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Abstract

The optimization problem studied in this paper is, for any graph G of size ¢, how labels 1,2,...,¢ can be assigned to the
edges of G to minimize the maximum of the additions between the labels of all pairs of adjacent edges. If it is possible for a
graph G, then we say that the minimum such number is the edge-strength of G. We provide formulas for the edge-strength
of some classes of graphs whose line graphs are defined in terms of various graph operations.
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1. Introduction

Only graphs without loops or multiple edges are considered in this paper. Undefined graph theoretical notation and
terminology can be found in [2]. The vertex set of a graph G is denoted by V' (G), while the edge set of G is denoted by E (G).
The complete bipartite graph with partite sets U and V, where |U| = m and |V| = n, is denoted by K, ,,. The graph K ,, is
called a star. The graph with n vertices and no edges is referred to as the empty graph. The degree of a vertex v in a graph
G is the number of edges of G incident with v, which is denoted by degv. A vertex of degree 1 is called an end-vertex of G.
The minimum degree of G is the minimum degree among the vertices of G and is denoted by J (G). A graph G is regular
of degree r if degv = r for each v € V (G). Such graphs are called r-regular. An r-regular subgraph H of a graph G is an
r-factor of Gif V (H) =V (G).

An extensive survey on graph labeling problems as well as their applications has been given by Gallian [8]. Among all
graph labeling problems, bandwidth numbering of graphs has perhaps attracted the most attention in the literature. The
bandwidth numbering was independently proposed by Harary [9] and Harper [10]. The motivation for these numberings
came from the study of sparse matrix computations, representing data structures by linear arrays, VLSI layouts and
mutual simulations of interconnection networks (see [3, 4, 15]).

For the sake of notational convenience, we will denote the interval of integers k such that i < k < j by simply writing
[i, 7]. A numbering f of a graph G of order p is a labeling that assigns distinct elements of the set [1, p|] to the vertices of G.
The bandwidth band(G) of G is

band (G) = min {band; (G) | f is a numbering of G },

where
band; (G) = max {|f (u) — f (v)| | uv € E(G)}.

Additive analogues for bandwidth numberings of graphs have been introduced in [11] as a generalization of the problem
of finding whether a graph is super edge-magic or not (see [6] for the definition of a super edge-magic graph, and also
consult [1, 7] for alternative and often more useful definitions of the same concept). The strength str(G) of G is

str (G) = min {str; (G) |f is a numbering of G },

where
stry (G) = max {f (u) + f (v) |luv € E(G) }.
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If G is an empty graph, then str (G) is undefined (or we could define str (G) = 400).

Several bounds for the strength have been found in terms of other invariants defined on graphs (see [11,14]). Among
others, the following result that provides a lower bound for the strength of a graph in terms of its order and minimum
degree has been proven to be useful (see [11-14]).

Lemma 1.1. For every graph G of order p with § (G) > 1,
str (G) > p+6(G).

The strengths for the paths P,, the cycles C,,, the complete graphs K, of order n and the 1-regular graphs nP, were
determined in [11]. These classes of graphs illustrate the sharpness of the bound given in Lemma 1.1.

Lemma 1.2.

(1) For every integer n > 2, str (P,) =n+ 1.

(ii) For every integer n > 3, str (C,) = n + 2.

(iii) For every integer n > 2, str (K,,) = 2n — 1.

(iv) For every positive integer n, str (nPy) = 2n + 1.

In this paper, we study the following problem that concerns labeling the edges of a graph in terms of its size rather
than its order. An edge numbering f of a graph G of size ¢ is a labeling that assigns distinct elements of the set [1, ¢ to the
edges of G. The edge-strength estr(G) of G is defined by

estr (G) = min {estr; (G) | f is an edge numbering of G},

where
estry (G) = max {f (e1) + f (e2) |e1, ez are adjacent edges of G }.

The determination of estr (G) can be transformed into a problem dealing with strengths, namely, from the definitions it is
immediate that
estr (G) = str (L (GQ)),

where L (G) is the line graph of G. The line graph L (G) of a graph G is that graph whose vertices can be put in one-to-one
correspondence with the edges of G in such a way that two vertices of L (G) are adjacent if and only if the corresponding
edges of G are adjacent. The line graph L (G) is empty if and only if every component of G is either K; or K. In such a
case, estr (G) is undefined (or we could define estr (G) = +00).

2. The edge-strength of graphs

In this section, we present formulas for the edge-strength of some classes of graphs whose line graphs are defined in terms
of graph operations described next. In the following definitions, we assume that G; and G5 are two graphs with disjoint
vertex sets.

The union G =2 G; UG has V (G) =V (G1) UV (G3) and E (G) = E(G1) U E(G2). If a graph G consists of & disjoint
copies of a graph H, then we write G = kH, where k > 2.

If G, has order p, the corona G1; ® G4 is the graph obtained by taking one copy of G; and p copies of G2 and joining the
1th vertex of G; with an edge to every vertex in the ith copy of Gb.

The join G = G + Gy has V (G) =V (G1) UV (G2) and

E(G)=E(G)UE (Go)U{wv|ueV(G,) andv e V (Ga)}.

The cartesian product G = G x Go has V (G) = V (G1) x V (G2), and two vertices (u1, us) and (v1,v2) of G are adjacent
if and only if either u; = v; and usve € E (G2) or us = vy and ujv1 € E (Gy).

It is evident that L (P,) & P,_1, L (K1) & K,,, L (nP3) 2 nP, and L (C,) = C,,. From these facts and Lemma 1.2, the
next result is obtained rather easily.

Theorem 2.1.

(i) For every integer n > 3, estr (P,,) = n.

(ii) For every integer n > 2, estr (K; ,,) = 2n — 1.
(iii) For every positive integer n, estr (nP3) = 2n + 1.
(iv) For every integer n > 3, estr (Cy,) =n + 2.

For a corona of two graphs, the following result was established in [12].
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Theorem 2.2. If G is a graph of order p with § (G) > 1 and str (G) = p+ 6 (G), then
str(GomK))=(m+1)p+1
for every positive integer m.

The subdivision graph S (G) of a graph G is that graph obtained from G by replacing each wv € E (G) by a vertex w and
edges vw and vw. For example, if G = K; ,, (n > 2), then L (S (G)) = K,, © K;. Since |V (K,,)] =nand § (K,) =n —1, it
follows from Lemma 1.2 that K,, satisfies the hypothesis of Theorem 2.2. Hence, we have the next result.

Theorem 2.3. For every integer n > 2,
estr (S (K1) =2n+ 1.

The complement G of a graph G is that graph with vertex set V (G) such that two vertices are adjacent in G if and only
if these vertices are not adjacent in G.

To settle the problem, proposed in [11], of finding sufficient conditions for a graph G of order p with § (G) > 1 to satisfy
str (G) = p + 0 (G), the following class of graphs was recursively defined in [13]. Let F be a graph with V (Fy) = {v1, v}
and E (Fy) = {viv2}. For k > 2, let Fj1 be the graph with V (Fj,11) =V (Fi) U {vg4+1} and

E(Fk+1> =E<Fk) U{’Ui’l)j |Z S [17 |—k/2-|] andi+j = k‘+2}

It is now possible to state the next result that is an equivalent version of the characterization found in [13]. This will prove
to be useful in our study of the edge-strength of graphs.

Theorem 2.4. Let G be a graph of order p. Then str (G) > 2p — k + 1 if and only if G does not contain F, as a subgraph,
where k € [2,p — 1].

The double star S, , is a tree obtained by joining the centers of two disjoint stars K, ,, and K;, with an edge. A
formula for the strength of S,,, ,, was found in [12]. With the aid of Theorem 2.4, it is now possible to determine a formula
for estr (Sp,n).

Theorem 2.5. For every two positive integers m and n,
estr (Spmn) =2(m+n) — L

Proof. Let G = S,,, and H = L (G). Then H = (K,, UK,) + K; so that H = K,, ,, U K;. Since H is a bipartite graph,
it follows that H cannot contain a cycle of odd length. However, F; contains C3 as a subgraph. Consequently, H does not
contain F} as a subgraph. From Theorem 2.4, it is now immediate that estr (G) =str (H) > 2(m +n) — 1.

To complete the proof, it suffices to show the existence of a numbering f of H with

stry(H)=2(m+n)—1.

Define the graph H with
V(H)=A{z}U{y;li € [Lm]}U{z]i € [1,n]}

and
EH) = {zyliel,m]}U{zzlic([l,n]} U{yy[1 <i<j<m}U{zz[l1<i<ji<n}.

Then the labeling f : V (H) — [1,m + n + 1] such that

1 ifv=uz,

F ) = n+i ifv=y;, and i € [1,m],
m+n+1 ifv=z,
i ifv=2z2; and i € [2,n]

has the property that

stry (H)

max {f (u) + f (v) |uv € E(H) }
[ Ym—1) + [ (Ym)
(m+n—1)4+(m+n)=2(m+n)—1.

Thus, str (H) = 2 (m + n) — 1, implying that estr (G) =2 (m +n) — 1. O
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The following corollary is obtained from the proof of the preceding theorem.

Corollary 2.1. For every two positive integers m and n,
str (K UK,)+ K1) =2(m+n) — 1

Let T, », denote the tree obtained from the double star S, ,, by subdividing the edge joining the centers of two disjoint
stars K ,, and K, ,. With this definition in hand, we have the next result.

Theorem 2.6. For every two positive integers m and n,
estr (T, n) =2(m+n) + 1.

Proof. Let G = T,,,, and H = L(G). Then H is the graph obtained by joining a vertex of K,,;; and a vertex of K, ;
with an edge. This gives a bipartite graph H = K, 1 ,+1 — ¢, where ¢ € E (K, +1.n+1)- Thus, H cannot contain a cycle of
odd length. However, F; contains C3 as a subgraph. Consequently, H does not contain F as a subgraph. It follows from
Theorem 2.4 that estr (G) = str (H) > 2(m+n) + 1.

To show that estr (G) = 2 (m + n) + 1, it suffices to verify the existence of a numbering f of H for which

stry (H) =2(m+n)+ 1.
Let
V(H)={z;licl,m+1]}U{ylie[l,n+1]}

and
EH)={ziz;[1<i<j<m+1}U{yy;[1 <i<j<n+1}U{ziy}.

Then the labeling f : V (H) — [1,m + n + 2] such that

1 ifv=ux,
F ) = m+n+3—i ifv=uz;andie€[2,m+1],
YT nt+2-i ifv=y; and i € [1,n],
m+n+2 ifv=yn
has the property that
stry (H) = max{f(u)+ f(v)|lwwe E(H)}
= [(z2) + f(23)
= (m4+n+)+(m+n)=2(m+n)+1.
Thus, str (H) = 2 (m + n) + 1, which implies that estr (T},,,,) = 2 (m +n) + 1. O

The theta graph © (k1,ks ..., k) is the graph consisting of m pairwise internally disjoint paths Py, , Px,, ..., P, with
common end-vertices. Theta graphs in which k1 = k3 = --- = k;;, = n are denoted by © (m;n). For m = 1 and m = 2, the
theta graph reduces to a path P, and a cycle Cs,,_3, respectively. A formula for the bandwidth of © (m; 3) was determined

by Chvatalova and Optrny [5]. In light of their result, it seems natural to explore the edge-strength of © (m; 3) next.

Theorem 2.7. For every integer m > 3,
estr (© (m;3)) = 4m — 3.

Proof. Let G = © (m;3) and H = L (G). Then H & K,,, x K, which gives a bipartite graph H = K,, ,, — I, where F is a
1-factor of K,, ,,. Thus, H cannot contain a cycle of odd length. However, F contains C3 as a subgraph. Consequently, H
does not contain Fj as a subgraph. It follows from Theorem 2.4 that estr (G) = str (H) > 4m — 3.
To show that estr (G) = 4m — 3, it suffices to verify the existence of a numbering f of H with stry (H) = 4m — 3. Define
the graph H with
V (H) = {z;]i € [Lom]} U{y, li € [L,m]}

and

EH) = {ziz;1<i<ji<m}U{yy;ll<i<j<m}U{zylic[l,m]}.
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Then the labeling f : V (H) — [1,2m] such that
2m ifv =z,
fly=< i—1 ifv=a; and i € [2,m],
m+i—1 ifv=y,and i€ [1,m]
has the property that

stry (H) = max{f(u)+ f(v)|luwwe E(H)}

f Wm—-1) + f (Ym)
(2m—2)+ (2m —1) = 4m — 3.

Thus, str (H) = 4m — 3, completing the proof. O
This result also has a rather immediate corollary.

Corollary 2.2. For every integer m > 3,
str (K, X Ko) = 4m — 3.

The next result provides a formula for estr (K ,, U K ).

Theorem 2.8. For every two integers m > 2 and n > 2,
estr (K1, UKy ) =2(m+n) —3.

Proof. Let G = Ky, UK, and H = L(G). Then H = K,, U K,,. Note that for any two graphs G; and G,, we have
G1 UG, =2 G + G,. Applying this with G; = K,, and G, = K,,, we obtain a complete bipartite graph H =~ K,, + K,, =
K. Thus, H cannot contain a cycle of odd length. However, F, contains C5 as a subgraph. Consequently, H does not
contain F, as a subgraph. It follows from Theorem 2.4 that estr (G) = str (H) > 2(m +n) — 3. It remains to show that
str (H) < 2(m+ n) — 3. This can be completed by finding a numbering f of H for which stry (H) = 2 (m +n) — 3. Let H be
the graph with

V (H) = {w:]i € [1,m] } U {ys i € [1,n]}

and
EH)={ziz;|[1<i<ji<m}U{yy;|1<i<j<n}.

Then the labeling f : V (H) — [1,m + n| such that

m+n ifv =1,
flw)y=< i-1 if v =x; and i € [2,m)],
m+i—1 ifv=y; and i€ [1,n]
has the property that
stry (H) = max{f(u)+ f()|uve E(H)}
= fyn-1)+ f(yn)
= (m+n—-2)+(m+n-1)=2(m+n)—3.
Thus, str (H) = 2 (m + n) — 3, which implies that estr (G) = 2 (m + n) — 3. O

The following corollary is obtained from the proof of the preceding theorem.

Corollary 2.3. For every two integers m > 2 and n > 2,

str (K, UK,) =2(m+n)—3.
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