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Abstract

In this paper, we focus on the fusion of heterogeneous incomplete hesitant preference relations (including
hesitant fuzzy preference relations and hesitant multiplicative preference relations) under group decision
making settings. First, some simple formulae are developed to derive a priority weight vector from an
incomplete hesitant fuzzy preference relation or an incomplete hesitant multiplicative preference relation
based on the logarithmic least squares method. Based on the priority weight vector, an induced fuzzy or
multiplicative preference relation can be derived for an incomplete hesitant preference relation. More-
over, the consistency indices of hesitant fuzzy preference relations and hesitant multiplicative preference
relations are defined. Afterwards, an approach to group decision making based on incomplete hesitant
fuzzy preference relations and incomplete hesitant multiplicative preference relations is developed to deal
with group decision making problems with multiple decision organizations. Finally, three examples are

used to illustrate the proposed approach.

Keywords: preference relation; hesitant fuzzy set; group decision making; logarithmic least squares

1. Introduction

Group decision making (GDM) is a common activ-
ity occurring in human beings’ life, which usually
needs a group of decision makers to achieve the final
decision for a specific decision making problem !.
For actual decision making problems, preference re-
lation is a useful tool for decision makers to express
their preferences over alternatives through pairwise
comparisons >3. In recent years, a number of meth-
ods have been proposed to deal with GDM problems
with preference relations 4678,

The fuzzy preference relation is one of the most
widely used preference relations for actual decision
making problems. Given a set of alternatives X =

* Corresponding author.

{x1,x2,...,x,}, the degree to which the alternative
x; 1s preferred to x; is characterized by a member-
ship function up(x;,x;) € [0,1], then the fuzzy pref-
erence relation over the alternatives is represented
by a matrix P = (p;j)nxn, Where p;j = Up(x;,x;).
To avoid misleading solutions, two important issues
are usually considered for GDM with fuzzy prefer-
ence relations: (1) Individual consistency which is
used to measure the agreement degree among the
preference values provided by an individual deci-
sion maker ?; (2) Group consensus which is used to
measure the agreement degree among different de-
cision makers’ judgments '°. Up to now, different
models for checking and improving the consistency
and consensus for fuzzy preference relations have
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been developed. For instance, Herrera-Viedma et al.
1 put forward a new characterization of the addi-
tive consistency property of fuzzy preference rela-
tions and utilized the property to construct consis-
tent fuzzy preference relations from a set of n — 1
preference values. Ma et al. ' proposed an anal-
ysis method to check and improve the consistency
of a fuzzy preference relation based on graph the-
ory. Herrera-Viedma et al. '3 developed a consensus
model for GDM with incomplete fuzzy preference
relations by considering both the consensus and con-
sistency measures. Chiclana et al. ° defined the car-
dinal consistency for a fuzzy preference relation and
showed that cardinal consistency with the conjunc-
tive representable cross ratio uninorm is equivalent
to Tanino’s multiplicative transitivity property 4.
Moreover, they concluded that multiplicative transi-
tivity is the most appropriate property for modeling
cardinal consistency of a fuzzy preference relation.
Wu and Xu !> developed a concise consensus sup-
port model for GDM based on deviation measures
of fuzzy preference relations. Xia et al. !¢ proposed
some consistency and consensus models for GDM
with fuzzy preference relations based on multiplica-
tive consistency.

Due to the lack of knowledge and decision mak-
ers’ limited expertise, preference relations provided
by a decision maker are sometimes incomplete.
Thus, how to manage incomplete information for
GDM with preference relations is also a quite im-
portant issue '317:18:19.20.21 © Ag surveyed by Urefia
et al. 22, the technique for dealing with incomplete
fuzzy preference relations can be divided into two
categories. One is iterative approaches which esti-
mate the missing elements based on the consistency
property of fuzzy preference relations 224, and the
other is to estimate the missing preference values or
to directly derive the priority weight vector of al-
ternatives without previously completing the prefer-
ence relations through establishing some optimiza-
tion models !7+18:25.26.2728 = For a detailed review
about these techniques, readers can refer to Ref. 22.

To overcome the limitations of fuzzy sets the-
ory when dealing with imprecise and vague infor-
mation with different sources of vagueness simul-
taneously, some extensions of fuzzy sets were pro-

posed by scholars, such as intuitionistic fuzzy sets
2 type-2 fuzzy sets *°, interval-valued fuzzy sets
31 and fuzzy multisets 32. Considering the common
difficulty that often appears when the membership
degree of an element must be established and the
difficulty is not because of an error margin (as in
intuitionistic fuzzy set) or due to some possibility
distribution (as in type-2 fuzzy sets) 33-*, Torra and
Narukawa 3>3¢ defined the hesitant fuzzy set, which
allows the membership degree of an object to have a
set of possible values. The hesitant fuzzy set may be
helpful in the following two cases: (1) When provid-
ing assessments over alternatives, a decision maker
may have some hesitancy due to the uncertainty of
the environment and lack of knowledge. In this case,
the hesitant fuzzy set can be used to represent the
possible assessment values of the decision maker.
(2) For a GDM problem conducted within organi-
zations, each member of an organization may be re-
quired to provide assessments about the alternatives,
then the hesitant fuzzy set can be used to represent
the evaluation information of the organization, espe-
cially when anonymity is required to protect deci-

sion makers’ privacy or avoid influencing each other
37

Since the appearance of hesitant fuzzy sets,
much work has been conducted on the aggregation
of hesitant fuzzy elements 7, distance and similar-
ity measures for hesitant fuzzy sets *%° and deci-
sion making methods based on hesitant fuzzy sets 4°.
In recent years, research on hesitant preference rela-
tions has also received more and more attentions 3.
For instance, Zhu and Xu #! proposed the concept of
hesitant fuzzy preference relation (HFPR) and de-
veloped a regression method to transform HFPRs to
fuzzy preference relations with the highest consis-
tency level. Moreover, Liao et al. *? investigated
the multiplicative consistency of an HFPR and de-
veloped some algorithms to improve the group con-
sensus. Based on hesitant fuzzy linguistic term sets
43 Zhu and Xu * presented the concept of hes-
itant fuzzy linguistic preference relation and pro-
vided two optimization methods to improve the con-
sistency of a hesitant fuzzy linguistic preference re-
lation. Chen et al. > extended the hesitant fuzzy
set to interval-valued hesitant fuzzy set and defined
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the interval-valued HFPR, based on which they de-
veloped an approach to GDM with interval-valued
HFPRs. Zhu et al. 46 proposed some approaches to
deriving the ranking of alternatives based on HFPRs
using the a-normalization and the 3-normalization.
Recently, Xia and Xu 4’ defined the concept of
hesitant multiplicative elements and hesitant mul-
tiplicative preference relation (HMPR) and devel-
oped some approaches to managing hesitant infor-
mation in GDM problems with fuzzy and multiplica-
tive preference relations. For GDM problems with
HMPRs, Zhang and Wu *® defined the individual
consistency index and group consensus index, and
then developed a consistency and consensus-based
decision support model. Based on the concept of
HMPR, Zhu and Xu *° proposed the analytic hier-
archy process-hesitant GDM approach to deal with
decision making problem with hierarchal structures.

The previous research has significantly advanced
the research of GDM based on hesitant preference
relations. However, there are still some challenges
which need to be tackled: (1) For some GDM
problems with high uncertainty, decision makers
may have limited knowledge about the problems to
be solved, and incomplete hesitant preference re-
lations may be provided. However, there is lit-
tle research focusing on managing incomplete hes-
itant preference relations. (2) Most traditional ap-
proaches derive a ranking of alternatives from a hes-
itant preference relation based on the aggregation
operators of hesitant fuzzy elements and hesitant
multiplicative elements, which sometimes are quite
complex, as the dimension of the derived hesitant
fuzzy/multiplicative elements may increase signifi-
cantly. (3) Due to the differences of culture and ed-
ucation backgrounds, heterogeneous hesitant prefer-
ence relations may be provided by different decision
makers or organizations. However, there is no study
that is devoted to the fusion of heterogeneous (in-
complete) hesitant preference relations '

The main contribution of this paper is to tackle
the three challenges mentioned above, which is sum-
marized as below. First, motivated by the logarith-

mic least squares method %3192, this paper devel-
ops some formulae to derive priority weights from
an incomplete HFPR or an incomplete HMPR, and
then an approach to GDM based on heterogeneous
incomplete hesitant preference relations is proposed,
which can be used to deal with GDM problems
with multiple decision organizations. The proposed
GDM approach avoids the complex operations of
hesitant fuzzy elements or hesitant multiplicative el-
ements, and allows decision makers to express their
preference information flexibly.

The rest of this paper is organized as follows.
In section 2, some preliminaries related to hesitant
preference relations are presented. Afterwards, sec-
tion 3 develops some simple formulae to derive pri-
ority weights from an incomplete hesitant prefer-
ence relation. In section 4, an approach to GDM
with incomplete HFPRs and incomplete HMPRs is
proposed. Three examples are provided to illus-
trate the proposed approach in section 5, and sec-
tion 6 discusses the characteristics of the proposed
approach. Finally, some conclusions are drawn in
section 7.

2. Preliminaries

In this section, some preliminaries related to HFPRs
and HMPRs are presented.

Definition 1. (Saaty 1977) 2 Let X = {x1,x2,...,%,}
be a fixed set. A multiplicative preference rela-
tion over X is represented by a pairwise matrix
C= (Cij)nxn with CijCji = 1, 1/9 < Cij < 9, where
c;j denotes the ratio degree to which the alternative
x; is preferred to x;j, i, j € [ = {1,2,...,n}.

Definition 2. (Orlovsky 1978)3 Let X = {x,x2,...,
X, } be a fixed set. A fuzzy preference relation over
X is represented by a pairwise matrix D = (d;;)nxn
with d;; +dj; =1, 0 < d;; < 1, where d;; denotes the
degree to which the alternative x; is preferred to x;,
i,jel

Definition 3. (Tanino 1984) % Let D = (d;;)uxn be
a fuzzy preference relation, then D is called a mul-

i In this paper, when referring to an incomplete hesitant preference relation, it means an incomplete HFPR or an incomplete HMPR,
pap g p p p p
while heterogeneous incomplete hesitant preference relations mean different types of incomplete hesitant preference relations, i.e. HF-

PRs and HMPRs.
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tiplicatively consistent fuzzy preference relation if
d,'j > 0, dijdjkdki = djidkjdik for all i,j,k € I, and
such a fuzzy preference relation can also be given by

w ..
dij = 71 i,j €1, where w = (wy,wa,...,w,)T

Wi+ W;
is the priority weight vector of D, and w; >0, i € I,

Remark 1. Usually, there are two different scales
for a fuzzy preference relation D, including the 0-1
scale (i.e. d;j € [0,1], i,j € I) and the 0.1-0.9 scale
(ie. dij €[0.1,0.9], i,j € I). According to Defi-
nition 3, d;; > 0 is usually assumed when the mul-
tiplicative consistency of fuzzy preference relations
is used. To facilitate the transformation between a
fuzzy preference relation and a multiplicative pref-
erence relation, the 0.1-0.9 scale is applied in this
paper when the multiplicative consistency is used for
a fuzzy preference relation.

To allow the membership degree of an object to
have a set of possible values, Torra and Narukawa
3536 defined the hesitant fuzzy set as below.

Definition 4. Let X be a fixed set, a hesitant fuzzy
set on X in terms of a function that when applied
to X returns a subset of [0, 1] *°. To be easily under-
stood, Xia and Xu 37 expressed the hesitant fuzzy set
by a mathematical symbol E = {(x,hg(x))|x € X},
where hg (x) is a set of some values in [0,1], denoting
all the possible membership degrees of the element
x € X to the set E. For convenience, h = hg(x) is
called a hesitant fuzzy element.

Definition 5. (Zhu & Xu 2013) *! Let X =
{x1,x2,...,x,} be a fixed set, where x; denotes the
i th alternative, i € I, then an HFPR A over X is de-
noted by a matrix A = (a;j)nxn, Where a;; = {afj\s =
1,2,...,1;;} is a hesitant fuzzy element indicating
all the possible degrees to which the alternative x;
is preferred to x;. Moreover, g;; should satisfy the
following conditions:

a7 a5l — 1 € [0,1),

ij Ji ij
ajj = {OS}JU = ljl',S S Sij = {1,2,...,lij},i,j el,
(h

where {o(1),0(2),...,0(l;;)} is a permutation

of {1,2,...,1;;} such that a7 < o)

ij ij’s:

o(s)

ij is the s th smallest element in

2,3, v ,l,‘j, ie. a

aij, i,jel
Based on the multiplicative consistency of fuzzy

preference relations (i.e. Definition 3), a multiplica-

tive consistent HFPR is defined as follows.

Definition 6. (Zhu, Xu & Xu 2014) %0 Let
A = (ajj)nxn be an HFPR, where a;; = {aj;|s =
1,2,...,0;j} is a hesitant fuzzy element, i, j € I. If
the following convex feasible region

T| Wi
wi+wj

O={w=(wi,wa,...,wp) € ajj,

2

n
wi>0,i,jel,Y wi=1}
i=1

is non-empty, then A is a multiplicative consistent
HFPR.

Remark 2. According to Remark 1, it is assumed
that a;; € [0.1,0.9] when the multiplicative consis-
tency is used for an HFPR.

Definition 7. (Xia & Xu 2013) 7 Let X be a fixed
set, a hesitant multiplicative set on X is defined as
F = {(x,tp(x))|x € X}, where 77 (x) denotes the set
of possible multiplicative preference information of
the element x € X to the set F and t7(x) C [1/9,9],
Vx € X. For convenience, t = 5 (x) is called a hesi-
tant multiplicative element.

Definition 8. (Xia & Xu 2013) 47 Let X =
{x1,x2,...,x,} be a fixed set, where x; denotes the
i th alternative, i € I, then an HMPR B over X is de-
noted by a matrix B = (b;j)nxn, Where b;; = {b};|s =
1,2,...,1;;} is a hesitant multiplicative element in-
dicating all the possible ratio degrees to which the
alternative x; is preferred to x;. Moreover, b;; should
satisfy the following conditions:

O(ljj—s+1)

(s) 1 s
b;;"'by; =1,b;; €[1/9,9],

b= {1}7lij = lj,',S S S,‘j = {1,2,...,lij},i,j el,
(3)

where {8(1),8(2),...,0(l;j)} is a permutation

of {1,2,...,1;} such that b3°" < b2, s =

2,3, ie. b))

bl‘j, i,jel.

is the s th smallest element in
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As a multiplicative preference relation C =
(¢ij)nxn can be transformed into a fuzzy preference
relation D = (d;j)nxn by 33,54

dij

el “)

Cij
1+cij
the following theorems are introduced to achieve the
transformation between an HFPR and an HMPR.

Theorem 1. Let B = (bjj)nxn be an HMPR, then

it can be transformed into an HFPR A = (ajj)nxn
where a;j = {aj;|s = Jij} and
S'
afj 1+b‘ s €8ij,i,j €L 5)

Theorem 2. Let A = (ajj)nxn be an HFPR, then it

can be transformed into an HMPR B = (bjj)nxn,
where bij = {b;|s =1,2,...,1;;} and
as.
1l o .
b?j:ﬁ,SESij,l,]El. (6)

ij

Theorem 3. Let A = () nxn be an HFPR. If we first
transform it into an HMPR B = (b;)nxn by Eq. (6)
and then transform B into an HFPR A’ = (a, Pnxn by
Eq. (5), where a;j = {a;j-,s =1,2,.... L} i,j €1,
then A =A'.

The proofs of Theorems 1-3 are provided in Ap-
pendix A.

Theorem 4. Let B = (b;;)nxn be an HMPR. If we first
transform it into an HFPR A = (a,])nxn by Eq. (5)
and then transform A into an HMUPR B = (bl j)an
by Eq. (6), where bij = {bij.|s =1,2,... .} i,j€1,
then B=B'.

Proof. The proof is similar to that of Theorem 3. O

Remark 3. Theorems 1 and 2 show that an HFPR
and an HMPR can be transformed into each other,
and Theorems 3 and 4 demonstrate that the trans-
formation is invertible. Note that there are some
other approaches to conducting the transformation
processes, and the reason why Eqgs. (5) and (6) are
utilized is that such transformations coincide with

the consistency definition of a multiplicative prefer-
ence relation and a fuzzy preference relation from
the priority weight vector perspective, which can re-
sult in the priority weight derivation model easily
(see the model (15)).

3. Deriving priority weights and consistent
preference relations from an incomplete
hesitant preference relation

Due to the lack of time and knowledge, decision
maker’s limited expertise, or incapacity to quantify
the preference degree, incomplete preference rela-
tions are usually provided by a decision maker. Mo-
tivated by the definition of acceptable incomplete
preference relations 7>, we give the definitions of ac-
ceptable incomplete HFPRs and acceptable incom-
plete HMPRs, respectively.

Definition 9. Let A = (a;j),x» be an HFPR. If some
elements of A are unknown, A is called an incom-
plete HFPR. If there exists at least one known ele-
ment (except diagonal elements) in each row or each
column of A, then A is called an acceptable incom-
plete HFPR.

Definition 10. Let B = (b;;),x, be an HMPR. If
some elements of B are unknown, we call B an in-
complete HMPR. If there exists at least one known
element (except diagonal elements) in each row or
each column of B, then B is called an acceptable in-
complete HMPR.

Up to now, most previous approaches focus on
deriving priority weights from a complete HFPR or
a complete HMPR, and little work has been con-
ducted on deriving priority weights from incomplete
hesitant preference relations. Motivated by the log-
arithmic least squares method %12 in this section
we develop some formulae to derive priority weights
from an incomplete HFPR or an incomplete HMPR.
Note that all the incomplete hesitant preference re-
lations considered in this paper are acceptable ones.

First of all, we focus on how to derive priority
weights from an incomplete HFPR. Let A = (ajj)nxn
be an incomplete HFPR. If the element a;j is known,
we denote it as a;; = {a |s = ,lij}. For the
missing elements, let a;; = @. For convenience, we
introduce the indication matrix A = (J;;)nxn for A to
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indicate whether the elements of A are known or not,
where

o 1 fOI‘Cl,’j;’é(P .
a]_{o fora g BIEL D

Motivated by Ref. 46 and Definition 6, if A is
consistent, we have

Wi

€ a;j,forall §;; =1,i,j €1,
W1+Wj ij ij J

1.e.

Wi

5ij = l]a 01'5 Cl - Or . 0r51]al]7 7]61

Wi+ w;

which can be written as

W I 2 a)!
i i
6,~J-—’:5ij7]_or5ijﬁor...or5 1,,]6]
w; ij i~ al
J aji aji Jji

As we assume that w; > 0, i € I, we have

(Sij(ll’lwi — anj)
l..
1 a-zj a;;
=6;; ln or 9;jIn —— -
J
jz’ aji Ji

)

However, Eq. (8) may usually not hold, i.e. there
are some deviations which are calculated as
S

gfj:&-j(lnw,-—lnwj—ln ), s€Sij,i,jel

lij s+1
jl

It is obvious that the values of all the g; should

be kept as small as possible. Therefore, we establish

the following optimization model:

~

n n ij
min z; = Z (Sfj)z
i=1j=1s5=1
n o n l as. )
)
=Y Y ) &;(lnw;—Inw;—1In ,ﬂH)
l:]_]:1 s=1 Jl
n
S.t. ZW,‘ =1,
i=1
w; >0,iel.
®

or...0r5,11n J,jel.
al

Theorem 5. Let

Zzllj(slj 112612 ~lin-1)01(n-1)
=

—h16y 'Z] b0 —b(n-1)82(n-1)
=

D= J#2

“ln-1)10m-1)1 —Ln-1)26(n—1)2 "

L ln-1)j%n-1);
j=1

j#n—1
(10)
and
n lij at .
.;’] - 61]1n l]j—S+1
J=1s= ajl
n by 5
2j
§‘1 ;1 02;1n hj=s+1
Y = J=15= apn .oan
I . s
n tn-1)j a(nil)
O, ;ln J
]gl Sgl (}’l 1).] l(n,l)jfsﬁ’l

then the solution to the model (9) is w =
(wi,wa,...,w,)T, where

n_le"%,z:l,z,. -1,
L exp(p) 1
Wi = = 1
,i=n.
n—1
L exp(pi) +1
J:

(12)
with P = (p1,pa,...,pn1) = D7'Y.

The proof of Theorem 5 is provided in Appendix
A.

Based on Eq. (12), we can derive a consis-
tent fuzzy preference relation A = (@;;)nxn, Where

,i,j € 1. Here, we call A the induced

Wi = wi+w
fuzzy preference relation of the HFPR A. The ob-
jective function value of the model (9) reflects the
consistency level of the HFPR A, i.e. the smaller the
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value of z;, the more consistent the HFPR A. Con-
sidering the numbers of the known elements, we de-
fine the consistency index of A as

CI(A) = 1 /()
Y Y ;6
i=1j=1

J#i

=

~.

21 li6ij

£i

1

1

~

n o n lij S

aj;
Z Z Yy 6,~j(1nwi—lnwj—ln4h_ﬂ+l )2
i=1 j=1s=1 jt{

(13)

Remark 4. Some authors have already proposed
distinct consistency measures for HFPRs, For in-
stance, Liao et al. ** and Zhu et al. *® first con-
structed some consistent HFPRs based on the de-
fined consistency property, and then measured the
consistency by calculating the distance between the
initial preference relation and the consistent prefer-
ence relation. When calculating the distances, the
numbers of the elements in the two preference rela-
tions need to be equal and some normalization op-
erations are usually needed, which may distort the
initial preference relations.

Unlike their consistency measures, Eq. (13) uti-
lizes the priority weights derived from the HFPR to
measure the consistency, which avoids the normal-
ization operations used in previous consistency mea-
sures and makes fully use of the original preference
information provided by the decision maker. More-
over, it should be emphasized that Eq. (13) can be
used to measure the consistency of an incomplete
HFPR, while the consistency indices in Refs. 42 and
46 only work well for complete HFPRs.

In what follows, we consider how to derive a
priority weight vector from an HMPR. Let B =
(bij)nxn be an incomplete HMPR. If the element b;;
is known, we denote itas b;; = {b};[s = 1,2,...,[;;}.
For the missing elements, let b;; = ¢. Similarly, we
also introduce the indication matrix A = (J;;),x, for
B to indicate whether the elements of B are known
or not, where

o 1 fOI'b,'j?é(P ..
614/_{ O forbij:(p ’ 17.161' (14)

For an HMPR B = (b;;j),xn, We rewrite the ob-
jective function of the model (9) based on Theorem
1 as

bij/(1+by;) 2

™=
™=

= 6;j(Inw; —Inw; —In

L—s+1 Ij—s+1
i=1 j=1s=1 b " /(1+bj; )
nonlij by./(1+b3.

= Z 8,~j(lnw,-—lnw]~—ln% 2
i=1 j=1s=1 /ij
1+1/bf.j

<

i

I
™=
=

Il
~.

Il

“

Il

5ij(lnwi — ll’le — hlb';j)z.
1

Therefore, we can construct an optimization
model for an HMPR B = (b;;)uxn as

l,’j

min 7z, = Z Z Z 0;j(Inw; —Inw; _lnbfj)z

i=1 j=1s=1
n
S.t. ZW,’ZI,
i=1
w; >0,iel.

15)

Let Q= (q1,92,.--,qn_1)T = F 'Y, where F =
D and

n iy

Y ¥ 8,inbj

j=1s=1
n by

v=|  RE®"E | e

l

(n=1)j .
L Op1);Inbj,_,;

n
)»

j=1 s=1
in a similar manner, the solution to the model (15) is
derived as

n_lex%’ i=1,2,....n—1
Y exp(q;) +1
wi=4 | b))
— ,i=n,
T exo(a)+1

Based on Eq. (17), we can derive a consis-

tent multiplicative preference relation B = (b;;)nxn,
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where b; = ﬁ, i,j € 1. We call B the induced mul-
W

J
tiplicative preference relation of the HMPR B. Simi-
larly, we define the consistency index for the HMPR
B = (bij)nxn as

22
Y X L6
i=1j=1
J#i
Y ¥l
i=1j=1
_ J#I
- n n [’J
Z Z Z 6”(11'1W, anj—lnbe)z
i=1j=1s=1
(18)

Based on the consistency index, the consistency
level of an HMPR can also be measured.

Remark 5. It is worth noting that an induced
fuzzy preference relation can also be derived from
an HMPR and an induced multiplicative preference
relation can be derived from an HFPR. Whether to
derive a fuzzy preference relation or a multiplicative
preference relation should be determined according
to actual situations.

4. GDM based on heterogeneous incomplete
hesitant preference relations

In section 3, we have developed some formulae to
derive a priority weight vector and an induced fuzzy
or multiplicative preference relation from an incom-
plete hesitant preference relation. For actual GDM
problems, different decision makers may prefer to
utilize different types of preference relations due to
the difference in culture, experience and educational
backgrounds. As a result, how to fuse heteroge-
neous preference information from different sources
becomes an important issue in GDM 373859 Tn
this paper, we particularly focus on the fusion of
heterogeneous incomplete hesitant preference rela-
tions, including incomplete HFPRs and incomplete
HMPRs.

4.1. The proposed approach

We consider the following GDM problems. Let
X = {x1,x2,...,x,} be the set of alternatives, O =
{01,02,...,0,} be the set of m organizations and
A = (A1, A2,...,An)T be the weight vector of the
organizations which needs to be determined, where
Y Ak=1land 4 >0,k K={1,2,...,m}. Deci-
sion makers in each organization provide their pref-
erence information using fuzzy preference relations
or multiplicative preference relations. Here, we as-
sume that decision makes in the same organization
use the same type of preference relations. For conve-
nience, let o; (k € K1 = {1,2,...,m;}) be the deci-
sion organizations whose decision makers use fuzzy
preference relations and oy (k € Kp = {m; +1,m; +
2,...,m}) be the decision organizations whose deci-
sion makers use multiplicative preference relations.
To protect the privacy of the decision makers, the
preference information of each organization is de-
noted as an HFPR or an HMPR. Let the HFPR of the
k th organization be AK = (aijj)nxn» k € K1, and the
HMPR of the k th organization be B* = (b; ) nxns
k € K. If the alternatives x; and x; are compared by
the & th organization (k € K1), then g, = {af.j s =

o1 J} is a hesitant fuzzy element; if the alter-
natives x; and x; are compared by the k th organiza-
tion (k € K»), bijx = {bfj’k\s =1,2,..., U} is a hes-
itant multiplicative element. If no comparison be-
tween the alternatives x; and x; is provided by the k
th organization, let a;;x = @ or b;;y = @, k € K.

As the hesitant preference relations are heteroge-
neous and some elements of the hesitant preference
relations are missing, we cannot aggregate them into
a collective one directly. To deal with this problem,
we propose a novel procedure to fuse heterogeneous
incomplete hesitant preference relations. The basic
ideas are as follows.

By Egs. (12) and (17), a priority weight vector
which reflects the hesitant preference information of
a decision organization can be derived from each
HFPR or HMPR. Based on these priority weight
vectors, some induced consistent fuzzy preference
relations (or multiplicative preference relations) can
be obtained? which are homogeneous and complete.

¥ In the proposed approach, induced fuzzy preference relations are derived.
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Organization 1

Organization 2

c €
o O

e
&

Incomplete HFPR Incomplete HMPR

Y A

Organization m

Incomplete
HFPR/HMPR

Eq. (12) or (17)
v Eq. (19) or (20)

Priority weight vector w?
consistency index Cl,

Priority weight vector w' and
consistency index CI,

and

Priority weight vector w” and
consistency index Cl,,

A4

Egs. (21) and (22)

Weight vector A and the collective fuzzy preference relation C

!

Collective priority weight vector w=(w|,wz,"',w,,)T

i

'

Rank the alternatives and select the best one

Figure 1: GDM with heterogeneous incomplete hesitant preference relations

By fusing these induced fuzzy preference relations
(or multiplicative preference relations), the collec-
tive preference relation is derived. Finally, a collec-
tive priority weight vector can be calculated based
on the collective preference relation, and then the
alternatives can be ranked.

Based on the above analysis, the following GDM
approach (Approach I) is developed, as illustrated by
Figure 1.

Approach I

Step 1: Calculate the indication matrices A*
(51-];-) nxn for each organization, where

1 fora;x# @ .
'k': U:k
511 { 0 forajjr=¢ "’ i,jel,ke Ky,
and

1 forbiy# ¢ .
k= ijk
K { 0 forbjjr=¢ "’ i, jel,keKks.

Step 2: Derive the priority weight vector of each
individual hesitant preference relation as
wh = (whowh .. owh) by Eq. (12) for all
k € Ky and Eq. (17) for all k € K, respec-
tively, and then derive the induced fuzzy
preference relation for each organizcztion
as Ak - (Eij’k)nx,,, where a;j = m,

i,jel,keK.

Step 3: Calculate the consistency index for each

HFPR by Eq. (13) as

CI, = CI(A%)
n n
£ £ ol
i=1j=1
i#i

= ke K,

1k )
n n ij a. . k
Sk (Inwk — Inwk —In —25 )2
igl igl s)::1 (e ! fi—s+1 )
i k

19

and calculate the consistency index for
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each HMPR by Eq. (18) as
CI, = CI(BY)

n n

k sk

igl jgl i

= 7 Zial ke K.
L k s 2

Yyyry 5ij(lnwi —lnwj—lnbij"k)

i=li=1s=1

(20)

Step 4: Derive the weight vector of the organiza-
tions as A = (A1, Aa,..., )T, where

I
M= keKk. 1)

Y. CI

h=1

Step 5: Aggregate the individual induced fuzzy
preference relations of each organization to
obtain the collective fuzzy preference rela-
tion C = (Cij)nxn 0 where

m
T1 @)™
Cij = m Jd,j €1 (22)
kljl (@ja)™ + k[ll (@jig) ™

Step 6: Derive the priority weight vector w =
(W17W27 e 7Wl’l)T by o1

Step 7: Rank the alternatives based on w and select
the best alternative.

5. Illustrative examples

In this section, we present three examples to illus-
trate the proposed GDM approach.

Example 1. First, we consider the supplier selection
problems in high-tech companies. Suppose that a
high-tech company which manufactures electronic
products intends to select a supplier of USB connec-
tors (adapted from Ref. 64). There are four sup-
pliers x1, x2, x3 and x4 to be selected. Three de-
partments of the company including finance depart-
ment (01), engineering department (0;) and quality
control department (03) are invited to evaluate the
four suppliers. The experts in each department pro-
vide their preference information over the alterna-
tives using fuzzy preference relations or multiplica-
tive preference relations, and experts in the same de-
partment use the same type of preference relation.

ﬁ (@)1 /n After collecting the preference information of the
=L G icl 23) experts in each department, three heterogeneous in-
Wi = i ( ﬁ (CA )t /n)’ ’ complete hesitant preference relations are obtained,
=1 j=1 Cji as listed in Tables 1-3.
Table 1: HFPR (A') of the organization o,
o1 X1 X2 X3 X4
x; {0.5} {0.3,0.5} [0} {0.7}
x,  {0.5,0.7} {0.5} {0.25,0.5} {0.6,0.7}
X3 @ {0.5,0.75} {0.5} {0.5,0.7}
x4 {03} {0.3,0.4} {0.3,0.5} {0.5}

In what follows, we use the proposed approach
to deal with the decision making problem. First of

all, we derive the indication matrices as follows:

0 1 1
1 1 1

1 _ 2_
A= 1 A= 1 1
1 1 1

—_—— O =

1 1
1 1
1|’ 1
1 0
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Table 2: HFPR (A?) of the organization o,

02 X X2 X3 X4

X1 {0.5} {0.3} {0.3,0.6} {0.5,0.6,0.7}
x; {07} {0.5} {0.3,0.6} ¢

X3 {0.4,0.7} {0.4,0.7} {0.5} {0.4,0.6}

x4 {0.3,04,0.5} (0] {0.4,0.6} {0.5}

Table 3: HMPR (B?) of the organization o3

o3 X1 X2 X3 X4
x {1} {1/2,1} {173,172} {1}
x {12} {1} {123} {2)
x {2,3} {1/3,1/2,1} {1} [0}
xy {1} {172} ¢ {1}
1 111 0.5 0.4384 0.4579 0.5456
A3 — 1 111 2 0.5616 0.5 0.5197 0.6060
1110 ~ | 05421 04803 0.5 0.5871 |’
1 101 0.4544 0.3940 0.4129 0.5
Afterwards, we calculate the priority weight vec-
tor for each hesitant preference relation. Let us take 0.5 03175 0.3872 0.4910
the HFPR A' as an example. By Eq. (10), we calcu- A= 0.6825 05  0.5759 0.6746
late D and Y for A! as 0.6128 0.4241 0.5 0.6042
0.5090 0.3254 0.3958 0.5
3 -2 0 0
D=1 -2 6 -2 |, Y=| 10014 The consistency indices of the hesitant prefer-
0 -2 4 1.9459 ence relations are calculated by Egs. (19) and (20)
1y _ 2y _ 3y _
Therefore, the  priority = weight  vec- ZS 6 6%15(AT)h_ f4 '03(1:1’CI(A })1t_ ?’t.110f7,tl? 1(5°) .
tor of HFPR A! is derived as w! — . . Therefore, the weight vector of the organi-

(0.2282,0.2731,0.3393,0.1594)", and the induced
fuzzy preference relation A " can be calculated as

0.5 04552 0.4021 0.5888

1| 05448 0.5 0.4459 0.6315

0.5979 0.5541 0.5 0.6804
0.4112 0.3685 0.3196 0.5

2|

Similarly, we also derive the priority weight vec-
tors and the induced fuzzy preference relations of A2
and B3 as follows:

w? = (0.2327,0.2981,0.2754,0.1938)T,
w® = (0.1733,0.3726,0.2744,0.1797)T,

zations is derived as A = (0.3413,0.2635,0.3952)™.
Based on the induced fuzzy preference relations

and the weight vector of the organizations, the col-

lective fuzzy preference relation is calculated as

0.5 0.3944 0.4106 0.5390
C— 0.6056 0.5 0.5169 0.6423
| 0.5894 0.4831 0.5 0.6266
0.4610 0.3577 0.3734 0.5

By Egq. (23), the priority weight vec-

tor of the four alternatives is obtained as w =
(0.2072,0.3182,0.2974,0.1772)T. Therefore, the
best supplier is x;.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

255



Z. Zhang, C. Guo / Fusion of heterogeneous incomplete hesitant preference relations

To further illustrate the effectiveness of the pro-
posed approach, we make some comparisons with
the approaches developed by Xia & Xu #7.

Example 2. 4/ Consider a problem of selecting a
loading-hauling system for a hypothetical iron ore
open pit mine. Three potential transportation system

alternatives are evaluated, i.e. xi: shovel-truck sys-
tem, xp: shovel-truck-in-pit crusher-belt conveyor
system and x3: loader truck system.

Three decision organizations provides their HF-
PRs for the three alternatives, as shown in Tables
4-6.

Table 4: HFPR (A') of the organization o1

01 X1 X2 X3

x {05} {0.1,0.3,0.4} {0.4,0.6,0.7,0.8}
% {0.6,0.7,0.9} {05} {0.5,0.6,0.9}

v {02,03,0406) {0.1,04,0.5) {0.5)

Table 5: HFPR (A?) of the organization 0;

02 Xi X2 A3

x; {0.5} {0.2,0.4} {0.5,0.6,0.8}

x,  {0.6,0.8} {0.5} {0.5,0.6,0.8,0.9}
xz {0.2,04,0.5} {0.1,0.2,0.4,0.5} {0.5}

Table 6: HFPR (A7) of the organization 03

03 X| X2 A3
x; {05} {0.3,0.4,0.5,0.7} {0.5,0.8}
x  {0.3,0.5,0.6,0.7} {0.5} {0.5,0.8,0.9}
x3 {0.2,0.5} {0.1,0.2,0.5} {0.5}
Next, we utilize the proposed approach to deal L 0.5 04517 0.7064
with this GDM problem. By Eq. (12), the induced A = 05483 0.5 0.7449
fuzzy preference relations of the three HFPRs are 0.2936 0.2551 0.5
derived as By Egq. (21), the weight vector of
the three organization is derived as A =
- 0.5 0.3006 0.5815 (0.2803,0.3773,0.3423)T.  Thus, the collective
A ={ 0694 05 07637 |, fuzzy preference relation is calculated as
0.4185 0.2363 0.5
0.5 0.3648 0.6366
C=| 06352 05 0.7531
72 05 = 0.33920.6094 0.3634 0.2469 0.5
A" =1 0.6608 0.5 0.7524 |,
0.3906 0.2476 0.5 By Eq. (23), the priority weights of the three
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Table 7: HMPR (B') of the organization o

o1 X1 X2 X3

x {1} {1/8,1/5,1/2} {3,5,7,9}
x {258} {1} {4,6,9}
x3  {1/9,1/7,1/5,1/3} {1/9,1/6,1/4} {1}

Table 8: HMPR (B?) of the organization o

02 X1 X2 X3

x {1} {1/5,172} {5,6.8}
v {25) m (2,4,7.9}
x5 {1/8,1/6,1/5} {1/9,1/7,1/4,1/2} {1}

Table 9: HMPR (B>) of the organization o3

03 Xi X2 X3

x {1} {1/7.1/5,1/4,1/3} (2.4}
xy {3457} {1} {3,8,9}
x3 {14172} {1/9,1/8,1/3} {1}

alternatives can be derived as w; = 0.3019, w, =
0.5257,.W3 = 0.1724. Therefore, the ranking of the 05 02772 0.7918
alternatives is x, > xj > x3, which demonstrates that —1

. . . A =1 07228 0.5 0.9084 |,
X, is the best alternative. The ranking is also con- 02082 0.0916 0.5
sistent with that derived by Xia & Xu’s approach *’. ) ) )
However, by contrast, we find that the approach in
Ref. 47 is based on the operations of hesitant fuzzy
elements, which is more complex than the proposed
approach, as the dimension of the derived hesitant

0.5 0.3788 0.8005
A= 06212 05 038681 |,
0.1995 0.1319 0.5

fuzzy elements by the operations in Ref. 47 may in- 0.5 0.2083 0.6659
crease significantly. Moreover, the approach in Ref. A= 07917 05 08834
47 can only deal with GDM problems based on com- 0.3341 0.1166 0.5
plete HFPRs.

The weight vector of the three organization is de-
rived as A = (0.2541,0.2499,0.496)T. Therefore,
the collective fuzzy preference relation can be cal-

Example 3. Reconsider Example 2. If the prefer- culated as
ence information of the three decision organizations 0.5 0.2632 0.7367
are provided in the form of HMPR, as demonstrated c=1| 07368 0.5 0.8868
in Tables 7-9 47, the following results are obtained. 02633 0.1132 05
By Eq. (17), the induced fuzzy preference rela- By Eq. (23), the priority weights of the three al-
tions of the three HMPRs are derived as ternatives are derived as w; = 0.2406, w, = 0.6734,
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w3 = 0.086, which results in a ranking x, > x1 > x3.
Therefore, x, is the best alternative, which is also
consistent with that shown in Ref. 47.

6. Discussions on the proposed approach

In this section, we make some discussions to show
the characteristics of the proposed approach. Com-
pared with previous approaches, the proposed ap-
proach has the following advantages.

(1) The proposed approach is a first attempt to
fuse heterogeneous incomplete hesitant preference
relations. By literature, we can see that previous
work only concentrates on the fusion of complete
HFPRs or HMPRs (see Refs. 46,47,48,49). In
case of incompleteness and heterogeneity, their ap-
proaches will not work well. However, the proposed
approach can deal with such cases effectively, which
allows decision makers or decision organizations to
express their preference information more flexibly.
Moreover, when the hesitant preference relations are
complete and homogeneous, i.e. only HFPRs or
HMPRs, the proposed approach can also be used
to derive priority weights (see Examples 2 and 3).
Therefore, the proposed approach has more exten-
sive applications in GDM based on hesitant prefer-
ence relations.

(2) The proposed approach first uses the loga-
rithmic least squares method to derive an individ-
ual priority weight vector and an induced fuzzy (or
multiplicative) preference relation from each incom-
plete hesitant preference relation, and then a col-
lective preference relation is derived by fusing the
induced preference relations to output the collec-
tive priority weight vector. While the aggregation-
based approaches (see Refs. 46,47) utilize hesitant
fuzzy aggregation operators or hesitant multiplica-
tive aggregation operators to aggregate the hesitant
preference information, which is more complex than
the proposed approach, since the dimension of the
collective values may increase significantly. Here,
we again emphasize that the aggregation-based ap-
proaches cannot be used to deal with GDM prob-
lems with incomplete hesitant preference relations.

(3) The priority weights derived by the proposed
approach lie in the unit interval. Therefore, the pro-

posed approach can be integrated with the Analytic
Hierarchy Process %% to deal with multi-criteria de-
cision making problems under GDM settings, espe-
cially when the preference information of the deci-
sion makers are hesitant, incomplete and heteroge-
neous.

(4) The proposed approach also develops a sim-
ple formula to determine the weights of decision
makers based on the proposed consistency indices,
which is helpful when the weight vector of decision
makers is unknown.

However, the proposed approach also has some
limitations. First, the proposed approach only con-
siders the situations that incomplete hesitant pref-
erence relations are acceptable ones, which cannot
deal with the ignorance situations that sometimes
may appear in actual GDM problems 3. Second,
the proposed approach can only fuse two types of in-
complete hesitant preference relations, which cannot
fuse hesitant fuzzy linguistic preference relations 4.
All the issues will be studied in the future.

7. Conclusions

In this paper, based on the logarithmic least squares
method, some simple formulae are developed to de-
rive priority weights from an incomplete HFPR or
an incomplete HMPR. Based on the individual pri-
ority weight vectors, the consistency indices of an
HFPR and an HMPR are also defined. To deal with
GDM problems with heterogeneous incomplete hes-
itant preference relations, a novel approach is de-
veloped. In the proposed approach, the individ-
ual priority weight vector derived from each incom-
plete hesitant preference relation is utilized to ob-
tain the corresponding induced fuzzy preference re-
lation, and the consistency indices of the incomplete
hesitant preference relations are used to determine
the weights of decision makers. The proposed ap-
proach can allow decision makers or decision or-
ganizations to express their preference information
more flexibly.

In terms of future research, we intend to inte-
grate hesitant fuzzy linguistic preference relations
4465 into the GDM approach. Moreover, we will ap-
ply the proposed approach to deal with other prac-
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tical decision making problems, such as company
performance appraisal and quality function deploy-
ment.
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Appendix A Proofs of the theorems

Proof of Theorem 1

Proof. Let b?j(S) be the s th smallest element of
(s)

o
b,’j and aij

fx) =

be the s th smallest element of a;;. As

is a monotone increasing function of
5(s)
ij
L+
p56)
s th smallest element of a;, i.e. afj(s) Y
1+b;;

X
1+x

x for all x > 0, we know that is also the

3(s) "
Moreover, we have

8(s) b5ﬂ(lij75+1)

(l,lferl) bij 4 Jji

1+bp 1 po Y
56 5()
_ b Vb~ _

505 505
1+6,Y 1+1/b),

o(s)
aij ’ +ajl

and af; € [0.1,0.9], a; = {05}, s € S i,j € L.
Therefore, A = (a;;)nxn is an HFPR. O

Proof of Theorem 2

Proof. Let afj(‘v) be the s th smallest element of

a;j and b?j(s) be the s th smallest element of b;;. As

flx) = 1 is a monotone increasing function of
—x
W
x for all x > 0, we know that %(S) is also the
1— a;;
aq_(s)
s th smallest element of b;;, i.e. b?j(“') =Y
1— al(j(v)
Moreover, we have
o(s) o(lij—s+1)
8(s) _ . 8(l—s+1) dij aji
bi Mo b = X
J Jt o(s) o(lij—s+1)
1- aij - ji !
af’i(“‘> 1 af’i(“‘>
- 1 . o(s) G(A:) =1

Asaj; € [0.1,0.9], we have b € [1/9,9], b; = {1},
s € 8;ji,j €I. Therefore, B = (bj;)nxn is an HMPR.
O

Proof of Theorem 3

Proof. By Eq. (6), an HMPR B = (b Dnxn
is derived, where b;; = {b};ls = 1,2,....l;;} =

S

a;
[{ohols = 12000}, i, j €1 By Eq. (5), we
ij
have
g by ay/(-ay)
1
Ty 1+ay/(1-a)
5/ (1—aj))
= 7SGS 7l7.1€I
(1 _aij+aij)/(l —ay)
Therefore, A = A’. 5

Proof of Theorem 5
Proof. To solve the model (9), we construct the

following Lagrange function as

S

a;
ZZZ&J (Inw; —Inw; —1In . _S+1)2

i=1 j=1ls= ji

n

+49(ZW,’— 1),

i=1

where 0 is the Lagrange multiplier.
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Let =0, then we have
aW,'
aS 1 .

21248,1 (Inw; —Inw; — lﬁ)-;i+49:0,161,
J 5= Ji
1e.
n o lij ls
ZZ i (Inw; — lnwj—lnﬁﬂ—ewizo,iel.

= ji

(A1)

Summing both sides of Eq. (A.1) foralli € I, we
have

lij S

i i Z 6;j(Inw; —Inw; —1In

i=1j=1s=1

lij s+l)+9 0

jl

which is equivalent to

b \G _
Y Y Y in(- )% 46 =0,
i=1j=1s=1 ji
i.e.
n n n n I
Z 1;j6;j(Inw; —Inw;) —In( HHH ]7”1 ” )+6=0,
i=1j=1 i=1j=1s=1 a”
(A.2)
n n
AsY ¥ 16 (Inw; —Inw;) =In T T (2)%% =
i=1j=1 i=1j=1 "'
aY
lnl—Oandln(H 1 H( ﬂﬂ)&-/):lnl:o,by
i=1j=1s= a]”
Eq. (A.2), we have 6 = 0.
Therefore, Eq. (A.1) can be written as
n / 5
Zl,]&] (Inw; —Inw;) = ZZ 0;jln 7 ﬂH,'El.
Jj= j=ls=1 ]l
(A3)

Let
n
2211j51j —112012 112 01n
Jj=
_121521 Z 12j62_/ _12116271
D= /#2
n
_ln16n1 _ln26n2 'Zl lnjsn/
j=
J#n
(A.4)
and
n ll] S
Y Y8t
j=1s=1 ]1
n lZ]
_ XX (Szjlni1
Y=| i=ls=1 ajy , (A.5)
n ln] s
jzl s=1 5”] In S+1
]Yl
then Eq. (A.3) is equivalent to
DP-7, (A.6)
where P = (Inwy,Inw,,...,Inw,)T.

As the sum of each row or column of D is
zero, D is a singular matrix. Let lnw, = 0,
then we can solve the first n — 1 equations of Eq.
(A.6). The solution is P = (p1,p2,...,pn1)"
(Inwy,Inwa, ..., Inw, )T =Dy,

Considering the normalization constraint, the so-
lution to the model (9) is derived as Eq. (12). This
completes the proof of Theorem 5. ad
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