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We establish, for smooth enough initial data, the global well-posed-
ness (existence, uniqueness and continuous dependence on initial
data) of solutions, for an inviscid three-dimensional slow limiting
ocean dynamics model. This model was derived as a strong rota-
tion limit of the rotating and stratified Boussinesq equations with
periodic boundary conditions. To establish our results, we utilize
the tools developed for investigating the two-dimensional incom-
pressible Euler equations and linear transport equations. Using a
weaker formulation of the model, we also show the global existence
and uniqueness of solutions, for less regular initial data.
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1. Introduction

The questions of global well-posedness of the three-dimesional Navier-Stokes
and Fuler equations, as well as the three-dimensional Boussinesq equations
of incompressible flows, are considered to be among the most challenging
mathematical problems in applied analysis. In the context of the atmosphere
and the ocean circulation dynamics, geophysicists take advantage of the fast
rotation effect to simplify the Boussinesq equations. The Taylor-Proudman
theorem [16] suggests that the fluid velocity will be uniform along any line
parallel to the axis of rotation and that the fluid motion takes place in tall
columnar structures. To determine the strength of the rotation (Coriolis
force), Rossby number (Ro) is often used. Rossby number (Ro) is a dimen-
sionless number that measures that ratio between a characteristic value of
the inertial force term to the Coriolis force. Thus, the smaller the Rossby
number is, the stronger the rotation effect is. In a recent work [17], the
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authors explored the fast rotation limit (Rossby number Ro — 0) of the
rotating stratified Boussinesq equations to derive a system for the “slow”
dynamics. Subject to periodic boundary conditions in T3 = [0, L]?, the vis-
cous version of the slow limiting dynamics model, that was introduced in
[17], is given by:

auh 1
(1.1a) ot + (up, - Vp)up + Vipp = EAhuh,
ow 1 1
(1.1b) =+ (wn Vi)w = = Ayw — — (o).,
ap 1 1
(1.1d) Vh-uhzo, V'UZO,

where u = (up,w) = (up(t; 2, y), w(t; z,y)) is the velocity vector field, p =
p(t;x,y) is the pressure, p = p(t;z,y,2) is the density fluctuation, V; =
(8%, 6%), Ay = 8—;+8—;2, A= 6—;2+6—;2+8a—;, Re is the Reynolds number (the
ratio of inertial forces to viscous force), F'r is the Froude number (the ratio
of a characteristic velocity to a gravitational wave velocity) and Pr is the
Prandt]l number (the ratio of momentum diffusivity to thermal diffusivity).

Also, (p), is the density average in the vertical direction defined by

1
O (o) =1 [ pltizyo)de
[0,1]

The derivation of this model is based on the assumption that the solution
evolves only on the slow advective time scale. For this reason the system was
called a slow limiting dynamics model, even though it was derived in the limit
of fast rotation. If the initial data contains inertial waves, then the model
has to be modified to take into account the fast inertial waves.

In the slow limiting dynamics model (1.1), the horizontal component of
the velocity uy, is governed by the 2D Navier-Stokes equations. Moreover, uy,
evolves independently of the vertical velocity w and the density fluctuation
p, but it influences the dynamics of these variables through the advection
terms in (1.1b) and (1.1c). The dynamics of the vertical velocity w and
the density fluctuation p are strongly coupled. Interestingly, the vertical
velocity w evolves according to a two-dimensional forced advection-diffusion
equation, (1.1b), with buoyancy force given by (p),, the density average in
the vertical direction. However, the evolution equation of the density p in
(1.1c) retains its three-dimensionality.
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In [17], numerical simulations that use low wavenumber white noise forc-
ing in the momentum equations were produced. The flow characteristics were
examined at different Rossby numbers. The formulation and the presence
of large-scale columnar Taylor-Proudman flows appeared as Ro — 0. It was
also observed that the smaller the Rossby number the larger the magnitude
of the kinetic energy of the slow limiting model. Moreover, as the Rossby
number decreases, the ratio of the kinetic energy of the slow limiting model
to the total kinetic energy of the rotating Boussinesq system increases grad-
ually to a constant close to 1.

We notice that taking the z-average of (1.1c) implies that (p), satisfies
the evolution equation:

d(p), 1 1
T (up - Vi) (p), = vt

(1.2) An p), -

RePr h

We introduce here the inviscid version of system (1.1):

0
(1.3a) % + (up, - Vp)up + Vipp =0,
Ow 1 1 (L
(130) G+ (- Viw =~z {ps (o). (i) 1= 1 [ pltin)a,
d(p), _ 1
(13C) at + (uh . Vh) <p>z - ﬁwa
op op 1
0
(1.3¢)  Vj-up =0, 8—2’ — 0,

(1.3f)  up(0;xp) = ull(xn), w(0;xp) =w’(xy), p(0;x) = p°(x).

Denote by T? the L-period box [0, L]%. In this work, we will establish
the global well-posedness of strong solutions, for smooth enough initial data,
and the global existence and uniqueness of weak solutions, for less regular
initial data, for the inviscid system (1.3) in the three-dimensional torus T3,
i.e. subject to periodic boundary conditions. This paper is organized as fol-
lows. In section 2, we recall the global well-posedness of the two-dimensional
incompressible Fuler equations and the global existence and uniqueness of
solutions for linear transport equations. In section 3, we prove the global
existence and uniqueness of weak solutions of (1.3). Moreover, we prove
the well-posedness (continuous dependence on initial data) of system (1.3).
In section 4, we introduce a presentation of system (1.3) in vorticity for-
mulation, and prove the global existence and uniqueness of weak solutions
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without continuous dependence on initial data) for the system in this pre-
p p
sentation.

2. Preliminaries

In this section, we introduce some preliminary material and notations which
are commonly used in the mathematical study of fluids, in particular in the
study of the Navier-Stokes equations (NSE) and the Euler equations.

Let Fp, F be the set of all vector-valued trigonometric polynomials of
zero-average with periodic domain T? and T3, respectively. We define the
spaces of smooth functions which incorporates the divergence-free and zero-
average condition to be:

Vh::{goe}"hzvh-cpZOand / god:nzO},
’]TZ

—{¢e]—":V-¢-Oand qﬁdx—O}.

TC’)
We denote by L¥ (T?), WP (T?), H(T?) = WZ’Q(']IQ) to be the closures of V,
in the usual Lebesgue and Sobolev spaces. Similarly, we denote by LP(T3),
WeP(T3), H¥(T3) = W*2(T?) to be the closures of V in the usual Lebesgue
and Sobolev spaces, respectively.

Since we restrict ourselves to finding solutions over the three-dimensional
L-periodic box T?, therefore, if we assume that [, u) dx, =0, [, w®dx), =
Js p®dx = 0, then integrating system (1.3) implies that

/ uy(t;xp) dxp = 0,
’]I‘Z

d / w(t; xp) dxp = _Fir (), (t;xp) dxp,

dt
1

/ t Xh dxh = — (t;Xh) dXh7
Fr |

L
t;x)dx = — t;
7 /11‘3 p(t;x) dx . /11‘2w( i Xp) dXp,

for any t > 0. This yield

% </1rz w(t; xp) dxp + /T2 (p). (t;Xh)dXh>
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- Fir </7r2 w(t; xp) dxp, — /7r2 (0), (t;Xh)dXh> ,
% (/Tz w(t; xp) dxp — /Tz (p). (t;xn) dxh)
- ;_i (/w w(t; xp) dxp, + /Tz (). (t;xn) dXh) :

for any t > 0. So, fT2 (t;xp) dxp, = sz ), (t;xp) dxp, = 0, for any t > 0.
This yields

— t;x)dx =0
dt Tgp(7X) X ?

for any ¢t > 0. Thus, we can work in the spaces defined above consistently.
We define the inner products on L?(T?) and H}(T?), respectively, by

2
(u,v)p, = Z/ uw'v'dx, and ((u,v)), = / dju'dv* dxy,
=171 ij=1

and the associated norms ||z 32 = (u, u),ll/2 and [[ul| g1 g2y = ((u, u))}l/2.

Similarly, we define the inner products on L?*(T?) and H'(T?), respectively,
by

3
(u,v):Z/ u'v'dx and ((u,v) Z/ dju'djv" dx,
i=17T° T

3,j=1

1/2 /2

and the associated norms |[u[ 2 (psy = (0, u)"/= and [[ul[ g1 (7s) = ((u, 1))
(We use the same notation for both scalar and vector-valued functions and
which one is meant, will be clear from context). Note that ((-,-))s and ((-,-))
are norms due to the Poincaré inequality, Lemma 2.2, below.

Let Y be a Banach space. We denote by LP([0,7];Y) the space of
(Bochner) measurable functions ¢ — w(t), where w(t) € Y, for a.e. t € [0,T],

such that the integral fo lw(t)|)} dt is finite.

Remark 2.1. In this paper, C' represents a dimensionless constant that may
change from line to line.

We recall the well-known two-dimensional elliptic estimate, due to the
Biot-Savart law, for Vj, -up, = 0 and Vj, X uj, = w,

(2.1) Huh”w,}vp(W) < CPHWHLf;(Tz)a
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for every p € [2,00) (see, e.g., [18] and references therein), where C is a
dimensionless constant, which is independent of p.
Furthermore, we have the Poincaré inequality:

Lemma 2.2. [6] For all p € H}(T?) and ¢ € H'(T?), we have

(2.2) lellzz 12y < CLIVall L2 (12)
and
(2.3) 9l z2(12) < CL|IVel| L2 (13).-

Next, we recall the global existence and uniqueness theorem, due to
Yudovich, [18], for the incompressible two-dimensional Euler equations in
vorticity formulations (see also [1, 12, 15]).

The two-dimensional Euler equations, for incompressible inviscid flows,
in the periodic box T? are

8uh

(2.4a) -+ (wp - Vp)up +Vup =0,  in[0,7] x T?
(2.4b) Vi -uy =0, in [0, 7] x T?
(2.4c) uy,(0;x5) = ul)(xp), in T,

where T' > 0 is given. Here, uy = uy(t;x,y) is the velocity vector field, p =
p(t; x,y) is the pressure. The vorticity formulation, for the two-dimensional
incompressible Euler equations is

(2.5a) %—c: + (up - Vp)w =0, in [0,7] x T?
(2.5b) Vi-u,=0, w=V,xuy, in [0,7] x T?
(2.5¢) w(0;x5) = w¥(xp), in T?.

The velocity is determined from the vorticity by means of the two-dimension-
al periodic Biot-Savart law:

(26&) uh('xa y) =K *xw:= K(l’ —S5Y—- f) W(Saf) dsdg,

h -
(2.6b) K(z,y) = VﬁG(azjy),

where G(z,y) is the fundamental solution of the Poisson equation in two-
dimensions subject to periodic boundary conditions, the binary operation Z

denotes the horizontal convolution, and Vi = (_8%7 a%).
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The questions of global well-posedness and the blowup of smooth solu-
tions of the three-dimensional Euler equations has been studied by many
authors. The Beale-Kato—Majda criterion [5] states that the quantity

T
/ () dt
0

controls the blowup; that is if it is finite then the solution of the Euler
equations remains as smooth as the initial data, for initial data wy € H?, for
s> 11in 2D and s > 3/2 in 3D, on the time interval [0, 7], otherwise there is
a finite blowup. For initial data uy € H®, for s > 5/2, the three-dimensional
Euler equations posses a unique local in time solution u(¢;x) in the same
space H* (cf. [5], [15]). The same result is valid for initial data ug € C1®
for a € (0,1] [14]. The loss of smoothness of weak solutions for the three-
dimensional Euler equations with initial data ug € C%®, with o € (0,1), is
shown in [3]. In other words, the space C! is the critical space (in velocity)
for the short time well-posedness of the three-dimensional Euler equations;
that is for initial data more regular than C', one has well-posedness of
the three-dimensional Euler equations and for less regular initial data one
has ill-posedness. For recent surveys concerning the three-dimensional Euler
equations see, for example, [2], [4] and [7]. The situation is different for the
two-dimensional Euler equations due to the work of Yudovich [18].

Theorem 2.3. [18] Let w® € L{°(T?), then system (2.5) has a unique weak
solution (i.e. solution in the distribution sense) w € L>([0,T]; L3°(T?)) cor-
responding to the initial data w® such that Wl Lo (0, 77; Lo (12)) = HWOHLOO(W).
Theorem 2.4. [10, 11] Let v’ € W;(R?), with s > 1+ 2,1 < ¢ < oo.
For any T > 0, there ezists a unique solution u € C([0,T]; W *(R?)) N

C’l([O,T];W}‘ffl’q(Rg)) and p € C([0, T); W*4(R?)) for (2.4) such that

(2.7) (@)l a@e) < K@),

where K(t) is a real-valued continuous function on 0 <t < T, depending on
0

s,q and ||u HW,f’q(R2)'

Finally, we recall the following existence and uniqueness theorems for
linear transport equations.

Theorem 2.5. [8] Let p € [1,00] and u® € LP(R™). Assume that

be L'[0,T); Ligo(R"), ¢ € L'([0,T): Ly (R")),
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c+V-be LY[0,T}; L] (R™),  be L*([0,T]; L] (R™)),

1 1 _
where sto= 1, and

1
c+5V~beL1([O,T];L°°(]R")), if p>1,
¢,V -be LY([0,T); L®(R™)), ifp=1.

If f € LY([0,T); LP(R™)), then there exists a unique weak solution u €
L*([0,T]; LP(R™)) of

(2.8) % +(b-V)u+cu=f,

corresponding to the initial condition u®.

Theorem 2.6. [8] Let u € L>°([0,T]; LP(R™)), where p € [1,00], be a solu-

tion of

%+(b-V)u+cu—0, u(0;x) = 0.

Assume that ¢, V - b € LY([0,T]; L®(R")), b € Ll([O,T];Wli’Cq(R")) where
% + % =1 and

€ LY([0, T]; L' (R™)) + L'([0, T]; L*(R™)).

1+ |z

Then u = 0.
3. Global well-posedness of strong solutions

In this section, we aim to prove the global well-posedness of strong solutions
of the inviscid system (1.3), subject to periodic boundary conditions, over
any fixed arbitrary time interval [0, 7]. We give a definition for weak solu-
tions of system (1.3) and prove the global existence and uniqueness of such
solutions. Later, we give a definition for strong solutions of system (1.3) and
prove the well-posedness of such solutions.

Proposition 3.1 (Apriori Estimates). Assume that u, € C([0,T];
C>®(T?)), w € CL([0,T); C=(T?)) and p € C*([0,T]; C>®(T?)) are solutions
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of system (1.3) on the time interval [0, T], subject to periodic boundary con-
ditions. Then, the following estimates hold:

(3.1) sup (Hw(t)H%i(']l‘?) + ||<p(t)>z||%i(']1‘2))

0<t<T
2 2
= [0l 7z ¢roy + 1€P°). M2 (e
(32) Sup o172y < 16°]] 2 ) + KT

where Ky is a constant that depends on the norms of the initial data. More-

over,
(3.3) s (I8l 2y + 10O N e

< (HMOHL;O(TZ) + H<p0>zHLgé(1r2)> e/,
and

34) s (IVa® 2 + 198 00). 1% )
0<t<T

2 2 T o d
< (thwOHL,ﬁ(Tz) n th <p0>zHLﬁ(T2)> o 2Vnun()ll e r2 ds

Proof. Taking the L?(T?) inner product of (1.3b) with w and (1.3¢) with
(p), yield

1d 1
th HwHL2 (T2) = “Fr (<p>z’w)h7

0 ey = o= (. 0).)

Adding the above equations implies that

d

(3.5) o (HwHL2 r2) + [1(0). ”iz(m) =0

Integrating the above equation with respect to time on [0, ¢] proves (3.1).
Taking the L?(T?) inner product of (1.3d) with p, and using Young’s
inequality, yield

1d

1 1
2dt Hp”Lz 3) = F—’F (U),P) < F_T' Hw||L2(T3) HPHLZ(TS)
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L1/2
= Hw”Lg(W) HPHLZ(TS)

< Ko ”pHLz(TS) ’
where

12 ) 1/2
Ko = T (1ol ooy + 16000, s )

Thus, we can conclude that

d
2 1Pl ey = Ko.
Integrating the above inequality with respect to time on [0, ¢], we get that
2
(3.6) 10O B gasy < [16%]] o) + Kt

for all ¢ € [0, T]. This proves (3.2).
Now, we multiply (1.3b) and (1.3c) by w?~! and (p >2k ! where k € N,
respectively, and integrate over T?. Using Holder inequality, we have

1 d 2k 1 2%—1 1
BYAPT d = T ( ) > < — 2k (2 2k _
— / o == (00w ) < ) e Tl e

k
o (VO P
1 d 2k 1 2%k—1 1

L dxy = ——— (w, ) < ol N

2% dt e {p)%" dxp 7w e)e" )< o llwllps e ||<P>zHL2k.ﬁl(T2)

1 2%—1
=7 [wll a2y 100 M 2w (p2) -

Thus,
d 1
22 1w@llpzersy < 7o 160) el pae(ry » - and
d

Adding the above equations and integrating over the time interval [0, ¢], for
t < T, imply that

(3.7) lwE) e r2y + 10E) L L2 2y

< (el ey + 1146°). e,

e

Lk (TZ))
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for all ¢ € [0,7] and k € N. Since the domain is bounded, and the right-hand
side bound converges, as k — oo, we can take k — oo and obtain

(3.8) (I ()i 2y + PO N e
< (0 ey €00 ey ) €77
for all ¢ € [0,7T]. This proves (3.3).

Taking the L?(T?) inner product of (1.3b) with —Apw, and (1.3c) with
—Ap (p),, we get that

1d 1

3 IV hwll7z 2y < (VAR oo (r2) I VR0 ]| 22 g2y — 2 (Valp)z, Vaw)y

1d 1

3 IVr (P} =122 2y < IV L r2y VR {0)2 T2 (2 + T (Vaw, Valp)z),,

Adding the above equations, then integrating with respect to time on |0, ],
prove (3.4). This completes the proof. O

Proposition 3.2 (Apriori Estimates). Assume that v, € C([0,T];
C>®(T?)), w € C([0,T]; C*(T?)) and p € C*([0,T); C>(T?)) are solutions
of the system (1.3) on the time interval [0,T], subject to periodic boundary
conditions. Then, the following estimates hold:

(3.9) sup || p(¢)[| oo (s
0<t<T
= HPOHL“’(T?’) + (HwOHL;O(T?) + H<pO>ZHL;°(T2)) eT/r,
310) s (19000l ey + V800 s
0<t<T
< Rl QI (Ol e 2 s

where Ky is a constant that depends on the norms of the initial data.

Proof. We define

08) = 10| e oy + (10 oy + 16000 sy ) €777
and we denote by © := p — ¢(t). Notice that

dp 090 dp 0O 1 '
5 =gt @ = ot (i + 160 )
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0
:8_? L(

Then, © satisfies the evolution equation:

00 1 1

(3.11) a5t 7 (¢(t) - HPOHmes)) (u- V)0 = 7w

We can take the inner product of (3.11) with © and obtain

1
2t 10Ol = 7 ((@.0) + (| ) — 0(0). ©7) )

—/ (u-V)06+ dx,
Tz

= (@07) + (1] gy — 6002, 07))

)= [ o)) -

thanks to divergence free condition, V - u = 0. Thus,

(3.12) H@+

2 Clt HLZ(TB)

1
+
F <||w”Loo ([0.4;Ls°(T2) T Hp HLOO (T3) _¢(t)> H@ HLI(TFE‘)
Using (3.8), and the definition of ¢(¢), we get that the right-hand side of
(3.12) is < 0. Then,

d 0% |72 ()
dt

for any ¢ € [0, T]. Notice that

<0, which implies that ||@+(t)||iQ(T3) < H@+(0)H;(T3),

1 T
O(0;x) = p(0;x) — HpOHLw(T3) ~ Fr (HwOHL;;c(T?) + H<p0>zHL,°L°(T2)> etr

<0.

Thus, ©7(0,x) = 0 for all x € T3. This implies that ||@+(t)|\Lm(T3) =0, for
all t € [0, T). That is, ©7(¢;x) = 0 a.e x € T3, for all ¢ € [0, 7). This yield

1 r
(3:13) ot < [l oy + g (100l + 6D o) €77
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for a.e. x € T? and all ¢ € [0, 7). This proves (3.9).
To simplify the notations in the proof, we denote by

R(t: %) = (p). (80,
QA(txn) = \/[Vpw(tsx)? + A and Qh(tixn) i= \/ VAR (x> + A,

where A > 0 is any positive number. We choose A > 0 here so that Q) (; x,)
and Q7% (t;x5,) are strictly positive and real-valued. Taking the % of (1.3b)

and (1.3c), we obtain the following system

0 Ow ouy, ow 1 OR
(3.14) 58—37] <a—%'vh>w+(uh'vh)a—xj——ﬁa—xj,
0 OR ouy, 8R 1 ow

for j = 1,2. Since

9Qu _ Vaw 9Vjw and 8Q§_VhR.8VhR
o QN ot o Qy ot

Ow BR

Q* and 2 Qk - respectively,

we take the inner product of (3.14) and (3.15)
and then sum over j = 1,2 and obtain

o0 2 ou 6;” Vyw
s16) 2%u 3 ( g ) W+ (W V1Qh = ~ Vgt
j=1 7
AR
Q)Y = (0w, o v 1_ ViR

Now, we define

o3(t) 1= (\/IVil ey + A+ IV G, ey 1) 0 400

where (s) = [|[Vaun(s)|| oo (2) + 2. Denote by O, := Q) — ¢, and by

Or. = Q}— . It is clear that %( t) = 1 (t)pa(t), thus we can replace 88;“
n (3.16) by 89“’ ~ + 1h¢y. Then, we take the inner product of the equation
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with @2; 5 and obtain

+ Ji+ Jo = J3+ Jy,
L (T?)

2dtH M‘

where

2
auh 8m'
Jl = E / <— Vh> 2 @:; dXh, J2 ::/ uh-Vh @:; @$ dXh,
j=17T O Qi\v A T2( ) AT WA

1 / ViR Vaw
Fr Qi

The divergence free condition, Vy, - up = 0, implies that Jo = 0. By Cauchy-
Schwarz inequality,

Jy = — @L\ dxp, Jy 1= =\ /Tz 9;)\ dx

V| |Vaw]?
Q2

< [IVaan|l poe (12 /T2(@w,A +6x) O, dxp
2
= 1Vl ey [ (05)" dxs

+ [IVaup|| peo 72y @ / O, dxn,
’]1‘2

(3.18) |J1| < O dxp,

and
(19) Bl < FT ’V%ﬂ% dx
< FT / QrOT . dx
S— GRA@w,\dXh+—¢,\/ O, dx

Fr
< Fr/ @ wAdXh+_¢>‘/Ez@w,AdX

2
+ L +
T 2Fr /]Tz (@R’)‘> dxn + 2F7‘ (@w)‘) i
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where we used Young’s inequality in the last step. Finally, from (3.18) and
(3.19) we have

2
120 g 105l < Pl 02
(3.20) 2dt wA L,%(qrz)—HthhHLh w2z (12
+ [IVrun | o g2y @ H@M Li(T?)
1 2 =
— e ] —H i )
by H 0|22y T 2F7 || PRA 12 (o)
1
o [es] - o0, '
n Frﬁb)\H A L1 () ¢X¢ w,A L1 (T?)

Similar argument will yield a similar inequality for @E - After summing the
two inequalities we get
1d 2
3.21) 5= ([|ei,) <
( ) 2dt < L3(T2) ) —

<”vhuh|”°”2) +FLT><H@$’A’ ii(W) +| iim))
oo

1
oo ) (Il + = ).

Since [|[Vaup/|[ e 2y + A — ¢ =0, by the definition of 1, then integrating
with respect to time over the interval [0,¢], for t < T, yields

2
ok
L2 (TQ) R7>\

+
GR,)\‘

7|

+|
L (r)

2

2
2 000 |ORa0)
(322) HG“”A(t) s IO )

< (o], ., + 0500

2 ¢
> oI 20(s)d
L3 (1%)

Since O, (0) = 1/|Vawl|* + X — ¢(0) < 0, then 9:2,)\(0) = 0. By
a similar argument, @JIQM(O) = 0. Therefore, for all ¢t € [0,7] and a.e
Xy € T2,

IVaw(t)]” + X < ¢a(t)

= <\/||vhw0\izo(w) + A+ \/thROHi?(TQ) + /\) elo ¥(s)d
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IVLR()® + X < ¢(t)

- (\/thoﬂif(w) tA+ \/HVhROH%f(W) + /\> elo ¥(s)ds.

This implies that

(3:28)  /IVh0lF sy + A+ VARl oy + A <

2 W VA0 gy + A+ IVARO ey + /\> els ()

for all A > 0. Since A > 0 is arbitrary, then we can take A\ — 0T in the above
inequality. This proves (3.10) and completes the proof. O

Definition 3.3 (Weak Solutions) Let s > 2, u)(xp) 6 H3(T?), w(xp) €
H}\(T?) N L (T?), (p°), (xn) € HL(T?) ﬂL"O(TQ) and p¥ € L2(T3) For any
T > 0, we say that uh(t xp), p(t;xp), w(t;xp,) and p(t;x) is a weak solution
of system (1.3), on the time interval [0, T7], if

(3.24a) w, € C([0,T]; Hi(T?)) N CH([0, T]; Hy~H(T?)),
(3.24b) p € C([0,T}; Hy(T%)),
(3.24c) w € L°([0, T]; Hi (T?) N L°(T?)),
(3.24d) (p), € L>=([0, T]; H,(T?) N Li? (T%)),
(3.24e) p € L°([0,T]; L*(T?))

Moreover, uy, w and p satisfy (1.3) in the distribution sense; that is, for any
é(t;xn), x1(t:xpn), x2(t;xp) € D([0,T] x T?), with ¢(T,xz) = x1(T,xs) =
x2(T,x;) = 0, and any (t;x) € D([0,T] x T3) with (T, x) = 0, such that
Vh-¢=Vh-x1 =V -x2 = V-9 =0, the following integral identities hold:

T

T
(3.25) /0 (wi5),6 () s + /0 (un(s) - Va)o(s), wa(s))y ds
_(u2’¢0)h’

T T
250 [ (w1 (0) s+ [ (@) il ue), ds

1

= - (wov X(l))h + = ' (<p(s)>z ’Xl(s))h ds,
Fr Jy
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T T
8250 [ (10 60), s+ [ (o) Tias). (o). (), s
T
). ) gy ) ), ds

(3.254) /0 (o) (5)) ds + /0 " ((als) - V)0(s), p(s)) ds

__(pO’wO) . 1

T
7w as

Theorem 3.4 (Global existence and uniqueness of weak solutions). Let
s >2,u) € Hi(T?), w’ € HL(T?) N Ly°(T?), (p°), € HL(T?) N L (T?) and
p® € L%(T3). Then, for any given T > 0, system (1.3) has a unique weak
solution in the sense of Definition 3.3. Moreover, the solution satisfies the
estimates in Proposition 3.1.

Proof. By Theorem 2.4, there exists a unique solution uy, € C([0, T; H; (T?))
N C([0,T); Hi~H(T?)) and p € C([0, T); Hi (T?)) of the incompressible (V, -
u, = 0) two-dimensional Euler equations (1.3a). The solution is classi-
cal and will satisfy (3.25a) and the estimate (2.7). It is clear that Vjuy
€ L°([0,T]; L;°(T?)), and by the elliptic regularity estimate (2.1), uy, €
L([0, T); W, (T2)) N L®([0, T]; L°(T?)), for any g € [2, o).

Now we consider the system:

(3.26a) %—Z} + (up - Vp)w = —FL< )2
(3.260) 20§ (an - ) o). = o,
3260 w(0x) = wxa), (o) (0xn) = (p). (00).

To prove the existence of w(t;x) and (p), (t;x4), we will follow some
ideas introduced by DiPerna and Lions in [8]. Let n(x;) € D(R?) with
Jgz 1(xp) dxj, = 1. Consider up. = uy £ 1, w? = w? % 1, <pa> = <p0>z *

ne where n-(.) = in(z). Then, by standard cons1derat10n7 there exists a
unique classical solution we, (p.), € C([0,T]; C}(T?)) of

ow 1
(3.27a) a: + (Upe - Va)we = “Fr (pe) .
9 (pe
(3.271) el (e V) {pe), = o,
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(3.27¢) we(0;%p) = wl(xn), (), (0;xn) = (o), (xn),

which clearly satisfies (3.25b) and (3.25c). Moreover, the solution w, and
(pe), satisfies the estimates (3.3) and (3.4), for any € > 0. By the Banach-
Alaoglu compactness theorem, we can extract a subsequence (which we will
still denote {we}e>0, {(pe),}e>0) such that

(3.28a) we — w, in L>([0, T]; L (T?)),

*

(3.28D) (pe). = (P i L((0,T); L7°(T?)),

for some w, (p), € L°>°([0,T]; L;°(T?)), as € — 0. The limit w and (p), will
inherit estimate (3.3). Recall that

(3.29) W, — up, in L>([0,T]; L} (T?%)),

as ¢ — 0. The strong convergence (3.29) and the weak-x convergence (3.28)
are enough to pass to the limit in (3.25b) and (3.25¢) and show that w and
(p), is a weak solution of system (3.26).

The uniqueness of w and (p), will follow by a similar argument as in the
proof of Theorem 2.6 of DiPerna and Lions, since uy, € L*([0,T7; W;’q (T*)N
L$°(T?)), for any ¢ € [2,00). Since the solution w and (p)_ is unique, using
the Banach—Alaoglu compactness theorem, we can extract a subsequence
(which we will still denote {we}es0, {(pe),}e>0) such that

(3.30a) Viwe = Viw, in L>°([0, T]; L$°(T?)),
(3.30b) Vi (pe). = Vu(p). in L([0, T); Ly (T?)),

as € — 0. Thus, the solution w and (p), will inherit estimate (3.4).

The existence and the uniqueness of a solution p(¢;x) € L*([0,T];
L%(T?3)) of the linear equation (1.3d), that satisfies (3.25d), follows by The-
orem 2.5 and Theorem 2.6, since up,w € L®([0,T]; H}(T?) N Lg°(T?)).
Finally, we recall that the proof of Theorem 2.5 is based on the same idea
of constructing an approximate sequence of solutions we used in the above
proof. Thus, by using the Banach—Alaoglu compactness theorem, the so-
lution p(t;x) will inherit estimate (3.2). For more details, see the proof of
Theorem 2.5 in [§]. O

Definition 3.5 (Strong Solutions). Let s > 2, u?(x;,) € H; (T?), w’(x;) €
W,(T?), ("), (xp) € W,y(T?) and p%(x) € L®(T3). We say that
uy(t;xp), p(t;xn), w(t;xp) and p(t;x) is a strong solution of system (1.3),
on the time interval [0, 77, if it is a weak solution of (1.3), in the sense of
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Definition 3.3, and satisfies

(3.31a) w e L=([0,T); W,->°(T?)),
(3.31b) (p). € L=((0, T); W, >(T?)),
(3.31c) p € L°°([0, T]; L>=(T?)).

Theorem 3.6 (Global well-posedness of strong solutions). Let s > 2, ug €
H(T?), w° € W, ™(T?), (p°). € Wy ™(T?) and p° € L=(T?). Then, for
any given T > 0, system (1.3) has a unique strong solution in the sense of
Definition 3.5 that satisfies the estimates in Proposition 3.1 and Proposi-
tion 3.2.

Assume that u,ll, pt, w!, p' and ui, p?, w2, p? are two strong solutions
of system (1.3), in the sense of Definition 3.5, with corresponding initial
data u,ll’o, w0, ph0, ui’o, w0 and p?P, respectively. Define £ := (=A)~1pt
and €90 := (=A)"1p"0, fori=1,2. Then,

(3.32) D(t) < D(0)e%"t;
D(t) = || (ah = uR) O[3 2, + 10! = )O3 52,
(40" = 2%, Ol 0oy + V(" =YD

for all t € [0,T], where 03’2 = Cé’Q(L,T, Fr) is a constant that depends on

T, L, Fr and may depend on the norms of the initial data ui’o, ui’o, w9,

w20, pl0 and p29.

Proof. The existence and uniqueness of a weak solution follows by Theo-
rem 3.4. The solution will satisfy the estimates in Proposition 3.2 by the
same argument presented in the proof of Theorem 3.4. This proves that the
solution is a strong solution. Assume that u}L7 p', w!, p! and u,%, P, w?,

p? are two strong solutions of system (1.3) with corresponding initial data

u}L’O, wh0, pl0, ui’o, w?? and p??, respectively. Following the idea intro-
duced in [13], we introduce the stream function &', where p' := —A¢" and

Jps € (¢ %) dx = 0, for all ¢ € [0, T] with corresponding initial condition £,

for ¢ = 1,2. We denote by uy := u}L — u%, po=pl —p? W = w — w?,

p:=p' — p? and 5 = €& — €2 Tt is easy to check that Gy, W, p and 5 will

satisfy the functional equations

ouy,

ot
in C([0,T]; H;(T?)),

(3.33a) + (0 - V), + (W, - Vi) uj + Vip =0,
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o 1
(3.33b) a_lf + () Vi)@ + (8- Viw? = —— (7).,

in L*([0,T); L3 (T?)),

9 (p ) 1

@as) PPy 0 () 4 (@ V) (), = i

in L*([0, T}; L3 (T?)),

_0A OAE  _dp?
(333d) 8755 (uh Vh)Af (uh : Vh)A§2 - la—j + @a—pz

| -
= 5@ in L2([0,T); H~(T?)).

Clearly, we can take the inner product of (3.33a) with uy, (3.33b) with w,

(3. 330) with < p >, and (3.33d) w1th ¢. Using the divergence free condition,

2 . .
Vi, - uh =V uh =Vy-u,=0,2 8z = 6)8% = %—‘; = 0, integration by parts,

Hoélder inequality and Young’s inequality, we can show that

1d
(3.34) 2 dt [ h||L2(’]I‘2 < ‘( uy, - Vh)uhvuh) |

< HVhUhHL;f(Tz) 108172 (72

1d ~12 ~ 2
335 0 () + 105N o)

< [((@n - Va)w?, @), | + ’((flh V) (), <ﬁ>z)h‘
< Nl g zey (19802 e oy 1480 230

195 (0. ooy 1Pl )
< (19007 oy + 19 (). ey ) DO

and

ve,

2 dt H L2(T?)

< |((uh- )& AE)| + | ((@n - Va)E A%
+

o
(wa—jp2> +

_l’_
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| (oG] [+ (w5 ) |+ ()

90

< thuhHLw (T3)

+ (||| 2 (T3)

A€ o s

)f\

+ [ Vnw! || o oy L2 (T

v

+ H,O HLOO (T?) ”wHP T3)

L*(T®)

+ ||wHL2 T3)

d

L2(T)

Using Poincaré inequality, Lemma 2.2, we may conclude that

(3.36)

o lvel, oy < CLFD (84 ey 1107

+ thleLff(T?))D(t)’

where C(L, Fr) is a constant that depends on the size of the domain L
and the Froude number F'r. Recall that by assumption, u}L, p? and w! are
strong solutions in the sense of Definition 3.5, and they satisfy the estimates
in Proposition 3.1 and Proposition 3.2 with corresponding initial data ui’o,

p*? and w0, respectively. Thus, adding (3.34), (3.35) and (3.36) imply that

d

2 D(t) < Cy*(T, L, Fr)D(t),

(3.37)

where Cé’Q(T, L, Fr) is a constant that depends on 7', L, F'r and the norms
of the initial data ufll’o, w™? and p?Y. Integrating the above inequality on

the time interval [0, ¢], for ¢ < T', proves (3.32) and completes the proof. [J

4. Global existence and uniqueness of weak solutions using
vorticiy formulation

In this section, we aim to prove the global existence and uniqueness of
weak solutions of the inviscid slow-limiting dynamics model in vorticity
formulation. We define the vorticity w = Vj X up. As in the case of the
two-dimensional incompressible Euler equations in vorticity formulation, we
have the analogue of the two-dimensional periodic Biot-Savart law (2.6).



118 Chongsheng Cao et al.

We explicitly restrict ourselves to the unique solution uj of the elliptic
system: Vj X up = w and Vj, - u;, = 0, that satisfies the side condition
sz uy(z,y)dedy = 0.

Since we are considering periodic boundary conditions, we can write

o0

p) = 3 pela)e T, where py(xn) =

k=—o0

L o -
| oz e
0

I

are periodic in T?, for each k € Z. Notice that po(xs) = (p), (x1). We may
take the horizontal curl of equation (1.3a) and take the Fourier transform
of equation (1.3d) and rewrite system (1.3) in vorticity-Fourier transform
formulation as

(4.1&) E + (uh . Vh)w =0,
ow 1
d(p), _ 1
(4.1c) 5+ (U Vi) (p), = 7w,
15)
(4.1d) ;tk (up - Vip)pr + ikwpg = 0,
(4.1e) Vi -uy =0, V-u=0, w =V X up,

(4.18) w(0:%2) = (xn), w(0:xa) = w(xa), (o), (0:x1) = (6°). (xs),
and

1

L
(4.18)  pr(03%n) = pp(xn),  where pjl(xn) = 7 / PO (x)e” v dz,
0

for each k € Z\{0}.

Definition 4.1 (Weak Solutions) For any 1 < ¢ < oo, let w%(x,) € L°(T?),
w'(xp) € Li°(T?), (p° > (xp) € L°(T?) and pk(xh) € LI(T?), for each
k € Z\{0}. For any T > 0, we say that w(t;xp), w(t;xp) and p(t;x) =
> e oo PR (xp)e’ % is a weak solution of system (4.1), on the time interval

0,71, if

(4.2a) w € L([0,T[; L7 (T%),
(4.2b) w e L=([0,T); L2 (T?)),
(4.2¢) (p), € L=([0,T]; L7 (T%)),
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(4.2d) pr € L=([0, T); L (T?)),

for each k € Z\{0}. Moreover, w,w and py satisfy (4.1) in the distribution
sense for each k; that is, for any é(t;x3), x1(t;%1), x2(t;x1) € D([0, T] x T?),
with ¢(T5xp) = x1(T5xp) = x2(T5xp) = 0, and any (¢;x5) € D([0,T] x
T?) with (T %) = 0, such that Vj, - ¢ = V- x1 = V- x2 = Vi, - = 0,
the integral identities (3.25b), (3.25¢) and

s [ (066), st [ () o)), d

= = (u27¢0)h7
T

T
am [ (), dst [ () Vv, ds
T
=ik [ s)ou(s) ) ds — (6 00),
0

hold for each k € Z\{0}.

Theorem 4.2 (Global existence and uniqueness of weak solutions). For
any 1 < q < oo, let W € L(T?), w° € L*(T?), (p°), € L(T?) and
P e L1(T?), for each k € Z\{0}. Then, for any given T > 0, system (4.1)
has a unique weak solution in the sense of Definition 4.1.

Proof. Given w%(x) € L§°(T?) and T > 0, by Theorem 2.3, the two-
dimensional incompressible Euler equations in vorticity formulation have
a unique solution w(t;x) € L=([0,T]; L (T?)) such that

(4.4) lw (Ol p (r2) = [Jw?| LP(T?)
for any p € [1,00]. Moreover, by the elliptic regularity estimate (2.1),
up,(t;%5,) € L([0,T); WP (T?)) for any p € [1,00) and

(4.5) s (@) llyr r2y < Cp ||| o )

for all ¢ € [0, T]. The existence and uniqueness of a weak solution w(t;xp) €
L®([0,T7; Ls°(T?)) and {(p), (t;x5) € L>°([0,T); L(T?)) that satisfies the
inviscid system (3.26) in the weak sense, and the estimate (3.3), is presented
in the proof of Theorem 3.4.

Since up,, w € L*°([0, T); Ls°(T?)) and V}, - uj, = 0, then the existence of
a solution py(t;x,) € L>([0,T]; L1 (T?)) of (4.1d), for each k € Z\{0}, will
follow directly by Theorem 2.5. The uniqueness of the solution pg(¢;xy), for
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each k € Z\{0}, follows by Theorem 2.6 since u;, € L>([0,T7; W;’p(TQ)) for
any p € [1,00). This completes the proof. O
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