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In this paper we explore properties of a family of probability density functions, called norm-induced densities,
defined as
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where K is a n-dimensional convex set, parameters ¢ > 0 and p > 0, and || - || is any norm. We also develop

connections between these densities and geometric properties of K such as diameter, width of the recession cone,
and others.

Moreover, we establish a new set inclusion characterization for convex sets. This leads to a new concentration
phenomena for unbounded convex sets. More explicitly, we show that most points of a convex set are contained
in any enlargement of the set’s recession cone.

Finally, these properties are used to develop an efficient probabilistic algorithm to test whether a convex set,
represented only by a membership oracle, is bounded or not, where the algorithm reports an associated certificate
of boundedness or unboundedness.
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1. Introduction. The geometry of convex sets has been extensively studied during the past half-
century. More recently, the interplay between convex geometry and probability theory has been investi-
gated. Among many possible research directions, log-concave probability measures provide an interesting
framework that generalizes uniform densities on convex sets but preserves many interesting properties, see
[11]. Here we will focus on a family of densities functions whose properties relate to geometric properties
of the convex set defined by its support. We say that a probability density function f; : R® — R, is
called norm-induced if
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where K is a convex set in R", ¢ > 0 and p > 0 are parameters, and || - || is a fixed norm. Note that a

probability density function of the form (1)) is always proper. Moreover, f; is log-concave only if p > 1.

We will explore the connection between these densities and geometric properties of the convex set
K itself, usually as a function of the parameter ¢. The geometry of unbounded convex sets plays an
important role in our analysis. For instance, given an arbitrary unbounded convex set we show that most
of its points are contained in any enlargement of its recession cone. This simple geometric phenomenon
motivates many of our results.

In the case of p > 1, a random variable whose density distribution function is f; can be efficiently
simulated (at least approximately) by geometric random walk algorithms [10]. In turn, theoretical results
on f; can be used to construct (implementable) algorithms to test properties of K itself.

We also develop an algorithm to test if a given convex set K C IR" is bounded or unbounded. In
either case the algorithm will construct an associated certificate of boundedness or unboundedness based
on the properties established in Section |3 We emphasize that algorithms for this problem are closely
related to the representation used to describe the set K. Our interest lies in cases in which the convex set
is given only by a membership oracle. This (minimal assumption) framework is the standard framework
in several applications in the computer science literature. Furthermore, it covers many other problems
of interest such as convex feasibility.

The decision problem of testing for boundedness has a variety of interesting consequences. In recent
years, several probabilistic methods have been proposed to compute quantities like centroid, volume
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[13], convex optimization [6], and many others [I], in the context of convex bodies. In all these cases,
boundedness of a convex set is a fundamental assumption for whose testing our algorithm provides a
constructive approach. Khachiyan established the equivalence between a strongly polynomial algorithm
for linear programming and a strongly polynomial algorithm for testing unboundedness of a convex set
associated with a system of linear inequalities [7]. Moreover, linear homogeneous conic feasibility problems
of the form

r € R™{0} (2)

(where C' is closed convex cone) can be converted into our framework by defining

{AmEC

K={zeR": Ax+heC} (3)

for any h € int C. In this case, 0 € int K, and the recession cone of K coincides with the set of
feasible solutions of the original system (2)). Moreover, K is bounded only if (2) is infeasible. Finally, a

membership oracle for the cone C suffices to construct a membership oracle for K and its recession cone
Ck.

The implementability of our algorithm relies on the ability to sample random variables distributed
according to a probability density f;. Over the last decade many important developments on sampling
from log-concave densities, most notably via geometric random walks, have been observed. In particular,
the hit-and-run random walk has been extensively analyzed and polynomial rates of convergence have
been established for this particular random walk under the log-concavity assumption [, [11), 12, [10].
Besides, the homotopy analysis proposed here is similar to the analysis done by Lovész and Vempala in
[13] of the algorithm they called reverse annealing, which was applied to the problem of computing the
volume of a (bounded) convex body. However, our approach differs from [13] with in respects: by using
a different density family, and by dealing explicitly with the possible unboundedness of K.

In the presence of additional structure, other algorithms are available in the literature. For example,
assuming that a self-concordant barrier function is available for K, minimizing such function leads to
appropriate certificates of boundedness or unboundedness (note that the minimum is finite only if K is
bounded). That idea was used first by de Ghellink and Vial in [3] for linear programming and more
recently by Nesterov, Todd and Ye [14] for nonlinear programming problems. Moreover, if K is given
explicitly by a set of linear inequalities, one can identify an element of the recession cone by solving a
linear programming problem.

We emphasize that none of these approaches extends to the membership oracle framework. In fact,
negative results do exist for approximating the diameter of a bounded convex set, which is a closely
related problem. Lovész and Simonovits [9] show that no polynomial time algorithm (deterministic or
probabilistic) can approximate the diameter of a convex set within a factor of \/n in polynomial time
under the membership oracle framework. Thus, it is notable that, as we show, testing if a convex set is
unbounded is solvable in polynomial time.

An outline of this paper is as follows. Section 2| illustrates the geometric intuition underlying many
results. Then we establish many properties relating the density functions (1)) and the convex set K in
Section [3. The algorithm to test boundedness is presented in Section 4] and its analysis is presented in
the following sections. Finally, Appendix [Al contains the details on how to implement the hit-and-run
geometric random walk efficiently for the density functions used in the algorithm.

1.1 Preliminaries, definitions, and notation. Recall that a real-valued function ||-]| : R" — R4
is said to be a norm if:

(i) ||lz|| =0 only if x = 0;
(ii) [[t]| = [¢]l|z|} for any ¢ € R;
(i) [z +yll < 2]l + Iyl for any 2,y € R".

For a given norm, we can define a unit ball
By (z,r) = Bz,r) ={y e R" : [ly — x| <r}, (4)

and a unit sphere S~ = {y € R™ : |jy| = 1}.
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The Euclidean inner product is denoted by (-,-) and || - || = +1/(:,) denotes the Euclidean norm
induced by it. For x € R" and r > 0, let By(z,r) denote the Euclidean ball centered at x with radius
7, ie., By(z,r) = {y € R" : ||z — y||2 < r}. The unit Euclidean sphere of R™ is denoted by Sy~!, i.e.,
Sy t={yeR":[y| =1}

The dual norm of || - || induced by (-, -) is defined by
[Is[l+ = max{(s,z) : x € B(0,1)}, (5)

for which we can also define a unit ball B,(s,r) = {w € R" : |[w — ||« < r} and a unit sphere S?~!. By
definition we have that | (s,z)| < ||s||«||z]. The dual norm completely defines the original norm, since
we have

lz]] = max{(s,z) : s € B,(0,1)}. (6)
That is, the dual norm of the dual norm is the original norm. Recall that the dual norm of the Euclidean
norm is also the Euclidean norm, which is said to be self-dual.

A set K is convex if z,y € S implies ax + (1 — a)y € S for every « € [0,1]. C is a cone if z € C
implies ax € C for every o > 0. If C' is a convex cone, the width of C' is given by

7o = max{7 : B(z,7) C C, ||z|| =1}, (7)

the radius of the largest ball contained in C' centered at a unit vector (in the appropriate norm). L is a
subspace of R" if z,y € L implies that ax + By € L for every «, 3 € R.

For a set S, the operations conv(S), cone(S), ext(S), int (5), cl (), diam(S), and Vol(S) denote,
respectively, the convex hull, conic hull, extreme points, interior, closure, diameter, and volume of S (see
[15] for complete definitions). Also, for € R", let dist(x,S) = inf{||x — y|| : y € S} denote the distance
from z to S. For a scalar u, set (u)y = max{0,u}, and for a matrix M denote by Amax(M) (respectively
Amin(M)) its maximum (respectively minimum) eigenvalue.

A membership oracle for a set S is any algorithm, that given any point x € IR", correctly identifies if
x € S or not. Let 1g denote the indicator function of the set S, that is, 1g(z) =1if 2 € S and 1g(z) =0
otherwise.

With respect to complexity notation, g(n) is said to be O(f(n)) if there exists a constant M such
that g(n) < M f(n), while g(n, u) is O*(f(n, n)) if there exists constants M and k such that g(n,u) <
Mf(n, ) In* n (that is, the O* notation omit logarithmic factors of the dimension but still shows the
dependence on other possible condition measure p).

1.2 Logconcave densities: concepts and notation. We define 7y as the probability measure
associated with a probability density function f (i.e, mp(S) = [ f(x)dx), Ey[-] as the expectation with
respect to f, and zy as the mean of a random variable whose probability density function is f. The
following class of functions plays a central role in the sampling literature.

DEFINITION 1.1 A function f : R™ — Ry is logeconcave if for any two points x, y € R" and any
A€ (0,1),
FOz+ (1= Ny) > f@) fy)'

Definition [1.1/ implies that In f is a concave function and, in particular, the support of f is a convex set.
We say that a random variable is logconcave if its probability density function is a logconcave function.
Gaussians, exponential and uniforms densities are examples of logconcave densities.

There are a variety of metrics available for probability densities. Here, we will make use of two of
them: the total variation norm, defined as

If =glrv =3 | 1fe) = glo)lda.

and the L? norm of f with respect to g, defined as
/() () f@))’
/o= |29 = [ I8spae— [ (29 g
M@ ]~ Jw g(a) » \g(@)
The following useful concept is associated with the covariance matrix induced by f.
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exponential
decay

Figure 1: High-dimensional bounded convex sets and volume. Exponential decay as we move away the
median cut.

DEFINITION 1.2 A density function f with expectation zy is said to be C-isotropic if for every vector v,

w3

C

< [ =2 fayde < oliC

<AL C.

Ql =

equivalently, any eigenvalue \ of the covariance matrix of f satisfies:

A function f is said to be in isotropic position if it is 1-isotropic, that is, its covariance matrix is the
identity. Thus, any density can be made isotropic by a linear transformation of the space.

2. e-Enlargements of the Recession Cone. In this section we revisit a classical representation
theorem for closed convex sets and we provide a new set inclusion characterization for such sets which
will be key in our analysis.

Let K C IR™ be a closed convex set. As a matter of convenience, assume K is full dimensional, as one
can always work within the affine hull of K, but at considerable notational and expositional expense. For
the sake of exposition, in this section we will assume that K contains no lines (in the upcoming sections
we do not make such assumption).

As is standard in convex theory, the set of all directions of half-lines contained in K defines the recession
cone of K denoted by Ck, i.e.,

Ok ={deR": K +dC K}, 8)

which is a closed convex cone ([15] Corollary 8.3.2). Moreover, it is well-known that K is unbounded
only if Cx # {0} ([15] Theorem 8.4).

Under this framework, K contains at least one extreme point ([I5] Corollary 18.5.3). Thus, the
following representation theorem for closed, line-free, convex sets applies to K.

THEOREM 2.1 Any closed line-free convex set K C IR"™ can be decomposed into the sum of two sets, the
recession cone of K and the convex hull of its extreme points. That is,

K=Cg+ conv(ext(K)). (9)

In order to develop intuition on the relation between high-dimensional convex sets and volume, we
need to understand how to draw pictures of what high-dimensional convex sets look like. The intuition for
convex bodies (bounded convex sets with nonempty interior) was first suggested by Gromov and Milman
in [4]. The fact that the volume of parallel intersections of half-spaces with K decays exponentially fast
after passing the median level must be taken into account. As suggested by Gromov and Milman, small
dimensional pictures of a high-dimensional convex body should have a hyperbolic form, see Figure [1.
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Figure 2: High-dimensional unbounded convex sets and volume. Most of the mass concentrates around
the recession cone.

However, our concern here is to extend such intuition to unbounded convex sets. In this context a
similar (concentration) phenomenon will also be observed. Assuming that the recession cone has positive
width, “most of the points” of the set are in the recession cone. (Note that one needs to be careful
when quantifying “most of the points”, since the volume is infinite.) Again small dimensional pictures of
high-dimensional unbounded convex sets must have a hyperbolic form, see Figure 2.

In fact, even if the recession cone has zero width, “most of the points” of K will be contained in any
e-enlargement of the recession cone, where the latter is formally defined as:

Ci = cone {S""'N(Ck + B(0,¢))} . (10)

The following properties of the e-enlargement of the recession cone follow directly from the definition.

LEMMA 2.1 For e > 0 sufficiently small, we have that:
(1) C% is a closed cone and contains no line;

(79) if Cx = {0}, then C5 = {0};

(iii) if Cx # {0}, then 7ce. > max{7c,, €/3}.

PROOF. % is a closed cone by definition. Since Cx is a pointed cone, the Pompeiu-Hausdorff
distance of the cone Ck to any cone C that contains a line is bounded away from zero, 6(Ck,C) =
sup|, <1 [dist(z, Cx) — dist(z, C)| > ¢ > 0 (see [3] for details). Moreover, §(C,Cj) < e. Thus we can
choose € < ¢ and C' does not contain lines.

If Ck = {0}, for € < 1 we have S"~' N (Ck + B(0,¢)) =0 and C% = {0} and (ii) follows.

To prove (iii), observe that Cx C Cf implies that 7ce > 7¢,. Moreover, if z € Ck, |z|| = 1,
we will show that B(z,¢/3) C C%. Take x € B(z,¢/3) and let w := z/||z|. Since ||z|| = 1, we have
1+¢/3>|z|]| >1—¢/3. Then

|

where the last inequality follows since € < 1. Since z/||z|| € S"~1 and z/|z| € B(z,¢€), x € C%. This
implies that 7ce > €/3.

W%T——zH Q:E—Fﬂiﬂ——széHw_z“%—HzH<ﬂ%H——1)
1

] ll=]l

€ 1 _ €
31=e3 v 1=e/3 — L =3= <e

IN

]

Now we are in position to obtain a set inclusion characterization of the aforementioned geometric
phenomena, which will motivate most of the analysis in the sections to come.

THEOREM 2.2 Let K be a convex set. Then, for any € > 0, there exists a positive scalar R, such that

K CC% + B(0,R.). (11)
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PRrROOF. Without loss of generality, assume 0 € K. Suppose that there exists a sequence {x7} of
elements of K such that dist(z7,C%) > j. The normalized sequence has a convergent subsequence,
{d¥i = 2% /||z*7||}, to a point d. Since K is convex, closed and 0 € K, d*i and d are in K. In fact,
d € Ck. For any € > 0, there exists a number jy such that

|d¥ —d|| < e for all j > jo.
Theref(‘)re7 we have d¥ € Cy for j > jo. In addition, ki € C%, since Cf is a cone, contradicting
dist(z?,C%) > j for every j. O

It is well-known that for the polyhedral case Theorem 2.2/ holds with € = 0 but this is not the case in

general.

EXAMPLE 2.1 Consider K = {(x,y) € R* : 2 > —1, In(xz + 1) > y}. Here the recession cone is Cx =
R, x R_ and 7¢,, = 1//2. Note that for all R > 1, the point (R,InR) € K and dist((R,In R),Ck) =
InR. Consider € < 1/5 which implies that C§ contains no lines. For any point (x,y) € K such that
T > %1112 %, we have that y < Inx < ex which implies that (z,y) € C%. Thus, Theorem 2.2 holds with
R.:=2In? %

: €

The e-enlargement of the recession cone captures all points of K except for a bounded subset. Thus,
assuming that K is unbounded, such geometric phenomenon implies that “most points” of K will be
contained in K N C%. Moreover, if 7¢,, > 0, most points of K will actually be contained in Cf itself.
This is quantified in the next results.

LEMMA 2.2 Let Ck be a convexr cone with strictly positive width tc,. . Then

2 n
Vol,_1 (Cjx N S" 1) < (1 + €> Vol,,_1 (Cxk N S™ ).
TCK
PROOF. By definition of 7¢,, B(z,7¢, ) C Ck for some z € S"~1. Since Cx and C§ are cones,

Vol, 1 (Cj N'S™™') Vol (Cg N B(0,1)) - Vol ((Ckx N B(0,1)) + B(0,¢))

Vol,,_1 (Cx NS 1) ~ Vol (Cx N B(0,1)) — Vol (Cx N B(0, 1)) ’
since (c% N B(0, 1)) c (CK N B(0,1) + B(0,¢) ) Next, we have B(z/2,7¢, /2) C (CK N B(0,1) ) 50
that

(CxnBO.D) + B0 c (ConBO.D) + —— (CxnBO.) - 3).

and the result follows. O

THEOREM 2.3 Let X; be norm-induced random variable defined by a norm | - ||, parameters t > 0 and
p >0, and a convex set K. Moreover, let Y; also be a norm-induced random variable defined by the same
norm || - ||, the same parameters t > 0 and p > 0, but with o different convex set Ky such that

K C Ky C Cy + B(0,R,).

Then
2¢

P(X;eCg)>P(Y,eCk)> (1— T) P(Y; e Ck).
Ck
PROOF. By definition we have that
PY,eCk)=PY,eClV, e K)PY, e K)+P(Y, € CklYi ¢ K)P(Y, ¢ K).
Next, note that P (Y; € Ck|Y; ¢ K) =0 and P(Y; € Ckl|Y; € K) = P(X; € Ck) since Cx C K C Ky
These relations imply the first inequality.

For simplicity, let A = {z € R" : ||z|| = p} denote the sphere of radius p. To prove the second
inequality, note that for any p > 0

V0|n_1(CK N A) 2e " V0|n_1(C;{ N A)
= — _—n-\FR ) N s U S e | G
P e Cr il =) Vo, 1(5n4) = \! "7 ) Vol, 1 (SN A)
o (1 2 "Vol,_1(C5 NANS)
= Ton Vol, 1 (S N A)

2 \"
(1—) P (Vi e Cil 1Yl = )
TCK
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where the first inequality follows from Lemma [2.2 and the second because C% might not be contained in
S. Since this holds for every p > 0, the result follows.

O

Taken together, Theorems 2.2 and 2.3/ with € < 7¢,. /4n imply that we have at least a constant fraction
(independent of the dimension) of the points in C% in Ck. Thus, finding points in Ck is easily achieved
by finding random points in C§ N K.

3. Geometry of norm-induced densities. In this section we establish several properties of the
random variable Xy, whose density function f; is given by (1). Many properties of X; can be related with
a variety of geometric quantities/properties of the set K itself. These results are partially motivated by
known properties of uniform distributions over convex sets. Nonetheless, norm-induced densities may fail
to be log-concave which is a key property used in similar results [11]. Moreover, for algorithmic reasons,
we are also interested in relating explicitly the dependence between geometric quantities of K and the
parameter ¢ of the norm-induced density. For the sake of exposition, we will assume the following:

AssuMPTION 3.1 K is a closed convex set that contains the origin and has nonempty interior.
ASSUMPTION 3.2 There exists a positive number R such that K C Cx + B(0, R).

Assumption 3.1 is needed to ensure that K has positive n-dimensional volume (possibly infinite).
Nonetheless, one can always work with the affine hull of K if one uses the appropriate lower dimensional
volume. As expected, the origin could be replaced by any other point in K. All results could be restated
for that particular point (if we translate the density f; appropriately).

The focus on convex sets that satisfies Assumption [3.2]is not restrictive. In light of Section [2! we know
that such inclusion can always be obtained if the recession cone is properly enlarged. In the case of
unbounded convex sets whose recession cone has positive width, Theorem 2.3/ shows how to relate the
enlarged cone with the original recession cone. On the other hand, for unbounded convex sets whose
recession cone has zero width, we know that the recession cone has zero measure for any f;. Finally,
Assumption 3.2 is always satisfied by any bounded convex set, using R = diam(K) and Cx = {0}, or
any polyhedral convex set.

We start with a simple result of the levels sets of the norm-induced densities.

THEOREM 3.1 The upper level sets of a density function f; defined as in (1). Moreover, consider the
function g(z) = ||V In fi(x)||« which gives the dual norm of the gradient of the logarithm of fi at x. This
function is well defined even if f; is non-differentiable and we have two cases:

(1) if p > 1 the lower level sets of g are convex;

(#1) if 0 < p < 1 the upper level sets of g are conver.

PROOF. The upper level sets of f; are defined by

{reK: filx) >c} = {x € K :tlz|? < —ln(c/ft(z)dz)}

. Since the parameters ¢ and p are positive, such set is either a scaling of the unit ball intersected with
K or the empty set (both convex sets).

For the second part of the theorem, we first compute g(z). Recall that if s € 9||z|| (s is in the

subdifferential of || - || at x), we have that s € S?~!. Then we have
g(z) = || = tpllllP~*sll. = tpllzllP~ |Is]. = tpllx P~
The result follows since ¢ is convex for p > 1 and concave for 0 < g < 1. ]

The next lemma shows that the norm-induced densities exhibit a concentration phenomena similar to
log-concave densities.
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LEMMA 3.1 Let X; ~ f; as in (1l). For D > 4 we have
1/p
1 _»
P(IX]| > (D) | <ge 3P/
tp 3

1/p
PRrROOF. Let M := (%D) . Define Ky := cone{M S™"~! N K} (a possible non-convex set) and let
Y; ~ et gver Ky. Then we have
P(|IX¢|| = M) < P(||Y3]| = M),
since {y e Ky : ||y| < M} C Kand {y € K: |y|| > M} C Ky.

Then for Y; we have

—tllyll” 0 n—1_,—tvP
Jyerey iz @ dy [ vl dv
—t||y||? T [® o n—1,—tvP !
fyeKye 19117 clyy Jo vnlemtdy

Let u := tvP, ¢ := tMP = %D, and we obtain

P(Yil = M) =

f ur e tdu f ul v~ Heudy ! I

_ _—c
fooou%—l —udy f wld ~He—udy - ¢ Z il

=0

P(Yi| = M) =

Next recall that i! > (i/e)? (from the Stirling’s formula, and using the convention that 0° = 1) and
In(1+ h) < h. Then

_ |—" —np %_1“ (HD)l —p l—%_l] i In M
e >0 < e Zz -0 Grer —¢ *F Y2y emEPe)
_ —7D ZZ . —1] 'Lln( +(ﬂ/P) %)J,-'Lln(De) < —7DZ (n/p) i+iln(De)
e G 1)2(: 1 in(D) = =% »(D- 1)4’—76:“1(-‘;?(D1) 1

e
1,-2(D-1-In(D)) . 1,~%D/3
ze < )

IN

1le
3¢
]

As anticipated, we will show that the probability of the event {X; € Ck} will be large for “small”
values of t. To do so, we exploit the spherical symmetry of f; (i.e., fi(x) = fi(y) if ||z]| = ||y||) and the
geometric phenomena induced by the representation of Assumption 3.2. That symmetry will allow us
to connect the volume of relevant sets with the probability of the event {X; € Ck}. Lemma 3.2 below
properly quantifies this notion.

LEMMA 3.2 Suppose that K is an unbounded convex set, let X; ~ f; as in (1l), and let p > 6R/7¢, .
Then

6R \"
Pc€ O | 1X]=p) 2 (1- 22
TCk " P
PrOOF. Note that restricted on || X;|| = p, the density f; is constant. Thus, we have

Vol,,_1(Cx N (pS™™1))
Vol,,_1(K N (pS™—1))

PXi e Ok | [ Xell =p) =

For any a,b, define the sets K, := {y € K : a < ||ly|| < b} and K, := Kjg ) = (aS™ ') N K. Set
p=p/3>2R/7c,, and consider the following set inclusions

Iipp) ={y € Cx : p< Iyl < p} C Ki55) C Opp ) :=A{y € B(0, R) + C : p < |ly|| < p}-
We first show that Oy, C i3, + B(0,2R). For y € Oj;,), we have y = v + w, where |lv[| < R,

w € Ck, |lv+w| € [p,p], and hence ||w|| € [p — R, p+ R]. Therefore w € Ij;_g p+r) C Ij5,0 + B(0, R),
and the result follows since v € B(0, R).

Now, take z € Ck, ||z]| = 1, such that B(z,7¢,) C Ck. Thus,

B ((p;p)% (”;p)m> C Cr.
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Observe that p > 3p implies that p < (p;p) - (ﬁzp) and (ﬁ—;—p) + (ﬁzp) < p, so we have
B ((p;rp)z’ (pzp)TcK) _B ((p;p)%%R) Iy

where x = (ng—p) T%K. Thus, B (w,2R) C %I[ﬁ,p] for w = B2z,

Vol({[5,)) > Vol(Ij5 ) S Vol(1; )
Vol(Kip,) = Vol(Op,) = Vol(Ip, + B(0,2R))

VO|(I[51P]) _ 1 S (1_ 1)11
Vol(Ijp ) + +1ip) (14 2)" 7 K

K

We will complete the proof in three steps. For s € [p, p], consider the sets Iy and Os.

First note that
Vol,_1(Is) Vol,,_1(Cxg NS 1) B Vol,,_1(Cxg N S"1)
Vol,,_1(0s)  Vol,,—1(Cx + B(0,R/s) N S™ 1) Vol,,_1(Ck + B(0,R/s) N S»~1)
is a nondecreasing function of s. Second, observe that
Vol(Ijy,)  J; Volu—1(Is)ds
Vol(Ops ) fﬁpVoIn,l(OS)ds'

Next, we will make use of the following remark.

REMARK 3.1 For any a < b and any two positive functions g and h such that

g9(s)

=——= s nondecreasing for s € [a,b], we have

h(s)

(b)

gla) _ Jig(s) g
< ds h(b)

h(a) = [ h(s)

<

Third, applying Remark [3.1 with g(s) = Vol,,—1(Is), h(s) = Vol,,—1(Os), a = p and b = p to obtain

Vol,,—1 (1)) Vol,—1(1p) Vol(1j5,4) 1\"
= = > > . > .
P(X; € Ck | | Xell =p) Vol, _1(K,) = Vol, 1(0,) = Vol(Op.,) ~ 1

. . _ _ TCrP
Finally, since p = p/3 we have k = %=,

ProOF. OF REMARK [3.1l. Simply note that 28 < % for s € [a,b]. Then

/abg(5>ds B /ab h(s)zi))ds - (ZEZ;) /ab e

and a similar argument yields the lower bound.

O

Since the bound obtained in Lemma 3.2/ is monotone in p and trivially true for bounded convex sets

(tc = 0), we have the following useful corollary.

COROLLARY 3.1 For any convex set K and p > 6R/7¢,, we have

6R "
P € O |13l 2 ) 2 (1- 2 )
TCk * P

The previous results used conditioning on the event that the random points have large norm.
natural to bound the probability of these conditional events as well.

It is

LEMMA 3.3 Suppose that K is unbounded, and that f; is given by (1). For a random variable X, dis-

tributed according to f; we have
P (X > p) > 1 — dept'/”.
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PrROOF. We can assume that pt'/? < 1/4e, since the bound is trivial otherwise. We use the notation
introduced in the proof of Lemma 3.2, K, 4 = {y € K :a < |y|| < b}.

Assuming that K is unbounded, there exists z € C, ||2|| = 1. Then,

Kio,p) + (kK +2p)z C Ky g3y for any € Ry, (13)
since for each z € KJg ,), we have
|z + (ks +2p)z| < [lzll + (s +2p)]l2]| < &+ 3p,
lz+ (k+20)2] = (s+20)llzll = llzll = K+p,
and x + (k + 2p)z € K (the latter follows from z € Ck).
(m—-1)/2
So, for any odd integer m > 3, K, 1y = U K{(2i-1)p,(2i+1)p], Where the union is disjoint (except
on a set of measure zero), and by (13) we hauvezi1
(m—1)/2 (m—1)
Vol(Kpmpp) = > Vol(Kjiai-1)p,2i41)0) = 5 Vol(Klo,g)-
i=1

Now, define m := # . By assumption we have pt'/? < 1/4e, which implies m > 4e (again, we

assume that m in an odd integer for convenience). Thus,
—tllzlI” ¢
2 x

PIX | > p) = .
([ X[ = p) fK[o | e—t=lP gy + fK[,, . e—tlzl? dr

S, e e

p,mp]

—tllz||l? 4 —tllz||? 4
e x + e X
fK[OvP] ‘/‘K[p,m,p]

v

VO|(K[p7mp])67t(mp)p
VO|(K[07p]) + VO|(K[p,mp])€_t(mp)p

(m — 1)Vol(K{ my

])eft(mp)p
>
= 2VOl(K(pmp)) + (m — 1)VOI(K, 1) ) e ~HmP)”

(m— l)eft(mp)p

> .
= 2% (m— Le—tmo)

Using the definition of m, we have

(t}/p_l)e_l (tll/P_l)
PN Zp) 2 52— =
+ (5w — Ve et (Gam— 1)
2 2ept!/P
> 1_176 - 1_L1/ 21—4ept1/p.

O

Lemma 3.2 and Corollary [3.1] quantify the geometric notion mentioned earlier (motivated by Figure
2), that most points in K outside a compact set are in Cf if its width is positive. On the other hand,
Lemma 3.3 shows that the norm of X; is likely to be greater than 0.01/t1/p. Taken together, they lead
to a lower bound on the probability of the event {X; € Ck}.

THEOREM 3.2 Suppose that K is unbounded, and f; is defined as in (1l). Let 6 € (0,1) and suppose
o fact p,
~ \96enR

and let X; be a random variable distributed according to fi. Then
P(X,eCg)>1—0.
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Proor. All that is needed is to combine Lemmas 3.2l and [3.3. Clearly,
P(X; € Cx) > P(IXi] 2 p) P(X; € Cic | [IXe > p).

By Lemmas 3.2 and 3.3, we have

6R "
PUX 2 p) 2 1 tept? and P(X€Crc| X202 (1- )
Cg *

It is sufficient to ensure that

5 6R \" 4]
1—detp>1— - and (1— ) >1— =
2 TCk * P 2
for some p > 6R/7c,. Noting that (1 —z)Y/™ < 1— £ for all z € [0, 1], the second relation also holds
since if
6R ]
>1

1 -2
TCk " P 2n

It suffices to choose p = gZR for the second relation to hold, and the first relation holds since
K

40°7c, e12nR 6

dept'/? < =_.
P = T96enRoTe, | 2

O

Theorem [3.2| characterizes the behavior of random variables X; ~ f; for values of t that are “relatively
small” with respect to its support K. It is natural to ask what kind of behavior one should expect for
values of t that are “relatively large” with respect to the support K. An answer to this question is given
in the next lemma.

LEMMA 3.4 Assume that there exists v € K such that ||o|| = D. If t'/? > 1/D, then

1 1
ax P([(s,X)]>——)>-=.
sg'lsf}fl (‘ (s X | 4ent1/1’> 9

Proor. Let vy =
that (v,v) = D.

T Since D = [|5]| = max{(s,0) : s € B.(0,1)}, there exists v € S~ such

By obtaining a lower bound for v we automatically obtain a lower bound for the maximum over the
dual sphere. So,

max P (| (s, X¢)| >7) > P (| (v, Xy) | >7).

sesr—!

It will be convenient to define the following sets
A={z e K :|{v,z)| <~} and B{(la)a:JrafD : xeA},

2 1
wherea:75<ﬂ.

Note that for any y € B, y € K since x and v € K and « € (0,1). Moreover,

[{0.8)] 2 (0,9} = (1 - 0) {0,2) + @ {0,8) > 7+ 5D =1,

Thus, y ¢ A.
Next recall that for any M > 0 (and ||z|| # 0), we have

5P P 27\? P
10— @)z +atll” < 2l (14 TF) "+ (M +27)". (14)
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By choosing M = 2evyn, we have

P(X,e K\A) > P(X;€B)= / e dy
- f e t” ”dz
~ 1H [ /e_tu(l_a)”a@”p(l—a)”dw
e~ tlzlPdz
K A
—t(M+27)P (1 _ A\ . »
S ¢ (1-a) /67t||(1+;f;)m|| d
fKe*tHZ”pdz A
>

_ Plen P n Ly~—"
NP (ent P (1 — q)n (14 L) / o= tlzl” gy
[ e Mo dz (1+23)

> eft(Q’y)pélpn”671/(2671)671/EP(Xt c A)

> LP(X;€d)=5(1-PX,€K\A)
and we have P(X; € K\ A) >1/9. O
This result allows us to construct several useful bounds on the moments of X;.

In the case of p =1, we can improve on Lemma [3.4/ as follows.

COROLLARY 3.2 If in addition we have p =1, for t > \/n/D we have

1 1
P X)|>——)>=
(60> ) > 5

PROOF.  The proof is similar to Lemma 3.4, We define A := {x eK:|{v,x)| < m}, and
= QQth < 52=. Next, note that the inequality (14) becomes
11 = a)z + av|| < ||z|| + af|v]],
and there is no need to use M. In this case, it follows that
_ 1 1
P(X, e K\ A) >e lPl(1 —a)"P(X, € A) > ZP(X, € A) = 5 (1= P(X; € K\ A))
and we have P(X, € K\ A) > 1/3. This holds since we have
e*tO‘HﬁH(l _ a)n _ efl/(2e\/ﬁ) (1 _ Qetfl)\/ﬁ) > 671/26 (1 _ ﬁ)n
> e 12071/ > 0,664 > 1/2.
O
For the reader convenience, the next corollary is specialized for the case of || - || = || - |2 and p = 1; it

will be used in the following section. It shows how one can relate the eigenvalues of the second moment
matrix, the parameter ¢, and the diameter of K (if the latter is bounded).

COROLLARY 3.3 Assume thatp=1 and | -|| = - |l2. If K is unbounded, then for every ¢t >0
1
)\max EX X, > .
( [ t t]) = n(7et)2
Otherwise, suppose that for some t > 0 we have
1
Amax (B [ X X! .
a ( [ t t])< ’I’L(?Gt)2

Then K is bounded and K C B(0, R) for R = @
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Proor. If one is using the Euclidean norm, we have || - ||l = || - || = || - ||«. Moreover, we have that

Amax (B [X:X]]) = max (s, E[X,X]]s) = max E[<s,xt>2].
sesn—1 sesn—1

If K is unbounded, there exists v € K such that ||v|| > /n/t. Thus, we have

) 1 1 11 1
> — > - >
sgﬁ)flE [<S’Xt> } ~ n(4et)? sesn P (‘ (s X0 | > \/ﬁ(4et)) ~ n(4det)?3 — n(Tet)?

where the second inequality follows from Corollary 3.2l

For the second part, suppose there exists v € K, with ||g]] > @ Let R := ||9|| > /n/t. Then

t > /n/R and ||v|| = R, so by Corollary 3.2 we have a contradiction.
]

A similar result can be established for small values at t. Intuitively we will recover results known for
the uniform density as we let ¢ goes to zero.

LEMMA 3.5 Assume that there exists v € K such that ||| = D. Ift'/? < 1/(2D),

D 1
P X — —.
s p(lex>55) >

PROOF. The proof is similar to the proof of Lemma 3.4/ if one defines
D
A= K : — .
{xe |<v,x>|<4en}
COROLLARY 3.4 Assume that K has diameter D and t < 1/(2D). Then,

D

ProoOF. If K has diameter D, there exist two points 9,w € K such that ||t — @] = D. We can
assume that ||7|| > D/2. The result follows from Lemma [3.5. O

We close this section with a simple observation with respect to the entropy of a density function

Ent(f)=-— - (z)In f(x)dz.

COROLLARY 3.5 If f; is a norm induced density function, then
Ent(f) = tE[|X]"].

Thus, Lemma 3.4, Lemma 3.5, and Corollary|3.2 can be used to bound the entropy.
PROOF. The result follows by noting that —f(z)In f(z) = t[jz|[Pe=tI=I". O

4. Testing the Boundedness of a Convex Set: a Density Homotopy. The algorithm we
propose is a homotopy procedure to simulate a random variable which has desirable properties with
respect to K. Motivated by the geometry of unbounded convex sets, the uniform density over K would
be an interesting candidate. Unfortunately, as opposed to most frameworks in the literature, a random
variable which is uniformly distributed over K will not be proper if K is unbounded and cannot be used.
Instead, we will work with a parameterized family of densities, F = {f; : t € (0,%o]}, such that f; is
a proper density for every t. In addition, for any fixed compact subset of K the parameterized density
uniformly converges to the uniform density over that compact set as ¢t — 0. As mentioned earlier, the
algorithm must provide us with a certificate of boundedness or unboundedness. Any nonzero element of
the recession cone of K is a valid certificate of unboundedness. We will assume that a membership oracle
for the recession cone of K itself is available.
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On the other hand, the certificate of boundedness is more thought-provoking. If K is described
by a set of linear inequalities, K = {x € R" : Az < b}, K will be bounded if and only if positive
combinations of the rows of A span IR". More generally, if K is represented by a separation oracle, a
valid certificate of boundedness would be a set of normal vectors associated with hyperplanes returned
by the separation oracle whose positive combinations span IR". Note that a membership oracle provides
much less information and we cannot sensibly extend the previous concept to our framework. Instead,
our certificate of boundedness will be given by the eigenvalues of the second moment matrix associated
with the random variables induced by the family F. In contrast with the previous certificates, it will be
a “probabilistic certificate of boundedness” since the true second moment matrix is unknown and must
be estimated via a probabilistic method.

4.1 Assumptions and condition measures. In addition to Assumptions 3.1 and 3.2, we make
the following assumptions on the set K:

AssuMPTION 4.1 K is a closed convex set given by a membership oracle.
ASSUMPTION 4.2 There exists 7 > 0 such that B(0,r) C K.

ASSUMPTION 4.3 A membership oracle is available for C, the recession cone of K.

The closedness of K could be relaxed with minor adjustments on the implementation of the random
walk. Assumption [4.3| specifies how K is represented.

Assumption 4.2] is stronger than Assumption 3.1. It requires that we are given a point in the interior
of K, which is assumed to be the origin without loss of generality. That is standard in the membership
oracle framework, since the problem of finding a point in a convex set given only by a membership oracle
is hard in general. Finally, we emphasize that only a lower bound on r is required to implement our
algorithm. Section 5.3 gives a simple procedure to obtain an approximation of r within a factor of y/n.

In our analysis, besides the dimension of K, there are three geometric quantities that naturally arise:
r, R, and 7¢, . Not surprisingly, the dependence of the computational complexity of our algorithm on
these geometric quantities differs if K is bounded or unbounded (recall that the case of 7o, = 0 is
fundamentally different if K is bounded or unbounded). Nonetheless, in either case the dependence on
these quantities will be only logarithmic. An instance of the problem is said to be ill-conditioned if
Tcx = 0 and K is unbounded, otherwise the instance is said to be well-conditioned.

4.2 The algorithm. In order to define the algorithm, let f; be defined as (1) with |- || = || - [|2 (the
Euclidean norm). Let o € (0,1) and let hit-and-run be a geometric random walk which will simulate the

next random variable (see Section 6 for details). This yields the following “exact” method to test the
boundedness of K:

Density Homotopy Algorithm (Exact):

Input: r such that B(0,r) C K, define tg = tinitial (1), @ € (0,1), and set k < 0.

Step 1. (Initialization) Draw Xy, ~ fi,(x).

Step 2. (Testing Unboundedness) If X;, € Ck \ {0}, stop.

Step 3. (Variance and Mean) Compute the mean and covariance of X3, : zj and V.
Step 4. (Testing Boundedness) If A\ ax (Vk + zkzg) < m, stop.

Step 5. (Update Density) Update the parameter: tx11 = (1 — «) - t.

Step 6. (Random Point) Draw Xy, , ~ hit-and-run( fi, ., Xt,, Vi)

Step 7. (Loop) Set k — k + 1, goto Step 2.

This (exact) method requires 7, the exact draw of X, ,, and the exact computation of the mean 2y,
and covariance matrix V341 of the random variable X3, . In order to obtain an implementable method,
we can use only approximations of these objects.

Detailed bounds on the computational complexity of the hit-and-run procedure, on the estimation of
Zk+1 and Vk+1, and 7 are provided in Sections 5.3), 16, and [7. Moreover, the use of an approximate mean
and approximate covariance matrix must be taken into account in the test of boundedness (Step 4), which
is presented in Theorem 4.1.
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Each loop of the algorithm (Steps 2-7) is called an iteration of the algorithm. Thus, the work per
iteration consists of (i) performing the hit-and-run random walk, (ii) computing an approximation of the
covariance matrix, (iii) testing if the current point belongs to the recession cone, and (iv) computing
the largest eigenvalue of a positive definite matrix. Although a highly accurate approximation of the
covariance matrix is not needed, the probabilistic method used to estimate such matrix requires at least
O*(n) samples. Such estimation will dominate the computational complexity per iteration.

Letting tgna denote the final value of the parameter ¢ when the algorithm stops, the total number of

iterations of the algorithm will be
[ 1 (tinitial > —‘
—In(—— .
a lfinal

The following theorem is the main characterizes the complexity of the homotopy algorithm.

THEOREM 4.1 Let K be a convex set satisfying Assumptions 3.2, 4.2, 4.5, and 4.1 and consider the
homotopy algorithm using a family of densities F = {fi(z) ~ 1x () - e =z . ¢ € (0,0]}. Then:

(1) If K is unbounded, the algorithm will compute a valid certificate of unboundedness in at most

1
0] <\/ﬁln (nR)) iterations with probability 1 — 6,

0Tk T

where each iteration makes at most O* <n4 In (% In (%T; %))) calls to the membership oracle.
K

(ii) If K is bounded, the algorithm will compute a valid certificate of boundedness in at most
O <\/ﬁln (nR>) iterations with probability 1 — 6,
r
where each iteration makes at most O* (n4 In (% In (TE))) calls to the membership oracle.

The proof of Theorem 4.1, which is provided in Section 10} is built upon the analysis of the next six
sections.

5. Analysis of the homothopy algorithm

5.1 Stopping criteria: unbounded case. An appropriate certificate of unboundedness for a con-
vex set is to exhibit a non-zero element of the recession cone of K. Assumption 4.3 allows us to correctly
verify if a point is an element of Cx. For example, in the case of linear conic systems (3), any membership
oracle for C itself can be used to construct a membership oracle for K and Ck.

If the algorithm terminates indicating that K is unbounded, a nonzero element of the recession cone
was found (a certificate of unboundedness). Thus, the algorithm always terminates correctly in this
case. The following corollary of Theorem (3.2 ensures that we can find such certificate, which provides a
desirable stopping criteria in the case of K being unbounded.

COROLLARY 5.1 Suppose K is unbounded. After

T l m (# 96enR
« (52TCK

iterations of the exact algorithm, we have P (X, € Cx) > 1— 0.

2
PrROOF. We start the algorithm with ¢ = ¢(, and after T iterations, we obtain tp = gﬁsz%. The result

follows by applying Theorem 3.2 to X¢,.. |

5.2 Stopping criteria: bounded case. In contrast with the unbounded case, we lack a straight-
forward certificate for the case of K being bounded. In addition, an unbounded set whose recession cone
has zero width should not be wrongly classified as bounded. That is, our analysis should cover such an
ill-conditioned case as well.
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In the search for an appropriate certificate, the mean of the random variable X; appears as a natural
candidate. Assuming that the set K is unbounded and line-free, its norm should increase as the parameter
t decreases. On the other hand, if K is bounded, the mean will remain bounded no matter how much
t decreases. Unfortunately, that analysis breaks down for sets that contain lines. For example, if K is
symmetric the mean of X, is zero for every ¢ > 0, whether K is bounded or not.

In order to overcome this we consider the second moment matrix €2; of the random variable X;. The
matrix 2; will be large, in the positive definite sense, if either the covariance matrix or the norm of the
mean of X; is large. Again, if K is unbounded the maximum eigenvalue of €); increases as the parameter
t decreases. Otherwise, K being bounded, the maximum eigenvalue will eventually be bounded. This
provides a nice criterion which is robust to instances where K contains lines and/or 7¢, = 0. We
emphasize that the second order information is readily available, since we are required to compute the
covariance matrix and the mean of X; to implement the hit-and-run random walk for f; (see Section |6
for details on the sampling theory and the reasons why we need to compute the covariance matrix to
keep f; in near-isotropic position). The next corollary provides the desirable stopping criteria.

COROLLARY 5.2 Suppose K is bounded. The exact algorithm will detect boundedness for all t < = Rf’

and will bound R by % Moreover, this will happen in at most T = éln (to TeR+/n) iterations.

Proor. Ift < ﬁ, then Apax (E[X: X}]) < (7et — from Corollary 3.3. From Corollary 3.3, this

means that K is bounded and R < @

Moreover, starting with ¢ = ¢o, after T'= 1 In (ty 7eR\/n) iterations we obtain ¢ty < O

7eRf

To generate a certificate of boundedness, the maximum eigenvalue of the second moment matrix must
be estimated (Section 7 covers the necessary theory for that). Since it will be estimated via a probabilistic
method, there is a probability of failure on each iteration which must be properly controlled (see Section
9 for details). Thus, in contrast to the unbounded case, if the algorithm terminates indicating that K is
bounded, there is a probability of failure associated with that decision which can be made smaller at the
expense of computational time.

5.3 Initialization of the algorithm: unknown r. This section clarifies how to start the algo-
rithm, that is, how should we choose the initial value ty based on r. As is usual under the membership
oracle framework, it is assumed that we know a point in the interior of K, which is taken to be the origin
for convenience (Assumption 4.2). In some applications of interest such points are readily available, for
example 0 € int K in the conic system (3).

The implementation of Step 1 will be done by a simple accept-reject method, see [2]. Note that it is
simple to draw a random variable X;, whose density is proportional to f,(z) ~ e~%l#l2 on R™ instead
of only on K (pick a point uniformly on ngl and then scale using a I'(n,ty) random variable!). If it
is the case that X;, € K, we accept that point; otherwise, we draw another point according to f;, and
repeat the process until a point in K is obtained.

Now, we need a constructive approach to bound r from below. Fortunately, a simple procedure is
available for estimating r up to a factor of \/n. That will be satisfactory since the final dependence on r
is only logarithmic. Consider the following quantity:

P = j{nn max{ t : te; € K, —te; € K}, (15)

where e; € IR" denotes the i*" unit vector of IR". It is clear that # can be approximated in O (n| In %|)
operations (via a simple binary search) and will not increase the order of the computational complexity
of the algorithm. The next lemma provides a guarantee of the quality of the approximation provided by

r.

LEMMA 5.1 Let r be the radius of the largest ball centered at the origin contained in K and let 7 be as
defined in (15). Then # > r > #/y/n.

LA T'(a, B) random variable is characterized by the density f(z) = (8%/T(a))z®~1e=P? for > 0, and zero otherwise.
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Proor. Clearly, 7 > r. Note that re; € K for every i. Thus, the convex hull of these points contains
a ball of radius #//n which is contained in K. Therefore, 7 > r > #/+/n. O

We also need to ensure that the probability of the event {X;, € K} is reasonably large. The next
lemma achieves this by a suitable choice of the initial parameter t;, based on the radius r of the largest
ball centered at the origin contained in K.

LEMMA 5.2 Assume that the ball centered at the origin with radius v is contained in K. Let Xy, be a

random variable whose density is proportional to e~*l%l2 for any x € R™. Then if to > 2@, we have

P(X,, € K)>1—en(tor/2),
PROOF. Using Lemma 5.16 of [I1] (since tor/(n — 1) > 2) for the second inequality, we have

P(Xto ¢ K) < P(Xto ¢ B(O,T)) = P(fto(Xto) < ftO(O)eftOT) < (617%1507”‘)”_1

n—1
t n—1
< en—l1 (67% t0r1> < 6nf(tgr/Q)
n—

since e~ “c < e~¢/2 for every ¢ > 0.

O
This allows us to efficiently implement the accept-reject method in Step 1 of the algorithm.
COROLLARY 5.3 After computing 7 as in (15), it suffices to initialize the algorithm with
8n3/2
to = —
7
to obtain that P(X,, € K) > 1 —e™3".
PrOOF. Recall that Lemma 5.1 implies that # > r/y/n. By Lemma 5.2, P(X;, € K) > 1 —
e S U O

6. Sampling f; via a geometric random walk. The ability to sample according to any density
in the family F is the driving force of our algorithm. Although a variety of densities can be perfectly
simulated with negligible computational effort, that is no longer the case if we restrict the support of
the density to be an arbitrary convex set K given by a membership oracle. In fact, even to generate a
random point distributed uniformly over a convex set is an interesting problem with many remarkable
applications (linear programming, computing the volume, etc., see [6],[13],[10]).

Important tools to generate random points proportional to a density function restricted to a high
dimensional convex set K are the so-called geometric random walks. Starting with a point in K, at
each step the random walk moves to a point according to some distribution that depends only (i) on
the current point, and (ii) on the desired density f to be simulated. Thus, the sequence of points of the
random walk is a Markov chain whose state space is K. Moreover, there are simple choices of transition
kernels (which is the continuous state space analog for the transition matrix for a finite state Markov
chain) that make f the unique stationary distribution of this Markov chain (for example, the celebrated
Metropolis filter), which automatically ensures several asymptotic results for arbitrary Markov chains [2].
Going one step further, we are interested in the convergence rate to the stationary distribution, which
is a much more challenging question (which could be arbitrarily slow in general). So we can bound the
necessary number of steps required by the random walk to generate a random point whose density is
approximately f.

By choosing F to be a family of logconcave densities (in our case the parameter p = 1), we will be able
to invoke several results from a recent literature which demonstrate the efficiency of one particular random
walk called hit-and-run, see [8, [11], 12]. Roughly speaking, these results show that if (i) a relatively good
approximation of the covariance matrix is available, and (ii) the density of the current point is close to
the desired density, then only O*(n?) steps of the random walk are necessary to generate a random point
whose distribution is a good approximation of the desired (target) distribution.
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In our context, recall that the distribution of interest f;, is changing at each iteration. The current
approximation of the covariance matrix Vi will be used as the approximation to the true covariance matrix
of the next iteration Vi1, which in turn will be estimated by Vk+1. In a similar way, the current point
X, , distributed approximately according to f;,, will be used as the starting point for the random walk
to approximate a random variable distributed according to f,,,. The parameter «, which dictates the
factor by which ¢ is decreased at each iteration, will be the largest value such that these approximations
are valid from a theoretical perspective.

6.1 A geometric random walk: hit-and-run. There are several possible choices of geometric
random walks. We refer to [16] for a recent survey. Here we use the so-called hit-and-run random walk.
The implementation of this random walk requires the following as input: a density function f (known
up to a multiplicative constant), a starting point X°, a covariance matrix V', and a number of steps m.

Subroutine: hit-and-run (f, X, vV, m)

Step 0 Set k « 0.

Step 1 Pick a random vector d ~ N(0,V).

Step 2 Define the line /(X*,d) = {X* +td: t € R}.

Step 3 Move to a point X**1 chosen according to f restricted to £(X*, d).
Step 4 Set k — k+ 1. If £ < m, goto Step 1.

Step 5 Report X™.

Although hit-and-run can be implemented for arbitrary densities, we will restrict ourselves to the case
of logconcave densities. In such case, the implementation of hit-and-run can be done efficiently, and
we refer to the Appendix for a complete description for the case in which f; is defined as in (1)) with
Il =1 - l2, the Euclidean norm, which is the proposed density for the algorithm.

6.2 Sampling complexity. Here we state without proof results in the literature of sampling random
points according to logconcave densities. We start with a complexity result for the mixing time of the
hit-and-run random walk.

THEOREM 6.1 ([10] Theorem 1.1) Let f be a logconcave density and let X denote the associated random
variable. Moreover, f is such that (i) the level set of probability 1/8 contains a ball of radius s, (i)
Eg [IX — z¢|13] < 52, and (iii) the Ly norm of the starting distribution o with respect to the stationary
distribution wy is at most M. Let o™ be the distribution of the current point after m steps of hit-and-run
applied to f with V = 1. Then, after

202
mO(nf In® <n]\/[>> steps,
S €

the total variation distance of ™ and my is at most €.

Theorem 6.1l bounds the rate of convergence of the geometric random walk not only by the dimension
but also by the L? norm of the starting density with respect to the stationary density f;, and by how
“well-rounded” is f; via the ratio S/s. The notion of “well-rounded” is deeply connected with the concept
of near isotropic position. The next lemma quantifies this connection.

LEMMA 6.1 ([11] Lemma 5.13) Let f be a density in C-isotropic position. Then Ey [|| X — zf||3] < Cn,
and any upper level set U of f contains a ball of radius wf(U)/e\E,

Any (full-dimensional) density can be put in near-isotropic position by a suitable linear transformation.
By using an approximation of the covariance matrix V to implement the hit-and-run random walk such
that all eigenvalues of V=1V are between 1/C and C, f; is in C-isotropic position. Thus, the ratio
S/s can be bounded by 8eCy/n (in this case, note that only m = O*(n?®) steps of the random walk
will be necessary to generate one random sample). The next section summarizes how to compute an
approximation Vi which puts f;, in 2-isotropic position. Moreover, it will be shown that all densities
simulated by the algorithm will be at most C-isotropic for a constant C (independent of the dimension)
as we decrease the homotopy parameter ¢.
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REMARK 6.1 In our analysis we will be assuming independence among different samples for simplicity
(recall that they are separated by m = O*(n3) steps of the random walk). Although this is not the case,
independence can be approximated at the cost of an additional constant factor in the number m of steps
of the random walk. Here we have chosen exposition over formalism since no additional insight is gained
if we work out all the details.

7. Estimating the covariance matrix, the mean, and the second moment matrix. In this
section, we recall estimation results for the mean and covariance matrix of a logconcave random variable.
Moreover, we show that these estimates can be used to approximate the second moment matrix with
a desired relative accuracy. Herein it will be assumed that independent identically distributed samples
{X?} are available. We emphasize that these estimations depend only on the samples and not on the
isotropic position of the density function. As stated before, the isotropic position plays an important role
to bound the number of steps of the chain required to obtain each sample.

First we recall a result for estimating the mean and covariance matrix.

LEMMA 7.1 ([I1] Lemma 5.17) Let z and V denote respectively the mean and covariance matriz of a
logconcave random variable. For any &€ > 0 and 6 € (0,1), using

4 1 1
N> —nln®= l d X==-Y Xt
n in sampies an N;

-
Pl (-2, > ¢) <

LEMMA 7.2 (}6] Corollary A.2) Let V' denote the covariance matriz of a logconcave random variable.
Using N > O(In® %nln2 n) samples, where § < 1/n, define

N 1 N
V= Nz X' —-x)T

we have that

we have that all eigenvalues of the matriz V=1V are in the interval [1/2, 2] with probability at least 1—4.

These results yield a useful estimation procedure for the second moment matrix. In particular the
maximum eigenvalue of Q will be estimated up to a (known) constant factor.

LEMMA 7.3 Let Q2 denote the second moment matm’x associated with a logconcave random variable. Then
for £ <1/4 and using N > O(ln inn®n + 52nln ) for § < 1/n, the matriz

Q=V+XXT
is such that all eigenvalues of Q'Q are in he interval [(1/2 — 2€), (24 2¢ 4 €2)] with probability at least
1-94.
PROOF. In this proof let || - || = | - ||2. Lemma 7.1 yields that ||V ~1/2(X — z)|| < £ with probability
greater than 1 — ¢/2. In this event, there exists d € IR" with ||d|| < 1 satisfying
X =2+ ¢V,

For any w € R", we have that

()

“ . 2 N 2
w, Vw) + <X,w> = <w, Vw> + <z + §V1/2d,w>
w, V) + (z,w)? + 2¢ (z,w) (d, V12w) + &2 (d, V1/2w>2 (16)
3w, V) + § (z,0)" = 26 (w, Qu) = (§ = 2¢) (w, Qu).

\%

We will use the following corollary in our algorithm.
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COROLLARY 7.1 Using N = O(n In?nln® %) samples to estimate the second moment matric Q, with
probability at least 1 — § we have that all eigenvalues of Q~1Q are between 1/3 and 3.

PROOF. Set & = 1/24 and apply Lemma 7.3 a

Thus, with O*(n) samples per iteration one can properly estimate the mean, covariance matrix, and
second moment matrix to conduct the algorithm.

8. Updating the parameter t: warm-start. Since the parameter o controls how fast the sequence
{tr} decreases, its value is critical to the computational complexity of the algorithm. Although we are
tempted to decrease t as fast as possible, we still need to use the current density as a “warm-start” to
approximate the next density. That is, the L? norm of f;, with respect to fi, ., needs to be controlled.
Moreover, the covariance matrix associated with f;, should also be close to the covariance matrix of
the next iterate f, ,. The trade-off among these quantities will decide how fast one can decrease the
parameter ¢. Kalai and Vempala show how to relate the L? norm of two logconcave densities and their
covariance matrices. For the reader’s convenience we re-state their results here.

LEMMA 8.1 ([6] Lemma 3.8) Let f and g be logconcave densities over K with mean zy = Ef[X] and
zg = E4[X], respectively. Then, for any c € R"

Ey [(e,X = 20)"] 16 11£/9]l By [(e, X - 2)°]

This result implies that it suffices to control the L? norm of f;,,, with respect to f;, in order to
guarantee that the covariance matrices of these densities are relatively close. A simple extension of
Lemma 3.11 of [6] yields a bound this L? norm.

COROLLARY 8.1 Consider the densities f, and fy, ., such that tpy1 = (1 —a)ty, = (1 — ﬁ)tk, i.e.,
a=1/y/n. Forn>5,

Hftk/ftk+1 H < en/(n_l) and ||ftk+1/ftk ” < en/(n—Z\/ﬁ).

The next lemma combines the previous results to ensure that all the densities used in the algorithm
will be in 28-isotropic position.

LEMMA 8.2 Assuming that n > 16, and using N = O*(k3n) samples at any iteration, the distribution
encountered by the sampling algorithm in the next iteration is 28-isotropic with probability 1 — 27",

PRrROOF. By using Lemmal7.2, we have that f;, is 2-isotropic after we estimated its covariance matrix
in Step 2 of the algorithm with probability 1—27%. Using Lemma 8.1 and Corollary8.1} for any v € S"~1,

2 2
E V, X — 2 < 16 V(2N g v, X — 2 < 32 ¢V(2Vn) < 98
T4 ’ AT fer ’ feie ’
since n > 16. O

Lemma [8.2 ensures that O*(n) samples suffice to estimate the current covariance matrix accurately
enough to be used as an approximation to the covariance matrix associated with the next iteration.

9. Controlling the overall probability of failure. Before we proceed to the proof of Theorem
4.1, we prove a technical lemma which allows us to properly control the overall probability of failure of
the algorithm. First note that if the algorithm finds an element of Ck it will always stop correctly. Thus,
the algorithm can fail only if it (wrongly) declares that K is a bounded set or if it does not terminate.
The latter concerns with the stopping criteria of the algorithm and it was already analyzed in Sections
5.1land 5.2 The first issue can occur only if the estimated second moment matrix QO differs significantly
from the true matrix €2, . In turn their difference is controlled by the number of samples used to estimate
th, which depends on the probability of failure used for the current iteration. Recall that we do not
know the total number of iterations T a priori (since we do not have any estimates for R or 7¢,.), and
so we cannot simply set the probability of failure to §/T for each iteration. Instead of using a constant
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probability of failure for all iterations, we slightly increase the number of samples used to estimate th
at each iteration to ensure that the probability of failure will not accumulate indefinitely.

LEMMA 9.1 Let T be the total number of iterations of the algorithm and 1 — 5 the desired probability of
success. Initializing the algorithm with 6 = ¢ /4 and setting the probability of failure of the ith gteration
to 6; = 305/4, we obtain:

(i) the probability of success is at least 1 — & /2;

(i) The smallest & used by the algorithm satisfies 6 > i

or 1
4T
PROOF. (i) By setting a probability of failure of the i'" iteration of the algorithm to (1/i%)5;/4, we

have that the total probability of failure is bounded by
T

) P PN |
Sa-y L US Lo
=1 =1 =1

since Y0 & =72/6 < 2.

(i) follows since the algorithm terminates after T" iterations.

O
10. Proof of Theorem [4.1. Let o = ﬁ and let 1 — 07 be the desired probability of success. The
algorithm terminates in T = /nlIn (%) iterations. Next we need to: (i) properly bound ¢;nitial, (i%)

ensure that the algorithm terminates, i.e., properly bound ¢f;q; (which also bounds T'), and (¢4¢) control
the probability that it wrongly terminates.

(1) Corollary 5.3 yields tinitia1 = to = 8n3/2 /7 which is at least 8n/r and at most 8n3/2/r.

(i1) We will use Corollaries 5.2 and 5.1 with § = ¢¢/2. Thus, the algorithm will correctly terminate
with probability at least 1 — d;/2 after at most

T = Vi ((8n*/2/r)(96enR) /((67/2)*7c.c) )
iterations if K is unbounded, and after at most
T =+/nln ((8n3/2/r)21eR\/ﬁ))

iterations if K is bounded (note that we use 21 instead of 7 to take into account a factor of 3 in the
approximation of the maximum eigenvalue of V4).

(ii7) Finally, we ensure that the probability of (wrongly) terminating before reaching iteration T is at
most d5/2. This is achieved by slightly reducing the probability of failure as described in Lemma 9.1l

Now we analyze the impact of reducing the probability of failure on the computational complexity of
each iteration. Lemma [9.1(4¢) ensures that it is sufficient to use
5= dp/2 Of
4?2 32n 1I12 (tinitial/tfinal) .
This will dictate the number of samples needed to estimate the covariance matrix. In Lemma 8.2/ we will
need at most

k=—In——
In2 5f
at any given iteration (given that we terminate correctly). That leads to a total of at most

oo ()

samples per iteration of the algorithm where each sample requires O*(n3) steps of the geometric random
walk.

L, 39T

R_1
T TCK

o e (1)) -0 () (5.

The results of Theorem 4.1/ follow by using the appropriate T on each case as defined in (ii).

Defining a condition measure y := % if K is bounded, or u := if K is unbounded, the overall

complexity is
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11. Conclusions. In this work we study probability densities f; induced by an arbitrary norm with
a convex support K as defined by (I). Our goal is to relate geometric properties of K with analytical
properties of f;.

Using these properties, we also develop an algorithm to test whether a convex set, given only by a
membership oracle, is bounded or unbounded. The computational complexity of the probabilistic method
proposed is polynomial in the dimension of the set and only logarithmic in other condition measures (such
as the width of the recession cone and the diameter of the set, respectively, for the unbounded and bounded
cases).

Clearly, one can derive a similar method based on uniform densities, instead of norm-induced densities,
by defining fi(x) ~ 1x(2)1p(0,1/¢)(x). These densities would be well-defined and many results of Section
3l can be adapted for this case as well. Although this could lead to a simpler analysis, the parameter a
that is used to decrease ¢t on each iteration must be set to 1/n instead of 1/y/n for the current density
be a good “starting point” for the next density. This leads to an algorithm of the order O*(n®).

Exploiting the geometry of unbounded convex sets was key in developing such probabilistic method. A
concentration phenomenon guarantees that most points of an unbounded convex set will be in its recession
cone if that cone has positive width. In such a case, random points with large norms are likely to belong
to the recession cone which yields a certificate of unboundedness. In the case of the set being bounded,
the second moment matrix associated with the random variable must also be bounded, in opposition to
the unbounded case, which yields a certificate of boundedness.

In contrast with probabilistic methods over convex sets in the literature, we need to explicitly deal
with unbounded sets, and additional effort is needed to ensure that all the densities are well defined.
Moreover, if K is unbounded our analysis shows that an element of C% can be computed in

o* <\/ﬁln (R>> iterations.
re

That is particularly relevant for the ill-conditioned case of 7¢,, = 0. Although we cannot find an element of
Ck (which has zero volume), the algorithm will generate a direction d, ||d|| = 1, such that dist(d,Cx) < €

in at most R”1
o (vim (1))
o€
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Appendix A. Hit-and-run for f(x) ~ e~ Izllz,  Here we specialize the method for implementing
the hit-and-run method for logconcave densities proposed in [11] to the densities defined as in (1) with
the Euclidean norm.

Given 29 € K, d € S"1, define the line segment £(z¢,d) = K N {xg +td : t € R} (note that if it
is not a line segment, either d or —d belongs to Cx). The next iterate should be chosen from ¢(x¢,d)
according to the density f. Let M, = maxycy(a,,q) f(y) denote the maximum density on £(zo, d) and, for
v € (0, My), let Ly(v) denote the corresponding level set restricted to £(xg, d).

It is a two step method:

Step 1. Choose v uniformly on (0, My);

Step 2. Choose y uniformly on L,(v).

To implement this, we need to compute three quantities: M, and the two endpoints of L,(v). It is possible
to speed up the process by using closed-form formulas since we know the functional form of f (although
additional effort is necessary to adjust it for the support of f).

On £(z9,d), f can be written as f(xg + td) ~ e~ VlzolP+2t(wo. )+ 21dI” 14 ig convenient to note that

d
v =— <x|;i|2> € argmax{f(xo+td) : t € R},
that is, for o* = xg + t*d, f(a*) > M. If 2* € K, we have found My, otherwise, we need to make a
binary search on [z, z*] to find it (note that in the second case we already have one of the endpoints of

Ly(v)).

After drawing v € (0,My), again we can compute the explicit “unrestricted” point of where the
endpoints should be

Pe {t - efwmo|\2+2t<xo,d>+t2ndu2}
or equivalently, the solution for the following quadratic equation
£2||d||* + 2 (zo, d) + [|lzo]|* + In*v = 0.

Again, if the solutions # lie in K we found an endpoint; otherwise, we need to perform binary search on
[l‘o, xo + Ltd]



