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Abstract

We present an approximation method for discrete time nonlinear filtering in view of
solving dynamic optimization problems under partial information. The method is based
on quantization of the Markov pair process filter-observation (II,Y’) and is such that, at
each time step k and for a given size N of the quantization grid in period k, this grid is
chosen to minimize a suitable quantization error. The algorithm is based on a stochastic
gradient descent combined with Monte-Carlo simulations of (II, V). Convergence results
are given and applications to optimal stopping under partial observation are discussed.
Numerical results are presented for a particular stopping problem : American option
pricing with unobservable volatility.
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1 Introduction

We consider a discrete time, partially observable process (X,Y) where X represents the
state or signal process that may not be observable, while Y is the observation. The signal
process {Xg,k € N} is valued in a measurable space (F, &) and is a Markov chain with
probability transition (Pg) (i.e. the transition from time k —1 to time k), and initial law pu.
The observation sequence (Y%) is valued in R? and such that the pair (X, %) is a Markov
chain and
(H) The law of Y} conditional on (X;_1, Yr_1, Xi), k > 1, denoted qx(Xx—_1, Yi_1, Xk, dy/'),

admits a bounded density

v — ge(Xk—1, Vi1, Xi, v).

For simplicity, we assume that Yy is a known deterministic constant equal to yy. No-
tice that the probability transition of the Markov chain (X, Yx)ren is then given by
Pi(x,dx" g (z,y, o',y )dy’ with initial law p(dx)dy, (dy).

We denote by (F)) the filtration generated by the observation process (Y;) and by Il
the filter conditional law of X} given .7-",3/ :

(dx) = P[X,eds|F)], kel

The filter process (Ily); allows one to transform problems related to the partially ob-
served process (X,Y) into equivalent problems under complete observation related to the
pair (II,Y) and this latter pair turns out to be Markov with respect to the observation
filtration (.7-",3/ ). An important class of problems related to partially observable processes
are stochastic control and stopping problems that are dynamic stochastic optimization
problems where the partial observation concerns the state/signal process. We shall, in par-
ticular, consider optimal stopping under partial information and, in this context, a financial
application concerning the pricing of American options in a partially observed stochastic
volatility model.

We shall assume that the state space E of the state/signal process (Xj) consists of a
finite number m of points. Problems with a more general state space can be approximated
by problems with a finite state space (see e.g. [8]). With X} taking the m values z* (i =
1,---,m), the filter process is characterized by an m—vector with components H}'c =P[X; =
:cl|.7-",3] ] and takes thus values in the m—simplex K, in R™. While the filter process allows
thus to transform a problem under partial observation into one under full observation, it
has the drawback that a finite-valued state space becomes infinite. This leads to difficulties
when trying to solve dynamic optimization problems also in discrete time. For actual
computation one has thus to discretize the process (Il), approximating it with a process
that takes a finite number of values in the simplex K,,. Approaches to this effect have
appeared in the literature; they are based on discretizing the observations process (Y}) and
then approximating IT; by a filter of X}, given the discretized observations path (see e.g.
[5], [3], [15], [10] and references therein). Such an approach has the drawback that the
number of possible values for the approximating filter grows exponentially fast with the
time step.



In this paper, we propose a new approach by exploiting the Markov property of (II,Y)
with respect to the observation filtration (FY) : the conditional law of X1 given FY
is summarized by the sufficient statistics (IIj,Y;) valued in K™ x R?. This suggests to
approximate the couple process (II,Y) with (II,Y) that in the generic time step k takes a
number of values Nj that can be assigned arbitrarily. Following standard usage, we shall
call this quantization and the problem then arises to find an optimal quantization, namely
such that it minimizes for each time period k the L?—approximation error induced by the
quantization. This error is related to what e.g. in information theory is called distorsion.
The implementation of the minimizing algorithm itself is based on a stochastic gradient
descent method combined with Monte-Carlo simulations of (II,Y). As a byproduct, we
obtain an approximation of the probability transition matrices of the Markov chain (II,Y).
These companion parameters provide in turn an approximation algorithm , via the dynamic
programming principle, for computing optimal values associated to dynamic optimization
problems under partial observation.

Optimal quantization methods have been developed recently in numerical probability
and various problems of optimal stopping, control or nonlinear filtering, see [11], [1], [2],
[13], [14], [12]. In our context, we obtain error bounds and rate of convergence for the
approximation of the pair filter-observation process (II,Y). We then give an application
to the approximation of optimal stopping problem under partial observation and study
associated convergence results. Finally, we present a numerical illustration for the American
option pricing problem with unobservable volatility.

The rest of the paper is organized as follows. In Section 2, we recall some preliminaries
on nonlinear filtering. Section 3 is the heart of the paper. We first present the quantization
approximation method for the filter-observation Markov chain, and then analyze the in-
duced error. The rate of convergence and the practical implementation of the algorithm for
the optimal quantization are discussed. In Section 4, we apply our quantization method to
the approximation of an optimal stopping problem under partial observation. Convergence
results for the associated optimal value functions are provided. The last Section 5 presents
numerical tests for the American option pricing with unobservable volatility.

2 Preliminaries

We denote by M(E) the set of finite nonnegative measures on (F, £) and by P(E) the subset
of probability measures on (E, ). It is known that M(FE) is a Polish space equipped with
the weak topology, hence a measurable space endowed with the Borel o-field. We recall
that from Bayes formula, IIj is given in inductive form by :

HOZ[L

I, = Grp(yp—1,Ye—1,Y%), k2>1, (2.1)

where G}, is the continuous function from M(E) x R% x R? into M(FE) defined by :

Gi(m,y,y)(da)) = / (2,9, 2",y ) Pz, da' ) (de),
E



and Gy, is the normalized continuous function valued in P(E) :

Gr(m,y,y')
I Gr(m,y,y/) (da')

Denoting by (Fj) the filtration generated by (X, Y:), and using the law of iterated condi-

ék(ﬂ-7y7y/) =

tional expectations, we have for any k and bounded Borelian function ¢ on P(E) x R? :

e(Mjt1, Yiy1)| Fy |
Elp(Gra1(Mi, Yie, Yir1), Y1) | Fil| Fi ]

[ O(Gr1 (Mg, Yie, ), ') Prov1 (X, d2') o1 (X, Yie, @, dyf)

E

E

E Fr }
= /SO(GlH—l (I, Y, '), ¥ ) Pegr (@, dz’) gy (z, Vi, ', dy' )T (da). (2.2)

This proves that the pair (Ilg, Yy)x is a (P, (F) )x) Markov chain in P(E) x R?, with initial
value (u,yo). Moreover, under (H), this also shows that the (unnormalized) law of Yj
conditional on (ITy_1,Yy_1), denoted Qg (ITx_1,Yy_1,dy’) admits a density given by :

y, = /Gk(]:[k—layk—lay/)(dx/) = /gk’<x7Yk—17x,7yl)Pk(xvdx/)Hk—l(dx)' (23)

Notice that the probability transition Ry (from time & — 1 to k) of the Markov chain
(ITg, Yx )k is not explicit in general. Actually, from (2.2), we can write :

Rip(m.y) = / (Gulm,,t), ) Qi dy), ¥(my) € P(E) xRL  (2.4)

In the sequel, we denote by |.|, the Euclidian norm and by |.|, the I! norm on R’. For
any Rl-valued random variable U, we denote :

1
IUll, = (EJU)? and [[U[, = E[U],.

3 An optimal quantization approach for the approximation
of the filter process

3.1 The approximation method

We assume here that the state space E of the signal process (X}) is finite consisting of m
points : E = {z!,...,2™}. The initial discrete law u = (u*) and the probability transition
matrix Py are defined by :

po= PXg=2Y i=1,...,m,
P = PXp=a9|Xpr =2T], ij=1,...,m.

The random filter Il is characterized by its random weights :

I = PX,=2F], i=1,...,m,

4



and may then be identified with a random vector valued in the m-simplex K,, in R of
dimension m — 1 :

m
Ky = {Wz(wi)eRm ' >0,1<i<m, |n|, = Zwizl}.
i=1

By (2.1), it is expressed in the recursive form :

HO = K
~ GP,(Yi—1,Ye) ")y

e vy 3.1
k k( k—1, k-1, k) |GPk(Yk—17Yk)THk_1‘1, ( )

where G P (Yi_1,Yx) is a m x m random matrix given by :
GPk:(kalv Yk)Z] = gk‘(a‘ﬂl:c—la Yi—1, xi;v Yk‘)P]z]: 1 <4, <m. (32>

Here M " denotes the transpose of a matrix M.

A first approach for approximating the filter process (Il;) consists in discretizing the
observation process (Y}) by replacing it by a process (V}) taking a finite number N of
values, and then approximate for each k£ the random filter II; by a random filter of X
given 371, e ,Yk. So at each time step k, given ffk and f[k, the random variable ﬂk+1 may
take N values. Thus, at time n, the random filter I1,, is identified with a random vector
taking N possible values. All these values are precomputed and stored in a “look-up table”
but this could be very heavy, typically when n is large. Such an approach was introduced
in [5] and [3], and investigated further in [15],[10] and [16].

We propose here a new approach. This starts from the key remark that the pair process
(Ilg, Yy) is Markov with respect to the observation filtration (F)). In other words, the
conditional law of Xy, given .7-',3/ may be summarized by the sufficient statistic (ITx, Yy).
Therefore, since the Markov chain (Ilg, Yy) is completely characterized by its probability
transitions, the idea is to approximate these probability transitions by suitable probability
transition matrices.

In a first step, we discretize for each k the couple (Ilx,Y)) by approximating it by
(ﬂk, ffk) taking a finite number of values. The space discretization (or quantization) of the
random vector Zj, = (IIj, Y:) in K,, x R? is constructed as follows. At initial time k& = 0,
recall that Zj is a known deterministic vector equal to zp = (u, o), so we start from the
grid with one point in K, x R? :

Lo = {20=(1,%)}-

At time k > 1, we are given a grid T, of Nj, points in K, x R? :

Dy = {ob =m0, 5 = (m(Ne), 5
and we denote by C;(I'y), ¢ = 1,..., N, the associated Voronoi tesselations :
Ci(ly) = {z € Ko x R : Projp, (2) = zk} i=1,...,Ny.



Here Projp, is a closest neighbor projection for the Euclidian norm :
. _ . ; d
|z — PerJFk(z’)‘2 = Inin |z — 2|y, V2 € Kp x R
Notice that by definition of the Euclidian norm, we clearly have :
Projp, = (Projrg, Projrz> , Ci(Ty) = Ci(FI,}) X Ci(Fky),
where :
Yy = {m(1),...,m(Ng)}
Ty o— {y;,...,y,gvk}.

We then approximate the pair Z; = (Ilg, Yy) by Zp = (ﬁk, Yk) valued in I';, and defined
by :

Zx = Proj,(Z) = (Projpy(ITy), Projpy (Vi)
In a second step, we approximate the probability transitions of the Markov chain (Zy) :
Riy(2,d2) = P|Zyed|Zy_1=2], k>1, z€ K, xR,

by the following probability transition matrix :

S PR AR
P(Zk € Ci(Tk), Zk-1 € CGi(Th-1)] _ 3
P[Z—1 € Ci(Tj_1)] Y

forall k > 1,1 =1,...,Nx_1, 7 = 1,..., Np. We shall see later how the grids I'; and
the number of points N, are optimally chosen and implemented, and how the associated
probability transition matrix 7; can be estimated.

Example : Computation of predictor conditional expectation.

Suppose we are interested in the computation for any & = 0,...,n, and for arbitrary
measurable function ¢y on K, x R?, of the filter predictor :

U = E[pes1(Xpst, Yirr) | FY ]

A precise application where such _7-",3] -measurable random variables appear is presented in
Section 4. Then, by introducing the function :

m
@k—i—l(ﬂ-a ?J) = Z PE+1 ('1:27 y)ﬂ—zv V= (Trl)i € Kmv Vy € Rda
i=1

and using the law of iterated conditional expectation, we can rewrite Uy as :

Ue = E[@p1(Mps1, Yer )| FY ] = E[@r1(Zis1)| FL ] -

We thus approximate the sequence of .7-",3/ -measurable random variables Uy by ﬁk = ﬁk(Zk)

where the functions 0, k = 0,...,n, are defined on T';, by :
ok(zp) = B [¢k+1(2k+1)‘ Zy = z,@]
Ni41 N . |
= Y iWadknlE,), Yi e
j=1



3.2 The error analysis

The quality of the approximation described in the previous paragraph is measured as fol-
lows. We denote for any subset D in R :

BLy(D) = {¢ Borelian from D into R :

lp(z) — o(y)]
[0l e := sup |@(x)] <1, [p],, ;= sup ————=<1,.
xED z,y€D,x#y |m - y|1

We make the following assumption.
(H1) There exists a constant Ly such that for all k > 1 :

ZPJ/!gkx y, 20, y) — gu(a’, 9,27, y)|dy < Lyly—9l,, Vy,§€R™
=1

Proposition 3.1 Under (H1), we have for any n and ¢1, ..., ¢n € BL1(K; x RY) :

‘/ 01(21) ... on(zn) (Ri(20,dz1) ... Rp(2n—1,dzn) — T1(20,d21)...7Tn(2n—1,dzp))

< zn: 3vm+d

oL, =1 0B 1] 2= 4
g

- (3.3)
k=1

where Ly, = max(Lg,1).

We first state a preliminary result on the Lipschitz property of the transition of the
Markov chain (Z)r = (g, Yi)k-

Lemma 3.1 Under (H1), we have for all k > 1 and Borelian function ¢ on K, x R? :
|Rrp(2) = Rip(D)| < (20, + 19llp) Lg 12 = 21, V2,2 € K x RY

Proof. Recall from (2.3) that the conditional law Q (7, y,dy’) of Y, given (Ix_q1,Ys—1) =
(m,y) admits a density given by :

y o fe(myy ngw y.al )PP,
4,j=1
This conditional density satisfies the Lipschitz property : for all (7, y) and (7,9) € K, xR%,

/!fk(my,y’)—fk(fr,@ )| dy' < ZPJ/}gkx y, 2’ ) — gr(@', 9,27, y)| dy

,j=1

+ Z |wt — 77, (3.4)



where we used the fact that 3 P,ij [ gr(@%,y,27,y')dy’ = 1. From (2.4), we then have for
any z = (m,y) and 2 = (7,9) € K, x R% :

Rup(z) — Rip(3)] < / (G 5,5 o) — oGl 3,3), )| Qulm,y, dyf)

‘/ (Ge(7,9,9'), ") (Qu(m,y, dy') — Qu(7, G, dy’))

< by [ 1 0)) = Gal 0.0, Sl )i
¢l / u(md) — (99| dyf
< e lw/\Gk(ﬂyy) Gr(7, 9,9, fu(m,y,9)dy'

+||SO||sup ij/lgk 7y7 7y) gk( ,y,$j,’y |dy
,j=1

+ \|<P|!SUPZ|7Ti—7ATi|- (3.5)
Now, from (3.2), we have :
/ |Gr(m,y.9) — Gi(7,9,9)|, fulm,y,y)dy’

< Z/‘Gj(ﬂyy - GL(7, 9,y )‘fk(my,y’)dy’

zz/

,Jl

gr(@l g, 2y )PPt ge(at, g, 20,y ) PR

fk(ﬂ,?j,y) fk(ﬂ7yay)

fe(my,y)dy'

~ o TS ] o) /
- ZPU 1/ gk (2", y, @ ,y)fk(w,y,y)A Agkfzr,y,x ,y)fk(my,y)\dy,
+ Z|7ri—frZ
< ZPJ/I%:L‘ y, 2!, y) — gr(@', 9,27 y')| dy’

1,j=1

+/‘fk(7rayayl) fl' Q |dy + Z’ﬂ' _7%1’

< 2ZP]/|gkx Y, x 7y) gk(x,y,x],y ‘dy +22|7T

3,j=1

where we used again (3.4). Plugging into (3.5) and using (H1) yield :

|Rip(z) — Rip(2)|

< (2l + lellp) ZPJ/\gkw y, 20, y) — gi(z’, 9,27, y) | dy' + le -

7]1 =1



< (2Ll + 1ella) (Lgly = 91, + |7 = #l,) (3.6)
and then the required result. O
Remark 3.1 In the case where the law of Yj conditional on (Xj_1,Yx_1, Xx) does not
depend on Yj_1, i.e. its density gr depends only Xj_1, Xi, the condition (H1) is empty,

or in other words is trivially satisfied with Ly, = 0. Then, inequality (3.6) shows that for
all z = (m,y), 2 = (7,9) € K, x RY,

|Rip(2) — Rep(2)] < (2, + 16ll) 17 =7, (3.7)

Proof of Proposition 3.1. For £ = 1,...,n, we define the measurable functions on
K,, x R? resp. on Ty, :

vg(z) = ‘Pk('z)/‘PkJrl(ZkJrl)--~‘Pn(zn)Rk+1(z7d3k+1)~-~Rn(zn—1>dzn)7

(2) = wx(2) / Orr1(Zrg1) - - Pn(2n)Thg1(2, dzpyr) - Tr(zn1, dzn),
with the convention that for k = n, v, = ¥, = ¢,, we then have the backward induction
formulas :
e(2) = @rp(2)Rer1ve41(2) = @r(2)Elvps1(Zk11)Zk = 2] (3.8)
(2) = or(2)Prr108+1(2) = @(2)E[0k+1(Zk+1) 2k = 2], (3.9)

forallk=1,...,n—1.

Step 1. We clearly have ||vg|l,,, < 1. Moreover, from (3.8) and using Lemma 3.1, we

sup

have :

Wkl < [0kl + [Ber1vksly,
< 1+ Ly + 2Lg[vg41]

lip*
Since [vy],,, < 1, a standard backward induction yields :

5 (2Lg)" M -1,

o, < e (3.10)
forall k =0,...,n.
Step 2. From (3.8)-(3.9), we may write :
[oe(z0) = (20| < [or(Z0) — Elou(Z0) ]|
+ HE [(SOk(Zk) — @k(Zk)) Rk+lvk+1(Zk)‘ Zk] 1
+ HE [SO(Zk) <Rk+1vk+1(Zk) - 72k+1f)k:+1(ZAk)> Zk} 1
= L+ b +15 (3.11)



By the law of iterated conditional expectation, we have :

L <

vg(Zg) — vk(Zk)

o+ |[E(Z0)1 2] - Elo(2)| 2]

1

< 2 Hvk(Zk) )

< Z[Uk]lip HZIC - Zk

1 1

Since conditional expectation (here with respect to Zk) is a L'-contraction, and vy, is
bounded by 1, we have :

I, < H%(Zk)—wk(zk)

< HZk — 7
1

I
1

recalling that ¢y is in BL;(K,, x R%). Since 7 is o(Zx)-measurable, and recalling also
that ¢ is bounded by 1, we have :

I; < Hvk+1(Zk+1>—@k+1(Zk+1)
1

Plugging these estimates of I, Is and I3 into (3.11), we get

Hvk(Zk) —u(Z)

< (1 + Z[Uk]lip) HZk —~ 2y

+ Hvk+1(Zk+1> — 311 (Zks1)
1

1 1

Ly — Zn , a direct backward induction yields :

1

Since

Un(Zn> - @n(Zn)

<|
1

n
S Z (1 + 2[vj]lip) HZJ — ZjH1 .

w20 — an(20)

1

The required result is proved by taking & = 0, substituting the estimate (3.10) and using
Cauchy-Schwarz inequality : HZj — ZJH <vm-+d HZj — Z]H . O
1 2

3.3 Optimal quantization and rate of convergence

The estimation error (3.3) in Proposition 3.1 shows that to obtain the best approximation
of the sequence of probability transitions (Ry) of the Markov chain (Z)r = (Ilx, Yi)r by
this quantization approach, one has to minimize at each time k > 1 the L? quantization
error || Z — Zi||2. By identifying a grid Ty = {2',..., 2Nk} of size |Tx| = Nj points in
K, xRY, with the Ny-tuple (21, ..., 2V) € (K, x RY)Nk, the objective is then to minimize
the symmetric function :

DRE(, 2N = || 2k — Projr, (24)

= E| min |- J VT = (2, 2 € (Ko x RY)NME.12)
which is the square of the L? quantization error and is usually called distorsion. The optimal
quantization consists, for each k > 1 and given a number of points Ny, to find a grid I', of
size N} that reaches the minimum of the distorsion function Df,’; . This question has been
tackled for a long time as part of quantization for information theory and signal processing,
and more recently in probability for both numerical and theoretical purpose (see [7] or [11]).
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We recall these results and apply them in our context in the next paragraph. Now, we focus
on the behaviour of the minimum of this function, i.e. the minimal L? quantization error,
when the number of points i goes to infinity. For this, we first recall the so-called Zador
theorem, see e.g. [7].

Theorem 3.1 Let X be a Rl-valued random variable with distribution P

oo for some § > 0. Then

s.t. E|X 2P0 <

X

142

lim (N? min HX—ProjF(X)Hf) = Joy (/Rl\fyziz(x) dw) l (3.13)

N IT|<N

where P (dx) = f(z) \(dx) + v(dx) is the Lebesgue decomposition of P, with respect to
the Lebesque measure \; on R'. The constant Ja, corresponds to the case where X is the
uniform distribution on [0, 1].

Remark 3.2 In dimension [ = 1 and 2, the values of J; are known : Jy1 = 1/6 and J22
= ﬁg. In higher dimension, the true value of J;; is unknown but we have an equivalent

Jog ~ ﬁ as [ goes to infinity.

Here, we cannot apply directly this theorem to Zj since the distribution sz of (Ilx, Yi)
is not known in general, and in particular its decomposition with respect to the Lebesgue
measure. However, one can prove the following error bound for the minimal distorsion error

of Zk.

Proposition 3.2 For k > 1, assume that there exists some ¢ > 0 s.t. :

k
/!yk\3+gHgl(wl—l,yl—l,xz,yz)dyl < oo, Vao,...,zx € E. (3.14)
1=1

Then, we have :

2
limsup N, """ min [|Zy, — Projp, (Ze)|2 < C(m,d, fr),

Nj—o00 ITx| <N
where
(d + 1) . d+2
m m — _d d +m—1
Cmd.fi) = " i ([ nswa) T
(md)atm=1 R4
and fi 1s the marginal density of Yi given by :
k—1
fely) = /gk(xk—hyk—l;xkay)Pk<xk—1udxk) 1 9:@ies, w2, 90) Py, da)dyya(dao).
=1

11



Remark 3.3 In the case where the law of Yj conditional on (Xj_1, Y% 1, Xx) does not
depend on Yj;_1, i.e. the function g does not depend on Yj_1, the expression f; of the
marginal density of Y} simplifies into :

fiy) = Elge(Xp—1,Xr,y)], yeRE (3.15)

and condition (3.14) is written as :

/|yk|§+5gk(£€k—1,$k,yk)dyk < oo, Vap 1,1 € E,

for some ¢ > 0.

Proof of Proposition 3.2. For any grids

M = {x(1),...,7(M)} of size T™| = M points in K,,,
Y = {yl, e ,yL} of size [I'Y | = L points in R?,
we denote
MerY = {(r(i),y) :1<i<M,1<j<L} ofsize ML points in K, x R%.

We then have by definition of the norm ||.||, and of the projection :
. 2 . .
|2 = Projrngry (Z3)]|] = Ik = Projpn (L2 + [|Yi — Projpv (Ya)7
and so

min || Z, — Proir (Z3)||?
min |12, — Projp, ()

. . . 2 . . 2
S T (FrglllgnM [Tk — Projpn (k) |l + Lhin 1Yy — Projpy (Yk)HQ) (3.16)

For My in N\{0}, consider the grid T' of size M = M"~! points in K, :

. . m—1 . m—1
11 Tm—1 (2 3 3 3
FH == {(ﬁo,,mvo,l— E E) ZZl,...,melzl,...,MO, E ZlSMO},
=1

=1

Denoting for all @ € R, [a] the smallest integer smaller than a, we have for all T = (7%)1<;j<m

e K, :
m—1 i 2 m—1 i 2
. 2 _ . U U
|7T PrOJFH (ﬂ-)|2 N i1, imfrilill ,,,,, Moy T My + (ﬂ' M())
i1+ ...+ im_1 < Mo =1 =1
m—1 . 2
! [
< m min - —
DLy enns im—1=1,..., Mo MO
i1+ ... 4 im_1 < Mg =1
m—1 1
| [T Mo]
< m E =
M
=1
m(m — 1)
S >
Mg

12



This shows that :

: : m(m — 1)
min ||II — Pro o) < ==~/ 3.17
min T~ Projpn ()| < ™5 (3.17)

On the other hand, notice that condition (3.14) ensures that E|Y}|>™¢ < co. Thus, from
Theorem 3.1 applied to Yy, we have for all § > 0 and L large enough,

(s, +o)
in ||V, — Proioy (V2 < ik , 3.18
|rr$|12LH k= Projpy (Vi) < I (3.18)
where we set :
d+2

Iy, = ([ nm=ma)

Substituting (3.17) and (3.18) into (3.16) yields :

min || Zy — Projrk(Zk)Hz

ITg | <N,
J: +9
< min 5 + 5
M,L :ML< Ny M m—1 Lad

We conclude with the elementary result that for all a, b > 0 :

d
i a b B a7 (b\7+ 1
ML MLEN {W * E] = @+ (7) (c_i) NoT

O

3.4 Practical implementation of the optimal approximating filter process

We now come back to the numerical implementation of an algorithm that computes for
each k£ :

e an optimal grid I';, which minimizes the distorsion :
D¥(Tx) = |1 Zy — Projr, (Zu)l;
Ny, e \“E )l

as well as an estimation of this error,

e the weights of the Voronoi tesselations :

Bo= PlZeeCily)], i=1,... N
B;iirl = P [Zk:—i—l € Cj(Tks1), Zy € Ci(fk)] ;o t=1,...,Ng, 7=1,..., Ngyq,

and so the probability transition matrix 721?}1 = B,?H /Pt
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This program is based on the following key property of the distorsion : The function
Df/; is continuously differentiable at any Nj-tuple Iy, = (21, ..., 2V%) € (K, x RNk having
pairwise distinct components and its gradient is obtained by formal differentiation inside
the expectation operator in (3.12) (see [11]) :

Z
VD (L) = 2E[H(Ty, Zk)l, (3.19)
where the (K, x RY)Nt_vector valued function H is given by :

H(Fk,Z) = ((ZZ - Z)lzeCi(Fk))1§i§Nk ) Fk = (Z17 et 7ZNk) S (Km X Rd)Nk7 z € Km X Rd-

This above integral representation for VD]%,’; suggests to implement a stochastic gradient
descent, whenever one is able to simulate easily independent copies of Z;. We will come
back below on the simulation of Z;. The stochastic gradient procedure is recursively defined
by

DSt = 5 — 6,1 HIG, T (3.20)

where the initial grid F% has Nj, pairwise distinct components, (§§)s>1 is an i.i.d. sequence
of P, -distributed random vectors, and (0s)s>1 is a sequence of step parameters satisfying
the usual conditions :

Zés = oo and 253 < 00.

In an abstract framework (see e.g. [6] or [9]), under some appropriate assumptions, a
stochastic gradient descent associated to the integral representation of a so-called poten-
tial function (Dﬁ’; in our problem) converges a.s., when s goes to infinity, toward a local

minimum I of this potential function :
VDI (M) = 0.
k

Although these assumptions are not fulfilled by Df,’;, the encountered theoretical problems
can be partially overcome (see [11]) Practical implementation does provide satisfactory
results (a commonly encountered situation with gradient descents). Moreover, computation
of the weights of the tesselations and of the distorsion can be implemented as by-product of
the procedure. We now describe this algorithm, known as the Competitive Learning Vector
Quantization algorithm.

Simulation of the Markov chain (Zj); :

We notice that from (2.4), we are able to simulate the probability transition Ry of the
(P, FY') Markov chain (Zy) = (I, Yy )x. For k = 0, recall that Z is a known deterministic
vector equal to zg = (u,yo). For k > 1, starting from (ITy_1,Yx_1),

e we simulate X;_; with probability law II;_1, and then X} according to the probability
transition Pj.

e we simulate Y} according to the probability transition g (Xx_1, Yi—1, Xk, dy').

14



e we compute II; by the formula (3.1) :

GP(Yj—1,Ys) 'Tj_y

1I .
* |GP(Yi-1,Yk) T g1l

Subsequently, we stock S independent copies of the Markov chain (Zy, ..., Z,), that we
denote &* = (&§,...,¢,), s = 1,...,S. The algorithm reads as follows :

Initialisation phase :

e Initialize the n grids I') = (22 Lo, zg’N’“) € (Km x RHYNe for k = 0,...,n, with I')
= 29 reduced to Ny = 1 point for £ = 0.

e Initialize the weights vectors : pg’i = 1/Ng, Bgfl =0,i=1,...,Ng,7=1,..., Npi1,

and the distorsion D%k =0,fork=0,....,n

Updating s — s+ 1 : At step s, the n grids I'; = (z .. SNk)

v ﬁZ’fl, i=1,...,Ng, j=1,...,Ngi1, the distorsmn vak have been obtained and we
use the sample £571 of (Zy, ..., Z,) to update them as follows : for all k = 0,...,n

the weights vectors

o Competitive phase : select i(s+ 1) € {1,..., N} such that
etloe Cik(s+1)(l“z), ie. ir(s+1) € argminlSiSNJzZ’i — §5+1|2.

e Learning phase :

* Updating of the grid :

1 ‘ ' .
A A Liciy(s+1) (Z}zZ - SSH) , i=1,..., Ng
* Updating of the weights vectors and of the probability transition
+]‘7‘ 7‘ 7‘
pz b= pzl — 0511 (piZ - 1i:ik(s+1)> )
s+135
ﬂk+1 = ﬂk+1 Os+1 <ﬁk+1 Liz ik(5+1):j:ik+1(5+1)) )
s+1,ij
slig  Prn
Tkt = s+1,4 °
Py

foralli=1,...,Ng,7=1,..., Ngy1.
* Updating of the distorsion

5,0 (s4+1) s+1
2 —&

N

2
s+1 s s
D = D5 i (DNk — 2) ,
It is shown in [11] that on the event {T'f — T4}, set of trajectories of (T'{)s that converge
to I'y local minimum of the distorsion, we have :

pzz — pi=P [Zk € C’Z(f‘k)} ,  a.s.
61?—?1 — Blzfj_'_l =P |:Zk-+1 S Cj<fk+1>a Zy € Cl(fk} , Q.s.
P
Df\,k — DN: (Tk), a.s.

forall k=0,...,n,i=1,...,Ng, g =1,...,Ngy1, as s goes to infinity.
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4 Application : optimal stopping under partial observation

We consider the framework of Section 3. We denote by 7.Y the set of stopping times
adapted with respect to the observation filtration (7)) and valued in {0,...,n}. Given
two measurable functions f and h on E x R%, we consider the following optimal stopping
problem under partial observation :

. (4.1)

T
up = sup B | f(Xk,Yi) + h(X;,Y7)
TGTnY k_o

We shall transform this problem into an optimal stopping problem under complete obser-
vation. We denote

S (X Ye) + (XY, TET),

k=0

J(t) = E

the expected gain function associated to (4.1). We shall also introduce the functions :

fry) = Y fayn', Vo= (") € Kp, ¥y R,
=1

h(my) = Y h(a',y)r', Vr=(r') € Kp, VycR"
=1

Then, by using the law of iterated conditional expectations and the definition of the filter
(), we have for all 7 € 7,7 :

I = B3 1 f<Xk,Yk>+h<Xj,m>
=

E[f(Xp Yi)| FY ] +E [h(X;-JG)!ij})

[ n
= E Z1T:j~
[i=0

n

> 1ri
=

M IS I

FI0e, i) + E(Hﬁy}))

£
Il
o

T

= E|Y f(Z)+hZ,)
Lk=0

Therefore, problem (4.1) may be rewritten as :

T

F(Z) + W Z:)
k=0

up = sup E . (4.2)

TeTY

Since the process (Zg)r = (I, Yi)x is a (P, (F))) Markov chain, problem (4.2) is then an
optimal stopping problem under complete observation.

16



By the dynamic programming principle, we have ug = vg(z9), where the sequence of
measurable functions v;, : K, x R? — R, k = 0,...,n, is given in recursive form by the
backward formula :

vn(z) = h(z), Vze K, xR (4.3)
vg(2) = max {ﬁ(z),E [f(ZkH) + Uk+1(Zk+1)‘ Zy = z} } )
Vze Ky xRY, k=0,...,n—1. (4.4)

Applying the quantization approach described in Section 3 and setting :

A~

Zy = Projp,(Z1), T = (- n®) € (K xRHN kb =0,...,n,

we then approximate, following [1], the sequence of functions (vg) by the sequence of func-
tions v : 'y — R, kK = 0,...,n defined by :
bn(z) = h(z), Vzel,

o(z) = max{h)E | f(Zen) + brsr (Zesn)
Vzely, k=0,...,n—1.

=)

From an algorithmic viewpoint, this reads as follows :

bu(z) = h(z), i=1,...,N,
- . Nk+1 .. . .
oe(eh) = max{ () Y A (Pl + ool
j=1

t=1,....,Ng, k=0,...,n—1.
The optimal grids I'j, and the associated probability transition matrix (flkjﬂ) are estimated
following the procedure described in Section 3.

The induced approximation error is provided in the following theorem.

Theorem 4.1 Assume that f and h are bounded and Lipschitz, uniformly in x € E, i.e.

f .CIZ,y _f CC,]J
1l = s 1f@u)] < oo and [fl, = sp L& I@H
r€E,ycRd € E,y,jER y#£j ly — 91,

Then under (H1), we have for allk = 0,...,n :

A

Hvk(Zk) — 0% (Z)

1

< Vm+d(f+h) Y [(7+2(n—j))ig+(n—j+2)
j=k

(QE )n—j+1 R
25—_1 125 = Zjl,(4.5)
g

where f = max(|| ||y, [f1i,), b = max(|[hll,.,, [Pl;;,)-
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Remark 4.1 In view of Proposition 3.2, the estimation (4.5) provides a rate of convergence
for the approximation of vy(Zy) of order

n(2L,)"

Nw—rra
when N = N is the number of points at each grid I'y used for the optimal quantization of
Zi, k=10,...,n. The term (2Eg)” is important when n is large, but this is consistent with
the rate of convergence obtained in approximation of nonlinear filtering by quantization,

see [12] or by Monte-Carlo particle methods, see [4].

Lemma 4.1 Under the assumptions of Theorem 4.1, the functions vy, k =0, ..., n, defined
in (4.4), are bounded and Lipschitz with :
ok oy < (n—=k+1)(f+h), (4.6)
n—k+3(f+h) : a1
< = 2L,)" . 4.
[vk’]llp — 2 2Lg _ 1 ( g) ( 7)

Proof. From (4.4), we have || v [, < [Allo, + [flloy + I vrs1 [l Since || vn ||y,
= [12llyup> [ fllsup < N fllsups 1]y < [Pl » We obtain immediately the inequality (4.6) by
induction.

On the other hand, relation (4.4) and Lemma 3.1 also show

[Uk]lip < [iL]lip + [Rk+1<f+ vk+1)]zip
< [l + g (10l + 200y + 100111y + 2[00l ) - (4.8)

By definition of f, we clearly have for all z = (m,y) and 2/ = (7/,y') in K™ x R4,
FG) = FE < M llplm = 7L+ [l ly = ¥'L
< fle=4,,
A similar inequality holds for [A],,  i.e. [h] 1y < h. Plugging into (4.8) and using (4.6) yields
[only, < h+Ly(3f+ (n—k)(f+h))

+ 2L v 1] (4.9)

= [h]

Since [vy,] a straightforward induction gives (4.7). O

lip lip?

Proof of Theorem 4.1.

We set <I>k(z) = E[f(Zk+1)+Uk+1(Zk+1)|Zk = Z] and @k(z) = E[f(ZAk+1)+ﬁk+1<ZAk+1)|Zk =
z|. Then, for k =0,...,n —1,

Hvk(Zk)—@k(Zk) i HE(Z@—%(Z@ 1+H‘I>k(Zk)—¢’k(Zk) 1
< (W2 = Zil, + @ Z0) - @u(21)]| (4.10)
R LACATEARS L AEAIEA] I SCREAART ACAI |

< [l 2 = Zil, + 2 020 - @20 |

, (4.11)

1

+ HE[%(Z/{)\ZH — &y (Zy)
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by the law of iterated conditional expectation. Since 2k is 0(Zy)-measurable, we have

“E[@k(zk)|2k] — &4(Zn)

1

= Bl Zea) + vea (Za 2 = ELF(Zia) + s (Zai) 2|

(11

IN

Zhi1 — Zrin Vs 1(Zig1) — Opg1(Zis1)
1 1

Plugging into (4.11) yields :

Hvk(Zk) —x(Z) 1

< ([, +200d,, ) 126 = 2l + (£,

Zi+1 — L1
1

+ [ 0rs1(Zrs1) — D1 (Zis1)
1
Since ||vn(Zy) — 0n(Z0n)|| < [iAz]HpHZn — Zy||,, a direct induction gives :
1
Hvk(Zk) —u(Zi) Za]HZ Zil, (4.12)
where
. [h] + 2[(bk]lipl j=k
a; = [h]hp—}A—Q[(}D ]hp—}—[f]”p , j=k+1,.n—-1 (4.13)
[h]lip + [f]llp ) j =n
Now, by Lemmata 3.1 and 4.1, we have
(@], = [Rk+1(f+vk+1)] ;
< Ly (1Flly + 201y + 0010y + 200ks1],,)
< Lg[3f + (n—k)(f + )]

—k (2Eg)nfk:+1

+ (F+h)(~ 5+ 1) of, 1

Substituting into (4.13) and (4.12) provides the required result by using also Cauchy-
Schwarz inequality.

5 Numerical illustration : Bermudean options in a partially
observed stochastic volatility model

We consider an observable risky asset price (Sk) with dynamics given by :

1
Sk+1 = Spexp KT — ng) 5+Xk\/3€k+1] , So = s0>0,

where (gi) is a sequence of Gaussian white noise, and (X}) is the unobservable volatility
process. 6 > 0 may represent some discretization time step. Equivalently, we observe the
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process (Y;) = (In Sg), and we notice that the conditional law of Yy 1 given (Xk, Y%) has a
density given by :

y €R.

2
1 Yy =Y, — (r—1X32)0
9( X, Vi) = exp [—( X))

1/27TX135 2X;f5 7

We model here the dynamics of (X,S) under some risk neutral martingale measure P, r
representing in this case the riskless interest rate.
We assume that (X}) is an homogeneous Markov chain taking three possible values zb

< 2™ < 2" in R;\{0}. Its probability transition matrix is given by :

1 — (Pom + Pon)o Dom? Do 0
P, = DPmb0 1 — (Pmb + Pmn)0 Pmh0 : (5.1)
Phb0 Phm0 1 — (php + P )6

In this context of a partially observed stochastic volatility model, we consider a Bermudean
put option with payoft :

hy) = (k—¢€)y, yeR,

and we want to compute its price given by :

up = sup E [e‘”‘sh(YT)] . (5.2)

TeTY

We consider a model where the volatility (X}) is a Markov-chain approximation a la
Kushner (see [8]) of a mean-reverting process :

dXt = )\(l‘o — Xt)dt + ’Oth.

Denoting by A > 0 the spatial step, this corresponds to a probability transition matrix of
the form (5.1) with :

= 20— A, 2™ = x5, 2" = 2o+ A,

and
n?
pme)\er, por, =0
0> 2
Pmb Ea Pmh IA2
0>
po = 0, DPhm = )\+W'
In order to ensure that Py is indeed a probability transition matrix, we have the consistency
conditions :
Uk Uk
1—()\4—@)520 and 1—F(520

We perform numerical tests with
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- Price and put option parameters : r = 0.05, Sy = 110, x = 100,
- Volatility parameters : A =1, n = 0,1, Xo = 0.15,
- Spatial step : A = 0,05.

- Quantization : Grids are of same size N fixed for each time period with step § = %

We first compare in Table 1 the filter expectation at the final date computed with a
time step size 6 = 1/5 and by using the optimal quantization method with increasing grid
size N , and with 10% Monte Carlo iterations.

E[I1}] E[I12] E[I3] | Relative error (%)
Monte Carlo 0.287608 | 0.422833 | 0.289558
Quant. with N = 300 | 0.301651 | 0.421725 | 0.276624 0.898
Quant. with N = 600 | 0.301604 | 0.421458 | 0.276938 0.886
Quant. with N =900 | 0.301598 | 0.421316 | 0.277086 0.881
Quant. with N = 1200 | 0.301618 | 0.42122 | 0.277162 0.879
Quant. with N = 1500 | 0.301605 | 0.421205 | 0.27719 0.878

Table 1: Comparison of quantized filter value to its Monte Carlo estimation

We observe that besides the very low error level, the absolute error (plotted in Figure
1) and the relative error are decreasing as the grid size grows.

Secondly, in order to illustrate the effect of the time step, we compute the American
option price under partial observation when the time step § decreases to zero (i.e. n
increases) and compare it with the American option price with complete observation of
(Xk,Yx). Indeed, in the limit for 6 — 0 we fully observe the volatility, and so the partial
observation price should converge to the complete observation price.

Moreover, when we have more and more observations, the difference between the two
prices should decrease and converge to zero. This is shown in figure 2, where we performed
option pricing over grids of size N, = 1500 in case of partial observation. The total
observation price is given by the same pricing algorithm carried out on N , = 45 points
for the product grid of (X, Y%). We have seen in Remark 4.1 that for fixed n, the rate
of convergence for the approximation of the value function under partial observation is of

order N&/}Sm_““d) where Ny,

(Mg, Yy) valued in K™ x R?. From results of [1], we also know that the rate of convergence

is the number of points used at each time k for the grid of

for the approximation of the value function under full observation is of order m x N,, where
Ny =m X Ny is the number of points at each time k, used for the grid of (Xk, Yi) valued
in E x R?. This explains why, in order to have comparable results, and with m = 3 and d
= 1, we have chosen N, ~ Né/f:’

In addition, it is possible to observe the effect of information enrichment as the time
step decreases. In fact, if we consider multiples of n as the time step parameter, we notice
that the American option price increases for both total and partial observation models (see

tables 2 and 3).
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1.355

1.35

1.345

1.34

1.335

1.33

1.325

1.32

1.315

x 10

-3

200

Table 2: American option price for embedded filtrations - First Example

Table 3: American option price for embedded filtrations - Second Example

600 1000 1200 1400
Figure 1: Filter error convergence as N grows
n 4 8 16
Tot. Obs. (N, , = 30) 1.45863 | 1.75689 | 1.77642
Part. Obs. (N, = 1000) | 0.921729 | 1.13898 | 1.47089
Variation 0.53 0.61 0.30

n 5 10 20
Tot. Obs. (N, , = 45) 1.57506 | 1.72595 | 1.91208
Part. Obs. (NH’Y = 1500) | 0.988531 | 1.30616 | 1.59632
Variation 0.58 0.42 0.31
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0.5 —
—*— Tot Obs Option Price (45 pts)
—— Part Obs Option Price (1500pts)
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Figure 2: Partial and total observation option prices as § — 0
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