 — p(7, bF (Ti-1)))

< a0 VT (@i-1) — p0 0T (@i-))?
= Sa00 = 7O (wi1) — b (00))?
< %Qq(% = )2 (r (0 (zi—1),70) — (6" (70),70))- (A-13)

The first inequality holds by Lemma The second inequality holds by (A-8). The second equality holds
by (A-11)). The last inequality holds by (A-12).

Using inequality (A-13|), we have

> QP @ien) Y Q" (il 1>1og<@f”°<xziwu>>

x;_,EeXi-1 z;EX Qz (-75%|w1—1)
= %qﬁo—vf Y QI (@ima)(r(] (Tiz1),70) — (5" (70), 70))
x;_q€eXi!
= 224010 — B[, 70) (B (0), 0] i

The proof of part (ii) of Lemma uses the following result, which we reproduce verbatim from Lemma
EC.1.3 in Broder and Rusmevichientong| (2012)). They obtain the lemma using Theorem 2.2 of | T'sybakov/| (2009).

Lemma A.7 (Theorem 2.2, Tsybakov 2009) Let Qo and Q1 be two probability distributions on a finite
space YV, with Qo(y), Q1(y) > 0 for ally € Y. Then for any function J : Y — {0, 1},

Qo =1} + Qi =0} > 5 exp(~K(Qo; Q1))
where K(Qo; Q1) denotes the KL divergence of Qo and Q1.

Proof of Lemma (i) We apply the Chain rule for KL divergence (Theorem 2.5.3 in [Cover and Thomas
2012):

>0
SCARCUED S DENCETIND i C L0y

i=1a;_,eXi-1 z;€X (x1|a:l 1)
I

< %2(70 —7)%¢ > E[r(57, %) — (b*(0),70)]-
i=1

The inequality holds by Lemma Thus, for v; = v + %I —1/4 using (A=9)), we have

7

7
> V0. )TV — 0. ()T
> o307~ @™ Q™) SVIK@QT™: Q7™

I
Regret(r, I;70) = qZE[T(b;T7’Yo) — (0" (70):70)]
i=1

(ii) We first define two intervals B, € B and B, € B:
B,, = b:|b(’y0)—b|§24]71/4 and B, := b:|b(’y1)—b|§%4171/4 .
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Note that B, and B,, are disjoint since [b*(y1) — b*(7o)| > \%;'yol = g7 using (A-10). Recall from (A-12)
that r(b*(7),7) — r(b,7) = +(b*(y) — b)%. For each v € {yo, 1}, if b ¢ B,, then

1 1
r(6*(v),7) —r(b,y) = Z(b*(v) = b)* > ————.
©* (), 7) = r(b,7) 2 507 (7) — ) SN
For any i > 1, let Jiy1 = 1{b],, € B,, }. Then, we have
Regret(m, I;70) + Regret(m, I;v1)

-1

>q> (E[r®].%) = (" (70),%)] +E [r(6F,,71) — (0" (m),m)])
i=1

I

1 = T,Y0 [T V[T
> QW z:: (QF {0711 & By} + Q701 ¢ By })

i=1

-1
1
- ™0 [T V1 [T : P
> q3(242)\/j ; (QF ™ {bI, € By, } + Q7" {b],1 ¢ By, }) [since By, and B,, are disjoint]
1 -1
— ™70 Jz =1 + ™Y1 Jz :0
Ty 2 (O e = 1)+ QI Ui = 0)
1 =

> g—— _ Y0, )T T
= T5242)/T 2 ;e’{p( K@QF;Q7™)) [by Lemma[A 7]

1 I—-1
>qg———=—exp(—K(Q7T7°: Q7)) [since K(QI7°: QT") is non-decreasing in ¢
VI
> _ 0. OTLY).
= q12(242) eXp( IC( I y ] )) u

Appendix F Proof of Lemma

We first derive some preliminary results that will be useful in establishing Lemma [A-4]

Consider the instance of problem defined in Theorem [3| Also, recall from Section [3.3] that v = 1/2.

We make the following observations:
o p(v,b) €[1/8,7/8] for any b € B and v € T'®) and hence
p(7,0)(1 = p(7,b)) = 7/64. (A-14)

o Let bf;,b7, denote the bid prices in season i under policy 7. Let r2(b,y) = (b — e)p(y,b) = (b —
2)(1/2 — v 4+ ~b). Then, b5(y) = 3/2 — 1/(4~) is the optimal solution that minimizes ro(b,7). Let
r1(b,7) = (b—e—AVi2(1;7))p(7,b) = (b—2—AVi2(1;7))(1/2—y+7b), where AV; o(1;7) = gr2(b3(7),7) =

—4(3 + 7)* Then bj(y) = 37_1/2_'”24;1_‘1/16_(”/4 is the optimal solution that minimizes rq(b,v). We

have
Regret(m, I; ’y(o))
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- 1M~ 1M~

1=

Elq(b7, — e — AV (1:9))p(v ¥, 07 ,) + (b7 5 — e)p(v'?, b7 )] -

lamin{(b— e = AV;2(17)p(v?,0)} + gmin{(b — e)p(+, )}]

Z T —e—q(bs — e)p(y\,07))p(v\ 071 + a(b] 5 — e)p(v\V, b7 5)| -

Iq mm{(b — e~ qmin{(b— e)p(v ., 0) (., b)} + ¢ min{ (b - e)p(v\?,b)}]

I
= Z a7y — e —gmin{(b — e)p(v”, B)Np(v V. bT1) + a0y — (v, b75)]

Iq mm{ (b—e—gmin{(b - e)p(v?,0)Np(?,b)} + ¢ min{ (b — e)p(v?, b) ]+

ZE qmln{(b —

=qZE[r1(b21ﬁ(

e)p(v?, )} — a5 — e)p(v ), 7)) p(v\?, b74)]

) = B, +

YOy = (637 ), ¥ (1 — ap(+©, b74))]

I
> & Y B[t ) e ()4 )

Since v < 1, we have

The absolute difference |[p(vo,b) —

Ip(70,b) — p(7,0)| = [y —

o L127) _ 95> 93 Using this,

b2

T2 (b7 7) -

Similarly, we have

and

v =0l o v =l
b5(y) — b3 = > :
[63(7) = b3(70) Ao © 2

p(7,b)| satisfies:

along with the fact that M =0 at b= b3(7), we obtain

/ / dbdv
b3 (v) Y b5(7)

*

r2(b3(7),7) =

Y
I Do

70||b— 1| = |7—’Yo||b— b§(70)| = |7—’Vo||b— b1 (v0) — q/4|.

(A-15)

(A-16)

(A-17)

(A-18)



Lemma A.8 For any v €T, i>1, and policy =, we have

Qi (wialwi—1,2)
Z Qi Y o(®iz1,2) Z Qi7" (xi1|®i1,2)log ( Ql;rl,'y e

i1, 2€X2i_2 z;1€X i,1 (mi,1|mi—1,2)

4
S q(vo — \/]E 7’1 i T.7%0) (W(’Yo)ﬁo)] + ;qg(% —7)3,

and

Q72" (wiplwi,1)
™0 (g, } : 70 (zi2|®s 1) log | 2 —C
>, Q@) Qiy" (wialwia) log ( Q73 (wizlzi)

z;, 1€X2’ 1 ;26X 0,2

4
S q(yo0 — \/IE [72(b75,70) — r2(b3(70),70)] + z

(0 —7)*

Q7 y° (Ii,l\wi—l,z)),

Qz'l’y(xi,1|wi—1,2)

Proof of Lemma |A.8: We first derive an upper bound on >« QZ’{Y" (@1|Ti—1,2) log (

) log (QZ’{VU (xi,1|wi—1,2)>
-1, el

QY (zin|Tiz1,2)

Z QKYO

z;1€X

(70,07 1 (®i-1,2))
(7, 07 (Ti-1,2))

(P(70, b7 (Ti—1.2)) — P(7, b7 1 (®io12)))?
= 0 @i1.2)) (1= p(, 071 (@i1.2)))

S ap(0, 01 (2112) — 0, V4 (@11.2))
= Caloo P00 (im12) — i) — /47

22400 = 1P (B @-1.2),70) — 7101 (), 10)) + 6% (0 =1 +
2240 = VA 0T (2i-1:2),7%0) — 716 (G0),70)) + 76 (0 — )%+

32\/5 )

1 p(’Yo,bf,l(mi—l,Q))>

> + q(l — p('yo,bzl(wiflﬂ))) log ( 1— p(’)/ b?rl(.’m,_l 2))

= qp(70, b7 1 (xi-1,2)) log (

IN

¢ (0 — )67 1 (wi—1,2) — b3 (70)]

IN

IN

@10 = 1?1 (07 (@im1,2), %) = 11(5 (30), 70)
248 2

4
<400~ 7)2\/T1(bZ1(wi—1,2),70) —r1(b7(70):70) + ;qS(% —7)°

The first inequality holds by Lemma The second inequality holds by (A-14). The third and fourth
inequalities hold by (A-17). The last inequality holds by (A-18)).

Then, we have

»Y0 . i
Z Qz 12(3137. 12 Z Qll 1‘11|x1 12)10g <%zl ((E11|wz 12))

x;_q,2€X212 z;1€X (xl 1|$z 1 2)

248 4
<—aw-77 ). QrYs(@ia 2)\/ 1071 (@i-1,2),%) = (b1 (30),70) + =4 (0 —7)*

7
®;_q,2€X2I—2

— 20— )E [\/ﬁ(b?lﬁo) — r1(bi (30),70)] + 2000 =)

7 7
248 4
< 7q Yo — \/E [r1(671,70) — r1(b3 (70),70)] + 7q3(70 —v)>.
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By Lemma we have

D Qi) Dl QT

Jlog Q75" (wi2l|Ti1)
1) log [ 22 T2l
’ Q7 (wi2l®i,1)

x; 1 €X2-1 ;26X
192 ) . ,
<—4(n0-")E [72(bF2,70) — m2(b5(70),70)]
248 4
<=-a(v0 - 12/E [ra(673,70) = r2(b3(10),%0)] + =a* (0 —7)* u

Proof of Lemma (i) We apply the Chain rule for KL divergence (Theorem 2.5.3 in |Cover and Thomas

2012):
K(Q75%:Q75)
I T
- - Ql’%(fciﬂwi 1,2)
=3 > QIu(micag) Y Qi,i%(ifi,llmi—l,Z)lOg(ley( | vt
=1 T 12€X21 2 wi,1€X le Li— 1,2
I T
x Q75" (wi2|®i,1)
S Q) Y QP (waleen) o (
1=1 ;1 €X2-1 ;26X Qi72 (xi’2|wi’1)
I
248
< 2200 =22 3 (VB 11071 20) — 010 20)] + /B [0t 70) = 72030000, 70)]
1=1

8
7(131(% —)?

I
?qwo —y)2Ver Z (E [r1(b71,70) — r1(b7(70),70)] + E [r2(b75,70) — r2(b5(70),70)] ) +

IN

=1

= 3[ _ 2
-4 (Yo —")

992 8
< 7\[(70 —7)2VT/Regret(, I;70) + ?q3

I(v0 —7)?

The first inequality holds by Lemma The last inequality holds by (A-15]).

For v4 = v + i[—2/7 and ¢ = K4I_1/7, we have

Rearet(r, T 2 gt x(@pani@pan) - LoV = D ey arg) - H0
egret(m, — = ; ——
& 00 = 999 qT (g — qp)2 L2 992 62yE, TP TTR? 124
(i) We first define two intervals B, C B and B,, C B:
. . * 1 . . * 1
B’YO =4qb: |b2(')/0) - bl < W and B’Y1 =4qb: |b2(’yl) — b| < W .
Note that B, and B, are disjoint since |b3(y1)—b5(70)| > L;ml = 7 [A-16)) that ro(b3(7),v)—

ra(b,7) > 1(63(7) — B)2. For cach y € {30,71}, if b ¢ By, then
ra(B3 (1)) — ralb) > 2(B5(7) =) =~
2(02(7), Y 200,y 3 2 e 3(242)]—4/7

For any i > 1, let J;y1 = 1{b], , € B,, }. Then, we have

Regret(m, I;70) + Regret(m, I;v1)
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Y
OO\Q

I—
Z [72(b7, 1.2,70) — 72(b5(70),70) | + E [r2(b]y 1 2,71) — r2(b5(71),71)])

243]4/7 Z WO H—l 2 ¢ B’Yo} + Qﬂ Wl{bz-&-l §é B'Yl })

S ey 4314/7 Z 12 {bl 12 € By} + Qiy {by1 2 ¢ By, }) [since By, and B,, are disjoint]

431-4/7 Z 2 {Jit1 =1+ Q7 m{le = 0})
1 -1
> a5 2 op(-KQE" QE) by Lemma 5]
= Q;S exp(—K(Q75°;Q7 ")) [since K(Q°; Q7 5™") is non-decreasing in i
243]4/7 2 , , , ,
T e (K(QT Q7). .

Appendix G Further Results on the Regret

In this section, we first establish an upper bound on the regret under any policy that is linear in T (i.e., the
number of periods in a season) and independent of L (i.e., the number of geographical locations from where
the impressions are acquired). Then, we consider the following setting of the mobile-promotion platform’s
problem: All impressions arrive from a single location that has the win curve p(v,b) = exp(v(b — €)), and
the start times and the end times of the campaigns in each season are ordered in the same way; that is, the
campaigns end in the order of their arrival. For this setting, we show that in Theorem [AT] that the regret under

our policy is (’)(\/T log? (T')). This result also allows us to analyze the setting where campaigns can start and

finish in different seasons (Theorem |A.2)).

Let P = {p1(v,b), -+ ,pu(7,b)} denote the set of possible functional forms of the win curves, where v
is independent of L. Thus, the win curve at each location has its own unknown parameters but the set of
possible functional forms of the win curves is fixed and limited. Let I'; denote the set of all possible values of v

for p;(7,b). Then, we have

Lemma A.9 For any policy w, there exists an upper bound on the regret that is linear in T and independent

of L. Precisely, Regret(m,1;7(0) < KoIT(b™* — b™™)2 and the constant Ko is independent of I, T, and L.

Proof of Lemma Using Lemma [2] we have

I T
SN a (VX7 KT = bha(e(X70i9)) ]

i=1t=11el
S KOIT(bmax _ bmin)Q'

Regret(m, I;7\?) < KoE
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Recall from the proof of Lemma that Ky is independent of T and

anj (b7 «, 7)

KO < sSup sup b2 /27

JE{1,- v} (a,y,b)€[bmin—e,0] xT'; X B
where f;(b,o,7) = p;(7,b)(b—e— ) is continuous in b, @ and ~y. It is clear that K is independent of L and T.

Consequently, the upper bound on the regret is independent of L and
Regret(m, I;4(9) = O(T). |
Next, we establish an O(v/T log?(T')) upper bound on the regret under our policy for a special setting.

Theorem A.1 Consider the following setting of the mobile-promotion platform’s problem: All impressions
arrive from a single location and the win curve at that location is p(7y,b) = exp(y(b —e€)) for b € B and
v eTO = [ymin qmax] “qphere 4™max > Amin s (- The start times and the end times of the campaigns in each
season are ordered in the same way; that is, the campaigns end in the order of their arrival. Then, for T > 3,

there exists a constant K19 > 0 that is independent of I and T, such that
Regret(BipALLOC, I;7(Y) < K19VIT log*(T).

Proof of Theorem Recall from equation @D in the proof of Theorem [1| that
2IT A .
Regret(BDALLOC, [;7() < (\/ <+ 1) Ko(K + K),

where Ky and K are independent of I and T'. We show that |b’f"t(c; v) = b5 (e )| < 2o T |ly—4] in Lemma

(3 — (,\/min)Q

below. Thus, K = 4log®(T)LKn./(y™™)* and Regret(BIDALLOC, ;7)) < K;oV/IT log*(T) for Ky =
- | ALKy,
(\@+ 1) Ko (K + 45t ). m

We now prepare the groundwork to state and prove Lemma Consider the setting defined in Theo-

remm Recall that ¢; + ; is the number of unmet impressions for campaign (i, j) at the beginning of period (i, t).
Then, the optimization problem of the clairvoyant problem for season 7 can be written as the following DP, in
which the state in any period (¢, t) is the total number of unmet impressions ¢; ; over all the campaigns that end in

or after that period; i.e., ¢;y = > ., <, ¢t . A formal description of this DP follows. Let C; ¢ := Zj,t > Wi
Ji= ==

j:ii,
denote the total number of required impressions for all the campaigns in season ¢ that end in or after period

(i,t), thus, ¢;+ < Ciy. Let C’n =5 >t W; ; denote the total number of required impressions over all the

j:t_L
campaigns that start in or after period (i, t), thus, ¢;; > C’i’tJrl. Ifc,r = C‘i’tJ’,l, then there is no active campaign
in period (4,t), and thus no bid should be placed in that period.

Next, we present some observations when c; ; > CA'i,t_H; these will be used in defining the DP recursion for

season i.

e Ifc; s > C; 441, then the optimal allocation policy assigns the impression won (if applicable) in period (i, t)

to the lowest-indexed active campaign that ends in that period. As a result, no impression is assigned to
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campaigns that end after period (i,t); thus, the total number of unmet impressions for these campaigns
in period ¢ + 1 is their total number of required impressions, i.e., C;j ;1. Thus, if ¢; > Cj 41, then the
state in period (i,¢+ 1) is ¢; ¢+1 = Cj 441, regardless of whether or not the platform wins an impression

in period (3,1).
o If ¢;y < Cj 141, then the state in period (i,t + 1) is either ¢; 141 = ¢;¢ — 1 OF ¢ 41 = Cite

o If, in period (i,t), an impression arrives from one of the locations in £, say [, and it is won, then
the state in period (i,t 4+ 1) is ¢; 441 = ¢ — 1.
o If, in period (4,t), no impression arrives or the arriving impression is not won, then the state in

period (¢,t+1) is ¢; 441 = C;¢-

We now formulate the DP. In the sequel, we drop the time index (¢,t) of ¢;; when there is no ambiguity.
Let Vj(c;y) denote the optimal cost-to-go function of the DP and let b;,(c;y) denote the optimal bidding
amount in period (7,t) when there are ¢ unmet impressions over the campaigns that end in or after period (3, t).
If c = CA’MH, then there are no active campaigns, and thus no bid should be placed (i.e., b} ,(c;y) = 0) and

Viit(e;y) = Vigg1(c;y). Otherwise, for ¢ > C’i,t+1, Vi.t(c;y) satisfies the following recursion:

For any ¢ > éq;’t+1,
1{c > Ci 41} [gp(7,0)(b = €) + Viu1(Cigrr57)] +
Vit(esy) = mingep{ 1{e < Ciq1}ap(7,0)[b— e+ Vigpi1(c— 1;v)] +
e < i} 1 —aqp(7,0)] Vier1(c7)
= gmingep p(7,b) b — e — L{c < Ci 141 }AVie41(c;y)] +

e > Cipp1}Vier1(Civgrrsy) + H{e < Ciip1 Vi1 (a),

where C; 741 =0, V; 741(¢;v) = 0 for any ¢ > 0, and

AVitr1(e;y) = Vigr(ey) = Viggi(e = 159).

The optimal bidding amount when an impression arrives is as follows:

For any ¢ > C'i,t+1,

b (c) = arg rginp(% b)[b—e—1{c < Cit1}AV 141(c7)] - (A-19)
S

Lemma A.10 Consider the setting defined in Theorem . For all v,5 € T©) = [ymin ymax] ¢ Citt1,

1<i<I,and1<t<T, we have

* * ~ 210gT R
|bi,t(63 v) = bi¢(e;9)| < (yminy2 ¥ =4l
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To establish Lemma we compare the optimal bidding amount defined in with the one under
the setting where there is only one campaign in each season that starts at the beginning of the season and
ends at the end the season. When there is only one campaign in each season, the optimization problem of the
clairvoyant problem for season i can be written as the following DP, in which the state in any period (i, t) is the
total number of unmet impressions ¢; ; of the campaign. In the sequel, we drop the time index (4,t) of ¢;; when
there is no ambiguity. Let f@',t(c; v) denote the optimal cost-to-go function of the DP and let Ei’t(c; v) denote
the optimal bidding amount in period (i,t) when there are ¢ unmet impressions. If ¢ = 0, then no bid should

be placed (i.e., l;i,t(O;’y) =0) and f/m(O;y) = 0. Otherwise, for ¢ > 0, f/i,t(c; ) satisfies the following recursion:

Viale) = qminp(3,0) [b— e = AVigsa(@)] + Viesa(e). (A-20)
where AV; 111(¢;7) := Vitr1(¢;y) — Vigra(c — 1;). The optimal bidding amount when an impression arrives

is bi 1 (c;7) = argminye 5 p(7,b) [b —e— AV (c 7)} -
Lemma A.11 For Cﬂ’iyt < ¢ < Ciy, we have Af/i’t(l;v) < AV (e 7).

Proof of Lemma In the notation of Lemma let & = AV;41(c;y). The proof is by induction
ont. Fort=1T+1, AVi,TH(l;’y) = AViri4i1(c;y) = 0 for all ¢ > 0. For 2 < ¢t < T, suppose that
AViii1(1;7) < AVigpi(e;y) holds for all Cjpyy < ¢ < Ciyyr. We show that AV;(1;7) < AViy(c;n) for all

Cit < ¢ < (¢ using the following three cases.

e Case 1: ¢ < C;441. In this case, we have

A‘N/i,t(h'}/) — AV, ()
= AVii1(1;7) + gminp(y,b)[b—e — AV 41(159)] —
AVipra(ey) — qlbréigp(% b)[b—e— AV ip1(c;v)] +

1{c>Ciy+1}g iréigp(% b)[b—e— AV, i11(c— 1;9)]. (A-21)

If ¢ > éi’t+1 + 1, then we have

AV, (1) — AV (c;7)

= AV 1 (L) + gminp(,b)[b— e — AViie1 (L)) -
AV i1(c;y) — qgéi]glp(Va b)[b—e—AViii(ey)] +
qgréigp(’y, b)b—e—AViii(c—157)]

< AVii1(1;9) + ap(y, 0% (o, 1) b (@, 7) — e = AVi 41 (1;9)] —
AV;r1(e;y) — qp(v, 0" (a, 7)) [b" (ar,7) — e — AVj p41(c5 )]

= (L= qp(7,b" (2, 7)) (AVi 41 (137) — AV i41(57))
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< 0.

The first inequality holds, since

gminp(y,b)[b — e — AVipsa(c = 157)] < gp(y, 0™ ™" — e = AVipy1 (e = 1;9)] < 0 [by Lemma[A.3.

The second inequality holds by the induction hypothesis.

If ¢ = Cj 441 + 1, then we have

AVi(1;7) — AVi(c;)
= AViga(17) + gminp(y,b)[b — e = AV 1 (159)] -
AVier1(e;) — quinp(y, )b — e — AViey1(67)]
(1= qp(7,0"(,7))) (AVi 41 (137) — AVigsa(c7))

<0.

IN

The second inequality holds by the induction hypothesis.

e Case 2: ¢ =Cj;41 + 1. In this case, we have

AV (L) — AVii(e;7)
= AVi4(1;7) + gminp(y,b)[b — e — AV, 41(157)]—
qgéigp(% b)(b—e) — Vist1(Cirt1;7y) +
1{c> éi,t +1}q géi]glp(% b)b—e—AVispi(c— L;7)] 4+ Vigyi(c—157)
= AVi4(1;7) + gminp(y,b)b — e — AV 1(1;9)] —
qminp(y,0)(b —e) + e > Ciy + Lpgminp(y, b)[b — e — AV ppa (e — 1))

Following an argument similar to that in Case 1 by letting AV; 441 (¢;v) = 0in (A-21)), we have Af/i,t(l; ) <
AVit(e; ).

e Case 3: ¢ > Cj 141 + 1. In this case, we have

AV 4(1;7) = AVii(c;y) = AV (1;7) < 0.
The inequality holds by Lemma [ |

Proof of Lemma Consider the setting defined in Theorem Let z; 1 = (bt —e) and p(z) = exp(z)
for z € Z = [y(b™™ — e),y(b™> — e)]. Let b}, denote the bidding price in period (4,t) under policy m. Then,
the optimization problem defined in Theorem ie.,

min E
mwell ‘

I T
(
1=

> r, - e)qdi,t]

1t=1
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can be equivalently written as

I T ;T
Zzzthdi’t] or grnellril E [Zzzﬁtqdi,t] .

i=1 t=1

Note that, for the clairvoyant problem, the optimal decision in any period (i,t) when there are ¢ un-
met impressions over all the campaigns that end in or after that period, denoted by zi*)t(c), is indepen-
dent of the parameter 7. Then, we have b},(c;v) = zf,(c)/y + e or zf,(c) = (b} (c;y) —e). Conse-

= %h — 4|. Similarly, when there is only one campaign in each season,

quently, |b;t(8; v) — b (e 9)

let Zi1(c) = ~(bii(c;y) — e) denote the optimal decision in period (¢,t) when there are ¢ unmet impres-
sions. In the notion of Lemma b 1(c;7) = b*(AV;441(c),7) and bit(c;7) = b*(AVir1(c), 7). Recall that
Af/i,t(l;'y) < AV, (¢;y) by Lemma In addition, it is straightforward that A‘Z‘yg(l;’y) < Af/i,t(l;q/) for
t > 2. Thus, we have AV 5(1;7) < AV;+(1;7) < AV;4(c; 7). Recall that b*(«, ) is increasing in a by part (iv)
of Lemma Thus, b;1(1;7) < bf(c;y) for all t > 1 and ¢ > Civ+1, which implies that % ;(1) < 2} (). In
addition, it is straightforward that z,(c) < 0. Thus, we have
|27 ()] . 1Zi1(1)]

=3 Iy =4l < ()2 Iy

We show by backward induction below (under the title “Derivation of Inequality (A-22)”) that

{b;t (67) — b;t (9)

Zi(1) > —log(T —t+1) — 1. (A-22)
Thus, |%1(1)] < 21og T and [b,(¢;7) = b7, (;9)] < &bz ly — Al ]

Derivation of Inequality (A-22): When there is only one campaign in each season, for any ¢ > 1, the optimal
cost-to-go function V; ;(c) in (A=20) satisfies the following recursion:

7‘/;,15(0) = rzrél? qp(z) [Z - ’YAVi,tJrl(C)} + 7‘71‘,t+1(0)-
Then, the optimal decision Z; +(c¢) in period (i,t) at state c¢ is

Zi(c) = argminp(2) |2 = YAV 111()] - (A-23)
z€Z

Solving (A-23)), we have
Zi(1) = YV (1) — 1.

Combining with 7V; ¢(1) = gexp(Zi.+(1))[Zi.¢(1) = YVis1(1)] + Vi1 (1), we have 2, (1) = —1 and %, (1) =
Zi1(1) — gexp(Z;4(1)). We show that Z; (1) > —log(T — ¢ + 1) — 1 by backward induction. When ¢ = T, we
have

Zir(1) =—1=—log(T —-T+1)— 1.

Suppose Z; ¢41(1) > —log(T —t) — 1. We show that Z; (1) > —log(T — ¢t +1) — 1:
Zit(1) = Zip11 (1) = gexp(Zip41(1))
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Y

gi,t-i-l (1) — exp(gi,t-i-l (1))

> —log(T' —t) — 1 —exp(—log(T —t) —1)

v

—log(T' —t+1)—1.

The second inequality holds since z —exp(z) increases in z for all z < 0. Let y = T —¢ > 1. Showing the validity

of the third inequality is equivalent to showing

1
~logy — 1 - exp(~logy ~ 1) > ~log(y +1) ~ 1 & log(*- =)y > exp(-1)

Since log(%)y increases in y for y > 1, we have
1
log(XL= 1)y > log2 > exp(~1). ]
Yy

We now discuss the advantage offered by the single-location and exponential win-curve assumptions. To
establish the upper bound O(\/T log2 T) on the regret in Theorem we use a DP, which defines the optimal
bidding amount for the clairvoyant problem, to derive an upper bound on the difference between the optimal
bids under two arbitrary parameters of the win-curve. We show that this upper bound is O(logT') times
the absolute difference between the two parameters (Lemma A.10). The single-location assumption and the
exponential win-curve assumption help us establish certain properties of the optimal bidding amount, which in
turn help us prove the upper bound in Lemma A.10. More specifically, under the single-location and exponential
win-curve assumptions, we can isolate the win-curve parameter from the optimization problem through a linear
transformation of the optimal bidding amount to show the following property: For two arbitrary values v and
4 of the win-curve parameter, the difference between the corresponding optimal bids, i.e., b} ,(c;v) — b} ,(c; )],
equals % |7 =4I, where 27, (c) is the optimal decision in a new problem that is independent of the win-curve
parameter. This property, together with the exponential win-curve assumption and the monotonicity of the
optimal bidding amount with respect to time period ¢ and the remaining number of unmet impressions ¢, helps
us derive an O(logT') upper bound on |z},(c)|. In general (i.e., without the single-location and exponential

win-curve assumptions), we are unable to establish this result.

Theorem also lets us address the setting where campaigns can start and finish in different seasons.

Theorem A.2 Consider the following setting of the mobile-promotion platform’s problem: All impressions
arrive from a single location and the win curve at that location is p(y,b) = exp(y(b —e€)) for b € B and
v eTO = [ymin Amax] - gphere 4yMaX > Amin > (. The start times and the end times of the campaigns are
ordered in the same way; that is, the campaigns end in the order of their arrival (the campaigns can start and

end in different seasons). Then, for I > 3 and T > 3, we have
Regret(BIDALLOC, I;7(?) < K11VTlog?(I),
where K11 = 4K10\/T10g2 T for constant Ko that is independent of I and T.
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Proof of Theorem Consider the I seasons as one dummy season consisting of IT periods. Then, by
Theorem [A1] we have

Regret(BIDALLOC, I;7\?) < K1oVIT log*(IT) < K11V 1log?(I),

where K1, = 4K10\/T10g2 T. |

Appendix H The Well-Separated Case

In this section, we consider a “well-separated” setting defined in Broder and Rusmevichientong| (2012)); see
Assumptions [5] and [6] below. We assume that all impressions arrive from a single location. In section we
show that the regret under any policy is Q(logI) under the well-separated condition. Then, in section
we propose a policy similar to the one presented in [Broder and Rusmevichientong (2012)), which achieves a
matching upper bound on the regret, i.e., the regret under that policy is O(log I).

Let v € I'®) C R denote the unknown parameter of the win curve p(v, b). Recall that Q7 is the probability
distribution of the outcome D of the winning of impression for a given bid . Under the well-separated condition,

the win curve satisfies the following two assumptions.

Assumption 5 For all bids b € B,
1. The family of distributions {Q%" : v € T} is identifiable.

2. There exists a constant ¢y > 0 such that the Fisher information I1(b,7), given by

2

)
I = |- logQ"(D
(b,7) e 0g Q"7 (D)

satisfies I(b,y) > ¢y for all v € T,

Assumption 6 For any sequence of bids b = (by,--- ,by) € B* and d € {0,1}*, —1log Q¥ (d) is conver in v
for 4 € T,

H.1 Lower Bound on the Regret

In this section, we derive an Q(log I) lower bound on the regret under any policy.

Theorem A.3 Consider the following instance of problem (P): B = [5/8,7/8], r® =12,3,e=1,T=1, and
I > 2. There is only one location, i.e., L = 1. In each period, an impression arrives with probability ¢ > 0. The
probability of winning an arriving impression under a bid price b € B = [b™1, bm3X] 45 p(vy,b) = —1/2 + (by)/2.
There is one campaign in each season and the required number of impressions is no less than the number of
periods in the season, so that the target of the campaign can never be exceeded. Then, for any policy w setting

bids in B, there exist v € IO and a constant K3 > 0 that is independent of I, such that

Regret(m, I;v) > Ky3log(I).

A27



Let 7(b,v) = (b—1)[—1/2+ (by)/2]. Then, b*(y) = 5 + % minimizes r(b, 7). Lemmabelow is used in
the proof of Theorem [A-3]

Lemma A.12 Consider the problem instance defined in the statement of Theorem 5 above. Let 4 be a random
variable taking values in T(©) = [2,3], with density p : T(©) — R given by p(v) = 2{cos(w(y — 5/2))}>. Then,
for any bidding policy ™ and any season i > 1, there exists a constant K12 > 0 such that

E[07(3) —bir)?] 2 Ko,

where b1 is the bid placed by m at season i + 1, and E[-] denotes the expectation with respect to the joint

distribution of b; and the prior density p of the parameter 4 € T(0),

The proof of Lemma is similar to the proof of Lemma 4.6 in |Broder and Rusmevichientong| (2012), and
thus is omitted for brevity.

Proof of Theorem It is straightforward to check that

r(b,7) = r(b*(7),7) = (b"(7) — b)*.
Then, we have

sup Regret(m, ;)
yer©
-1

>q sup > Elr(bit1,7) —r(b"(),7)]
vEr® iy

-1

> 43 Elr(bin, ) — r(b(3),9)]
i

> QZEW’*(’?) —bit1)’]
- -1,

> qKqo ; A

> Kz log(I),

where K13 = ¢K15. The fourth inequality holds by Lemma |

H.2 Upper Bound on the Regret

In this section, we present a bidding policy similar to the pricing policy presented in |Broder and Rusmevichien-
tong (2012)), and show that the regret under our policy is O(logI). Let 7 denote the bidding policy defined

below.

Inputs: An initial bid b, € B.
Initialization: When the first impression arrives, place the bid b; and observe the corresponding outcome Dj.

Description: For 7 > 2, when the 7" impression arrives:

A28



e Compute the maximum-likelihood estimate (7 — 1) given by

A(r —1) = argmax Q™7 (D).
ryeI‘(O)

where D,y = (D1, ---D,_1) denotes the observed outcome under policy 7 for the first 7 — 1 arrived

impressions and

Q"(D H 1),7) 77 (1 = p(OE(Ds—1), 7))~ 77]
is the probability of observing the realization D, _1 under policy m when the underlying parameter is -.

o Let (i(7),t(r)) denote the period when the 7¢* impression arrives. Place bid bi[(’T) t(ny(ctwer; (7—1)) (see
Section [4) based on the estimate (7 — 1).

Next, we show the regret under policy 7 is O(logI).

Theorem A.4 Under Assumptions (1] [{ [3, and[6, For any initial bid by € B, T > 3 and I > 3, policy &
satisfies

Regret(7,I; ) < Ky7log I,
where K17 = K16(K5)*T log(T) for constants K5 and K¢ that are independent of I and T.

Lemma below is used in the proof of Theorem [A4]

Lemma A.13 (Theorem 4.7 inBroder and Rusmevichientong|2012)) Let 4(7) be the maximum-likelihood
estimate based on the observed outcomes for the first T arrived impressions. Under Assumptions[], [{} [3 and|[8,

there exists a constant ¢y such that for any > 1, v € T and e > 0,

N . 4 1
Pr{|3(r) =7 | > e} < 2exp(—rene®/2) and E[[3(r) =+ O*] < P
Proof of Theorem [A 4k
Regret (7?,[;7(0))
2
< KoE lzz (bﬂ P XZT1D,XZrtDaW t> Tit) — ( (XW D) + Wi,teﬂ,t§’7(0))) ]
i=1 t=1
. 7 .- - 2
< Ko = 0™0)2 4 KoE | 3 (65, (e(X]}7) + Wigers i 4(r = 1) = b5, («(XT7) + Wigeriin®)) ]
T=2

S Ko(bmax _ bmin)2 + Ko(K5)2TE

T-1
> (B - v(o))ﬂ
T=1

) 4 IT 1
< Ko(bmax o bmm)? + Ko(K5)2T7 Z —

Cc T
H =1

- 4
< Ko(b™™ — p™in)? 4 KO(K5)2TE[1 + log(IT')]
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< K+ K15(Ks5)* log(T) log(I)

S K17 ]-Og(-[)7

where K14 = Ko(bm® — p™in)2 K5 = 16Ko/cy, and K17 = (K14 + K15)(K5)?T log(T). The first inequality
holds by Lemma [f] The third inequality holds by Lemma[4 The fourth inequality holds by Lemma Let
K16 = K14 + K15. This completes the proof of Theorem [A74] [ ]

Appendix I Analysis of the Regret Under a Given Allocation Policy

In this section, we consider a setting where we are given an arbitrary and non-anticipating (deterministic)
allocation policy in the set ® (defined in Remark 5 of the main paper). Specifically, the active campaign to
which an impression acquired in period (¢,¢) from location ! is assigned (i.e., the allocation decision a; ;) is
deterministically defined based on the history in season 7 until the beginning of that period, i.e., #; ;. Examples
of such allocation policies include the FEFS policy and the policy that allocates an acquired impression to the
active campaign with the highest ratio of penalty cost to the remaining duration of the campaign. Given any

such allocation policy, the platform only needs to determine its bidding policy.

For convenience, we now recall the formulation of the platform’s problem where the penalty costs are

min

different across campaigns and the given allocation policy belongs to the set ®. Let e; ; € [e™", e denote

max]
the unit penalty cost of campaign (4,5). The total expected cost (i.e., the bidding cost plus the penalty cost)
under policy 7w after I seasons is

I T +
ZE ZZMH{@—Z}@#Z[ i =Y G =Udig M ain =5} el - (A-24)

t=11leL t=11eL
Recall that, for any campaign (4, j), it is optimal for the platform to not assign more than W; ; impressions
to that campaign. We let IT denote the set of all non-anticipating policies satisfying Zle Yoier HGie =

1Yd; 1{ai =7} < W, ; as. for all (4,7) € Cr. Under any policy 7 € II, we can rewrite the total expected cost

in (A-24) as

! [ T i T
DB 0 MG =i+ Y =3 MG =iy I{aie = 5} | eiy
i=1 | t=11leL j=1 t=11eLl
I I m;
Z Zzbztll{glt*l}dzt_zzl{gt*l}dltzezjl{aztl*.7} +Zzezj %7
=1 t 11lel t=11el i=1 j=1
I I m;
=K Z Z Z it ei,ai‘t,a)qldi,t + Z Z 67;’]'WZ
i=1t=11lel i=1 j=1

The second equality holds, since E[1{¢;; = I}] = ¢;. Thus, the platform’s problem can now be equivalently

written as




We consider the clairvoyant problem in season i and formulate a DP that defines its optimal cost. For
a given allocation policy ¢ in @, let af’t’l(ii’t) denote the active campaign to which an impression acquired
in period (4,t) from location [ is assigned. For ease of exposition, we henceforth drop the superscript ¢ in
af’t 1(Z4,¢) when there is no ambiguity. Recall that c(&;,) is the associated total number of unmet impressions at
the beginning of period (4,t) over all the ongoing campaigns in that period. Let V; ;(£;+;7) denote the optimal
cost-to-go function of the DP and let b7, ;(%;+;) denote the optimal bid price at location [ in period (i,?) in

state ;. Then, V; (%, ;) satisfies the following recursion:

Vit (Ziesy)
l{c(ii,t) > 1} Zle[ QZpl(’ylv bl) [bl - ei,aiyt,l(ﬁri,t) + ‘/i,tJrl((ii,ta (lv 1))’ 7)} +
= min Douce @[l —1{e(@is) > 1o, b)) Vi1 ((Zie, (1,0))5 ) +

(b1, ,bL):
bieB,lEL N
R (1= Sies @) Viasa (0, (0,0));9)

=1{c(&is) > 1} > aq Juin py (7, b) b1 = €iar i (a00) — AVi1 (&, (1,0));7)] +
lec 7!

Z%W,t+1((§7i,ta (1,0));7) + <1 - Z%) Vi1 (24,2, (0,0))57)

lel leL

and V; 741(+;y) = 0, where

AVi 1 (Zie, (1,0));7) = Vg1 (Zae, (1,0));7) = Vieg1 ((Eae, (1, 1))57).

For ¢(%;+) > 1, the optimal bid price when an impression arrives from location [ € L is as follows:

b;‘k,t,l(i"i,t;’Y) = arbg n;inpl(m, bl) [bl — Cia; 1 (Rig) T A‘/z‘,t-s-l((fi,t, (la 0))%7)] .
€

Lemma A.14 Foralll € £, v,5 € T, c(@4)>1,1<i<I,and 1<t <T, there exists a constant Kig >0
such that

|05 4 (@i57) = bl a (@i, 9)| < Kaslly = Al

The proof of Lemma is provided in Appendix [J|
When « is unknown, conditional on z; 1, the expected cost-to-go in season 7 for state Z;; under policy m,

denoted by V7, (Zi45i1,7), satisfies the following recursion:
Vzrt(ii,t%xi,lﬁ) =
He(Zie) > 1} ZQZPZ(%bf,t,z(Ii,lai’i,t)) (07 1 (@i1s &it) = €0, 1 (a00) + Vi (Eaes (1,1));260,7)] +

lel

Z @ [1 = 1{c(Zi¢) > Lpi(n, bf (i, Ziy))] Vi1 (@i, (1,0); 241,7) +
lec
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(1 - Z QZ> i t+1 xz,h (07 O))a Ti,1, ’Y)a

leL

and V77 (5 2i1,7) = 0.

Under policy m, recall that X7 is the random history until the beginning of season ¢ and X;ft is the random
history in season ¢ until the beginning of period (i,¢). Then, the expected cost under policy 7 after I seasons is
Zle E [ 0 X7, 7(0))] and the one under the optimal policy of the clairvoyant problem is Zle Vi (0; 7Oy,

and thus the regret under policy 7 after I seasons is:

I
Regret(m, I; 7)) = ZIE [Vfl((Z);XZl,’y(O) } ZV 1(0; 4O,
i=1

Lemma A.15 There exists a constant K19 > 0 such that the regret under any bidding policy 7 after I seasons

satisfies
I T R R )
Regret(ﬂ',I;’Y(O)) < Ki9E lZZqu (bZt,l(X;bX;tW(o)) — b;‘k,t,l(thW(o))) ‘| .
i=1t=1leL

The proof of Lemma is provided in Appendix [J|
Consider a new policy denoted by 7, where the given allocation policy is an arbitrary policy in ®, and the
bidding policy is similar to the one in BIDALLOC except that the bidding amount in the exploitation phase of

cycle s is replaced by b}, ;(#;,4;9(s)) based on the vector of estimates 4(s). Then, we have
Theorem A.5 Under Assumptions[1], [4 and[3, the policy 7 satisfies
Regret(7, I; 'y(o)) < Ko V1,

where Ko7 = K20K19(K18)2ﬁ for constants K1 and K9 that are independen of I, and Koq that is inde-
pendent of I and T.

The proof of Theorem [A-5]is similar to that of Theorem [I} and thus is omitted for brevity.

Appendix J Proofs of Lemmas |[A.14] and |A.15|

First, we show two lemmas that are used to show Lemmas [A.14] and [A-T5]
Let Z; ; and #;, denote two histories in season ¢ until the beginning of period (4,t). For ease of exposition,

we drop v in V; ¢(Z:4;7) and b, ;(2:4;7) in Lemma when there is no ambiguity.

0Here, the allocation policy is arbitrary. Therefore, the values of the constants K19 and Kig may depend on the given
allocation policy, which may also depend on T'. Since the allocation policy is arbitrary, it is difficult to isolate the exact
dependence of K19 and Kis on T'. When the allocation policy is FEFS, we have K19 = Ko and K15 = (Kl)T7 where Ky
and K are independent of I and T
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Lemma A.16 Fori € {1,---,I},2 <t < T+1, and v € IO, there exists k; > 0 such that Vit (Zi4) —

Vie(Zi)| < ke. Let Koo = maxy k. Then |Vi((Ti¢) — Vie(Zie)| < Koo.

Proof of Lemma [A.16} The proof is by induction on ¢t. For ¢t = T + 1, |V; r41(&i4) — Viry1(&:4)| = 0. For

2 <t < T, suppose that |V;41(Zi41) — Vite(Zit+1)| < kiy1. We now show that |V ((Z:0) — Vie(Zi)| < ke

using the following four cases. For simplicity of exposition, we drop the indices ¢ and ¢ of a;+; and b}, ; below.

e Case 1: ¢(%;4) > 1 and ¢(Z;,) > 1.

Y

Vie(@in) —

min

(b1, ,bL):

bieB;leL

min
(b1, ,br):
bieBleL

Via(Zit)

ZZ£ Qp(v,01) [br = €30,(3,.0) + Vi1 ((Zie, (1,1)))] +
S

> ar[1=pi(v, b)) Vi1 (465 (1,0))) + (1 = > @) Vigr1((Z46,(0,0))) B
leL leL

Z QIPZ(')% bl) [bl - ei,ul("i:i,t) + m,t—‘,—l((i’i,ta (la 1)))] +

leL
> a1 =iy, b)) Vi1 (246, (1,0))) + <1 =2 @) Vier1((%i, (0,0)))
leL ler

D a0, 07 (#,0) Va1 (s (1,1))) = Vi ((Fae, (1, 1)) + ™™ — ™ 4

leL

D @[t = pi b (#0)] Vi (s, (1,0))) = Visa ((#i, (1,0)]+

leL

(1—2%

el

> Vit41((Zit,(0,0))) = Vit1((Zi,¢, (0,0)))]. (A-25)

The inequality holds by letting b; = b} (Z;,4).

IA

Vit (@it) — Vie(Zie)

min
(b1,+-,br):
biEBlEL

min
(b1, ,br):
bieB,lEL

> api(vi, br) [bl — €iay(4) T Vi1 ((Zies (4, 1)))] +
leL

S all — (v b)) Vies1((Zig, (1,0))) + (1 — > @) Vier1((Zi, (0,0))) -
lec lec

> api (v, b0) [br = €., + Vier1 ((Ei, (1,1))] +

ler
> (L= pi(, b)) Vi1 ((Fie, (1,0))) + (1 =2 @) Vigr1((Zi, (0,0)))
ler leL

D a0 0 (@) Va1 (s (1,1))) = Ve ((Fae, (1, 1)) + €™ — ™

lel

> @[t = pin b7 (@0,0)] Vi (Eies (1,0))) = Vi (.0, (1,0))]+

leL

-

el

) Vii+1((Zie, (0,0))) = Vi g1 (24,6, (0,0)))]. (A-26)

The inequality holds by letting b; = b (#;). Combining (A-25) and (A-26)), we have

Vit (Zit) — Vig(&ig)] < kg1 + e — emin,
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e Case 2: ¢(%;4) =0 and ¢(Z;,) > 1.

Vit (@it) — Vie(Zig)]

B > e @ming e pi(v,b1) [br = €i0,(3,) — AVier1(Fae, (1,0)] +Dier @Viea1(Figs (1,0)))+
(1 - Zleﬁ QZ) Vi7t+1((i‘i7t7 (0’ 0))) - Zle[l ql‘/i,t-‘rl((j:i,t) (l’ 0))) - (1 - Zleﬁ QZ) Vi,t-i-l((j"iiv (0’ 0)))

< max{[pmin — M| [pmax — emin|y 4 ok, .
The inequality holds by the induction hypothesis.
e Case 3: ¢(%;¢) > 1 and ¢(%;;) = 0. Similar to the argument in Case 2, we have
Vi (Fie) = Ve (£i,0)] < maxc{[p™™ — ™| o™ — ™0} 4 2k, 5.
o Case 4: ¢(Z;¢) =0 and ¢(Z;¢) = 0.

Vit (Zie) — Vie(&it)|
| Yiec Vit (@i, (1,0) + (1= ez @) Vi1 ((Fiw, (0,0))—
1,0

((Zie
Zleﬁ ql‘/i,t-'rl((‘i:i,t? ( ’ ))) - (1 - Zleﬁ QI) Vi7t+1((j:i,tv (070)))
< kiqa.

bl

The inequality holds by the induction hypothesis. Let k; = max{k; 1 + e™®* — ™ max{p™i" —
emax|, |bmax — emin|} + 2kt+1}' Then, we have |‘/i,t(i'i,t) — W,t(‘%i,t” S kt |

Lemma A.17 Foranyl e L, by € B, a € R and v, € 'y, define the function

FH (b, a,m) = pi(, o) (b — ).
Let bf () = argminy ¢ f'(bi, 0, v1). Thus, for c(&;,) > 1, we have b 1(Zigsy) = b (e, ), where a =
€irai s i (@) T AV 141((£44,(1,0));7v). Then:
(i) For each (a,y;) € R x Fl(o), bi (v, 1) is uniquely defined.
(ii) Let Uar, = {(a,’yl) € [~ Ko + ™0 Koy + emax] x T'\0) o™i < by (o, 1) < bma"}. For each (a,7y) €
Uar,,

8fl(bl7 «, ’Yl)
b

82fl(blaav’yl)

=0 and 8bl2

by=by (a,71)

> 0.
bi=by (o, v1)

(iii) For each (c,v;) € Uar,, both b} (c,v;) and f' (b} (c,v), , 1) are continuously differentiable in o and ;.

(iv) There exists a K19 > 0 such that f'(by, o, 1) — L (b (o, 1), a, 11) < Kig(by — b} (ar,1))? for all by € B and

(av ’Yl) S UAFL .
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Proof of Lemma

i) Let (o, 7) € R x T'\?. We have
() Y l

oft(br, o, m) Ipi (i, br)
o (v, br) + (b — Q)Tl’ (A-27)
and
0% f(by, o, ) Opi (i, br) O*pi(vi, br)
a0 o T

It follows that any b; € B with W(glib,lam) = 0 satisfies the following:

O*f! (b, o) 23271(’71,171) —pi(y, b)) OPpu(i, bu)
ob? oby opi(yi,bi) /by OB}

_ 9w, T, pl(%,51)52291(%,@)/51712]
ob, | (Opi(1,b1) /Oy )?

_ Opu(, b) _1 n (Op1(72501)/0b1)? — pi (i, b)) (i, ba) /OB i (i, b))
ob, | pi(,br)? (Opi(y1,b1)/Oby)?

_ Ol b) [, 9*log(pi(, b)) pulu,bi)? }
5‘bl L Gb% (apl (")/l, bl)/abl)Q

> 0.

The inequality holds since %ﬁl’bl) > 0 by Assumption 1| (Section and %W < 0 by the log-

concavity of p;(;,b;) with respect to b;.
Thus, f!(b;,, ;) either has a unique minimum b} (v, ;) € (b™%, H™%) with

afl(blon’W) 82fl(blaa7/yl)

— 0 and
b, 0 an ov?

> 0,
by=b} (¢, 1)

bi=by (a,v1)

or is monotone on B and the unique minimum of f!(b;,,;) is on the boundary of B.
(ii) For (o, ;) € Uar,, since b} (a,y;) € (b™", b™2*), we have

oft (b, o, 1) % fY(by, o, 1)

=0 and
b, 0 an av?

> 0.
bi=b; (a,71)

by=by (o, 1)

(iii) We first show that b} (v, y;) is continuously differentiable in o and +; on Uar, using the Implicit Function

Theorem (see, e.g., Theorem 9.2 in [Munkres||2018]). Notice that

1
e By Assumption %{;l@ﬁl) in Equation (A-27)) is continuously differentiable in «, 7;, and b;, on the
open set R x I'; x (pmin, pmax)

e By (ii), for each (o, v;) € Uar,, (a, 1, b} (v, 1)) is a point in R x Iy x (5™, p™%) such that

8fl(bl>a7fyl) 82fl(blaaa7l)

b, =0 and ob?

bi=by (a,v1)

> 0.
bi=by (a,71)

Therefore, by the Implicit Function Theorem, b; (e, ;) is continuously differentiable in o and +; on Uar,.
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Next, we show that f!(bf(a,y1),q,7) is continuously differentiable in « and 7, on Uar,. The partial

derivatives of f!(b} (v, v1), , ) with respect to a and =, are:

AfH (b} (o, m), o, %) _ Aft (b, o, 1) b (a, 1) . Af (b, a,v)

= _pl(717bz<(a77l))7

da oby b=b; (@) 00 Oa bi=b (e, )
Af (b (a,m), ) _ Of (b, ) obj (a,m) | Of'(bi, o)
= +
8’}/[ 8()[ bi=b (1) 87l 871 bi=by (a,v1)
iy, bu)

= (b7 (e, m) — @)

M by (1)

By Assumption (1] and the fact that b](c,7;) is continuously differentiable in « and -, on Uar,, the above

Af (b7 (aym),um)

l *
(bz (e, 1),a571)
g and o

expressions of of are continuous in « and . Thus, fY(bf(a, 1), q,y) is

continuously differentiable in o and 7; on Uar,.
(iv) Let K!g :=su 782]01(1)”0"7‘)/2 Since L brom)
19 °= SUP(a,y b)) elhar; xB T ab? : b?
22 fH (b, am)
d ob?

is continuous in «, 7, and b;, on the closure

> 0 for all («,;) € Uar,, we have 0 < K{g < 0.
bL:b?(a,'yl)

The Taylor expansion of f!(b;, a,y;) at by = b} (v, ;) implies that

aft (b, a,
07 0:00) (b1 b o))+ K (b — B (0, 0))°
l bi=by (a,v1)

= f1(bf (v, ), ) + Kig (b = b7 (a, 1))

of Uar, x B, which is compact, an

fl(bl»%%) S fl(bik(Oé?’yl)?a?’yl) +

Let K19 := maxjez Klg. Then, we have f!(b;,,v) — fL(b (o, 1), @, 71) < K19(by — b} (a,71))? foralll € £. W

Proof of Lemma In the notation of Lemma let a; = €a,, (3:.,) T AViir1((Zi, (1,0));7) and &y =
Ciras i) T AVier1 (i, (1,0)):9). Then, F o (F5,6:7) — b (2i435) = b (aw, m) = bj' (éu,%1). By Lemma [A.16]
and Assumption (3| (oy, ) € Uar, and (&u,%;) € Uar,. Since b} (o, ;) is continuously differentiable in ¢y and
v on Uar, by part (iii) of Lemma and by the fact that the closure of U, is compact, it follows from the

first-order Taylor expansion that
107 (e, ) = 07 (@, )| < K (Jaa — dal + [y —4ull), (A-28)

for K§3 > 0 that is independent of «;, &;, v, and ;. We show by backward induction below (under the title
“Derivation of Inequality (A-29)”) that there exists x; > 0 such that

WVie(@ie57) = Vit (@i 7)| < welly = Al (A-29)

Combining (A-28) and (A-29)), we have

b7 (a, 1) — by (du, 1)
<Kls(Jay — éu| + | —All)
<Ko (Vi1 ((Fies (1,0));7) = Viera (205 (1,0));:9) | +

Vitt1((Zies (1, 1);7) = Vierr (@i, (4 1)s D)+ lve — Al
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< K (2, s vl =31+ b= 1)

IRRRE

< Kuslly =4l
where K13 = max;ep Kb, (2 maxie(1,.. T} K+l + 1). |

Derivation of Inequality (A-29): We show inequality (A-29) by backward induction on ¢t. If ¢ = T'+ 1, then

Virs1(@iri1:7) = Virs1(Zir+1;9) = 0 and (A-29) holds. Let 1 <¢ <T. Suppose (A-29) holds for ¢t +1. We
now show that (A-29) holds for ¢.

|Vz',t(5%,t; ’7) - Vi,t(ii“i,t; ’AY)|

He(@ie) > 1} >0 q min pr(y, o) (b — ar) + 30 @iVier1 (&g, (1,0));59)+
lec beb leL

- (1 - m) Vi1 (214, (0,0));7) = W{e(dae) 2 13 30 g min pr(F, bi) (b1 — dn)—
leL lec beB

> Vi1 ((Zig, (1,0)):9) — (1 - QI> Vit+1((Zi, (0,0));9)

et lez

< D af O (an ), an ) =D af 67 (a4, do, )| + Eegally = Al
leL ler

< Koa(low — aul + Iy = A1) + seally = Al

< Kog[| Vit 1((Zie, (1,0))57) = Vi1 ((Zae, (1,0))s D)+ [Viear (e, (1,1))57) = Viggr ((Tae, (1, 1)) 9) 14

(K24 + Kgg1) ||y — Al

IN

Kou [Resally = A + Kegally = A + (Koa + men) [y = Al

= relly = A,
where Kkt = 2Kog4ki11 + Kag + k1. The second inequality holds since fl(bf (a1, m),ar,y1) is continuously
differentiable in a; and ~;, by part (iii) of Lemma Therefore, ), » a f (b} (cuy 1), cu, 1) is continuously

differentiable in oy and 7. In addition, [—Kap + €™ Koy + €™8%] x I'® is compact. It follows by a first-order

Taylor expansion that there exists Ko4 > 0 that is independent of «;, ¢&;, v, and 4, such that

qufl(b;(ala’yl)a alv'yl) - Z QZfl(bZF(dlv’AYl%@la’AYl)

lel lel

< Kog(Jog — éul + ||y = 4)- u

Proof of Lemma We establish the result by showing that there exists a constant K19 > 0 such that

Vi (Zigszin,y) = Vie(@iey)
T

N N 2| .
<KpE ZZ(N (52571 (xi,laX;r{) — b (X;};v)) X7 =Tit| - (A-30)
it leC

Then, the regret under any policy m after I seasons satisfies
I
S VA X7 ©) = Via (0:9)]
i=1
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gK]EZ

I T
i=1 t=

a@ (b?,t,l (XZDXZ,:) — by ()A(Zt;v(O)))?} )

Next, we show (A-30) using backward induction on ¢. For ¢ =T + 1, we have

liel

Viri(@irs1izin,y) = Virs (Ei,r+157) = 0.
Let 1 <t <T. Suppose (A-30) holds at ¢t + 1, i.e.,

Vit (@i 201, 7) — Vi (Zie4157)

X . 2| .
< KpoE Z Ztﬂ ( (l‘z 17Xﬂg) ory (XZ;;W)) X1 = Tigr

i=t+11€L

Let i = €4, ,,(3:) + AVit+1((Eie, (1,0)); 7). Then, b}, ,(2i457) = by (ou, ). By Lemma and Assump-
tion we have (aq,7;) € Uar,.

e Case 1: If ¢(&;4) = 0, then we have
Vi (@i wi,y) — Vie(Zie5y)

qu i,t+1 xl,t7(lao));$i,177) + (1 _qu>‘/i7,rt+1((‘%i,t7(070));$i,177) -

leL lel
qu‘/l t+1((xlta(l 0 (1 —ZQl> i,t4+1 xm,(0,0));’y)
lel el

=E [Vz t+1(XZt+1§xi,1»’Y) - Vi,t+1(Xz‘T,rt+1§'7)‘ Xz‘T,rt = ii,t}

2| N
< |k | 3 Y (b1 oo K7~ (K7 | K || 52 = 20
i=t+11€L

2| 4
= KuE ZZqz(mm )~ b (KT | KT =

i=t leLl

The inequality holds by the induction hypothesis.

e Case 2: If ¢(&;4) > 1, then we have
Vi (Zigszin,y) = Vie(@iey)

= api (W, 0y (i1, 200)) (B0 (@0, Bit) = €iap (@) + Vilon (@i (1) 2i1,7)] +

lec
ZQI (1= pe(s 07 (i1, 200)) ] Vil (&g, (1,0))3 i1, y) +
lec
<1 - ZQZ> i t+1 xz,tv (07 0))a wi,lvV)_
lec
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Z QZpl(’ylv b;t,l(ji,t; ’7)) [b;t,l(ji,t; ’Y) ~ Cia,0(80,e) + ‘/iﬁt"l'l((j}i,t? (l7 1)); 7)] -

lec
ZCH [1 =i, b?,t,l(@,ﬁ 7))] Vi1 ((Zi, (1,0));7) —
lec
<1 - Z CH) [ t+1 xz,tv (Oa 0))1 rY)
lec
=Y api (0,07 (i1, 200) (Vi (@i (D)5 201,7) = Vi (@, (1L, 1); )] +
lec
ZQZ [1—pi(, bg,t,l(xi,lvi'i,t))] [VZ;H((i‘i,t, (1,0));251,7) — Vies1 (i, (1,0));7)] +
lec
(1 - ZQl) Vi1 ((#it,(0,0));251,7) — Vi1 (i, (0,0)):7)] +
lec
Z api(, bzt,z(%‘,la Zi0))WVier1(Zaye, (1,1)); )+
lec
> ap (v by (@i, #ia)) [ (i1, 8it) = €, 0(000)) +
lec
ZCH (1= (s 07 g (i1, #it)) | Vi (&g, (1,0))37) —
lec
Z(ﬂpl(% b7 0 1(Zi57) (0700 (Zi57) = €ianri(ann) + Vierr (@ins (L1D);7)] —
lec
ZCH [1 =i, b;t,l(ji,ﬁ 7))] Vier1 (246, (1,0));9)
lec

= B[V (X507 — Vi (X 0)| X0 = 8] +

Z Qo (v, 0 4y (i1, #4,0)) [0 44 (w0, 8i0) — ou] — Z api (i, b (cu, ) (b7 (o, ) —
lec leL

A 21 . A
<8 |k | Y S (5o K00~ b1, (070 K| | 25— | +
t=t+11lel

Kig Z(Il (bF 1 (i1, &) — b?(al,%)f
leL

= KoK ZZQl( (@i, XTy) — bftl(Xﬂﬁ’Y))Q X7y =iy

i=t leL

The inequality holds by the induction hypothesis and part (iv) of Lemma |

Appendix K Comparison with Respect to |Broder and Rusmevichientong| (2012)
and den Boer and Zwart| (2015)

Broder and Rusmevichientong] (2012)) study the dynamic pricing of a single product with unlimited inventory,
where the seller needs to learn the unknown parameters of a general parametric demand distribution. They show
that the regret under any pricing policy is Q(v/N), where N is the number of consumer arrivals, and propose

a pricing policy that achieves a regret of O(\/N ). lden Boer and Zwart| (2015)) study the dynamic pricing of
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multiple products, each of which has a finite inventory and is sold over a selling season of finite length. Only one
product is sold in a season and all the products share the same unknown parametric demand distribution. They
show that the regret under any pricing policy is Q(log I) and offer a policy that achieves a regret of O(log?(I)),

where I is the number of seasons in the planning horizon of interest.

We now discuss the core features that differentiate the mobile-promotion platform’s procurement problem

from these two pricing problems:

e The notion of a “product” in our context is fundamentally different from that in the two papers above. An
acquired impression cannot be stored in inventory and must be allocated to a campaign instantaneously.
Further, impressions are substitutable in the sense that a campaign’s demand can possibly be fulfilled
by impressions acquired from different locations, with each location characterized by its own arrival
probability and its own win curve. The platform’s cost for acquiring different impressions could be

different, not only for those arising at different locations but also for those from the same location.

e In bothBroder and Rusmevichientong|(2012)) and [den Boer and Zwart|(2015)), the supply side is “inactive”,
in the sense that the former assumes unlimited inventory and the latter assumes a fixed amount of
inventory of each product. In contrast, in our problem, the supply of impressions is uncertain. Specifically,
both the arrival of impressions as well as their acquisition by the platform (via real-time bidding on an

ad-exchange) are uncertain.

e An impression won by the platform can be assigned to any one of multiple ongoing campaigns. This
results in the need to allocate the impression to a campaign. Such an allocation decision is not needed in
Broder and Rusmevichientong| (2012) and [den Boer and Zwart| (2015), where for a given product and a

given price, a consumer determines whether or not to buy the product.

Next, we contrast our policies for the bidding and allocation of impressions with the pricing policies in

Broder and Rusmevichientong| (2012)) and |den Boer and Zwart| (2015)).

e Asin|Broder and Rusmevichientong (2012), our bidding policy is also cyclic, with each cycle consisting of
an exploration phase and an exploitation phase. However, within each of these phases, our policy is sig-
nificantly different. We now briefly highlight these differences. First, note that, in contrast to|Broder and
Rusmevichientong| (2012)), we consider impression arrivals from multiple locations. During the exploration
phase of a cycle, we offer “exploration bids” sequentially to estimate the underlying win-curve parameters
for each location based on the observed realizations of the winning of impressions. If no impression arrives,
then no bid is placed and, therefore, no observation is generated. For each location, we need a sufficient
(location-specific) number of impression arrivals to place our exploration bids and obtain a good estimate
of the underlying parameters. As a result, not only is the length of the exploration phase random, but

also the number of observations of the winning of impressions. Consequently, for some locations with
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high impression-arrival probabilities, we may have more observations than needed to compute a good
estimate of its underlying parameters. All this is in contrast to [Broder and Rusmevichientong| (2012]),
where there is only one product and hence the number of observations (i.e., consumer arrivals) is fixed in

each exploration phase.

During the exploitation phase of each cycle, we offer “optimal” bids at each location that are computed
based on the current estimates of the underlying parameters at all the locations. In Broder and Rus-
mevichientong (2012), the corresponding notion is that of offering prices based on the current estimate
of the underlying parameters of the demand curve; each price is the solution of a single-period revenue-
maximization problem. In contrast, we face a capacity constraint across all locations — namely, that the
number of impressions assigned to each campaign cannot exceed its requirement. Also, the number of
additional impressions required for each campaign changes dynamically as impressions are won and allo-
cated to the campaigns. Therefore, to compute the optimal bid in each time period at each location, we
need to solve a stochastic dynamic program (DP) based on the current values of the estimated parameters
at all the locations. Consequently, our analysis of the regret in the exploitation phase is necessarily more

sophisticated than the one in |Broder and Rusmevichientong| (2012).

Broder and Rusmevichientong| (2012) show that the regret under any pricing policy is Q(v/N). If the
total number of impressions required over all the campaigns in each season is no less than the number
of periods in the season, then we also show an Q(\ﬁ ) lower bound on the regret under any policy. If
the total number of required impressions in each season is strictly less than the number of periods in the

season, then we establish an (7 2/ ™) lower bound on the regret under any policy.

den Boer and Zwart| (2015]) obtain an Q(log I') lower bound on the regret under any policy when the initial
inventory in each season is strictly less than the number of periods in the season. They propose a pricing
policy that is a modification of the certainty-equivalent pricing strategy (i.e., offering the optimal price
with respect to the current parameter estimates); this policy achieves a regret of O(log®(I)). However,
we show that this bound cannot be achieved for our problem; in particular, as mentioned above, we
establish an Q([ 2/ ) lower bound on the regret under any policy when the required number of impressions
in each season is strictly less than the number of periods in the season. The underlying reason for
this difference is as follows. [ den Boer and Zwart| (2015) show that their problem satisfies an “endogenous
learning” property: if the chosen selling prices are sufficiently close to the optimal ones, then the unknown
parameters can be learned fast. In turn, this is possible due to a minimum amount of price dispersion
guaranteed in the optimal policy for the clairvoyant problem. However, in our context, no such bid
dispersion is guaranteed since the arrival of impressions is uncertain. For instance, it is possible that no
impression arrives during the early stages of a season and, as a result, when the first impression arrives,

the maximum number of impressions that can be potentially acquired during the remainder of the season
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is too few to exceed the targets of the ongoing campaigns in that season. In this case, the clairvoyant
problem is effectively unconstrained and the optimal bids simply minimize the cost in each period and
are therefore identical. Thus, since no bid dispersion can be guaranteed, our problem does not satisfy
the endogenous learning property and the O(log?(I)) upper bound on the regret cannot be achieved. A

consequence of this is that our bidding policy requires active experimentation.

Appendix . Technical Details in Section : Approximations of the DPs in the
Learning Algorithm

Since the FEFS property (Section [2)) no longer holds in the generalized setting where the unit penalty cost and
the desired set of geographical locations (from where impressions are sought) may differ across campaigns, we
first formulate a generalized clairvoyant problem that incorporates the allocation decisions and define another
problem (problem below) by replacing the random impression arrivals and random outcome of the winning
of impressions in the clairvoyant problem with their expectations. The optimal objective value of problem [Pg|is
a lower bound on that of the clairvoyant problem. Next, we present an alternate (and equivalent) formulation,
defined as problem [P1] below. The decisions of problem [Pg|are the bid prices at each location and the allocation
decisions of the acquired impressions to the campaigns, in each time period. In the alternate formulation ,
the decisions in each time period are the probabilities of winning impressions from each location, and the
probabilities of winning impressions from each location and allocating them to specific campaigns. We then
consider a problem — defined as problem below — where the campaign-allocation decision for an acquired
impression is randomized, and show that the optimal objective value of this problem is lower than that of
problem Next, we define a deterministic problem — problem below — by replacing the random campaign
arrivals with their expectations, and show that the optimal objective value of problem [P3]is a lower bound on
that of Finally, we consider another deterministic problem — defined as problem below — that is related
to problem via the following property: Every feasible solution to corresponds to a feasible solution to
with a (weakly) lower objective function value. Thus, the optimal objective value of problem is a lower
bound on that of problem We now formally define problems

Consider the clairvoyant problem in season i. Let ¥ denote the number of weeks in each season and &
denote the number of time periods in each week. Then, the total number of time periods in each season is
T = T-6. In our numerical experiments, T = 2 and & = 105. For i € {1,---,I}, t € {1,---,T}, and
s €{l,---,6}, let (s =1 if an impression arrives from location I € £ in period (i,t,5) and ;s = 0 if no
impression arrives in that period. Thus, E[1{(; s = l}] = ¢, where g is the arrival probability of an impression
from location [ in each time period. Let b{t)g,l € B denote the bid price at location ! in time period (i,t,s)
under policy . Let d; (s = 1 if the impression is won by bidding an amount bzhﬁaCz‘,t,s at location (; s, and

d; s = 0 otherwise. Recall that p;(v;,b;) is the win curve at location | € L, i.e., the probability of winning
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an impression that arrives from location [ by bidding an amount b; € B, where -; is a vector of parameters
that characterize this distribution. Then, d; s is Bernoulli distributed with mean p¢, . (V¢ o+ 0 s.c, ) Let
c denote a campaign with penalty cost e, for each unmet impression that starts at the beginning of week t, and
ends at the end of week {., and requires impressions from locations in £.. Let W, be a random variable, with a
known distribution, representing the number of impressions required by campaign ¢. We allow P(W, = 0) > 0,
i.e., there is a positive probability that campaign ¢ does not arrive at the beginning of week t.. Let C denote
the set of all possible campaigns. Let (aZ MRS L) denote the allocation decision in time period (4, t,s) under
policy m, with a7 ., =c€ C indicating that if an impression arrives from location [ in that period and is won,

then it is allocated to campaign c. Then, the optimization problem in season 7 is:

T
m;nE Z ZZ b;t,57l]]-{<i,t,5 - l}di,t,ﬁ +
t=1s=11leLl
o +
Z (WC _ Z Z Z {Cits = Ddis1{a] oy = c}1{t. <t <t }1{l € EC}> ec] )
ceC t=1s=11eL

We replace the random impression arrivals (i.e., 1{¢; s = [}) and the random outcome of the winning of
impressions (i.e., d;¢s) in the objective function above with their expectations to define problem below.
Note that the objective function of the clairvoyant problem above is convex in 1{¢; s =} and d; . Thus, by

Jensen’s inequality, the optimal objective value of [Pg|is an lower bound on that of the clairvoyant problem.

T 6
minE| > > > bleaapi(nbliss) + (o)
t=1s=11lel
. +
Z (Wc - Z qipi (an b:}:t,s,l)]l{a’zt,s,l = C}]l{{c st< ic}]l{l € Ec}) 6(;| ’
ceC t=1s=11lel

Next, we formulate an optimization problem that is equivalent to[Pg] In this problem, the two decisions in
each time period are the probabilities of winning impressions that arrive from each location, and the probabilities
of winning impressions from each location and allocating them to specific campaigns. Let Yi( s, denote the
winning probability under policy 7 at location [ in time period (i,t,s). Let Z ¢ s.1,c denote the probability
with which policy = wins the impression from location ! and allocates it to campaign ¢ in time period (i,t,s).
Note that an acquired impression can only be assigned to one of the campaigns. Thus, for t € {1,---,%},
s€{l,---,6}, and | € L, only one of (2], .:c € C) is positive, and that probability equals y7 . ;. In the
sequel, we drop 7; of p;(;,b) when there is no ambiguity in doing so. Let b;(y) be the inverse of the function
pi(b), ie. b(y) = pl_l(y). Thus, b;(y) is the bid price required to ensure a winning probability of y at location
[ in each time period. Let f;(y) := b;(y)y denote the expected bidding cost associated with a target winning

probability of y for an impression at location ! in each time period. We show that f;(y) is convex in y (see the

proof of Lemma [A.18)). Let ™ = p;(b™") and y"** = p;(b™*). Then, problem can be equivalently written
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as:

T & T & +
= ming zzqum@/zt,s,lwz(wczz q) ] ®)

t=1s=11]eLl ceC t=1s=11]eLl
Sty = AieneVtE{l -, Thsefl, -+ 8} I€L,
ceC

(y?:t,ﬁ,l - Z’Zt,ﬁ,l,c)’zzt,ﬁ,l,c = O,Vt 6 {1, tee ,T},ﬁ 6 {1, A ,6},1 6 ;C, C 6 C,

Zitere S e St <t }1{l € Lo, Vee {1,--- T} s {l,--- 6}, le L,ceC,

yztsl € [ylmmv lmax]vvjte {17"' 7‘3:}’56 {17"' ’6}?l e L.

Consider now a relaxed version of problem obtained by randomizing the impression-allocation decision,
i.e., by allowing an acquired impression from one location to be assigned to multiple campaigns with positive
probabilities. This is problem ([P5)) defined below. Clearly, the optimal objective value of problem is no

greater than that of problem (P4)).

T & T :
Z _mlnIE ZZZquz(th,sJ)JrZ (WC—ZZ qz ztslc) C]' (P2)
— leL

s=11eLl ceC t=1 s=1
Stoyleer = 2iene Vel Thsefl, - S}IeL,
ceC

Ziiene S Hte St <t }1{l € Lo, Vee {1,--- T} s {l,--- , 6}, le L,ceC,

[ylmm’ylmaX] V= {17... 7Z},s c {1,--- 76}7l S £7C€C~

T iy
Yit,s,010 %i,ts8,l,c

Next, we construct a deterministic problem whose optimal objective value is an lower bound on that of
problem (see proof of Lemma . In this problem, the decisions in each time period are determin-
istic; thus, for convenience, we drop the policy superscript 7 from Yiisg and 27 o, Let g = (Yinsl : t €
{1,---,F},s € {1,---,6},l e L)and 2 = (%40 :t € {1,---, T}, s € {1,---,6},1 € L,c € C). Then, the

following deterministic problem is obtained by replacing W, with its expectation:

' T 6 T 6 *
b= mlH { Z Z Z afi(Yies0) + z (E[W(’] - Z Z Z QZZi,t,g,l,c> €c}- (P3)

t=1s=11leLl ceC t=1s=11eLl
St Yitsd = D it VHE {1, Thse {1, &}leL
ceC

Zitste < Lt <t <t }l{le L.}, Vte{l,--- ,T}se{l,--- , &} leL,ceC

[ylmmv lIIlaX]7vte {13 ,T},5E{1,"' 76}’ZGL’CEC

Yit,s,05 Zi,t,s,lc €

Finally, we define another deterministic problem whose optimum objective value is a lower bound on that
of problem Let y; ¢, denote the winning probability at location [ in each time period of week t of season i.
Let z; ¢, denote the probability of winning the impression from location ! and allocating it to campaign c in

each time period of week t of season i. Let § = (y; ¢y :t€ {1,--- , T} le L)and 2= (24 c:t€ {1,--- , T}l €
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L,c € C). Consider the following deterministic problem:

T T +
g = gllg {6 S ahi(yi) +> (E[Wc] = QZZi,t,l,c> ec}- (P4)

t=11leL ceC t=11eLl

st. Y = Zziyu,c,Vt e{l,---,T}leL
ceC

Zige < Lt <t <t Jl{le L },Vte{l,--- T}, leLceC

Yi el Zitl,c € [ylminaylmaxLVt € {17 e 7‘I}al € £,c eC

In the proof of the following result, we will show that the optimal objective value of problem is a lower
bound on that of problem . Thus, we have

Lemma A.18 The optimal objective value of problem (P4)) is a lower bound on that of problem (P4)), i.e.,

gt <§

Proof of Lemma |A.18; The conclusion that the optimal objective value of problem is a lower bound on
that of problem , ie., f@ > F, is trivial. Further, since (WC — Z‘le Zle dier qlzz?tt,s,l,c>+ e. is convex in
W., we have (from Jensen’s inequality) that the optimal objective value of problem is a lower bound on
that of problem , ie., }’ > b

Next, we show that the optimal objective value of problem is a lower bound on that of problem ,
ie, h* > g°. Let (YitonZinene t€{l, -, Thse{l,--,6},l € L,c € C) denote an optimal solution of
problem . Let §i 41 = % and 2; ¢ = % It is straightforward to verify that (g 1, Zi ¢.1c :
te{l,---, T}l € L,c €C) is a feasible solution to problem (P4). In addition, f;(y) is convex in y: Recall that
0 log p; (b) _ 9pi(b) /b

ab

pi(b) is log concave in b, which implies that decreases in b. Then,

p(b)
i (y ob(y
fi(y) —bi(y) 4y 1(y)
dy Ay
increases in y. It is clear that b;(y) increases in y. Note that yabéij) = apf’éé;’}ab increases in y. Thus, f;(y) is

convex in y and the objective function of problem (P3)) is convex in (g, 2). Consequently, the objective value of
problem (P4) under (§i ¢, Zit1c:t € {1,---,T},1 € L,c € C) is a lower bound of the optimal objective value
of problem (Ps)). [ |

Lemma [A71§ immediately implies that the regret of any policy 7 is smaller than the difference between the

expected cost under policy 7 and Zle g°.

Recall that at the beginning of each exploitation phase, to compute the optimal bid based on the latest
estimates, we need to solve a DP with a multi-dimensional state space. Similar to the convex optimization
problem we developed above to approximate the DP of the clairvoyant problem above, we solve a convex
optimization problem in our numerical experiments to approximate the DP in the exploitation phase. Consider

an exploitation phase that starts in time period (i,t,5). Let Cvims denote the set of campaigns that arrive
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in or before time period (i,t,5). Let CAi7t75 denote the set of campaigns that arrive after time period (i,t,s).
For any ¢ € CV“@, let w. denote the total number of unmet impressions for campaign ¢ in period (i,t,s).
Let fl (y) denote the expected bidding cost associated with a target win probability of y for an impression at
location [ in each time period based on the updated estimates. Let § = (y,¢; : te{t .3}l € L) and

Z= (211" te{t,---,T},1 € L,c€C). Then, we solve the following problem to approximate the DP.

R < R
(G =5+ 1)> e afi(Wiet) + S i1 2 ier @)+

+
<
wind Secen, [ve = (© =5 Daziase ~ € Ty Sieewaie] et (a31)
+
<
Dceline []E[Wc] — (6 —s+Dazitie =621 2ier qlzi,l,l,cjl €c

st Y= Z zii’l’c,% e{t,---,I}HleL
ceC

Zitge <M <t<t}l{le L}, Vie{t, -, T}leL,ceC

Yi o ?iile € [ylmin7ylmax]’VE € {tv T a‘I}al € £,C eC

The optimal solution of the above problem is used to obtain the bid price and allocation decision during the
exploitation phase under our policy. The expected cost under these bid prices and allocation decisions is greater
than the optimal cost-to-go of the DP based on the updated estimates. Thus, the difference between the
expected cost under our policy, where the bid prices and allocation decisions during the exploitation phase are

obtained by solving problem (A-31]) above, and Zle g is an upper bound on the true regret under our policy.

Appendix M Decomposition of Regret (Section [5.4): Details of Numerical Anal-
ysis

In this section, we discuss the details of our numerical study to address the two questions, defined in Section

5.4, on the decomposition of regret under our policy.

In order to compute the optimal cost of the clairvoyant problem, which is used as a benchmark to compute
the true regret under our policy, we need to solve a DP with multi-dimensional state space optimally. Thus, we

conduct another numerical study on a tractable scale. In this new setting, each season consists of 200 time peri-

exp(vi,1+71,2b1) =
EPVLATIEOY ] —

ods. There are 3 locations indexed by [ = 1,2, 3 and the win curve at location [ is p; (7, b;) = TFexp (311 200)

1,2,3, where the true values of the parameters in the win curves are (y1,1,71,2) = (—2.281,0.705), (v2,1, V2,2) =
(—2.192,1.042), (y3.1,73.2) = (—1.905,0.876), and I'\") = [~8, —0.1] x [0.1,8], [ = 1,2,3. Impressions acquired
from any of these locations can be used to satisfy the requirement of any campaign. The duration of a campaign
is either 100 periods or 200 periods, and each campaign requires 10 impressions. The penalty cost of each unmet
impression can take two values: 10 and 15. If the duration of a campaign is one week (resp., two weeks), then
the unit penalty cost is 10 (resp., 15). In each time period, an impression arrives from location [ € {1,2,3}
with probability 0.1. Campaigns can arrive at the beginning of the first period or the 101%¢ period. Consider

an arbitrary season: At most one campaign can arrive at the beginning of the first period (resp., 101%¢ period).
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At the beginning of the first period, either a 100-period or a 200-period campaign can arrive; each of these two
events occurs with probability 0.48. At the beginning of the 1015 period, a 100-period campaign arrives with
probability 0.96.

Recall from Section that, to approximate the DP of the clairvoyant problem, we solve a convex optimiza-
tion problem whose optimal objective value is a lower bound on the optimal cost of the clairvoyant problem.
Thus, our (reported) regret (i.e., the difference between the expected cost under our policy and the lower bound
on the optimal cost of the clairvoyant problem) is, in fact, an upper bound on the “true regret” under our policy.
Let C* and C denote the optimal cost of the clairvoyant problem and its lower bound, respectively. Further,
for the general setting where the unit penalty costs differ across campaigns, when the underlying parameters of
the win curves are unknown, the FEFS allocation policy is no longer optimal. We instead define and solve a
convex optimization problem (based on the estimates of the parameters of the win curves) rather than solving
the DP in the exploitation phase of our policy. The optimal solution of this problem is then used to obtain the

bid price and allocation decision. Let 7 denote our policy and let C denote the expected cost under #.

Note that C' —C = (C' — C*) + (C* — C). We first examine how much of the difference between ' and C is
the true regret under our policy, i.e., the difference between C and C*, and how much of it is caused by the gap
between the optimal cost C* and its lower bound C. For each value of I, we compute the average cost under
our policy over 100 simulations. Figure |§| plots the percentage of the difference between €' and C that is caused
by the “true” regret under our policy, i.e., C— C*, and the percentage caused by the gap between the optimal
cost and its lower bound, i.e., C* — C, as a function of the number of seasons I. After the first season, about
81% of the difference between C and C is caused by the true regret under our policy and 19% is caused by the
gap between C* and C. As time goes by, the true regret under our policy per season reduces while the gap
(per season) between the optimal cost and its lower bound remains unaffected. After 50 seasons, about 64%
of the difference between C' and C is caused by the true regret under our policy and 36% is caused by the gap
between C* and C'. Therefore, a substantial portion of the loss under our policy compared to the lower bound

of the optimal cost is due to the gap between the optimal cost of the clairvoyant problem and its lower bound.

Next, we examine how much of the (true) regret (i.e., the difference between the expected cost ¢ under
our policy 7 and the optimal cost C* of the clairvoyant problem) is caused by learning and how much of it is
caused by the approximation of the DP (note that this includes the regret caused due to the possible suboptimal
allocation of impressions when the parameters of the win-curve are known). Consider a policy 7 in which the bid
price and allocation decision in each period are obtained by solving the convex optimization problem optimally
for the clairvoyant problem (i.e., one in which the platform has full information about the win curves at all the
locations in advance). Let C denote the expected cost under policy m. Then, the regret under our policy 7
equals C—C* = (C’ — C') + (C’ — C*). The first term, namely C — C, is the regret caused by learning, while the

second term, namely C — C*, is the regret caused by the approximation of the DP (including the suboptimal
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Figure 6: Percentage of the difference between C and C caused by the true regret under our policy
and the gap between the optimal cost and its lower bound
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C': the average cost under our policy 7; C*: the optimal cost of the clairvoyant problem; C: the lower bound
on the optimal cost of the clairvoyant problem.

allocation of impressions). For each value of I, we compute the average cost under our policy # and the average
cost under policy 7 over 100 simulations. Figure E plots the percentage of the regret caused by learning (resp.,
suboptimal allocation of impressions) as a function of the number of seasons (I). After the first season, about
85% of the regret is caused by learning and at most 15% of the regret is caused by the suboptimal allocation
of impressions. With time, the learning of the win curves improves and we get progressively better estimates of
the parameters of the win curves. Therefore, the percentage of the regret caused by learning reduces over time.
After 50 seasons, about 66% of the regret is caused by learning and at most 34% is caused by the suboptimal
allocation of impressions. To summarize, learning (in other words, insufficient knowledge of the parameters of

the win curves) is the dominant cause of regret.
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Figure 7: Percentage of the regret caused by learning and approximation of the DP (including subop-
timal allocation of impressions).
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C: the average cost under our policy 7#; C*: the optimal cost of the clairvoyant problem; C: the average cost
under policy 7.
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