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Abstract

A local convergence analysis for a generalization of a family of Steffensen-type iterative methods with
three frozen steps is presented for solving nonlinear equations. From the use of three classical divided
difference operators, we study four families of iterative methods with optimal local order of convergence.
Then, new variants of the family of iterative methods is constructed, where a study of the computational
efficiency is carried out. Moreover, the semilocal convergence for these families is also studied. Finally,
an application of nonlinear integral equations of mixed Hammerstein type is presented, where multiple
precision and a stopping criterion are implemented without using any known root. In addition, a study,
where we compare orders, efficiencies and elapsed times of the methods suggested, supports the theoretical
results obtained.
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1 Introduction

Let FF: D C R™ — R™ and assume that F' has, at least, third-order Fréchet derivatives with continuity on
a convex nonempty set D. Suppose that the equation

F(z) =0, (1)
has a solution z* € D at which F’(z*) is nonsingular. In this study we are concerned with the local convergence
and the computational efficiency of a family of iterative methods for solving (1). We analyze the following

iteration family
zeDCR™,

y:.I*@ilF(I),
z=y— 0" (F(z)+ aF(y)),
X =2-07"1(BF(z) + BF(y) + BsF(2)),

where a1, ag, 1, B2, B3 are real parameters and © can be the following three different divided difference
operators:

. (2)

01 =z, 4+ F(z);F], Oy=[z—F(x),x;F] or ©3=[x—F(z),z+ F(x);F), (3)



which give three variants of the Steffensen method [16] if we only consider the first step of five-parameter
iteration family ® defined in (2); namely, X =z —©~! F(z). Observe in (2) that the same operator © is used
in the three steps in order to minimize the computational cost. Several papers in the recent literature taking
into account iterative methods with an operator repeated, that we call frozen, can be found in [1-4,12].

We give a more general expression of the first order divided difference operator setting e4 = A — z* and
eg = B — x*, where z* € R™ is a simple solution of nonlinear equation (1), and A and B are functions of =
with A(z*) = z* and B(2*) = z*. From papers [9,10], the divided difference operator, in terms of the errors
€4 and ep, can be expressed by

[A,B; F] = F(I + Ay (ea+ep)+ As(e] +eaep +€%) + 03(6,4783)), (4)

P
where P = (5,.7.,5). Moreover, Oz(ea,ep) is O(e%) €%) with 0 < p,¢ < 3 and such that p + ¢ = 3, and
A =T VF® (2*)/k! € Li(R™,R™), k > 2, with T' = F()(2*). From (4) and considering the expression of
F(z) in powers of e = x — a™*:

e obtain F(z) =T (e+ Ase® + Aze® + O4le)), (5)
©1 = [ma+Fa);F]=T 1+ As(2e +¢€) + A3(3e® +3ec +€2) + Al Ase® + Os(e, €)) , (6)
Oy = [z—F(z),5;F]=T (I + Ax(2e —€) + A3(3¢® —3ec +¢€°) — AT Ay e® + Os(e, €)) , (7)
O3 = [z—F(z),z+F(z);F] =T (I + 2Ase+ A3(3¢® +€°) + Os(e,@)) , (8)
where € = T'e. From (6)—(8), the following respective inverse operators are
O7' = (I— As(2e+¢)— A3(3¢® +3ec+¢?) — Aol'Ase® + 4 (Aze)?
+2(Age Az€ + Age Aze) + (Age)* + Os(e,€) ) I, (9)
0, = (I-— Ay(2e—&)— A3(3¢® —3ee +€°) + Al'Aye® + 4 (Aze)?
—2(Ase Agé + Aze Ase) + (Ag€)® + Os(e,€) ) I, (10)
O;' = (I-2A4se— A3(3e®+¢?)+4(A2e) + Oz(e,e) ) T (11)

Using the operators defined in (3), the first step of the family of iteration functions ® defined in (2) gives the
following three possibilities

yt = z— [z, + F(z); F]"' F(),
y~ = x— [x— F(x),z;F]7' F(x),
yt = x— [x— F(2),z+ F(z); F]"! F(x).

Subtracting «* from both sides of the preceding equations and taking into accoutn (9)-(11) and (5), we have
the following respective errors

ef =yt —a"=As(e+e)e— Ax(2e+¢) Ay(e+e)e+ Az(2e* +3ee+e?) e+ Al Az e® + Oyfe, ©), (12)

e, =y —a"=As(e—e€)e— Az(2e—¢) Az(e—€)e + A3(2e* —3ee+e?)e — AT Ay e® + Oy(e,€), (13)

ef =yt —a"=Aye” —2(Aze)’e + A3(2¢* +¢%) e + Oyle, €). (14)

So, we conclude the well-known result that the three iterative methods presented from considering the first
step of (2) using the operators defined in (3) have at least quadratic convergence.

In order to develop, analyze and study the error expressions of X —x*, we begin in the scalar case that is easier
to do symbolic manipulations. The results in the one-dimensional case will be generalized to m-dimensional
case regarding the set of values of the parameters that improve the local order of convergence. If we want to
approximate a root z* € R of a scalar nonlinear equation f(z) = 0, where f : I C R — R is a nonlinear
function and I a nonempty neighborhood of x*, we then define



zel CR,

y=x-0""f(z),

2=y =07 (anf(2) + a2f(y)),

X=z-0"" (Buf(z) + Baf(y) + B3f(2)),

where the operator 6 is now the scalar divided difference defined in an unique way by the expression

J) = f(w).

0:[71" U;f]:

In (15), the scalar iteration family ¢, given in (15), uses divided difference 6 which can be

Oy =[z,x+ f(z); fl, O2=[r—f(x),zf] or O3=lx—f(z),x+ [f(z)f]

In the scalar case, the expressions of the inverse operators (9)—(11) and the errors (12)—(14) are easier because
we consider the scalar divided difference 6 € R instead of the operator © € £ (R™,R™) and the commutativity
between them allows us an easier symbolic computation.

Once we have done the one-dimensional study, we set the parameters oy, as, 51, 82 and 33 for the optimal cases
of family (2) according to the local order and the efficiency index. Next, in Section 3, we do a multidimensional
study, where we definitely set the methods of family (2) that are optimal in terms of the local order. After
that, in Section 4, we analyse the efficiency of the methods of family (2) that we have selected previously from
the local order. Then, in Section 5, we analyse the semilocal convergence of the optimal iterative methods
previously obtained. Finally, in Section 6, an application of nonlinear integral equations of mixed Hammerstein
type is presented, where multiple precision and a stopping criterion are implemented without using any known
root. In addition, a study, where we compare orders, efficiencies and elapsed times of the methods suggested,
supports the theoretical results obtained.

2 Maximum local order of convergence in scalar case

We present in detail the results of the development in order to express the error of family ¢ defined in (15)
and compute the local error for operators 6; or f; which give the same equations. For operator 03, it will
be done in an analogous way. Developing the error of iteration function ¢ with 6, or 6s, €,41 = X — z*, in
powers of e, = e = x — x* until the third order and cancelling the coefficients of the terms up to the second
order, we have:

e coefficients of e: oy + 61 —a1fs =0,
o coefficients of Ay e?: —1l—a;+as— P14+ B2+ B3+ (3041 + af — 042) B3 =0,
o coefficients of Ay ee: “l—a1+as—F1+ P2+ P03+ (201 —ag) B3 = 0.

In addition, we get three sets of solutions, but only one of them has fourth order. These three families of
iterative methods are called A, B and C and they are defined by

A:{al:aaa2:ﬁ751:_0‘7ﬁ2:1_676320}7
B:{041:0,CVQZO[,ﬁl:O,ﬁQ:(]._OC)(]-_B),53:,3},
C={ai=-l,aw=q,fi=-8,f=1-a+ab, B;s=05}.

Summarizing, for § = 6; or § = 5, the iteration family ¢ defined in (15) has three members of methods of
third order, where the first step of them is y = z — 67! f(x) and they are described and analyzed in the next
sections.



2.1 First family

The first family of iterative methods with order of convergence at least three is:

y = T — 9_1 f(.’lf),
zZ = y-— 61 (Oéf(l‘) + Bf(y))v (16)

X = 2—9_1(—af(x)+(1—ﬁ)f(y)):%(am—i—(ﬁ—l—a)y—i—z), where 3 # 0.

Note that ¢4, defined in (16), is a family of two-step Steffensen-type method which has the following error
equation

oa:

ennl A3|(2e+¢) (e+e)e| + Oule,@) if 0 =0,
Cn+1| =
" A3|(2e—2¢) (e —€)e| + Oale, ) if 0 =0s.

In both cases, the local order of convergence is at least three and is independent of the real parameters a and
5.

Using the comparative parameter called efficiency index presented by Ostrowski in [13], ET = p/“ where p
is the local order of convergence of the method and w represents the number of the evaluations of functions
necessary to apply the method per iteration, we obtain that the efficiency index for the family ¢4 given in
(16) is FI4 = 33 = 1.442. An important classical known method of family (16) arises for « = 0 and § = 1,
which is called frozen two-step Steffensen method of third order and given by

= - 071 f ;
ba (a=0, 8=1) * { ! ! (I) (17)

w

X = y—-0""f(y).

2.2 Second family
The second family of iterative methods is:
y x— 07 f(a),
pp:{ =2 = y—adlf(y), (18)
X = 2-07(1-a)1-5) fly) +Bf(2)),

whose error equation is:
| | 1 —apB|A3|(2e+¢€) (e +e)e| + Oyle,€) if 6 =0,
Cnt+1| =
1 —aB|A2|(2e —¢) (e —€)e| + O4(e,€) if 0 = 0s.

1
In general, the order of convergence is at least three, but we have, for 5 = — with a # 0, the following family
@

of iterative methods with order of convergence at least four:

y = 1._9—1 f(‘r)v
= Y-« 6! f(z), (19)

s 207 (— (-0 f(y) + £(2).

B (B=1/a) :
X

The three-step iterative method ¢p (3—1/4) has the following error equation

[ A DG ) e+ e 2O for =01 0
En+1| = 20
i |43]|(e —€)e||(5—a) (e —€) e+ €%+ Os(e,é) for 6 = 0s.



In particular, taking a =1 in (19), we have the following frozen three-step Steffensen method:

y = x—0""tf(x),
B (paz1) 1 2 = y— 07" f(y), (21)
X z— 07 f(2).

In this case, the efficiency index is Elg (5_a=1) = 3'/* = 1.316, whereas Elg (5-1/q) = 4Y/* = 1.414.

2.3 Third family
The last family of iterative methods of highest order for ; and 65 is:
y = z-07"f(a),
de:{ 2 = y—07(—fl2)+af(y), (22)
X = z2-07"(1-9)f(=)+ (1 —a+aB)f(y) +Bf(2))
The three-step iterative method ¢¢ given in (22) has the following error equation:
AZ|(2e —e—aBe)(e+e) el + Oqle,e) for 0 =6,
enil = { A2|(2e+ 2+ aBe) (e —d)e| + Ou(e,d) for 6 =0,

In both cases, the local order of convergence is at least three and the efficiency index is EIo = 3/ = 1.316.

2.4 Fourth family

In a similar way as the beginning of this section, developing again the error of iteration function ¢ with the
divided difference 03, e,41 = X — a*, in powers of e, = e = x — a* until fifth order and cancelling the
coefficients of the terms up to third order, we have:

e coefficients of e: a;+ 1 — a1 B3 = 0,
o coefficients of A, e%: “l—op+as— P+ Ba+PBs+ B+ af —az) B3 =0,
o coefficients of Asee?: —l—art+ar—PF1+ P2+ 085+ (201 —az)B3 =0,
e coefficients of A3 e3: —1— o1 + 202 — 1+ 262 + 283 + (bay — 3az 4+ 20f — a1 az) B3 = 0,
o coefficients of Az e3: 2+ 2a1 — 2a9 + 2081 — 2082 — 283 + (ail)’ —da1 + 2@2) Bs = 0.

In addition, we get one set of solutions, called D, that has fourth order and is defined by

_ 2
D = {a1:07a2:aaﬁ1207/82:_(1a)7B3:1}-

« «

The new family of at least fourth order of convergence, ¢p, is the same as ¢p with § = 1/a (family (19)),
but with 8 = #3. That is,

y = z—07"f(2),

op:d 2 = y—af f(y), (23)
X = a0 (~ (-0 ) + 1)
whose error equation is
lent1] = la —5[[A3] e, + Os(e) (24)

and the efficiency index EIp = 4'/5 = 1.320. Setting o = 1, we find again the classical frozen three-step
Steffensen method, but now with § = 65.



In particular, taking a = 5 in (23), we have the following three-step frozen Steffensen method of fifth order:
y = - 0_1 f(x)a

PD (a=5) : -y fal f)
X = 2207 (f(2) - 16 /@),

whose error equation is |e, 41| = 2|A3] |7 A34+2 A3| |e,|?+Og(e) and the efficiency index EIp = 5'/5 = 1.380.

Eventually, we recall that we are interested in a generalization of the results of this section to the multidimen-
sional case. We choose the iterative methods with the highest convergence order and minimum computational
cost:

Setting by qbgj), j =1,2, that is the Steffensen method with divided differences 8;, j = 1,2, respectively, we
have EI; = 21/3.

Choosing as qbéj), j = 1,2, the family ¢4, we obtain EI, = 3'/3.

Denoting by (béj), j = 1,2, the iteration family ¢z (8 = 1/a), we obtain El3 = 4/3.

Taking qbig) = ¢p, where the divided difference 63 is used, we get EI, = 41/5.

Henceforth, in the multidimensional case, we consider the following iterative families:

y = x-— @71 F(l‘), y = - @_1 (.13),
P1:{ X=2—-0""1F(x), Dy : X = y-0-1F(y), O3 : z = y— O071F(y),
X = z—-071F(2),
y = = @71F(l’),
®,:{ ¢ = y—aO 'F(y), (25)
X = z—é@fl (F(z) —(1—a)?F(y)) = %((2&—1)2—1— (a—1)2y)—$@71F(z).

Iterative method ®; corresponds to Steffensen method and is the first step of (2).

Algorithm 4, called frozen two-step Steffensen method, is exactly ¢4 with « =0 and 5 =1 (see (17)) in the
multidimensional case.

Algorithm @3, called frozen three-step Steffensen method, is a generalization of ¢ with 8 = 1/a = 1 (see
(21)).

The last algorithm, ®4, can be deduced from ¢p with § = 1/a (see (19)) when operators ©1 or Oy are used,
or from ¢p when operator O3 is used (see (23)).

3 Maximum local order of convergence in the multidimensional
case

We consider the one-parametric iteration family ®, and we firstly analyze the local order of convergence. Note
that the algorithms ®,, 1 < £ < 3, are particular cases of family ®, with o = 1 and/or less steps.

3.1 Operators ©; and O,

*

For operator ©1, we have the expression of the error of the first step of ®4 in (12); namely, e; =yt —z*.
Moreover, we have the error equation for ®; using operator Oy, since y*+ = @f(m) In a similar way, from
(13), we obtain the same results for e, =y~ —z* and y~ = &7 (z).

Subtracting * from both sides of the second step of @4, iteration (25), taking the inverse operators (9)—(10)
and considering F(y) = I'(e, + Az e2 4+ Os(ey)), we have the following respective errors:



el =e¢f — aO'Fly™) = (1-a) ef + ady(2e+€)ef — ady (6;)2 + aAs(3e* +3ec+e?)ef
+aAyTAg e? ey — a{Ay(2e + )} ey +Os(e, @), (26)

e, = e, —a0;'Fy7) = (1 —a)e, + aAy(2e —e) e — ady (e;)2 + aAsz(3e? —36’54—52)6;
—aAsTAse?ef — a{Ax(2e +2)} e} + Os(e,@). (27)

Note that, from (26) with o = 1, we have the error expression for ®, using operator Oy, since z* = &5 ().
In a similar way, from (27) we obtain the same results for e; = 2z~ — z* and 2~ = &, ().

1
Recall that the third step of ®4, X = 2z — -~ O~ (F(z) — (1 — @)? F(y)), is equivalent to

X = % (20— 1)z + (a—1)%y) - é 01 F(2), (28)

where ©~! F(y) is replaced in function of y and z from the second step of (25). Subtracting again z*
from both sides of the previous equation (28), taking the inverse operators given in (9)—(10) and expanding
F(z) = T'(e. + Az e2 + Os(e.)), we have the following respective errors

Xt—a*=ef =ef —a0]'F(zT) = (1-a)A, (6;)2 + {45(2¢ +)}? ey +Os(e,e), (29)
X" —a'=ex =€ —a0;'F(z7) = (1-a)A, (e;)Q—I— {A2(2€_a}282_ + Os(e, @), (30)

where we recall, see respectively (12) and (13), that

ey = Ay(e+e)e+ Os(ee), (31)
e, = Ax(e—¢)e+ Os(ee). (32)

The error equation for ®J is given by (29), where e,,; = e} = ®](2,) —2* and e = z — z*. Analogously,
the error of ®; () is given by (30), where e,+1 = ex = ®, (z,,) — 2*. The local order of convergence of ®4
is at least four in both cases and the error expressions (29)—(32) are the same as in the scalar case (see (20)).

3.2 Operator O3

For operator ©3 we have the expression of the error of the first step of method @4 in (14). Say, ey =yt —a".
Moreover, we have the equation of the error for ®; using operator O3, since y* = & (z).

Subtracting * from both sides of the second step of ®4, taking the inverse operator (11) and considering
F(y) = T(ey+ Azel + Os(ey)), we have the following error equation:

- 2 -
ef =¢f —a0;'F(yT) = (1-a)e] + 2adree] — ady (¢fT)" + ads(3e* +¢) e

—4a{Ase}’ ef + Os(e,?). (33)

Note that, from (33) with @ = 1, we have the error expression for ®, using operator O3, since 2T = ®J (z).

Subtracting again x* from both sides of the third step of @4, taking the inverse operators given in (11) and
expanding F(z) = I'(e. + Az e + Os(e.)), we obtain
XFoa"=el =ef —a0;'F(zF) = (1-a)4, (e;F)2 + 4 {Aye}’ eq + Os(e,€). (34)

From (14), we take ef = Age® + Os(e, €) and substituting in (34), we get

enp1 = cf =T (2,) —2* = (1—a)As (A2¢?)” + 4 {Ase}? Ay e® + Os(e, ). (35)



The error equation for @7 is given by (35) and the terms of fourth order are canceled if and only if equation
(35) is expressed in the scalar case and o« = 5. It is worth seeing with more detail. In a notation more classical,
we write the fourth-order terms of the right side of (35) in the following way:

(1—a)A, (A2 62) (A2 62) + 4 {4 3}2 Ase? = (1—a) A, (A2 (e, €), Ay (e, e)) 4+ 4 A, (e,Ag(e, As (e, e))).

Error equation (24) is not true except for the scalar case. Hence, the local order of convergence of ®4, using
operator ©Og, is, independently of «, at least four and error expression (35) is very different from the scalar
case.

Now, from the results found in the two last sections, we can establish the following result.

Theorem 3.1 Let F: D CR™ — R™ be a nonlinear function defined on a nonempty open convex domain
D. Assume that F has, at least, third-order Fréchet derivatives with continuity on D. We suppose that there
exists [u,v; F] € L(D, D), for all u,v € D (u # v). The iterative families Py, 1 < k < 4, where © represents
the operators [z,x+ F(x); F), [t —F(x),z; F] or [x—F(z),z+ F(x); F], for x € D, have order of convergence
at least two for ®1, with the error equations given in (12)-(14), at least three for ®o, with the error equations
given in (26), (27) and (33), and at least four for @3 and P4, with the error equations given in (29)-(32) and

(35).

Note that, from the independence of «, we take o = 1 and compare the efficiency of the methods ®;, &5 and
®3 = ®,4. In particular, for ®3, we have

Xt —2* = {Ay(2e+0)}* Az(e+¢) e+ Os(e, e),
X~ —2" = {Ay(2e—28)}* Ay(e — &) e+ Os(e, @),
Xi —r* = 4 {A2 8}2 A2€2 + 05(67?32).

4 Optimal computational efficiency

It is well-known that the efficiency of an iterative method cannot only be measured from the operational cost.
It is clear that the number of evaluations of functions that are needed to apply the algorithm, that defines the
iterative method, plays an important role when it comes to measuring the efficiency of the method. In the
scalar case, Traub defines in [18] the index p'/”, where p is the local order of convergence of the method and
1 represents the number of the evaluations of functions necessary to apply the method. Then, it seems clear
that a more real measurement of the efficiency of an iterative method is through the conjunction of these two
quantities. So, to compare the efficiencies of the iterative methods, we can use the following computational
efficiency index (CEI):
1
CEI(u,m,t) = pClim; ) (36)

where p is the R-order of convergence and C(u, m, ¢) is the computational cost of an iterative method, which
is given by
C(u,m,£) = a(m)p + p(m, £),

where 4 is the ratio between products and evaluations of scalar functions of F(x), respectively, that are
required to express C;(u, m, £) in terms of products. Parameter ¢ is the ratio between products and quotients,
a(m) is the number of evaluations of F(x) and p(m,¢) is the number of products needed in the operations of
the iterative method per iteration. Notice that the definition of CET given in (36) is a generalization of the
scalar case to several variables (see [9,10,14]).

In this work, we use the following numerical definition of divided difference operator [14]:

1
’U,j—’Uj

[u,v;F}ij: (Fi(ul,...,uj,vj_kl,...,vm)—Fi(ul,...,uj_l,vj,...,vm)), (37)



where u = (ug,ug, ..., Up)"

and v = (v1,v9,...,0,)7, for u,v € R™, [u,v;F] = ([u,v; Flij)iizy €
L(R™ R™).

Taking into account that the computational cost of ©3 is higher than those of ©; and ©2 and the orders of
iterative methods <I>2,'7 ¢, and &, 1 < k < 3, are the same, we then reduce the study to ®*, that uses
operator ©1 and is denoted by ®. Note that, for iterative method ®~, we obtain the same results.

From the previous results, we have, for 1 < k < 3,
Co,(t,m, ) = mim+k)u + %(2m2 —3m+1)+ m(m—1k+ %(Sm — 1)l + mkl, po, = k+1,

where a(m) = m(m + k), since we take m? evaluations of component functions of F' to compute operator
(37) and mk when we evaluate k times the function F. In the unique LU factorization that we use, we have
%(Qm2 — 3m + 1) products and F(m — 1) quotients. Moreover, we take into account m? quotients in the
computation of (37) and m(m — 1)k products and mk quotients in the k resolutions of two triangular linear
systems.

In order to compare iterative methods ®, 1 < k < 3, we define the following ratio

- logCEIg,(p,m,0)  logps, Ca, (,m, £)
" log CEIy, (1, m,€)  logpa, Ca,(1t,m,L)

. (38)

4.1 &, versus o,

To compare iterative method ®; with method ®5, we consider the following ratio:

R _log22m2+9m+9£m+6m,u+12,u—11+9€
27 Jog3 2m2 +3m+9lm+6mu—+6pu—5-+30"

where Ry o < 1 for all £ > 1 and m > 2 (see figure 1). Notice that, for £ > 1, the curve R; 5 = 1 has a zero
mgo with mg < 1.

4.2 P, versus P4

To compare iterative method ® with method ®3, we consider the following ratio:

R log3 2m2 +15m +9m +6mu + 18 u — 17+ 157
2% T logd 2mZ+9m+9lm+6mpu+ 12— 11+ 9¢

)

where Ro3 < 1, for all m >3 and ¢ > 1, or m =2 and p > po > 0 (see figure 2). Notice that
_ 1 7log3 —10log2 + (11log3 — 18log 2)¢
2 —5log 3 + 8log2

and pg > 0if £ < ¢y ~ 1.93617.

140 ~ 7.28005 — 3.76002¢,

4.3 P, versus P4

From the two preceding comparisons we can deduce that Ry 3 < 1 for all m > 3 and ¢ > 1.
For m = 2, the curve Ry 3 =11is theline 2y =1—3¢. As ¢ > 1, we have also Ry 3 < 1.

Summarizing these previous results we can establish the following result.
Theorem 4.1 The CEI of methods ®1, ®2 and 3 satisfy the following:
(a) For allm >3 and ¢ > 1, we have CEI3 > CEIly > CEI;.
(b) For m = 2, we have
CEI3 > CEIy, > CEI if p > pg >0,
CEI, > CEI3 > CEI if p € (0, up).
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Figure 1: The boundary Ry = 1 for 0 < m < 3 Figure 2: The boundary Ry3 = 1 for 1 < m < 4
and ¢ = 1.731. and ¢ = 1.731.

5 Semilocal convergence of the optimal iterative methods

In this section, we study the semilocal convergence of the optimal iterative methods considered in the previous
study. First, as it is known (see [14]), in R™ we can consider that there exists a divided difference of first
order, [z,y; F], for each pair of distinct points x,y € R™. So, for the sequence {x,} given by (46), it is clear
that every divided difference of first order [z, zx + F(xk); F] exists, except for xy, = xx + F(xy), since in such
case it is evident that xy is a solution of F(z) = 0, so that x,, = xy, for all n > k, and then the sequence {z,}
converges to xx = x*, which is a solution of F(x) = 0. For the semilocal convergence study, we consider the
usually conditions. So, let F': D C R"™ — R™ be a nonlinear function defined on a nonempty open convex
domain D. Given g, z¢ + F(xg) € D, we observe that xg # xg + F(x¢), since xg is a solution of F(z) =0 in
other case, and consequently, x,, = xo for all n € N. After that, we suppose the following conditions:

(C1) [IF (o)l <6,
(C2) Ayt = [wo,x0 + F(zo); F]~! exists and is such that [|Ay"|| < 8,
(C3) [z, y; F] = [w, 0; FI|| < K([Jx = ull + |y = vl]); K = 052, 9,u,v € Dy # y;u # v.

First, we consider Steffensen’s method:

{ xg €D,
(39)

Tpi1 = Tn — [Tn, Ty + F(2,); F]7 F(2,), n>0.

From now on, we denote A,, = [z, x, + F(z,); F].
Next, we give the semilocal convergence result given in [7] for Steffensen’s method.

Theorem 5.1 Let F': D CR™ — R™ be a nonlinear function defined on a nonempty open convexr domain
D. Suppose that conditions (C1)-(C3) are satisfied. If the equation

__(A=g@®)n
tfl_(M+g(t))+M5, (40)

where M = KB6(1 + B), g(t) = KB(2t + §) and n = B0, has at least one positive real root and the smallest
positive real Toot, denoted by R, satisfies
M+g(R) <1 (41)
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and B(xg, R) C D, then Steffensen’s method (39), starting at xg, is well-defined and converges to a solution x*
de F(x) = 0. Moreover, the solution x* and the iterates x,, belong to B(xo, R) and x* is unique in B(xo, R).

We continue with the analyse the semilocal convergence of the iterative method called frozen two-step Stef-
fensen method, whose algorithm is:
x9 € D,
Yn = Tp, — [T, Tn + F(20); F]7LF (24), (42)
Tnt1 = Yn — [Tn, Tn + F(20); F| 7' F(yn), n>0.
We began with a technical lemma that is used later and whose proof is immediate from algorithm (42) and

the definition of the divided difference of first order [v,w; F], v,w € D, which is a bounded linear operator
such that (see [14])

[v,w; F]: D CR™ — R™ and [v,w; Fl(v —w) = F(v) — F(w).

Lemma 5.1 Let {x,} be the sequence given by the frozen two-step Steffensen method given in (42). If x, #
Yn—1,Yn With Tn,yn € D, then

F(yn) = ([yn.zni F] = An) (yn — z0),
F(xn) - ([l‘nyyn—l;F} _An—l)(xn_yn—l)-
Next, we present the new semilocal convergence result for method (42) under conditions (C1)—(C3).

Theorem 5.2 Let F': D CR™ — R™ be a nonlinear function defined on a nonempty open convex domain
D. Suppose that conditions (C1)-(C3) are satisfied. If the equation

M(1—g(t)) )
t=(14 —F——7"— | n+ Mh(t)d =0, 43

(1 T ey ) 7+ M0 )
where M = KB6(1+ B), g(t) = K2t +9), h(t) = KBt +n+9) and n = B0, has at least one positive real
root and the smallest positive real Toot, denoted by R, satisfies

9(R) + h(R) <1 (44)

and B(zo, R) C D, then the frozen two-step Steffensen method given in (42), starting at xo, is well-defined
and converges to a solution x* of F(x) = 0. Moreover, the solution =* and the iterates x,, belong to B(xo, R)
and x* is unique in B(zo, R).

Proof. We begin by proving that the sequence given by method (42) is well-defined and z,, € B(zo, R) C D
for all n € N. Note that the smallest positive real root R of equation (43) satisfies

R = (1+ P)n+ Mh(R)s, (45)

M(1—g(R))
1—(g(R) + h(R))
From (C1)—(C3), it follows that yo and x; are well-defined. Besides, from (C3) and taking into account
F(yo) = ([y0, wo; F] — Ao) (yo — o), by Lemma 5.1, we obtain

where P = € (0,1), as we can see easily from (44).

1E(yo)ll < K(llyo = zoll + [[E'(x0)[)llyo — xoll < Md <9,

since M < 1, ||z1 — yol| < Mn and ||z1 — zo|| < (1+ M)n < R, as a consequence of (45). Thus, z1 € B(xo, R).
In addition, by Lemma 5.1, it follows F(x1) = ([1,y0; F] — Ao) (£1 — o), so that

[1E (@)l < K(l[zr = 2ol + lyo = zoll + [F'(zo) ) |21 — yoll < MA(R)d <4,
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since M < h(R) < 1, so that, again by (45), we have
[z + F (1) = 2oll < [lor — 2ol + |F(z1)l] < (1 + M)n+ Mh(R)6 < R
and 1 + F(z1) € B(xg, R). Next, by (C3), we obtain
[1=AG Aull < AT [ Ao—Au]| < BK ([la1 + F(z1) — aol + [la1 — @oll + [|[F(=0)l]) < BK(2R+6) = g(R) < L,
and, by the Banach lemma on invertible operators, there exists Al_l and is such that

_ 8
A7 < =

After that, from M < h(R) < g(R) <1 and (44), we see that

_ h(R)
—aq|| < |JATHIIF <M | —
i =l < AT Gl < 0 (20 Y <,
1y = zoll < llyr = @all + fl21 — 2ol| < (L + P)n < R,
so that y; € B(zg, R). In addition, again from M < h(R) < g(R) < 1 and (44), it follows

1PN < Kl = ol + 1EODln — ol < 327 (200 ) 5 <.

2
o2 =l < LTI < 31 (200 <,

lze —z1|| < [lwg —yill + [lyr — 21|l < Pn < R,

lz2 — zo < [Jz2 —yall + [Jyr — zo| < (1+ P)n < R.

Therefore, x2 € B(xo, R). Moreover, from (44), we have

hR) \2
1P @)l < K(llez — o]l + o1 — aall + [P C) Dz — ]| < M ((g))) 5 <6,

so that
|22 + F(22) — 2ol < |lw2 — xol| + [[F(z2)|| < (1 + P)n+ Mh(R)S = R

and zo + F(z2) € B(zo, R).
Now, we assume the following:

_ s
AT < —2
1470 < 7=y
h(R) 2n—1
“Nyn —wnll <M (1—9(1%)) s

E@) < K+ 0)llyn — nll,

Mo =l <21 (200

oo <o (P (O

NE @)l < KR+ 1+ 0)[[2nt1 = yall;
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provided that A; = [z;,z; + F(x;); F] is invertible and y;, z; + F(z;), ;41 € B(xo, R), for all i = 1,2,... n.
In addition, it follows in the same way that A, |, exists,

- B
ATh < —F—,
|| n+1H = l—g(R)

|41 + F(2ng1) — 70|l < (1+ P)n+ Mh(R)S = R,

h(R) 2n+1
1- g(R)) "’

Yn+1 — 2ol < (1 + P)n < R,
1E(Yns1)ll < K1+ 0)lynt1 — 2nsall,

h(R) 2n+2
1 g<R>) "

2n+2 j
h(R) 1\’
o LMy () |,

st — Ensal] < M (

lomss — gl < M (

§=0
[F(zni2)l| < K(R 41+ 0)|zns2 — ynial,

by (45), so that yn41, Tnt1 + F(Tnt1), Tnte € B(zo, R) for all n € N.
Once we have seen that the sequence defined by method (42) is well-defined, we see that it is a Cauchy
sequence. Indeed, since

i i h(R) 2n-42j—2 h(R) 2n+25-3
o < o )
s =l < 3 oy = megoall < 00 ( (200 ) (20 n
Jj=1 j=1

for i > 1, and (44), it is clear that {x,} is a Cauchy sequence. As a consequence, the sequence {z,}, given

by (42), is convergent. Now, if lim z,, = x*, it follows that F'(z*) = 0 from the continuity of the function F,
n—oo

since
[F(zn)ll < K(R+1+0)||zn — yn-1l|

and ||z, — yn—1|| — 0, by letting n — oo.
Finally, we prove the uniqueness of the solution z* in B(xg, R). Suppose that y* is another solution of F(z) = 0
in B(zg, R). If A = [y*,x*; F|] is invertible, it follows that z* = y*, since A(y* —z*) = F(y*) — F(z*). By the
Banach lemma, we have that A is invertible, since

17— A Al < A Il Ao — Al < g(R) < 1.
The proof is complete. |

To finish this section, we analyse, under conditions (C1)—-(C3), the semilocal convergence of the iterative
method called frozen three-step Steffensen method, whose algorithm is:

xg € D,

Yn = Tn = [n, Tn + F(2n); FI71F (24),

Zn = Yn — [Tns o + F(20); F] 7 F(yn),

Tpil = 2n — [Tpy T + F(2,); F]7 F(2,), n>0.
Next, we present the new semilocal convergence result for (46).

We start with a technical lemma which is used later. The proof is immediate from algorithm (46) and the
definition of the divided difference of first order.
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Lemma 5.2 Let {xz,} be the sequence given by the frozen three-step Steffensen method given in (46). If
Ty Yn—1sYn, Zn, 2n_1 are different points with T,,Yn_1,Yn, 2n, 2n—1 € D, then

F(yn) = ([YnsTn; F] = An) (Yn — x0),
F(Zn) = ([vayvu ] )(Zn )
F(zn,) = ([®n,2n-1;F]— An_1) (n — 2n—1).

Theorem 5.3 Let F': D CR™ — R™ be a nonlinear operator defined on a nonempty open convex domain
D. Suppose that conditions (C1)-(C3) are satisfied. If the equation

(1—g(®)n
1—2g(t)

where g(t) = KB(2t + 0) and n = B4, has at least one positive real root and the smallest positive real root,
denoted by R, satisfies

t= + g(t)s, (47)

g(R) <1/2 (48)

and B(xzg, R) C D, then the frozen three-step Steffensen method given in (46), starting at xq, is well-defined
and converges to a solution x* of F(x) = 0. Moreover, the solution x* and the iterates x,, belong to B(xo, R)
and z* is unique in B(xo, R).

Proof. We begin by proving that the sequence given by method (46) is well-defined and «,, € B(xg, R) C D
for all n € N. From (C1)—(C3), it follows that y is well-defined and

lyo = zoll < 1A 1I1F (z0)| <7 < R,

as a consequence of (47). Thus, yo € B(zo, R).
Moreover, from Lemma 5.2, it follows F(yo) = ([yo, zo; F] — Ao) (Yo — x0), so that

1E (o)l < K(llyo — woll + [1F(z0) [Dllyo — woll < g(R)d < 6.

Now, as yo € B(zg, R), it follows that zg is well-defined and
20 = woll < KB(R+6)[lyo — zoll < g(R)llyo — zoll <,
9(R) —9(R)
_— - < -
I1F(z0)ll < K([lz0 — @ol| + [lyo — zoll + [[F'(z0) )20 — yoll < g(R)d < 6.
As zp € B(xo, R), it follows that z; is well-defined and z; € B(xo, R), since

2
) o= woll < < .

Ww%ﬂSWwwd+Mrwﬂ<O+ n<R,

Wrﬁﬂ<ﬁ@Wwﬂd<<

ler — zoll < llz1 — 2]l + [|20 — 2ol < (1 e f(i)m + (1 gﬁ%)) > o — o < 11__22(5%))77 <R

In addition, as F(z1) = ([z1, 20; F] — Ao) (1 — 20), it follows
| F(z1)|l < K(2R 4+ 0)||z1 — #0]| < g(R)d < &
and

1—g(R)

Iz + F(n) = @0l < fla = @oll + 1Pl < T

n+g(R)o = R,

so that x1 + F(x1) € B(xo, R).
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Now, we prove the existence of the operator A;'. By (C3), we see that ||I — A;' A < g(R) < 1 and, by the
Banach lemma, the operator Afl exists and is such that

_ B
JATY) < T=aR)

g(R)

Taking into account the previous ideas, we obtain easily

- g(R) g(B) \*,
I =l < 2Ry =l < (L2205 o — ol <0 < .

3 7
9(R) 1—g(R)
— < — — P N — — - -~ 7
lyr = @oll < llyr — 21| + [lz1 — 2ol < (;_0 (1 g(R)) ) 1o = oll < 7= 20 ()" < R,

[E ()|l < K(R+0)|lyr — z1]| < g(R)d < 6.

Similarly, it is easy to see

B g(R) 3 g® N\,
=l < T2t~ ol < ($20) oo = ol <n < R

4 3
2 = ol < llen = sl + 1o = 1]l < ((%) ({20 ) oo = aoll < =Dy < R

4

21 = 2ol < [l21 — 21| + flz1 — 2ol < <Z (%) ) lyo — @ol| < 11_2%77 <R,

=0
[F(z0)l < KQR+0)[z1 — il < g(R)d < 6.

Besides, it follows

R) 9(R)

5
9(
w2 — 21l < 1_79(1%)”21 -yl < (1—9(3)> lyo — 2ol <m < R,

5 7
g(R) 1-g(R)
— < _ — - 7 . g 7
[z2 — 21| < [[w2 — 21| + [[21 — 21| < (Zi_?) <1 —g )) ) lyo = @oll < 1= 29(R) " < R,

5

22 — zo|l < [Jw2 — 21| + ||21 — @ol| < <Z (%) ) o — ol < 11_299(5}))77 <R.

=0
Therefore, x2 € B(xo, R). In addition, from (48), we have

[F(z2)|| < K2R +9)[lz2 = 21]| < g(R)d <6,

so that
1—g(R)

w2 + F(wz) = woll < vz = ol + [ F(x2)ll < 75 75

n+g(R)=R

and zg + F(z2) € B(zo, R).
Now, following an argument similar to the one developed previously and applying an inductive procedure, it
is easy to see the following recurrence relations:

B

Th tor A, exists and is such that ||A || < ———
e operator A_ ' exists and is such that ||A; ”_l—g(R)’

g(R) \™"
n - 4n - Ra
o =l < (25055 ) o=l < <
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3n i
9(R) 1 —g(R)
I3~ ol < (i_o = )nyo—xon <A< R

1E(yn)ll < K(R +0)|lyn — znll < g(R)é <4,

9 - R
1—g(R)> HyO J)()||<7’]< )

(%)MH i (%)“) lyo — zoll < R,

3n+1 7
R 1—g(R
o — o]l < (g”)) ) o —woll < =200 < g
1)

”Zn - ynH <

1—g(R 29(R)

[1E(zn)l < K2R+ 6)llzn — yall < g(R)d <,

3n+2
g(R g(R
211 = 20l < (()R) ol < (F205) 7 -l <n <R
3n+2 i
1—g(R)
3n+2 i
1—g(R)
[#n41 — ol < <; ) )HZ/O $0\|<m’7<R7
(@)l < KR+ 6)zer - 2l < a(B) <5,
1-g(R
v+ Flonin) = aoll < —gah+ a(R)3 = R

As a consequence, Yn, Zn, Tni1; Tnt1 + F(xny1) € B(xo, R) for all n € N.

After that, we continue by proving that the sequence given by (46) is well-defined and z,, € B(xo, R) C D for
all n € N. For this, it is sufficient to apply the recurrence relations previously obtained. Then, we see that
the sequence given by (46) is a Cauchy sequence. Indeed, since

i 3n+3j—1 o)\
i - an<2\\an sl <X {3 (P2 ol

j=1 \i=3n+35-3

for ¢ > 1, and (48), it is clear that {x,} is a Cauchy sequence. As a consequence, {z,} is convergent. Now, if

lim z, = 2", it follows that F(z*) = 0 from the continuity of the function F, since
n—oo

[1F(zn)| < K2R+ 6)[zn — zn|

and ||z, — zn—1|||| = 0 by letting n — oo.

Finally, we prove the uniqueness of the solution z* in B(xg, R). Suppose that y* is another solution of F(x) = 0
in B(xg, R). If A= [y*,2*; F] is invertible, it follows that z* = y*, since A(y* —z*) = F(y*) — F(z*). By the
Banach lemma, we have that A is invertible, since

17— Ag Al < 1A Il Ao — All < g(R) < 1.

The proof is complete. |
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6 Application

Now, we consider nonlinear integral equations of mixed Hammerstein type of the form

b
z(s) = f(s) —l—/ G(s,t) H(t,z(t))dt, s € [a,b], (49)

where —oco < a < b < 400, f, Gy H are known functions and « is a solution to be determined. Integral
equations of this type appear very often in several applications to real world problems. For example, in
problems of dynamic models of chemical reactors [5], vehicular traffic theory, biology and queuing theory
[6]. The Hammerstein integral equations also appear in the electro-magnetic fluid dynamics and can be
reformulated as two-point boundary value problems with certain nonlinear boundary conditions and in multi-
dimensional analogues which appear as reformulations of elliptic partial differentiable equations with nonlinear
boundary conditions (see [15] and the references given there).

Solving equation (49) is equivalent to solving F(z) = 0, where F : D C Cla,b] — C[a, b] and

b
[F(x)](s) = x(s) — f(s) —/ G(s,t)H(t,x(t))dt, s € [a,b].

If we consider (49) where G is the Green function in [a,b] x [a,b], we then use a discretization process to
transform equation (49) into a finite dimensional problem by approximating the integral of (49) by a Gauss-
Legendre quadrature formula with m nodes:

b m
/ q(t)dt ~ Zwiq(ti),

where the nodes ¢; and the weights w; are determined.
If we denote the approximations of z(¢;) and f(¢;) by z; and f;, respectively, with i = 1,2,...,m, then
equation (49) is equivalent to the following system of nonlinear equations:

xi:fi—i—Zain(tj,xj), 7=12,...,m, (50)
j=1
where
Wi (b_t;;),(zj_a)a j < i?
ai; = w;G(ti, ;) = b—t)(ti—a)
U)jg_ia, J >
Now, system (50) can be written as
Fx)=x—f—Az=0, F:R™ — R™, (51)

where
X:(xlaxZa“'amm)Ta f:(fl»f%"'afm)Ta A:<aij);tlj':1v

zZ = (H(tl, .Z‘l), H(tg, IQ), ey H(tm,xm))T

If we now consider that v is the cost in products of evaluating the scalar function H, then we conclude that
pu=(m?+mv)/m = m+ v for system (51). The cost of each method for this application is

Co, (v,m, ) = % (8m + 3(2v + 6k + 30 — 1)ym + 6k(v — 1) + 3(2k — 1)0),  pa, =k + 1.

In this application, when we compare the computational efficiency index C'E I of numerical methods &y, for
k =1,2,3, the results are very similar to those of Theorem 4.1; namely, we have the same assertions but with
a new value vy, instead pg, equal to

1 27log(3) — 42log(2) + (11log(3) — 181og(2))¢
=g —5log(3) + 8log(2)

~ 5.28005 — 3.76002¢,
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and vg > 0 for £ < {y ~ 1.40426.
Now, we consider a nonlinear integral equation of form (49). In particular,

2(s) =14 /01 Gls,t) (x(t) + ;x(t)2> dt, s e0,1],

where z € C[0,1], t € [0,1], and the kernel G is the Green function in [0,1] x [0, 1].
First, we write the integral equation as F(x) = 0, where F : C0, 1] — C0, 1] and

1
1
F(x)(s) =z(s) — 1 — / G(s,t) (m(t) + 2ac(t)z) dt, se][0,1].
0
Next, as we have done before, we transform it into the following finite dimensional problem
1
F(x)EX—l—A(x—i—Qi):O, F:R™ — R™, (52)

where X = (21, 22,...,2,)", 1 = (1,1,...,1)", A = (a;;)]—, and % = (27,23,...,22)7. For system (52),
we have v = 1 and obtain CElgs, > CElp, > CElg, for m > 3 and CElg, > CElp, > CElg, for m =2
and ¢ < 1.13831.

After that, we choose m = 8 and the starting point xg = 1, and use methods (39), (42) and (46) to approximate

a solution of (52). For this initial point, we obtain

0 =0.185338, [ =1.190068 and K = 0.0617795.
Moreover,
the solution of equation (40) is R; = 0.255857... and M + g(R;) = 0.0900 < 1,
the solution of equation (43) is Ry = 0.249559. .. and g(R2) + h(R2) = 0.1092 < 1,
the solution of equation (47) is Rz = 0.266861... and g(R3) = 0.05765 < 1/2.

Therefore, the hypotheses of Theorems 5.1, 5.2 and 5.3 are satisfied and guarantees that a unique solution
of equation F(z) = 0 exists in B(zg, R1), B(zo, R2) and B(xzg, R3), respectively. In Table 1 we can see the
numerical solution x* = (z},23,...,2)7 rounded to 25 decimal digits. In Tables 2-4, we show the errors
llen]l = ||x* — xnl|. Notice that the sequence vector {x,} is a good approximation of a solution of system (52)
x*. See the sequences {||F(xn)||} in Tables 2—4.

Table 1: Numerical solution x* of system (52) rounded to 25 decimal digits

1, 8 | 1.01828 86072 13729 05525 34942
2,7 | 1.0872823580289716117751721
3,6 | 1.17630 98552 66267 71573 67023

4,5 | 1.23851 6426740874 94479 39584

The numerical computations were performed using the MPFR library of C++ multi-precision arithmetics [8,17]
with 4096 digits of mantissa. All algorithms were compiled by g++(4.2.1) for i686-apple-darwinl with 1ibgmp
(v.5.0.2) and libmpfr (v.3.1.0) libraries in a processor Intel® Xeon E5620, 2.4GHz (64-bit machine). In
this machine the quotient and product ratio is £ = 1.731.

The following classical stopping criterium

llerll = lzr — af| > 107 and |ler41]| < 107", where v = 4096,
is replaced by
llér|l > 107" and ||ér4+1]] <1077, where n=[v(p—1)/p], (53)
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Table 2: Absolute errors obtained by method (39) and || F(xy )] for system (52)

exl

[EXEN]

—H O ©o IO Ul W~ O3

—_

2.38e—0001
6.05e—0003
3.86 ¢ —0006
1.57e—-0012
2.59e—-0025
7.04e—-0051
5.21e—-0102
2.85e—0204
8.51e—0409
7.60e—0818
6.07e—1636
3.87e—3272

1.85e—-0001
4.67e—0003
2.99e—-0006
1.21e—-0012
2.00e—0025
9.44e—-0051
4.02e—0102
2.20e—-0204
6.58 e—0409
5.88e—0818
4.69e—1636
2.99e—-3272

Table 3: Absolute errors obtained by method (42) and || F(xy )] for system (52)

len]]

£ ()

O Uk W~ O3

2.38e—0001
2.32e—0004
2.18e—-0013
1.79e—-0040
9.98e—0122
1.72e—-0365
8.71e—1097
1.14e—-3290

1.85e—0001
1.79e—-0004
1.69e—-0013
1.39e—-0040
7.71e—0122
1.33e—-0365
6.73e—1097
8.82e—3291

Table 4: Absolute errors obtained by method (46) and || F'(xyn)]|| for system (52)

[en]|

[1F(xn)|

Tk W N~ O3

2.38e—-0001
9.00 e —0006
1.88e—-0023
3.52e—0094
4.34e—-0377
1.01e—1508

1.85e—0001
6.95e—0006
1.45e—-0023
2.72e—-0094
3.36e—0377
7.80e—1509

where the infinity norm is used (see [11]). Moreover, &, is obtained by

y < Fr(2n) )
en = | m—/—< .
Fr(xn—l) 1<r<m

Note that this criterion is independent of the knowledge of the root.

(54)

To evaluate the numerical efficiency of each method, we compute the factor % (see [10]); that is, for each
iteration n we get the precision (number of correct decimals) D,, in computational time ©(D,,) (elapsed time
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from Dy to obtain D,, correct decimals), where

Dy, = —logy [lenll = —

P o
1 logy [|€nll- (55)

We approximate the pairs (log D, é(Dn)), 1 <n < I, in the sense of least-squares, by a polynomial of degree
one, where the slope  is computed; namely, % is a coefficient that measures the time of execution in function
of the approximate number of correct decimals. That is:

O(Dy) = k(log Dy — log Dy).

Taking into account this slope, we compare the time factor TF with the computed time factor TF defined by

77 _ D) 1

~TF = ———
logCEI’

K
t, logg t, (56)

where t,, is the necessary time spent by one product and ¢ = D;/Dj.

In these experiments we calculate the computational order of convergence p, called PCLOC and defined in [11],
by

og|[Pn)ll

log || F'(zr-1)]|

If p = p£Ap, where p is the local order of convergence and Ap is the error of PCLOC, then we get Ap < 1072,

This fact means that, in all computations of PCLOC, we obtain at least three significant digits and this result
is a good test of the local order of convergence of the iterative family presented in this paper.

ﬁ:

Table 5 shows the results obtained for the iterative methods ®;, 1 < k < 3. It is shown the measure time
factor TF defined in (56), the necessary time ©(Dj) in miliseconds to reach the I-iteration, the number Dy

of correct decimals in zj, the slope & and the computed time factor TF. Furthermore, the last column shows
the percentage of relative error r;, between TF and TF.

Table 5: Numerical results for the non linear system (52).

TF 1 ©(D;) D i TF  rpp

®; 3379 11 169.46 3271 51.52 3434 1.65
Py, 2429 7 124.22 3290 37.35 2490 2.51
®; 2161 5 97.50 1508 32.95 2197 1.66

Notice that the preceding results agree with the theoretical ones exposed previously. Observing the computed
time factor T'F of the different methods, we conclude that they also agree with the computational efficiency
index C'ET or the time factor TF. Moreover, the inequalities

CEIg > CFEI; > C’.E.I'l7

are in concordance with those of Theorem 4.1.

7 Concluding remarks

We present, in this paper, a generalization of a family of Steffensen-type methods with three frozen steps for
solving nonlinear equations. A local convergence analysis of this family is given, where three specific divided
difference operators are considered and studied in detail. Besides, we obtain four families of iterative methods
with optimal local order of convergence.
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Also, new variants of the families are constructed and a study of their computational efficiencies is carried
out. We also analyze the semilocal convergence of these variants. Moreover, an application of a nonlinear
integral equation of mixed Hammerstein type is presented, where the use of multiple precision and a stopping
criterion are implemented without using any known root.

Finally, where we compare the orders, efficiencies and elapsed times of the suggested methods that support
the theoretical results claimed. We point out that the real efficiency of each method is related to the slope of
the lines in the sense of least-squares.
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