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Abstract. We define the Interval Neutrosophic Hesitant Fuzzy Choquet Integral (INHFCI) operator as a useful tool for
multicriteria decision making (MCDM). The INHFCI operator generalizes both the interval neutrosophic hesitant fuzzy
ordered weighted averaging operator and the interval neutrosophic hesitant fuzzy weighted averaging operator. A modified
version of the score function to make comparison among Interval Neutrosophic Hesitant Fuzzy elements is proposed. We
develop an approach for multicriteria decision making based on the interval neutrosophic hesitant fuzzy choquet integral
operator that applies to our proposed score function. Finally the model is illustrated with the help of an example.
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1. Introduction

In decision making process under multiple cri-
teria, governing information are often incomplete,
indeterminate and inconsistent. To deal with such
imprecise information, fuzzy set [1] was introduced
by Zadeh in 1965. A fuzzy set is characterized by a
membership function which represents the degree of
acceptance in a decision making problem. A fuzzy
set, thus, converts the impreciseness or vagueness
by attributing a degree to which a certain object
belongs to a set. In real situation, however, there may
be a hesitation or uncertainty about the membership
degree of the object in that set. So, as its conse-
quence, Atanassov [2, 3] introduced the intuitionistic
fuzzy sets (IFSs) in 1983 that is characterized by
the degrees of membership and non-membership
with the condition that sum of these two degrees
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should not exceed 1. In the case of IFS, the non-
membership grade expresses the degree of rejection
in a decision making problem. Later, Atanassov and
Gargov [4] introduced interval valued intuitionistic
fuzzy set (IVIFS) as a further generalization of IFS in
which intervals in [0, 1] are used for membership and
non-membership values rather than exact numerical
values. Although, IFSs and IVIFSs have the ability
to handle incomplete information like acceptance and
non-acceptance, the issue of indeterminate and incon-
sistent information remains in paucity. To overcome
this, Smarandache [5] introduced neutrosophic sets
(NSs). A neutrosophic set generalizes the concept
of a fuzzy set [1], intuitionistic fuzzy set [2], inter-
val valued intuitionistic fuzzy set [4], paraconsistent
set [5], dialetheist set [5], paradoxist set [5], tauto-
logical set [5] to name a few. In the neutrosophic set,
indeterminacy is quantified explicitly, and truth, inde-
terminacy, and falsity memberships are expressed
independently. Wang et al. [11, 12] proposed the
concepts of a single-valued neutrosophic set (SVNS)
and an interval neutrosophic set (INS), which are the
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subclasses of a neutrosophic set. Ye [13] proposed
a single-valued neutrosophic cross-entropy measure
and used it to multicriteria decision making(MCDM)
problems. It is observed that, in fuzzy multicriteria
decision making (MCDM) problems, representation
of membership degrees of objects to a certain set is
not unique. To deal with such type of difficulty, Torra
and Narukawa [14] and Torra [15] defined a hesi-
tant fuzzy set (HFS) as an extension of the fuzzy set
(FS). Chen et al. [16] extended this to include inter-
val valued HFS (IVHFS) in which the membership
degrees of an element to a given set are not exactly
defined but denoted by several possible interval val-
ues. Ye [17] defined the single valued neutrosophic
hesitant fuzzy sets (SVNHFES) by combining the sin-
gle valued neutrosophic set with the hesitant fuzzy
set and developed some weighted averaging and
weighted geometric operators for SVNHFS. Further,
Liu and Shi [22] proposed the concept of interval neu-
trosophic hesitant fuzzy sets (INHFSs) by combining
the IVHFS and INS, and then developed interval
neutrosophic hesitant fuzzy generalized weighted
average (INHFGWA) operator, interval neutrosophic
hesitant fuzzy generalized ordered weighted average
(INHFGOWA) operator and an interval neutrosophic
hesitant fuzzy generalized hybrid weighted average
(INHFGHWA) operator. Most of these aggrega-
tion operators however specify to situations, where
criteria and preferences of decision makers are inde-
pendent of one another, therefore their combined
effect is additive in nature. However, in real life
decision-making problems, the criteria of the prob-
lems are often interdependent or interactive. Choquet
integrals [23] have been used as an aggregation
mechanism in various MCDM problems involv-
ing ordinary fuzzy sets in order to describe the
relative importance of decision criteria and their
interactions.

In the present study, we introduce the interval neu-
trosophic hesitant fuzzy choquet integral (INHFCI)
operator as a tool for multicriteria decision mak-
ing (MCDM), and discuss the relevant properties.
It is shown that the interval neutrosophic hesitant
fuzzy choquet integral (INHFCI) operator general-
izes the interval neutrosophic hesitant fuzzy OWA
operator, and the interval neutrosophic hesitant fuzzy
weighted averaging operator. An approach for mul-
ticriteria decision making is also developed based
on the interval neutrosophic hesitant fuzzy choquet
integral operator.

The rest of the paper proceeds as follows. Sec-
tion 2 deals with the preliminarily ideas of the

model formulation, Section 3 describes an order-
ing approach for the INHFEs. Section 4 discusses
the notion of interval neutrosophic hesitant fuzzy
choquet operator. Section 5 discusses some of the
properties of the interval neutrosophic hesitant fuzzy
choquet operator. Section 6 proposes a multicriteria
decision making approach based on the interval neu-
trosophic hesitant fuzzy choquet operator. Section 7
illustrates the model with an example followed by the
concluding remarks in Section 8.

2. Preliminaries

We compile in this section the relevant notion
required for the development of the present paper.

Definition 1. [8, 10] Let a = [aL, a1 ={x |0 <
a%<x <aV}, then @ is called a non-negative
interval number. Especially, if a’ =aV then @
is a nonnegative real number. Consider two non-
negative interval numbers & = [a%,aY] and b =
[b%, bV, then some of their basic operations are as

follows:

() a=b<a =bta¥ =bY
(i) a+b = [a" + bl aV +bY]
(iil) ka = [ka, kaV],k >0
(iv) @ = [(@M)k, @), k > 0.

Definition 2. [10] Let a =[a’,a"] and b=
[bE, Y1, I; = @Y — @" and I;; = bY — bL. Then the
degree of possibility of @ > b is denoted by p(@ > b)
and is defined by

. bY —a*
p@ > b) :max{l — max (0>0}

Iz + l;,
2.1)
If0< p@>Db) <0.5 thena < b; if p@@ > b) =
0.5, thena = b; if 0.5 < pa > B) < 1,thena > b.
Suppose that there are n interval numbers a; =
[aiL, afj](i =1,2,...,n), then each interval num-
ber @; is compared to all interval numbers a; (i =
1,2, ..., n) by using Equation (2.1), as

pij = pla; = a;)

al — gk
= max{l — max (j’, 0),0}. 2.2)
lg. + 1.
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Then a complementary matrix can be constructed
as follows:

P11 P12 -+ Pln

P21 P22 *+* DP2n

P= , 2.3)

Pnl Pn2 *°* Pnn

where p;; > 0, pij + pji =1, pii = 0.5.

A neutrosophic set [5] characterizes each logi-
cal statement in a three dimensional space, where
each dimension represents respectively the truth (7),
the falsehood (F'), and the indeterminacy (/) of the
statement under consideration with not necessarily
any connection between 7, F' and I. Suppose x is a
generic element of a set X, then x belongs to the set in
the following way: itis # true in the set, i indeterminate
in the set, and f false, where ¢, i, and f are real num-
bers taken from the subsets 7, I, and F of R with no
restrictionon T, I, F,norontheirsumn =t +i + f.
Butitis difficult to apply neutrosophic set in practical
problems without specifying 7', I and F. In the fol-
lowing we give a formal definition of a neutrosophic
set taking the subsets 7', I and F as the unit intervals
[0, 1].

Definition 3. A neutrosophic set A in X can be char-
acterized by a truth-membership function 74 : X —
[0, 1], an indeterminacy-membership function 74 :
X — [0, 1], and a falsity-membership function F4 :
X — [0, 1]. Note that 0 < Ta(x), [o(x), Fa(x) <1,
and so, in this case, we have 0 < Tx(x) + Ia(x) +
F4(x) < 3. This is known as a single valued neutro-
sophic set (SVNS) [11].

The complement of a neutrosophic set A,
denoted by c(A), is defined by Te(a)(x) =1 — T4(x),
IC(A)()C) =1- IA()C), and FC(A)(X) =1- FA()C) for
all x in X.

An interval neutrosophic set (INS) [12] gives value
that ranges for the truth, indeterminacy and the falsity
rather than single values for each of these quantities.
Formally we have,

Definition 4. [12] Given a set X, an object of the
form A = {{x, T4(x), Ta(x), F4(x))|x € X}, where
Ta(x) C [0, 1], T4(x) C [0, 1] and Fa(x) C [0, 1]
are intervals is called an INS over X.

Definition 5. [12] An interval neutrosophic num-
ber (INN) @ is an INS given by the expression

a=(TF, TV, Uk, 1Y1, 1FE, FYY), where each
component of & is an interval number.

Following operations on INNs due to [12] are
important for the development of our model. Let a
and b be two INNs, and let A > 0 be a real number,
then

N~ 7 L L L L
() a®@b=(Ty +T; —Ty - Ty,
T+ T — T T Uy - 1y 07 - 1),

[Fi - Fy Fy - F))
(i) a®@b=(T; T} Ty - T},

Uy 4dy — 17 1b 1)+ 1) — 17 - 1Y),

(Fi+ FF — FF - FF FY+FY—FY - FY))
(i) Aa=([1— (1 —TFH" 1-1 -1,

[(IEY™, (DML IERY, (FEHM)
(V) @ =((TH, (T,

(1= —ID" 1= =101
[1—(1—FH 11— = FE)HM).

Definition 6. [14, 15] A hesitant fuzzy set (HFS)
which is defined in terms of a function that returns
a set of membership values for each element in the
domain is defined as an object of the form A =
{{(x, ha(x))|x € X}, where h(x) is a set of some
distinct values in [0, 1] representing the possible
membership degrees of the element x € X to A. We
call h4(x) a hesitant fuzzy element (HFE), denoted
simply by # if no ambiguity arises on A.

For three hesitant fuzzy elements h, k1 and hj,
Torra [15] defined three basic operations as follows.

0 h°=U{l-v

yeh
(i) hiUhs = U {max{y, »2}}
vi€hy,y2€h;
(iii) hy(h2 = U {min{y;, »}}.

yi€hy,y2€h)

Also, Xia and Xu [28] defined four operations on
the HFEs &, h, hy with a positive scale n as follows.

i r" = U{"

yeh
(i) nh=U{1 -0 -p"}
yeh
(i) o= U n+r-nnrl
yi€hy,y2€h)
(iv) hi®hy = U nrl

vi€hi,ya€hy
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An interval-valued hesitant fuzzy set IVHFS) [16,
29] on X is defined as: E = {(x, hg(x))|x € E},
where /i (x) is a set of some distinct interval values in
[0, 1], that denote the possible membership degrees
of the element x € X to the set E. We call hg(x)
an interval valued hesitant fuzzy element (IVHFE).
Let us simplify our notation by taking / instead of
hE sothat i = {7|7 € h}, where 7 = [y%, yV]is an
interval number.

For three IVHFEs 71, i 1 fzz and a positive scale n,
Chen et al. [16] introduced the following operations.

@ "= UJlIeH" ¢

~ yeh
(i) nh= UJ{1—A—yH1—-a =y
yeh
(i) hi@ho = U (vl +v8 —vivi vl +
y1€hy,
eh,
vi —rvill
) he@h= U Alvfvi. /vl
y1€h1,72€h;

Definition 7. [22] An interval neutrosophic hes-
itant fuzzy set (INHFS) on X is given by
the object N = {(x,7(x), i(x),7(x))|x € X}, where
i(x) = {§IP € {0}, i(x) = (818 € i(x)} and f(x) =
{nln € f(x)} are three sets of some interval val-
ues in the real unit interval [0, 1], that denote
the possible truth-membership hesitant degrees,
indeterminacy-membership hesitant degrees and the
falsity-membership hesitant degrees of the element
x € X to the set N, respectively. The expression 7i =
{i(x), i1(x), f(x)} is called an interval neutrosophic
hesitant fuzzy element (INHFE).

Definition 8. [22] Let ii; = {71, 1, fi} and 7y =
{2, 12, fz} be two INHFEs in a non-empty finite set
X and k > 0 is a positive scale; then we have the
following operations:

(i) fiyUdy ={fH Uk, 11 NIz, fi N f2}
(1) Ay N ={f ﬂfz,?lU72: fLU f2~}
(iii) 71 @72 = ({1 @ %, 11 ®12, [1 ® f2}

= U
yi€h, 7€,
81€i1,0 €0,
efi.nef

Iyt +vs —vivs,

W+ v — v,

(-85, 8V V1, nknk. nYnd1y

(iv) 11 ®fr ={(1 ®@%, 11 D12, /L ® fo}

y1€h,72€0,
51671,326;2,

nefi.ines

(67 + 67 — 6767, 81 +55 — 6783,

(yEvk, vV,

I + 0k — ok oV + 08 —n¥nd 1)
V) ki = [ J 1= =y 1—a -y,
yi €,
316;1,
nefi
(S5, GV, 1B, a1y
o b= 1ehHr o).
y1€t,
S]Ei],
nefi
[1—1—=8H1—1-sDk,

[1— 1 —nhk1—a -y

In order to develop an MCDM using interval neu-
trosophic hesitant fuzzy elements, the score function
for making their comparisons is defined in [22] as
follows.

Definition 9. [22] The score function of an interval
neutrosophic hesitant fuzzy element (INHFE) 7 is
given as:

q
;(1 — i)

1 - ' :
= 72?1‘{‘ =l + /31

P p q

(2.4)

where [, p, g are the numbers of the interval values
inyp, 3, 7, respectively. It has been observed that S(7i)
is an interval value included in [0, 1], and so for two
INHFE:s 711, iy, the score functions S(721) and S(7i»)
are comparable using the degrees of possibility. If
S(it1) = S(iip) then 71y 3= 7ip, i.e. i1 is superior than
or equal to 7i;.

Liu and Shi [22] further improved the score
function using a simple average method as
follows.
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. i(l B 8$+8‘7/>
J L U 2
_! lz Vit 4=
BRI 2 p;

qj
Pj

[/
171 1
= [T+ S (= +a - ah)
6L p;

j=1

qj
F > =+ A=)
J

‘5
lj Pj
l l L U 1 L U
=% {IZ(V./‘ +yi)+ ;Z(z — (8} +8))
J . J
Jj=1 Jj=1
qj

1
o (2-at+a)). 2.5)
I

wherel;, pj, q; are the numbers of the interval values
iny;,0;,14;.

Remark 1. Note that there are instances where
even the extended score function given by Equa-
tion (2.5) also fails to differentiate interval
neutrosophic fuzzy elements (INHFEs). Take for
example, i} = {[0.4, 0.5],[0.2, 0.3],[0.3, 0.4]} and
iz = {[0.4,0.7], [0.1, 0.4], [0.4, 0.5]}.

Their scores using Equation (2.5) are found to be
equal i.e., S(i;) = S(ii) = 0.6167. But clearly 71}
and 715 are not equal. Therefore it is necessary to fur-
ther improve the ranking procedure of INHFESs. In
Section 3 an improved ranking method for INHFEs
is proposed to address this issue. This is applied in
the further development of our proposed model.

Following weighted aggregation operators defined
on interval neutrosophic hesitant fuzzy elements are
deemed important to draw comparison with our pro-
posed model.

Definition 10. [22] Let A >0 and let 7i; =
{t;,ij, F;}(j = 1,2,...,n) be a collection of inter-
val neutrosophic hesitant fuzzy numbers. Let the
weight vector w = (wy, wa, ..., wy)! be such that

n
w; >0 and ) w;=1; then an interval neutro-
j=1
sophic hesitant fuzzy generalized weighted average
(INHFGWA) operator of dimension # is a mapping
INHFGWA : Q" — Q given by

n 1/
INHFGWA(ii1, iy, . .., i) = (Zw,ﬁﬁ) :
j=1

(2.6)
where 2 is the set of all the interval neutrosophic
hesitant fuzzy numbers.

Definition 11. [22] Let A >0 and let 7i; =

{i;,ij, i} =1,2,...,n) be a collection of inter-
val neutrosophic hesitant fuzzy elements (INHFESs).
Letw = (wq, wo, ..., wn)T be a weight vector such

n
that w; > 0 and > w; = 1; then an interval neu-
j=1
trosophic hesitant fuzzy generalized order weighted
average (INHFGOWA) operator of dimension n is a
mapping INHFGOWA : Q" — Q and

n 1/
INHFGOWA(iy, fia, ..., 7ip) = (Zwiﬁ(lj)) ’
j=1

2.7
where 2 is the set of all the INHFEs and
{(1), @), ..., (m)}apermutationof {1, 2, ..., n}such
thatﬁ(j) > 171(1;1) forall j=1,2,...,n.

Definition 12. [23, 24, 30] Let X = {x1, x2, ..., Xs}
be a non-empty set, let P(X) be the power set of X. A
fuzzy measure on X is a set function m : P(X) —
[0, 1], satisfying the following conditions:

(i) m(@) =0, m(X) = 1 (boundary conditions)
(i) if A € B C X, thenm(A) < m(B) (mono-
tonicity).

A fuzzy measure is additive if for any two disjoints
subsets A, B C X, we have m(A U B) = m(A) +
m(B). Further studies on fuzzy measures and their
properties can be found in [32]. A fuzzy measure is
symmetric if for any subsets A, B C X with |A| =
| B| implies m(A) = m(B). If E = {x;}, then m(E) =
w; denotes the subjective weight of criterion x; in the
set of criteria X. Thus a fuzzy measure represents the
weight of each criterion as well as combination of

criteria in which all of the w;(i = 1,2, ..., n)’s are
not necessarily equal to one. Therefore, in order to
determine fuzzy measures on X = {x1, x2, ..., x,},

we need to find 2" — 2 values for n criteria, except
the values m(f) and m(X) which are always equal
to 0 and 1, respectively. So the evaluation model
obtained becomes quite difficult. To avoid this dif-
ficulty, Sugeno [24] proposed a special kind of fuzzy
measure called A-fuzzy measure which is defined as
follows:
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Definition 13. [24, 30] Let X = {x1, x2, ..., x,} be
a non-empty set, let P(X) be the power set of X.
Given a real number A > —1, a A-fuzzy measure m
on X isafunctionm : P(X) — [0, 1], satisfying the
followings

() m@) =0, m(X) = 1
(ii) if A C B C X, thenm(A) < m(B)
(iii) m(A U B) = m(A) +m(B) +
Am(A)ym(B), » € [-1, +00) VA, B €
PX),ANB=0,1> —1.

Note that if X represents a set of criteria, the param-
eter A determines an interaction level between the
criteria. If A = 0, then the fuzzy measure reduces to
an additive measure, and A and B have no interac-
tion between them. For negative and positive A, a A-
fuzzy measure reduces to the sub-additive (m(A U
B) < m(A) + m(B)) and the super-additive measure
(m(A U B) > m(A) + m(B)), respectively.

n

Let X = |J{x;} be a finite set. To determine a
normalized Ilnelasure on X, Sugeno [24] provides the
following expression.

( T[T+ 2m()] — 1), it ) = 0
m(X) = =
ifA =0,

2.8)

n
> om(x;),
i=1
Also, for every subset A C X, we have

T (Xil;IA[l + Am(x;)] — 1), ifa£0
> m(x;),

X;i€A

A= if A =0
ifA =0.

2.9

Using equation Equation (2.8) the parameter A can

be uniquely determined from the boundary condition

m(X) = 1 which is equivalent to solving the follow-
ing equation

A+l= _f{l(l T am(xp)). (2.10)

If there is no ambiguity in the parameter A, we call
a A-fuzzy measure simply a fuzzy measure.

Definition 14. [25] Let f be a positive real-valued
function on X = {x{,x2,...,x,}, and let m be a
fuzzy measure on X. The discrete choquet integral of
f with respective to m, denoted by C,,( f) is defined
as follows.

Cn(f) = Zf(x(i))<m(A(i)) - m(A(il))),

= (2.11)
where (-) indicates a permutation on X such
that f(xq)) = f(x@) = -+ = f(x@), and A =
{xy, @), - ... x@)} fori > 1 and A = 9.

In what follows next we define a modi-
fied score function to compare INHFEs that
applies to our proposed MCDM procedure using
INHFCI.

3. An ordering between INHFEs

Following the ambiguities of comparing two
INHFESs by using the score functions given by Equa-
tions (2.4) and (2.5) we propose here an alternative
ordering for INHFEs. This ordering approach is based
on - the possibility degree ranking (PDR) for the
interval numbers [9, 10], the interval neutrosophic
numbers (INNs) [18] and the interval valued hesitant
fuzzy elements (IVHFEs) [19, 20].

Definition 15. Let

fij = U {vf v 180 8711

vE.yP1er,
[8F, aU]ei,

E.nY1ef;

-, n?1}

ap= U Awf 1560 mf 1)
[V VU]GI/
[8%.6Y1ei;,
(nf.nf1ef;
be two INHFEs. Then the possibility degree of 7i; =
i1 j is defined as follows:

P = i)

iy zl PlyF, v/ = vk, vYD

=3 ZZP( oY1= 180, 87D | 3.1

mf, n¥1)

ﬂ%@ Z]P([n, nj1
i=1j=

where [;, p;, g; are the numbers of the interval values
iny;, &;, i,and!;, p;, q;are the numbers of the inter-
val valuesin ¥, §;, 7 ;. Now, using Equation (2.2), we
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can observe that 0 < P(#1; =

;) <1, P(i; =1j) =
0.5, and P(#1; = i) + P(ij = fi;) =

y=1.
Also,
Py v 1= v v YD)
v_,L
:max{l—max< T VJL le L,0>,0}
Yi —vi tvp v

(3.2)
P((8%, 891 = 187, 87D

[ )

§U _sL
= max { 1 — max ! J ,01],0
{ <5§f—5}+5§f—a§. ) }

(3.3)

and,

P(n%. nY1 = nF. 0D

U-U—UL-
= max 1—max< d J ,0),0}.
{ n —nf +nY —nf

(3.4)

Suppose there are n INHFESs

ai=J A{wh vk 800 b nf1}
VARZACTS
185,87 1€,
F.n1efi

for i=1,2,...,n. Then the possibility degree
Pij = P(ii; »=i1j) of each pair of INHFE i,
(i=1,2,...,n) is given by Equation (3.1); thus
the matrix of possibility degrees P = (Pij)nxn
can be constructed, where P;; >0, P;j + Pj; = 1,
and P; = 0.5. Also, the ranks r; of the 7i; (i =

1,2,...,n)is given in the line of [6, 7].as follows
n
(Z Pj+5— 1)
j=1
;= . 35
i n(n —1) (3.5
Using Equation (3.5), the INHFEs #@;(i =
1,2,...,n) can be ranked in a descending order in
accordance with the values of r; (i =1,2,...,n).

We call the ranking : a Possibility Degree Ranking
(PDR). It is evident from the above formulations
that the PDR generalizes the ordering given by
the score function over the class of INNs and
IVHFEs. However it is worth mentioning here that
the ordering among INHFEs in terms of the r;’s is
only a partial ordering and therefore this ranking is
also not unique.

Example 1. As already mentioned in the previ-
ous section, for the INHFEs, 7; = {[0.4,0.5],
[0.2,0.3],[0.3,0.4]} and 7, ={[0.4,0.7],[0.1,
0.4], [0.4, 0.5]}, their scores are equal to S(ny) =
S(ny) = 0.6167, although 711 and 715 are two distinct
INHFEs. Now using Equation (3.1) the PDR of 714
and 71, is calculated as follows.

Py = P(i1; = fip) = 0.5833

Since, Pjp + P,y =1, therefore P =1-—
0.5833 = 0.4167. Also, P;1 = P = 0.5000. Then,
the matrix of possibility degrees for 7i; and 71, can
be constructed as follows.

_0.5000 0.5833
~10.4167 0.5000

Now, the PDR values are given by, r; =
0.5417, rp = 0.4584. Since r; > rp, therefore, i1 =
fip. Thus it appears that the PDR is more efficient for
ranking INHFEs.

Remark 2. The main advantage of adopting this
possibility degree ranking (PDR) approach is that
the possibility degrees between any two adjacent
INHFEs can be also be obtained from the possibility
degree matrix in Definition 15. Also as explained in
Example 1, in some typical situations it seems that
ranking orders (=) of INHFEs with PDR approach
is more effective than the other ranking approach
like score function. Moreover the possibility degree
P(it| = fip) of any two INHFEs 71y, /i, can be inter-
preted from the probability point of view for ranking
INHFEs. As for instance if P(7i1 = 7i3) ~ 1 then
there is the more possibility that 7i] = 7ip, whereas
no such interpretation can be seen in the ranking
approach like score function.

4. The interval neutrosophic hesitant fuzzy
choquet integral (INHFCI) operator

In this section, we propose the interval neutro-
sophic hesitant fuzzy choquet integral (INHFCI)
operator on the interval hesitant fuzzy elements
(INHFEs) which are ranked by the PDR of INHFEs
given by Definition 15. We also discuss some of the
properties of INHFCI operator.

Definition 16. Let X = {x, x, ..., x,} be a finite
set of criteria and let m be a fuzzy measure on
X. Let,
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ij=1{ti;, fi)G=12,....,n)
U {orv¥1 s s1 k. b1}

L Uy 7.
[yj’yj ]etj’
[8%.,6Y1€i;,

[77] 1 ]Ef/

be a collection of INHFEs, where (-) is a permutation
such that ryZrQ == rFw)s and

Agyr = {X(n ri) = "m}y

AGy- = {xm ri) > V(j)}~

Denote by card(A) the cardinality of set A. Then
the INHFCI operator is defined as:

INHFCI(711, 712, . . ., fiy)

n m(Aciv+) —m(A¢iy-) .
_ @< 0) 0) >n(,-) @.0)
j=1\ card(Aj+) — card(A;-)

Note that @ denotes here the sum operation on
INHFEs as defined in the rule (iii) of Definition
8, and that the Equation (4.1) does not depend on
the considered permutaion (-). Moreover, the rank-
ingofiij(j=1,2,...,n)is done with respect to the
PDR of INHFEs. If there are no ties between val-
ues (1), .., '(n)» then Equation (4.1) can be rewritten
as

INHFCI@iy, 7o, . . ., fiy)

= 591 (m(AU))—m(A(jl)))ﬁ(j» (4.2)
j:

where A ={(1),..,(j)}, with the convention
A0y = ¥. Following theorem is an immediate con-
sequence.

INHFCI(711)
= MA)

vE.vl1en,
[8F.8V1ei),

. nY1eh

(1=t -

Theorem 1. Let X = {x1, x2, ..., x,} be a finite set
of criteria and let m be a fuzzy measure on X. Let,

ﬁj:{‘ij7’ij,}‘j}(j:1,2,...,”)
U {yF vV 185 891, I Y1}

[y_, Vi ]et/,
L sU7 7.
[6% .6 1<i;.

%1€t

be a collection of INHFEs. Then the value aggregated
by the INHFECI is also an INHFE, moreover,

INHFCI(711, 712, . . ., fin)

n
= U {[I_H(I_V@)M’
. j=1
v} v 1et;.
[a/@,aﬁ/]eij,

[77_?,775-/16?1‘

- 110 - Vg))k’} :
j=1

[H(a Y, H(é 0y ]

{ [TaE), TTag)Y } } 4.3)
j=1 j=1

where,

b [ AGH) = m(Agy)
I card(Ajyr) — card(Ay-) )

Proof. We use mathematical induction to prove this
theorem. For n = 1 from Equation (4.1),

A=y M ] (@)™ G ] [ gy 1}
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Therefore the result holds for n = 1. Next suppose
that the result hold for n =k, i.e.,

INHFCI(711, ia, ..., fig)
k k
= U {[1— [T —yhyi1- Ha—yg)w] :
[V )/Ulet, e =1
8%.8Y1ei),
lny n%1et;

k k

H (S, H CINE! ] : [ Hlmf,-))%', H1<nff,-))%'] }
j= j=

Then forn = k + 1, we have

INHFCI(711, 72, . .., ik, fig+1)

k
= O Al & Mt

j:

k L\ k U\
- U P=TTA =yt 1= T1A =)™
. =1 i=1
Ly} vyt / /
18%.8% 1€,

[ﬂfw?]efj
i k U \\j k L A . U \\j
H (50) Ty jl;[](a(j)) T, jl;[](n(j)) 75 ]1;[1(77(]')) /

® U {[1 - - V(If<+1))kk+l, 1—(1- y((]£+l)))tk+l ] .

L U 7
[VkH,VHI]GtkH,

L sU 1.7
180y 1 €041

L U 1
[0y 1011 1€+

[ 1) gty T [ )™ ()4 |

= U { [ H(l — Y 1= (1 =y
i 1€, a
18%.8Y1ei),
[77 UU]Et]
d LA L
1= Hl(l — y(j)) il (1 —(1- y(k+1)) k1 ) ,
=
k k

L=JJa =g + 1= =y )y - (1 - _Hl(l - Vgﬂ”)

j=1 =

(1= =y )]

lH(S(”)M (B ) H(S(/))A’ (k+1))m]],

3221
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k k
[ Hl(n(Lj)))\j ’ (n(L1<+l))Ak+lf Hl(nf]j))x-f : (ng(Jr]))xk“] }
J= j=

k+1 k+1
= U {[1— [T —yi)h1 - na—yg)M :
=1

L U7,
lyj vy €t
L sU 7.
167,87 1€i;,

L U 7.
[n.n7 1€t;

j= Jj=1

Kbl okl o
ng(é(j)) a jl;ll(a(j)) oK jl;[l('?(j)) i, j];[l(n(j)) j

Hence the theorem holds for n = k + 1, which
completes the proof. 0

Note that in proving all the following results relat-
ing to the INHFCI operators, there is no loss of
generality in considering the case when the ordering
among INHFEs is unique i.e., using Equation (4.2)
for the INHFCT as the related results using Equation
(4.1) follows exactly in the same manner.

Proposition 1. Ler X = {x1, x2, ..., x,}, m a fuzzy
measure on X and (-) an ordering on the INHFEs

fig, g, iy If m(A) = Y m({xj)}) for all A
x(j)€A

n
X with Y m({x¢j)}) = 1, then
J=1

m({xp}) = m(A)) —m(Ag-1)). 44)

In this case the INHFCI operator reduces to an
interval neutrosophic hesitant fuzzy weighted aver-
age INHFWA) operator [22], i.e.,

INHFCI(iy, fia, . . . , i)
= INHFWA(ii1, i1y, . . ., fip). 4.5)
Proof. Using m({x(;)}) = m(A()) — m(A¢—1)) and
n
>-m({x(j}) = 1 in Equation (4.3), we have
j=1

INHFCI(711, 712, . .., fip)

L U 7.
[Vj Vi JISTFS
L U7 -7,
[5/' ’5]' ]61_/s

L Uyc7.
[n7.n; 1€t;

It follows that,

INHECI(711, 712, . . ., fi,)
= INHFWA(1y, i1, . .., 7i,) U

Corollary 1. Let X = {x1,x2,...,x,} and let m
be a fuzzy measure on X and (.) an ordering on

1

the set of INHFEs {ﬁj}?zl. If m(xph) = -, (=
n

1,2, ..., n), then the INHFCI operator reduces to an

interval neutrosophic hesitant fuzzy averaging oper-
ator (INHFA operator) namely,

INHFA(iy, 71z, . . 7ij. 4.7)

1

'7ﬁﬂ)=

S
s

J
Corollary 1 follows directly from Proposition 1.

Corollary 2. Let X = {x1, x2, ..., Xp} be a finite set,
m a fuzzy measure on X and (.) an ordering on the
Card(A)
set of INHFEs {ﬁj}?:]. If m({x(j)}) = ]; w; for
n
all A C X, then ) wj = 1with
j=1

w; = m(A(j)) — m(A(j_l)), (] = ], 2, ey n)

n n
1-J[a - J/(Lj))m({)«j)}), 1-J[a - y(%)rn({xm})} ’
j=1 j=1

n n n n
L ym({xp) U ym({xy)) L yn({x(y)) U ym({xy))
Ll:[l(a(f))m o ,jl;[l(a(j))’" o } : Ll:[l(mj))m o ,Jl;ll(’?m)m v ]}

n
= @i} m({xy)) = INHFWAG1, fio, .., ).
/:

(4.6)
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In this case the INHFCI operator reduces to an
interval neutrosophic hesitant fuzzy ordered weighted
average (IVIHFOWA) operator [22], i.e.,

INHFCI(7i1, 712, . .., fip)

= INHFOWA(#1y, fia, .. ., 7iy). (4.8)
Corollary 2 follows directly from Proposition 1.

Remark 3. In view of Corollaries 1 and 2, it is
clear that the interval neutrosophic hesitant choquet
integral operator generalizes both the interval neu-
trosophic hesitant fuzzy weighted averaging operator
(INHFWA) operator and interval neutrosophic hes-
itant fuzzy ordered weighted average (INHFOWA)
operator.

5. Properties of the INHFCI operator

Some of the properties of INHFCI operator are as
follows.

Theorem 2. (Idempotency). Let
iy =i, fj)
= U ek sV mb Y16
i v 1ei;.
[8%.6Y1€i;,

L U 7.
[77]"'7]‘ ]ef_/

be a collections of INHFEs on X, and let m a fuzzy
measure on X. If all 7i j(j = 1,2, ..., n) are equal,
i.e, ity =i forall j, then INHFCI(#, i, ..., 7)) = ii.

Proof. From Theorem 1, if i j = 7i for all j, we have,
INHFCI(711, i, . .., fin)
= INHFCI(#, 7, . . ., 1)
— U { [1 — ﬁ (1 — yLynAg)—mAj-n)
[yE.yVet, =t
[6L,8V1€],

[nt.nV1ef

1- ﬁ (1— yU)m(AU))—’"(A(j—l))} 7
j=1

[ ﬁ (8L ymAG)—m(AG-1)
=1

f[ (U ym(AG)—m(A¢j-1) ] ’
j=1

J

|
|

(

n

=1

U

[yt.yVlet,
[8L,8V1ei,
(L. nVlef

nY)

ﬁ (nkymAGg)—mA-1)

i

[T (V) Ap)=—mAg-n) ] }

> omAG)—m(Aj-1)
1—(1—yhby= ,

> omAG)—m(Ai-1)
1—(1=ypYy=

4 Zlm(Au))—m(A(j—n)
(6%)=

’

v Y om(Ag)—m(A(i-1) i
(8%)=!

. > om(Ag)—m(Aj-1)
(n™)’="

Jj=1

It follows from

)

Zm(f\u))m(f‘(jw)] } ]

D (m(Ag) — m(AGi-1)

J=1

that

m(Amy) — m(Aq))

11

INHFCI(#, 71, .. ., /i)
U {r" v 85,870, ", 01}

[yt.yViet,

[8-,8Y]ei,

nt.nV1ef

ii.

Theorem 3. (Monotonicity). Let
{t.i, )

U

nj

L Uy-7.
lyj vy 1€t

L U775,
[t ,8Y 1€,

L
lan?

u
J

lef

{yF Y1185, 891, I Y1}
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and
W= {0,7)
= U "y s mt ")
/L U
v, v e
5", 5’”16[,»
[nf,-l‘,nj lef';

be two collections of INHFEs on X, and let m be a

U
fuzzymeasure on X such that yj <)/] ,y] =V
ok =8, sk =8 nk =0 Y =0 forall j;
then

INHFCI(#, iy . . ., /i) 3 INHFCI(i, iz . . ., ip).
(5.2)

Proof. Since A(j_1) € A(j), therefore m(A(j) —

/L
m(A¢j-1)) = 0. Given that ij <V ij <
U ;L ’ ' U
V/ 755281 765261 ’77] _77j a’7! _7)/
for all j. It follows that

L \m(A)—m(A¢i—1y)
G (-1

n
1-TJa -»
j=1

YA =mAG-D) - (5,3)

n
;L
<1-JJa-»,
j=1

U \m(A¢jy)—m(A¢i—1))
(j)) (@) (=1

n
1-TJa-»
j=1

n

U
<1-JJa—w,

j=1

n
H(‘S(Lj) yHAG)=mAG-1)
j=1

yrAp—mAG-1) (5 4)

n
;L
> H(g(j) yrAp)=mA-1) (5.5)
j=1

n
H((ngj))m(Auv—m(A(j—n)
Jj=1

n
> [T, yrm-mi-m, (5.6)
j=1

n
H(n(Lj))m(Ao))—m(A(.f—l))

j=1

n
=3 | (0 e 5.7)
j=1
n
H(ng))m(z‘\u))—M(A(j—l))
j=1
LU
= H(’?(/’) yrAG)=m(Ag-n), (5.8)
Jj=1

Now,

INHFCI(711, 712, .. . , fip)

L U c7,
lvy vjles,
L sUyc7 .
[67.671el ;.

n
1— -H1(1 - V(Lj))m(A(n)—m(A(_i—l)),
]:

L U =7F.
[ny.n71ef;

n
1-J1a- y((j/.))m(A(j))_m(A(j—D)} ’
=1
[ ﬁ (5(Lj))m(A<j)>—m(A(j—l>),
i=1
n
11 (83))'"(1“(1))—”’%(/'1))} ’
j=1
n
[ I1 (n(Lj))m(A<j>)*m(A(j—1)),
j=1

ﬁ (n(U.))m(Nj))m(A(jl))} }
=

Combining Inequalities (5.3) to (5.8) we have

INHECI(7i,, 7iy . . ., it,) = INHFCI(iy, i3 . . . , ii). O

Theorem 4. (Boundedness). Let
ij =0 ) G=12,....,n)
U ) rf1 157,690 f . 1)

L U7 7.
[Vj Vi let;,
L U775,
[(S/-»Bj ]El_/,

L U 7.
[7]]'>nj ]efj

be a collection of INHFEs on X, let m a fuzzy measure
on X, and let

noo= {[ylflin’ yllr{in] [5relax’ (Srllﬁax}’ [’Iﬁmx: nrlljlax}}

ﬁ+ = {[VHLMX’ yIlI{aX] ’ [6ém’ 5rLr/nrJ [néin’ r)rlrjlin] }’
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where,

Vmin = Min(7}). S = min(8). iy = min(n).
U _ _ U _

ymm mm()’ )» min mln(8 ) nmm mln(n )

ymax _max(y] )’ max —m]ax(cS ), nmax = mjax(ﬁ, ),

Vmax max

_max(y/ ), sY —m]ax((SU) r/max = rnax(n );

then
~ < INHFCI(i, iia, ..., /i) < AiT.

Proof of Theorem 4 can be easily obtained by using
Theorem 2 and 3.

Theorem 5. (Shift invariant) Let
ij={i.ij, fj}

U A0 718870 Do o1}

[Vj Vi ]et_]
[5L aU]ez,

n; 1€

be a collection INHFEs, and let m be a fuzzy measure
on X. Let

i = {Ta. iz, fa)
U {d v 05 801 g nd1}

L . Uj-7
[ya Va leta,
185 .8Y 1€ia,

[k .Y 1€t

be an INHFE, then

INHFCI(G1 @ a,ia ® a, ..., 0, ®a)
= INHFCI(711, 712, . .., ip) B a. 5.9
Theorem 6. (Homogeneity). Let
ij= {1, fj}

U Aty /1185 871 o nf 1}

vy 1et),
[5]4,55-]]6;,',

L U -7
[77/'7771' ]ef/

be a collection INHFEs, and let m be a fuzzy measure
on X. If A > 0, then

INHECI(Aji, Afi, . . ., Min)

= k(INHFCI(ﬁl, finy .., n)> (5.10)

Proof of Theorem 6 follows directly from Defini-
tion 8 and Equation (4.3).

Corollary 1. Let
i =1{t,i;, fi}(G=12,....,n)
U {f vV st s mb o%1)

Ly} vy et
L U
[t .8V 1<},

L JUy-7F.
[n;.n71ef;

be a collection INHFEs, let m be a fuzzy measure on
X, and let

a = {ta1,1a, fa)

{vk, v21, 185, 891, Ik, n51)
vk 1€k,
8%.8% 1€a,

% .nY1efs

be an INHFE. If A > 0, then
INHFCI(A7i; @ a, Afix @ a, ..., i, ® a)

=A (INHFCI(fn S, .., ﬁ,,)) da. (5.11)
The proofs of the next two theorems directly follow
from Theorems 5 and 6 and hence omitted.

Theorem7.Letﬁj,ﬁ/j (j=1,2,...,n) be two col-

lections of INHFEs. If ii;(j=1,2,....n) is a
permutation of it; (j=1,2,...,n), then
INHFCI(iy, iz, . . ., fin)
= INHFCI(ii,, iy, . . .. i,). (5.12)

Theorem 8. Let

ﬁjZ{Z,i, ]Nc}
= U {tv}. V1. 185, 691, % %1}
Vi€l
Sjefj,
iijefi
i, ={f.7,f}
/U L /U
= ULy e 8w oy
V/ei/
S/EZ,
n;e}’,
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be two collections of INHFEs, then

INHFCI(7i| @ 7|, fia @ fiy, ..., 7ty ®71,)
= INHFCI(iiy, iia, . . ., fin)

QSINHFCI(,, iy, . ... 7). (5.13)
Theorem 9. Let
ESUNING

U A0 718970 o o1}

[V‘, Vi Ueij,
[aL aU]eij

%1€

be a collection INHFEs, and let m be a fuzzy mea-
sure on X. If i, =0, for all j(j=1,2,...,n), then
INHFECI operator reduces to interval valued intu-
itionistic hesitant fuzzy choquet integral (IVIHFCI)
[31], i.e.,

INHECI(7i1, fia, . . . , fin)
= IVIHFCI(iy, iia, . . . , fin). (5.14)

Remark 4. Theorem 9 asserts that the interval
neutrosophic hesitant environment reduces to inter-
val valued intuitionistic hesitant fuzzy environment
when the condition i; = 0, for all j(j = 1,2, .4., 1)
is satisfied, and hence we can conclude that the
INHFCI operator is a generalization of the interval
valued intuitionistic hesitant fuzzy choquet integral
(IVIHFCD) [31].

Remark 5. Theorem 2 shows that the INHFCI with
respect to a possibility degree ordering is Idempotent,
this property can be interpreted as a representation
of unanimity among the INHFEs. Theorems 3 and 4
respectively, represent the Commutativity and Bound-
edness of the INHFCI with respect to a possibility
degree ordering of INHFEs. The Shift-invariant and
Homogeneity properties of the INHFCI represented
by Theorems 5 and 6 respectively can be interpreted
as the invariant properties of the INHFCI, which
allow the translation or dilation of the INHFEs with-
out affecting the relative orderings of aggregated
INHFEs by INHFCI. These properties are standard
in the literature however, if we restrict the INHFEs
to IVIHFEs, then all properties given in this section
also hold for the interval valued intuitionistic hesitant
fuzzy choquet integral (IVIHFCI) [31].

6. An approach to multicriteria decision
making with interval neutrosophic hesitant
fuzzy choquet integral operator

Now we are in a position to propose multicriteria
decision making (MCDM) based on interval neutro-
sophic hesitant fuzzy choquet integral INHFCI). We
assume that the evaluation information of the alter-
natives are given by INHFEs that allows interactions
among the criteria.

LetX = {x1,x2,...,xp}andletC = {c{, c2, ...,
cn} be a set of criteria. Suppose that the evaluation
information of the criteria ¢c; € Cj(j =1,2,...,n)
with respect to the alternative x; € X is repre-
sented by an INHFE 7i;; = {;,'j,;,'j, fij}, where f,‘j,
fij and }‘,-j are set of some interval values in [0, 1],
denoting the degrees of hesitant truth-membership,
indeterminacy-membership and falsity-membership,
respectively. The multicriteria decision making
approach for obtaining the best alternative with
respect to an interval neutrosophic hesitant fuzzy cho-
quet integral involves the following steps.

Step 1 Construct the interval neutrosophic hesi-
tant fuzzy decision matrix D = (7;j)mxn,
where 7i;; = {f,'j,f,‘j, ]r,j} is an INHFE,
which represents the evaluation informa-
tion of the criteria ¢; € C; with respect to
the alternative x; € X.

Step 2 Identify the fuzzy measure m(A) of all
the A C X for each of the criteria ¢; (j =
1,2, ..., n) and using Equation (2.9) with
parameter A is determined using Equation
(2.10).

Step 3 Utilize the possibility degree ranking
approach as mentioned in Definition 15
to reorder the partial evaluation 7i;; of the
alternatives x; (i =1, 2, ..., m). The PDR
given by P(i1;(j) = fii)) is defined as fol-
lows:

Py = Py = i)

1 Lk

=3 |k ZZP([)/[(/)v J/,(j)] a [Vilfk)s Vil(]k)])

Pj Pk

itos Sito ] = 181, 8y D)

jlkl

qx
q Qk X_: Z P([’],(k)a ,(k)] [U;L(j), nf(/j)]) ,
Hakmﬁk
6.1)



7l

P. Kakati et al. / Interval neutrosophic hesitant fuzzy choquet integral in multicriteria decision making

where [;, p;, q; are the numbers of the
interval values in ¥y, 8i(j), flicj), and
Ik, pi, gk are the numbers of the interval
values in %), dik), Mick)- Now, using Equa-
tion (2.2), it is observed that 0 < p;k <
1,‘ p;i = P(#i;(j) = figy) = 0.5, and pljk +
pj{j = 1. Also,

P([Vilfj)» V,’%’)] = [Vl!(k)s yz’l(/k)])

U L
Yicw — Yip 0) 0}
U Loy L "7
Yith — Vi) T Vi — Vi
(6.2)

=max{l—max(

and,

P([8i» i) 7 187 85D

sU. oL
:max{l—max( 7 'lfj) ll(/k) T ,0),0}
8itjy = 8ijy T ditwy — Bicny

L U L U
P([’?,‘(k), ni(k)] = [77,'(_,'), 77,'(_,')])

U L

i) — My 0) o
u _ L + u _ L’ )
My — Mgy ™ Miky — Mk

(6.3)

=max{l—max(

The matrix of possibility degrees
Pl = (p;k)nxnv (i=1,2,...,m) is con-
structed for each of the alternative x; (i =
1,2, ...m). Then the ranking of the partial
evalution 7i;; is obtained by using Equation
(3.5) on the matrix of possibility degrees
Pi(i=12,....,m)

n .
(Ers-1)
A nn—1)

The  partial evalution  7#;; are
reordered in a descending order
i1y = fi@) %= - - = fij(ny in accordance

6.4)

with the values of r;- (G=12,...,n),
where {(1), (2),...,(n)} is a permutation
of {1,2,...,n}.

Step 4 The overall value 7; of the alternative
x; (i=1,2,...,m)canbe obtained by the
INHFCI operator:

; = INHFECI@i;1, fij2, . .
Vi(j i)
8i(j) Eli(j)»
i € ficj)

3227

n
{1 - [1a- y,%j))m(f“i(j))—m(A,-(j,1)>’
j=1
n
1-— Hl(l - yi[(]j))m(Ai(j))m(A,«(jl))] ’
]=

n
{ [T (8f;)m i =midi=n),
=1

ﬁ (5[{6))m(Ai(j))fm(Ai(j—l)) ]
=1

n
l: H (nilzj))m(Ai(j))—m(Ai(j—I))7
J=1

n
H (nil,(//))m(Ai(j))_m(A[(_/—|)):| } (6.5)
j=r
where  Aj(j) = {cq), ¢, ..., ch}  and
Ai) = 9.

Step 5 Select the best one of 7i; ( = 1,2,...n)
using Equation (3.1) of the possibility
degree ranking of INHFEs and Equa-
tion (3.5) for ranking 7; i =1,2,...n)
obtained in Step 4.

Step 6 End.

7. Illustrative example

In this section, we present an example to illustrate
the proposed decision making method under interval
neutrosophic hesitant fuzzy environment. Suppose
a manufacturing company wants to recruit a sales
executive from a group of four candidates A; (i =
1, 2, 3, 4) on the basis of a set of following criteria:

(1) Cp: Management Knowledge
(2) C»: Communication Skill

(3) C3: Objection handling Skill
(4) Cg4: Ability to Attain Targets,

and the evaluation values are expressed by INHFEs.
The evaluation steps of the four alternatives on
the basis of above mentioned criteria are as
follows:

Step 1 Based on the experts’ assesment the inter-
val neutrosophic hesitant fuzzy decision
matrix is constructed as shown in Table 1
in the Appendix.

Step 2 Identifying the fuzzy measure m(C;) for
each criteria C; (j=1,2,3,4), which
represent the importance of each cri-
teria C; (j=1,2,3,4). Assuming that
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according to experts’ assesment, fuzzy
measure of each criteria are given as:

m@) = 0, m({C1}) = 0.25, m({C2}) = 0.18,
m({C3}) = 0.21 and m({C4}) = 0.23.

Using Equation (2.10), parameter A is
found to be A = 0.43. Again using Equa-
tion (2.9), we have

m({C1, C2}) = 0.45, m({C, C3}) = 0.48,
m({C1, C4}) = 0.50, m({C2, C3}) = 0.41,
m({Cz, C4}) = 0.43, m({C3, C4}) = 0.46,
m({Cy, C2, C3}) = 0.70,
m({C1, C2, C4}) = 0.72,
m({C1, C3, C4}) = 0.76,
m({Cz, C3, C4}) = 0.68,
m({Cy, C2, C3, C4}) = 1.

Step 3 Using the possibility degree ranking

approach as mentioned in Definition (15),
the INHFEs corresponding to each alterna-
tive are rearranged in descending order. For
the alternative A, we construct the matrix
of possibility degree as follows:

0.5000 0.7500 0.6667 0.5000
0.2500 0.5000 0.5000 0.3333
0.3333 0.5000 0.5000 0.3333
0.5000 0.6667 0.6667 0.5000

Pl =

Again, from Equation (6.4) we have,
rl =0.2847, r} = 0.2153, r}=0.2222,

and r}f = 0.2778. Since r} > r}‘ > ré >

r%, therefore for the alternative A; the
partial evaluations 7i; j=1,2,3,4 are
reordered as, 7ij| > 7ij4 > 13 > 7q2.
Then the fuzzy measure m(A) of all the
A C X for each of the criteria C; (j =
1,2, 3,4) corresponding to the alternative

A are given by
m(Aymy) = m({Cy}) = 0.25,
m(Aj@)) = m({Cq), Ca}) = 0.50,
m(A13)) = m({Cq), C4), C3)}) = 0.76,
m(Ai4) = m({Ca), Cay, C3), Cp}) = 1.

Similarly the partial evaluations 7i;; (i =
2,3,4 j=1,2,3,4) corresponding to the

alternative A; (i = 2,3, 4) and the fuzzy
measure m(A) of all the A C X for each of
the criteria C; (j =1, 2, 3, 4) correspond-
ing to the alternative A; (i =2,3,4) are
shown in Table 2 in the Appendix.

Step 4 Using Equation (6.5) the overall value 7i

of the alternative A is given as:

i = {{10.3764,0.4767],
[0.1181, 0.2204],
[0.2449, 0.3464] },
{10.2065, 0.2752],
[0.3675, 0.4870],
[0.6180, 0.2089]} |

Similarly, we have

iz = {{10.4513,0.5518],
[0.1000, 0.2000],
[0.2469, 0.3484] },

{10.3249, 0.4040],
[0.0000, 0.4455],

[0.5153,0.60641} }

i3 = {{[0.5771,0.6776],
[0.1690, 0.3009],
[0.4296, 0.5300] },
{10.3699, 0.4615],
[0.2358,0.3491],

[0.4739, 0.5693]}}

fia = {{[0.5858,0.6893],
[0.1926, 0.3798],
[0.4211,0.5696] },
{10.4688, 0.5833],
[0.3848, 0.5349],
[0.4973,0.65301} }.

Step 5 We calculate the possibility degree

Pj=P@; i), j=1,2,3,4) by
using Equation (3.1) as:
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P, =0.3780, P13 = 0.3981, P14 = 0.3990
Py3 = 0.5449, P4 = 0.5536,
P34, = 0.5918.

Again, from Definition 15, since P;; =
0.5, Pij + Pl'j =1@G,j=1,2,3,4),sowe
have

P11 =0.5000, P>, = 0.5000, P33 = 0.5000,
P44 = 0.5000, P21 = 0.6220, P31 = 0.6019,
P41 = 0.6010, P3p = 0.4551, P4r = 0.4464,
P43 = 0.4082.

And the matrix of possibility degrees is
constructed as:

0.5000 0.3780 0.3981 0.3990
0.6220 0.5000 0.5449 0.5536
0.6019 0.4551 0.5000 0.5918

0.6010 0.4464 0.4082 0.5000
7.1
Then the collective overall interval neu-
trosophic hesitant fuzzy preference values
ri (i =1, 2,3,4) are determined by apply-
ing Equation (3.5) as follows:

r1 = 0.2229,rp = 0.2684, r3 = 0.2624,
r4 = 0.2463.

Since rp, > r3 > rq > ry, therefore, the
ranking order of the alternatives' A; (i =
1,2,3,4)is Ay = A3 = A4 = A;. Hence
the alternative A, is the best alternative.
That is, A, is the most suitable candidate
for the job of scales executive.

8. Conclusion

In this paper, we have proposed the interval neu-
trosophic hesitant fuzzy choquet integral (INHFCI)
operator for multi criteria decision making problem
under interval neutrosophic hesitant fuzzy envi-
ronment, and discussed their properties such as
idempotency, monotonicity, homogeneity etc. It is
shown that the INHFCI generalizes both the inter-
val neutrosophic hesitant fuzzy weighted averaging
(INHFWA) and interval neutrosophic hesitant fuzzy
ordered weighted (INHFOW) operator. Also, it is
shown that the interval valued intuitionistic fuzzy
choquet integral (IVIHFCI) operator is a particular

case of INHFCI operator. Further, an approach for
multicriteria decision making is proposed. Finally, an
illustrative example is presented to demonstrate the
application of INHFCI in the multicriteria decision
making process. It is to be expected that these inves-
tigations of generalized choquet integral may open
the door for further study in this field.
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Table 1
Interval neutrosophic hesitant fuzzy decision matrix D
Alternatives C Cy Cs Cy
{[0.4,0.5]1,[0.1, 0.2], [0.2, 0.3]}, {[0.4,0.5], [0.1, 0.2], [0.3, 0.4]},
A {[0.5, 0.6], [0.2, 0.3], [0.3, 0.4]} {[0-4,0.5],10.2,0.3], [0.3, 0.4} {[0.2,0.3],[0.1, 0.2], [0.5, 0.6]} {[0.3,0.4], [0.1,0.2], [0.2, 0.3}
{[0.5,0.6], [0.1, 0.2], [0.2, 0.3]}, {[0.4,0.5], [0.1, 0.2], [0.2, 0.3]},
Az {[0.6,0.71, 0.2, 0.3], [0.3, 0.4]} {[0.5,0.6], [0.1,0.2], [0.3, 0.4} {[0.5, 0.6], [0.0, 0.11, [0.2, 0.3]} {[04,0.31,[0.1,0.2], [0.3, 0.41}
{[0.6,0.7], [0.3, 0.4], [0.5, 0.6]}, {[0.6,0.71, [0.1,0.2], [0.4, 0.5]}, {[0.5, 0.6], [0.2, 0.3], [0.4, 0.5]},
A {[0.5, 0.6],[0.2,0.3], [0.4, 0.5]} {[0.4,0.5],[0.2, 0.3], [0.5, 0.6]} {[0-6,0.71, [0.1,0.3], [0-4, 0.51} {[0.4,0.5], 0.1, 0.2], [0.3, 0.4]}
A {[0.7,0.8], [0.2, 0.4], [0.6, 0.7]}, {[0.6,0.7], [0.2, 0.3], [0.4, 0.6]}, {[0.5,0.6], [0.1,0.4], [0.3, 0.5]} {[0.5, 0.6], [0.3, 0.4], [0.4, 0.5]},

{10.6, 0.71, [0.4, 0.51, [0.5,0.6]}  {[0.4,0.6], [0.1, 0.3], [0.2, 0.5]} (0.6, 0.71, [0.4, 0.5], [0.5, 0.6]}

Table 2
Reordering of the partial evaluations
Alternatives Reordering of the partial evaluations Fuzzy measures
- N - - m(A = m({C, =0.21, m(A =m({C3), C = 0.48,
A igs > Fig| > Fizy > Fing (A1) = m({Cx»H (A22) = m({C3), Cy})

m(Az3)) = m({Cg3), Cay, Cy}) = 0.70, m(Axa4)) = m({Cg), Ca), C2), Cwy}) =1
m(Azq)) = m({C3}) = 0.21, m(As2)) = m({Cga), C4)}) = 0.46,

m(A3z) = m({Cgay, Cway, Cy}) = 0.68, m(Ass)) = m({C), Cay, C2), Chh) =1
m(Aszq)) = m({C)}) = 0.18, m(As2)) = m({Cp), C3)}) = 0.41,

m(As3) = m({C), C3), Cy}) = 0.70, m(Azw)) = m({Cp), C3), Cay, Cwy}) =1

Az fi33 > fizq > fizy > 31

Ay flag > 7igz > fig) > fag
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