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(UAQO). It includes the POWAWA operator as a par-

ticular case and a lot of other aggregation operators. Its
Abstract main advantage is that we can use a lot of sources of
- . information including several probabilistic or weighted
We develop a new model for fuzzy decision making aggregations in the analysis.

tbhased Cin .thevl\;se. cif Zevera;lhsofurces oflfllnfgrmatmn N "One limitation of the previous models is that they as-
€ analysis. Ve Introduce the fuzzy unified aggrega- g, e that the available information is clearly known

tion operator (FUAO). It is an aggregation operator that and can be assessed with exact numbers. However, in

unifies other aggregation operators in the same formula-real world problems we may find a lot of situations

tion and_con5|der|ng _the degree Of_ Importance O.f eaCh\Nhere the available information is imprecise and can
concept in the analysis. Moreover, it also deals with un- not be assessed with exact numbers. Therefore, it is

certain environments that can be assessed with fuzz%ecessary to use another approach such as the use of
numbers. We study the applicability of this new ap- fuzzy numbers (FNs)

?roach arllt(_j we seedthqt .'t IS velr<y broadt.JIWe focusdpn a The objective of this paper is to introduce a new
tzzzy Imut' |—perfsotn tec_|S|on makKing problem regarding ,,4e| that it is able to deal with fuzzy environments
€ selection of strategies. when dealing with the UAO operator. Therefore, we

_ introduce the fuzzy UAO (FUAO) operator. Its main
Keywords: Fuzzy numbers; OWA operator; Weighted advantage is that it can assess very complex environ-

average; Probability; Decision making ments by using a wide range of aggregation operators
and in an uncertain environment where the imprecise
1. Introduction information can be represented by using FNs. More-

over, it can represent the degree of importance that each
The aggregation operators are very common in ourfuzzy aggregation operator has in the analysis. It in-
lifes [1,4,20-21]. One of the most common ones is the cludes a wide range of aggregation operators such as
weighted average and the probability. They aggregatethe fuzzy weighted average (FWA), the fuzzy OWA
the information giving different weights to the informa- (FOWA) operator, the fuzzy probabilistic aggregation
tion. They have been used in an extremely wide range(FPA), the fuzzy average (FA), the fuzzy POWAWA
of disciplines [6-7,17,27]. Another very useful aggrega- (FPOWAWA) operator and many others.
tion operator is the ordered weighted averaging (OWA) We study the applicability of this approach and we
operator [22]. Its main advantage is that it provides asee that it is extremely broad because all the previous
parameterized family of aggregation operators betweenstudies that use the average, the weighted average, the
the minimum and the maximum. Since its introduction probability, the OWA operator or a related aggregation
it has been used in a wide range of applicationsoperator can be revised and extended with this new ap-
[11,15,18,29-30,33]. proach because we can always reduce the model to the
These aggregations can be used individually but theyclassical approach. We focus on a fuzzy multi-person
can also be formulated in a unified model that includes decision making problem regarding the selection of
them as particular cases. Recently, Merig6 [6] intro- strategies. By using a multi-person analysis we are able
duced the probabilistic OWA weighted average to formulate the multi-person FUAO (MP-FUAQO) op-
(POWAWA) operator. It unifies the probability, the erator. Its main advantage is that it can assess the
weighted average and the OWA operator in the sameFUAO operator when there is an interaction between
formulation and considering the degree of importancethe opinion of several persons in the analysis. It in-
that each concept has in the aggregation. cludes a wide range of particular cases such as the
However, the POWAWA operator only considers multi-person FPOWAWA (MP-FPOWAWA) operator
one weighting vector for the probability, one for the and the multi-person fuzzy probabilistic weighted aver-
weighted average and one for the OWA operator. Thisaging (MP-FPWA) operator.
formulation is practical for simple problems where we  This paper is organized as follows. In Section 2 we
do not have many sources of information. However, it briefly describe the some basic concepts regarding the
seems to be incomplete when we deal with complex en-FNs, the weighted aggregation operators, the OWA op-
vironments affected by a wide range of sources of in-erator and the UAO operator. In Section 3 we introduce
formation. the FUAO operator and in Section 4 we develop an ap-
In order to overcome this issue, Merig6 [8] has sug- plication in a fuzzy multi-person decision making prob-
gested the use of the unified aggregation operatorlem. In Section 5 we present an illustrative example and
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in Section 6 we summarize the main conclusions of the n

paper. WA @y, ...,an) = X Wa 2
i=1

2. Preliminaries whereg; represents thigh argument variable.

Other extensions of the weighted average are those
In this Section we briefly review some basic concepts that use it with the OWA operator such as the WOWA
regarding the fuzzy numbers, the weighted aggregationoperator and the hybrid averaging (HA) operator
operators, the OWA operator and the UAO operator.  [19,21].

2.1. The fuzzy numbers 2.3. The OWA operator

A FN A is defined as a fuzzy subset [31] of a universe The OWA operator was introduced by Yager [22] and it
of discourse that is both convex (i.@aAxy + (1= A)X, provides a parameterized family of aggregation opera-
> min(ua(Xy), Ha(X2)); for Oxq, % O RandA O [0, 1]) tors between the maximum and the minimum. It can be
and normal (i.e., Sypr ta(X) = 1). defined as follows.

Note that the FN may be considered as a generaliza-
tion of the interval number although it is not strictly the Definition 2. An OWA operator of dimension is a
same because the interval numbers may have differentmappingOWA R' — R that has an associated weight-
meanings. In the literature, we find a wide range of FNsing vectorW of dimensiom with anle =1 andw; O
[2-3,5-7,10,12,32] such as the triangular FNs (TFNs), ) :
the trapezoidal FNs (TpFNs), the interval-valued FNs [0, 1], such that:
(IVENS), the intuitionistic FNs (IFNs) and the general- .
ized FNs (GFNSs). - .

For example, a TpFM of a universe of discourde OWA@y 2---s ) J-Z::lw’ b, ®)
can be characterized by a trapezoidal membership func-

tion (a—cut representationA= (a,a) such that whereb; is thejth largest of the.

Note that it is possible to distinguish between the de-
aa)=gt+ta(ap—a), scending OWA (DOWA) operator and the ascending
Aa) = a, - aay - ag). (1) OWA (AOWA) operator [22]. The OWA operator is
commutative, monotonic, bounded and idempotent.
Different types of OWA operators can be used in the

whereg U [0, 1] and parameterized byu(a;, as, _a4) analysis by using a different expression of the weight-
wherea; < a, < az < a4, are real values. Note thataf = ing vector [13,17,24]

a, = az = a4, then, the FN is a crisp value andjf= as,
the FN is represented by a TFN. Note that the TFN can
be parameterized by, a,, a,).

In the following, we are going to review some basic The unified aggregation operator (UAO) [8] is an ag-
FN arithmetic operations as follows. L&&ndB be two  gregation operator that unifies a wide range of other ag-

2.4. The unified aggregation operator

TFNs, whereA = (ay, &, as) andB = (by, by, bs). Then: gregation operators in the same formulation and consid-
ering the degree of importance that each concept has in

1. A+B=(as+bya +bya3+by) the aggregation. Its main advantage is that it can repre-

2. A-B=(a—bsa—byas-hy) sent the information in a more complete way because it

3. Axk=(kxaykxa,, kxag); fork> 0. can deal with a wide range of aggregations that consider

several sources of information. It can be defined as fol-
Note that other operations could be studied but in thislows.
paper we will focus on these ones. For more complete

overviews about FNs, see for example [3,5-6]. Definition 3. A unified aggregation operator of dimen-
sionmis a mappindJAO: R" x R" . R, that has an as-
2.2. Weighted aggregation operators sociated weighting vectdZ of dimensionm represent-

) ) ) ing concepts with a degree of importanceGaf such
Weighted aggregation operators are those functions thafy, 5+

weight the aggregation process by using the weighted
average. Some examples are the aggregation with the m n
weighted average or with belief structures that use the UAO(ay, ...,a) = 2> onv\f‘ai 4)
weighted average [9,16,23]. The weighted average can h=li=1
be defined as follows.

whereC,; is the degree of importance that each concept
Definition 1. A WA operator of dimension is a map-  has in the aggregation witiC, O [0, 1] and
ping WA: R" — Rthat has an associated weighting vec- zhm:lch =1 WIh is theith weight of thenth weighting

tor W, withw; [0 [0, 1] andY{L; w; =1, such that o -
vectorWwith wi" 00, 1]and,;,;w; =1.
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The UAO operator is monotonic, bounded and idem-  Another interesting issue to consider is that if some
potent. Note that if some of the aggregation operatorsof the weighting vector$\" or C do not sum up to one,
used are not ordered accordingitdhen, we have to then, we have to normalize the information. Note that
adapt the reordering of this aggregation to the initial this situation is very common when the weighting vec-
ordering. tors are represented with imprecise information such as

interval or fuzzy numbers. That is:

3. The fuzzy unified aggregation operator _
1 Do GWg

The fuzzy unified aggregation operator (FUAO) is an  FUAO (&, ....,&) = ——= — (6)
: i . L. Cp h=1i=1 Y, W
aggregation operator that unifies other fuzzy aggrega 2h=1Ch i=1"i
tion operators in the same formulation and considering
the degree of importance that each concept has in the
aggregation. Moreover, it is able to assess uncertain en-
vironments that can not be assessed with exact number
but it is possible to use FNs. Thus, we can represent thé

imprecise information considering the minimum and he a= e T?r atl)l L tf&er&, ';UAO (alihm’FgL\Jn?Aé FUAO (e%., .
maximum and the possibility that the internal values " €). It is bounded because the aggregation 1S

will occur. Furthermore, it can represent the informa- ?helltrr:gatid b)(/j the m'”'mt“”_‘ andt tr|1e maximum. I'_\I%ted
tion in a more complete way because it can deal with a at the .?Lén arydpropetrhy IS n? alwatys accc;mp IShe

wide range of aggregations that consider subjective an({?ecause It dépends on the particular types of aggrega-
ion operators used. Thus, if we use for example a

objective information, the attitudinal character of the
decision maker and a lot of other concepts. It can be de_heavy OWA (HOWA) operator, then, the boundary
fined as follows. property is not acc_omp_llshed_. _

Another interesting issue is to analyze a wide range
of particular types of FUAO operators. In this paper, we
give special attention to situations that use the fuzzy
probabilistic aggregation (FPA), the fuzzy weighted av-
1:erage (FWA) or the FOWA operator but it is worth not-
ing that we could consider a lot of other aggregation
operators including the use of induced aggregation op-
. erators [14,17,28], norms [26] or generalized aggrega-
> Ch\TWhai (5) tion operators [1_3,17,25]. _
=1 First, we consider some basic cases such as the fuzzy

probabilistic OWA weighted average (FPOWAWA)
where4; are the arguments represented in the form of Operator, the fuzzy probabilistic OWA (FPOWA), the
fuzzy OWA weighted average (FOWAWA), the fuzzy
N probabilistic weighted average (FPWA), the FOWA,
has in the aggregation withCy, O [0, 1] and the FWA and the FPA. The FPOWAWA operator is

m & _q =h . . N obtained if we use the WA, the probability and the
2h=1Cn =1, W is theith weight of thenth weighting OWA in the same formulation. The FPOWAWA opera-

vectorW with W 0 [0, 1] andZ{Ll\Tvi“ =1. tor is formulated as follows:

Note that sometimes, it is not clear how to reorder the ~ L
arguments. Thus, it is necessary to establish a criterionFPOWAWA(al’ oo o) =
Wh+G
1 i

The FUAO operator is monotonic, bounded and
empotent. It is idempotent becausé;if a, for all i,
en,FUAO (&, ..., &, =a. It is monotonic because if

Definition 4. Let ¥ be the set of FNs. A FUAO opera-
tor of dimensiorm is a mappindFUAO: ¢" x &' _, ¢
that has an associated weighting ve€@af dimension

m representing concepts with a degree of importance o
C,, such that:

FUAO(&y, ..., &) =

1 M3

h

FNs, éh is the degree of importance that each concept

]

for ranking FNs. For simplicity, we recommend the fol- =G Ba @

lowing method. Select the FN with the highest value in i
its highest membership level, usually, whes 1. Note

that if the membership levet = 1 is an interval, then, Note that we could also express it as:

we calculate the average of the interval. If there is still a

tie, then, we recommend the use of an average or a _ _ _

weighted average of the FN according to the interests of (&, ..., &) = CFOWA G FWA+ GFPA (8)
the decision maker. Note that in the literature we find a ) ) ) )
lot of methods for ranking FNs [3,5-6]. From this fgrmulatlon, we could automatically obtain

The FUAO operator can be used with different types the other basic cases as follows:
of FNs such as triangular FNs (TFNs), trapezoidal FNs* If C1=1, we get the OWA (OWA) operator.
(TpFNSs), interval-valued FNs and type 2 FNs. + If C;=1, we get the WA.

Note that if some of the aggregation operators useds If C;=1, we get the probabilistic aggregation (PA).
are not ordered according itosuch as the fuzzy OWA « If C;= 0, we form the probabilistic weighted aver-
(FOWA) operator, then, we have to adapt the reorder- age (PWA).
ing of this aggregation (FOWA) to the initial ordering. « If C,= 0, we form the probabilistic OWA (POWA)
That is, with the FOWA, we reorder the weiglsac- operator.
cording to the initial positions of the arguments « If C3= 0, we form the OWAWA operator.

Ms>
Ms>

V3 +G
1

i=1
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Note that it is also possible to consider partial cases The same analysis could be developed for the fuzzy
becauseC;, C, and C;, are interval numbers. Thus, in probabilistic aggregation (FPA). For example, for three
one part of the interval we can consider the FPOW- FPAs, we obtain:

AWA or any other case, nut not in the other part of the

interval. For example, if we consid€ = [0, 0,1], for FUAO (&, ..., 8, = @FPA+ GFPAR+ GFPA3 (16)

the lower part of the interval we use a FPOWA operator

and for the upper part the FPOWAWA operator. _ We can also develop a similar analysis for the

Further interesting aggregations could be formed if oA operator by forming two, three and more
we consider several different aggregations of the same-qwas in the aggregation. For example, for four

type. Note that when using only one aggregation, we powa aggregations we get the following aggregation
are implicitly assuming that we have summarized the operator:

information of two, three or more aggregations in one.
That is: FU~AO (A, ---:_?n) - _ )
WA= Cy x WA +C, X WA @ = 1CFOWA LFOWA+ GFOWA+ GFOWAL (17)
such that: A similar methodology can be developed with the in-
duced OWA (IOWA) operator [12]. For example, the
(Vi ooy Vi) =C1 X (Wa, ooy W) + Co X (Xg, .y ) (10) FIOWAZ2 is formulated as follows:

with FUAO (4, ..., &) = GFIOWA 1+ C,FIOWA 2 (18)
Vi=Crxw+Coxx (11) Next, we present some other aggregations that use
. — FOWAs, FWAs and FPAs in the same formulation. For
In general, fqllowmg Def|n|t|on_4, we have th.e fql- example, let us look to the FP20WAWA?2 operator.
lowing expression when converting all the weighting 15t is an aggregation operator that uses two probabil-
vectors into a representative one: istic vectors. one WA and one OWA:

m -~ X X —
FUAQ, = 3 Chl (12) FUAO(@Ew ..d)= - -
h=1 = CFRA L FPA CFOWW G FWA+ GFWA2
(19)
Note that if one of the weighting vectors does not
sum up to one, have to use: Another interesting case is the FPOWAWA2 opera-
tor that uses one FPA, one FOWA and two FWAs:
1 M~ 4
FUAO, = —— zChW (13) 3 a,) =
awh & I FUAO~(a1, anl

= LCFRPA ¢ FOWB+ G FWA+ GFWA2 (20)
From this, we can develop a wide range of methods
for transforming a simple weighting vector into a more  In this way, we could consider more and more com-
complex structure. Among others, we could mention plex fuzzy aggregations such as the FP20WA2WA?2,
Dempster-Shafer belief structures, hierarchical aggregathe FP3OWA3WA3, and so on. Finally, we could imag-
tions and multi-person aggregations [9,14]. Note thatine extremely complex situations where we consider
with aggregations that develop a reordering processhundreds, thousands, etc., of fuzzy aggregations in the
such as the OWA operator, we have to adapt the reoranalysis like a FP4000WA200WA700 operator. Note
dering to the initial one in order to aggregate the that these fuzzy aggregations are very common in the
weights as explained in Eq. (13). real world because the real high quality analysis that
If we consider the use of two weighted averages, areally represents the world should be assessed with this
typical situation when using two different subjective type of constructions. The situation in the present is that
sources of information, we get the following: a lot of problems that should be assessed with these
models are treated in an intuitionistic way. That is, peo-
FUAO (4, ..., &) = ~(];FWA+ EIZFWAZ (14) pl_e make analy_sis_and de<_:isions with their intuition and
with some partial information that they have. Thus, we
make some kind of simplification similar to the trans-
formation explained in Eq. (12) and (13). But the real
~ - ~ model behind this should be assessed with the FUAO
FUAO (5.1, veey én) = pFWPd' Q FWAR+ CQFWFG (15) operator_
Some simpler constructions could be considered by
And so on. Note that we put a number to each FWA only using two of these concepts, thus obtaining the
in order to distinguish each fuzzy weighted average. FPWA, the FPOWA or the FOWAWA operator. For
example, we could form the FP2WA2 aggregation:

If we use three weighted averages, we get:
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FUAO (&, ..., &, = 4. Fuzzy multi-person decision making with the
= CFP+ G FPA+ G FWA+GFWAR (21) FUAQ operator

The FUAO operator can be implemented in a lot of

fields including statistics, decision-making, engineer-

. . ing, biology, physics and economics. In summary, all of

FUAO(&y, ....8) = N the studies that use the probability, the weighted aver-

= CFPA ¢ FPA+ G FOWA+ GFOWAR (22) age or the OWA, can be revised and extended with this
new approach.

Or the FP20WA?2 aggregation:

Or the FOWAWA3 operator: In this paper, we focus on a fuzzy multi-person de-
cision-making application in strategic management re-
FUAO (&, ..., &) = garding the selection of general strategies in a company.

_ - ~ = Note that the use of a fuzzy multi-person analysis pro-
= (CFOWA & FWER GFWR+ GFWA  (23) vides a deeper knowledge of the problem because usu-

o ally, the decisions involve the opinion of a lot of peo-
In a similar way, we could construct a lot of other e The process to follow in the selection of general
aggregation operators depending on the specific NeceSgirategies with the FUAO operator in fuzzy multi-

sities needed in the analysis. , person decision making can be summarized as follows.
Some other interesting formulations are found when

the FPA, the FWA or the FOWA become the fuzzy  Stepl: LetA={A; A, ..., A} be a set of finite al-

arithmetic mean (FAM). That is, whew = 1h for alli. ternatives, an€ = {S,, S, ..., S}, a set of finite states

If the FPA becomes the FAM, then we get the FA- of nature, forming the matrixég)mn. LetE = {E;, B,

MOWAWA operator. If the FWA becomes the FAM, .., Eq} be a finite set of decision makers. Let= (z,

we form the FPOWAAM operator. And if the FOWA 2, ..., Zy) be the weighting vector of the decision mak-

becomes the FAM, we get the FPAMWA operator: ers such thatrd_ z =1 andz U [0, 1]. Each decision
Some other cases are found if some of the weightingmaker provides their own payoff matrigig{) «n.

vectors become the AM but some others do not. For ex- o

ample, in the FP20WAWA3 we could assume that one _ Step2: Calculate the weighting vectors of the FPA,

FPA, and two FWA become the FAM thus obtaining FWA and FOWA to be used in the FUAO aggregation.

the FPOWAWAAM3 operator: In general, we assume the followihth weighting vec-

tor for the FUAO: W' = (WP,WQ,...,WR) such that
FUAO (&, ..., &) =

_ CFPA GFOWA GFWAL+ ”

G FAML+ G FAM2+ CsFAM3 Step3: Use another FUAO (for simplicity we con-
sider a FWA) to aggregate the information of the deci-

Note that the FAM provides the same result in all the >'°" Tiﬁeéfegzltuisslrt]r?etrc]:(ce)l\lgilt?vhetmg V;?tfajrﬁzl.i 2
cases, thus, we could simplify this formulation as fol- """ Z)- — pay! Boilrn-
lows: Thus, x; = Y0, z&5; -

>how'=1and vvih 0 [o, 1].

FUAO (s ... &) = FURG operator explained i £4 (5). Consider cfferent
CFPA £FOWA GFWA+(GCy+ G5+ Co)FAM (25) particular cases of the FUAO operator in order to obtain

_ ) o a better representation of the decision process.
Other interesting situations appear when we use the

fuzzy maximum and the fuzzy minimum in the FOWA  Step5: Adopt decisions according to the results
aggregation because we are establishing the bounds adound in the previous steps. Select the alternative/s that
cepting the information obtained in the FWA and in the Provides the best result/s and establish a ranking of the
FPA. For example, in the FPOWA3WA?2 operator we alternatives.

could use the maximum, the minimum and the FPOW-  Note that this aggregation process can be summa-

AWA2Z operator, thus obtaining: rized using the following fuzzy aggregation operator
_ _ _ that we call the multi-person — FUAO (MP-FUAO) op-
CFPA GFOWA- GFWAL+ erator.

FUAO(&y, ..., 8,) = - _ (26)
G FWAR + GFMax+ CgFMin
Definition 5. Let ¥ be the set of FNs. A MP-FUAO
Note that a lot of other semi-boundary conditions ap- operator is a mappinglP-UAO. ¥ x ' — Wthat has

pear depending on the type of aggregation operator, ighti to of di . ith $°¢ -1
used in the problem. Note also that by using severala weighting vectoz of dimensiong with 2., 2

families of FOWA operators, we could form a lot of @ndz U [0, 1] andm weighting vectorsV of dimension

other cases such as the step-FOWA, the olympic-n with Zin:lwih =1 andw O [0, 1], such that:
FOWA and the centered-FOWA [17,24].
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MP-FUAQ((&, ..., &%, ..., @, ...,4.0) = 5. lllustrative example

m n i i i
_ = ~hx In the following, we present an illustrative example
B ZZ Govi'ay  (27) of the new approach in a fuzzy multi-person decision-
making problem regarding the selection of strategies.
Assume a company that operates in Europe and

where Cy, is the degree of importance that each conceptNorth America is planning its general strategy for the

) ) o~ next year and they consider four possible alternatives:
has in the aggregation withCy, O [0, 1] and

>m.Cy=1, 3 =207% aX and 3 is the argument * Ai: Expand to the Asian market.
variable provided by each person (or expert). : AZ: Expand to the Sogth American market.
The MP-FUAO operator accomplishes similar prop- * Ag: Expand to the African ma_rket.
erties than those explained in Section 3. Thus, we can * A« DO not make any expansion.
find as special cases: . . .
After careful analysis of the information, the group
«  The multi-person - FFOWAWA (MP-FPOWAWA) of experts of the company establishes the following
operator. general information regarding the general strgtegies.
. The multi-person — FPA (MP-FPA) operator. They assume that thg key factor that determines the
+ The multi-person — FWA (MP-FWA) operator. benefits of the strategies depend on the state of nature

. that occurs in the future. In this example, we assume
* The multi-person — FOWA (MP-FOWA) operator. o potential states of nature that may o8&r{S,, S,,

e The multi-person — FOWAWA (MP-FOWAWA). S, S S):

e The multi-person — FP30OWA2WA3 operator.

e The multi-person — FP20WA2WA3 operator. « Si: Negative growth rate.
» The multi-person — FP3000WA200WAG600. « S, Growth rate close to O.
* The multi-person — FP20000WA4000WA9000. « Sy Positive growth rate.

* Etc. « S;: High growth rate.

* S Very high growth rate.
The MP-FUAO operator accomplishes similar prop- S yhgng

erties than the FUAO and related aggregation operators 1,4 group of experts of the country is constituted by

such as the FPOWAWA operator. Thus, in general, it i 3 yorsons, each offering their own opinion regarding the

monotonic, idempotent and .bounded. Note that th_eseresults obtained with each strategy considered. The re-
properties are not always fulfilled because we may find

’ X sults are shown in Tables 1, 2 and 3.
particular aggregation operators of the FUAO that does Next, we aggregate the information of the three ex-

not accomplish them such as a heavy aggregation. perts to obtain a collective matrix. We use the FWA to
obtain this matrix by assuming that= (0.2, 0.3, 0.5).
The results are shown in Table 4.

Table 1: Expert 1.

S S S S S
A [40,50,60] [60,70,80] [30,40,50] [50,60,70] [40,50,60]
A [10,20,30] [50,60,70] [70,80,90] [60,70,80] [20,30,40]
Ag [30,40,50] [40,50,60] [70,80,90] [20,30,40] [50,60,70]
Ay [20,30,40] [30,40,50] [50,60,70] [60,70,80] [70,80,90]
Table 2: Expert 2.
S S S S S
A [10,20,30] [60,70,80] [30,40,50] [30,40,50] [70,80,90]
A [20,30,40] [50,60,70] [30,40,50] [60,70,80] [60,70,80]
As [40,50,60] [40,50,60] [70,80,90] [30,40,50] [20,30,40]
Ay [20,30,40] [20,30,40] [60,70,80] [60,70,80] [70,80,90]
Table 3: Expert 3.
S S S S S
A [10,20,30] [20,30,40] [30,40,50] [60,70,80] [70,80,90]
A [30,40,50] [50,60,70] [30,40,50] [40,50,60] [60,70,80]
As [40,50,60] [20,30,40] [70,80,90] [60,70,80] [20,30,40]
A [20,30,40] [30,40,50] [40,50,60] [60,70,80] [60,70,80]
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Table 4: Collective results.

S S S S S
A [16,26,36] [40,50,60] [30,40,50] [49,59,69] [64,74,84]
A [23,33,43] [50,60,70] [38,48,58] [50,60,70] [52,62,72]
As [38,48,58] [30,40,50] [70,80,90] [43,53,63] [26,36,46]
Ay [20,30,40] [27,37,47] [48,58,68] [60,70,80] [65,75,85]
Table 6: Aggregated results.
FMin FMax FOWA FUAO

A [16,26,36] [64,74,84] [35,45,55] [34.39,44.39,54.39]

A [23,33,43] [52,62,72] [39.7,49.7,59.7] [39.49,49.49,59.49]

As [26,36,46] [70,80,90] [37,47,57] [42.91,52.91,62.91]

A, [20,30,40] [65,75,85] [39.5,49.5,59.5] [39.24,49.24,59.24]

Now, we analyze how to establish the weighting vec- be assessed with FNs. Its main advantage is that it uni-
tor. In this example, we assume that we have two dif-fies several aggregation operators such as the FPA, the
ferent sources of fuzzy probabilistic information, three FWA and the FOWA in the same formulation and con-
different sources of FWA and one FOWA operator. sidering the degree of importance that each concept has
Note that for simplicity we assume that the weights arein the aggregation. Moreover, it can represent the real
exact numbers. This information is shown in Table 5.  world in a more complete way because it can consider

several sources of information, a typical situation when

Table 5: Weighting vectors of the FUAO. analyzing the heterogeneity of the real world. We have

Wy Wy W3 Wy Ws seen that it includes a wide range of particular cases in-
FPAL 0.3 0.2 0.2 0.2 0.1 cluding the FPA, the FWA, the FOWA, the FPOW-
FPA2 0.2 0.2 0.4 0.1 0.1 AWA, the FPWA, the FPOWA, the FOWAWA, the
FOWAL 0.1 0.2 0.2 0.2 0.3 FP3OWA2WA4 and many others.
FWAL 0.2 0.2 0.2 0.3 0.1 We have studied the applicability of the new ap-
Fwa2 0.4 0.2 0.2 0.1 0.1 proach and we have seen that it is very broad because
FWA3 0.3 0.3 0.2 0.1 0.1 all the previous studies that use the PA, the WA or the

OWA can be revised and extended with this formula-

Next, we can aggregate the information using se\/eraﬂion..we have focused On a fuzzy m_ulti-person decision
particular cases of the FUAO operators. In this exam-making problem concerning strategic management. By
ple, we consider the individual results obtained with Using a multi-person analysis, we have formed the MP-
each weighting vector, the fuzzy maximum, the fuzzy FUAO operator that provides a more flexible formula-
minimum, the FOWA and the FUAO aggregation. We tion because it can deal with the opinion of several ex-
assume the following degree of importance for each ag-perts in the analysis.
gregation operator shown in TableG= (0.2, 0.2, 0.1, In future research we expect to develop further de-
0.1, 0.2, 0.2). The results are shown in Table 6. velopments to this approach by adding more concepts

As we can see, the optimal choiceAis However, in the analysis such as the use generalized aggregation
sometimes it is interesting to establish a ranking of theoperators, distance measures and other forms of impre-
strategies because the optimal choice is not always th&ise information.
same. The results are shown in Table 7.
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