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HARMONIC SUPERSPACE FORMALISM AND THE CONSISTENT CHIRAL ANOMALY

Wenzhou Li*

Lawrence Berkeley Laboratory

University of California
Berkeley, California 94720 U.S.A.

The harmonic superspace formalism has been used to construct the consistent chiral
anomaly in N = 1, d = 6 supersymmetric Yang-Mills theory. The expressions of the
gauge anomaly A? and of the supersymmetric anomaly A%ysy are given together with

the consistent condition.

The consistent chiral anomalyin N = 1,d = 4 su-
persymmetric Yang-Mills theory has been studied
intensively. For higher dimension, due to the dif-
ficulties to get an unconstrained superspace for-
mulation, it has been studied only in the Wess-
Zumino gauge by Itoyama et al !}, who have found
an N = 1,d = 8 nontrivial supersymmetric anom-
aly. The aim of this work is to get the N = 1,
d = 6 supersymmetric consistent anomalies by
using the harmonic superspace formulation?)%),

For six dimensions, the use of the d = 6 SU(2)
Majorana-Weyl spinors %) leads to a manifestly
SU(2) covariant formulation, which is naturally
incorporated into the harmonic superspace for-
malism.

The N = 1,d = 6 harmonic superspace is
parametrized by

{zM,u{} (1)

in the central basis, where 2™ = (z™,8!),(m =
0,--:5,¢ = 1,2,a = 1,---4) parametrize the or-
dinary superspace, uv¥, the harmonic variables,
parametrize the coset space.

The SUSY transformation is given by
§z™ = -e"E"‘ 6%
50,.' = €af (2)
5u‘-* =

where 7, are 4 X 4 antisymmetric matrices.

°*On leave from Department of Physics, Zhejiang
University, Hangzhou, China.
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We can pass from the central basis {z™,u¥} to
the analytic basis, defined by

A.B.: {Zﬁl = (z::o:na;)!uit}’ (3)

where the new independent variables are related
to the old ones as follows

= (z™ + 0(,2,30,)11. Sy =9),

0% = uig® (4)
In the analytic basis, the N = 1,d = 6 SUSY is
realized as

6z = %(5?2,,0“’)15" 66F = & u}

807 =u; SuF =0. (5)

Since z77,8%, u}", form a subset closed under N =
1,d = 6 SUSY transformations,we get the ana-
lytic subspace,

(fk{ = (27,91),1*.-*)- (6)

In the 2nalytic basis, the harmonic derivative D*+
becomes

v O a3 a3 a
++ 0+ — +avim a+p +
D** =2 = il Lgrazmg 3 a5
(7)

and -the spinor derivatives are decomposed into
D* parts:

3 a

- a3
o= Da=

D} = o + 117 0“"— (8)

aa+¢

The fact that D} are reduced to simple deriva-
tives with respect to 8~ reflects the existence of
the invariant analytic subspace. Therefore in the
analytic basis, we can define superfields which do



not depend on - and are analytic automatically,
F)(z4,0%,u*), DF@=o, (9)

The unconstrained off-shell formulation just relies
on the use of the real analytic superfields.

The exterior differential d in the harmonic super-
space can be split as follows

d=d+D+D

where d = ¢*#3,4,D = ¢*Dyi, D = e°D,, with
D, = (D + +,D — —). The rigid vielbeins e are
1-superforms, with the property

de? = t4;efe?

tz:';,. = —t'e.','5[:’;';].

From the constraints F})" = 0, F*+~~ =0
we can solve for 7} and p**, 0=~

ot =D

ot = e VDt

o= e VD¢
From F}** = 0 we can get the important rela-
tion
Dtv*t =0 (10)
vV = eV D (Ve Y)
As 4 have been obtained, the gauge transforma-
tions can be expressed as

&V = XX, Dix=o0, (11)

e’ —e¥eVeX, D*Y =o. (12)

where K is the gauge transform parameter. By
using a K gauge transformation the ¥ can be set
to zero, V = 0, and hence o** = o=~ = 0. Now
(10) becomes V** = eYD*+e~Y which can be
reduced to

(DY +V*+t)eY =0 (13)

Equation (13) can be solved to express the prepo-
tential U in terms of the unconstrained analyltic
superfield V*+,

The gauge transformations can be expressed

by the exterior differential operator in gauge group

space‘)a’)

a3
8= ;dﬁ% (14)

where t' are all parameters the gauge group ele-
ments may depend on.

The following notations are introduced to ex-
press the gauge transformed quantities

e’ = eXe¥ X
e® = eXeleX

¢ =eFpeX + e KdeX
F=do+ ¢

We denote ¢ = e~KgeX, ¢! = eXse™X where ¢, ¢
are G-valued 1-forms in ¢ space.

We can get
se® = s(e¥e"e®) = —c'e" + e%¢ (15)
se® = s(eXeeX) = ~c'e* + e¥c (16)
8¢ =, e} — de
sc = —c? (7)

which coincide with B.R.S. transformations.

The transgression formula ® is therefore still
true, and we consider the following for d = 6,

 THFFFF) =(d+9)0 (18)

n=/°ldt

str((¢+c), Fi, K, ) = t(d+s)(d+)+7(g+¢) ($+)

(19)
The operator Ssysy corresponding to rigid su-
persymmetry is defined by acting on superfields
¢ integrated over space-time,

Ssusr [ W= [ #Dav = [(*Du)  (20)

where ¢4 = (7, ¢e*,¢%) = (0,6*,0) are param-
eters with the same commuting properties as dz4,
i.e., the spinor like €' are commuting among them-
selves. The reason we put ¢* = 0 is that super-
symmetry is realized with §u¥ = 0; also we may
set the space-time like ™' = 0 because they occur
under space-time integration. Due to the com-
muting property of €, Ssysy is nilpotent when
acting on space-time integrals of superfields,

S3usy =0 (21)

To construct consistent SUSY anomaly, we start

from the transgression formula (19). The 7-superform

o



w

~ where

1 can be split according to the powers of ¢, and
by the number of factors of the vielbeins e with
different dimensions, i.e., ¢1,92, (7T — p) — q1, — 2,
which denote the number of the factors of the
spinor-like vielbeins, ¢, the harmonic-like viel-
beins e?, and the space-time like vielbein €™ re-
spectively. Therefore, equation (18) contains dif-
ferent sets of identities, one for each sector. We
depict the following,

p=0,q1 =2, =0:
str(FFFF)ez0 = dw§ag+ [Dwhyolezo (22)

p=4,01=0,02=0:
0 = swgy0+ a“’:.m + [Dwggoleno  (23)

p=2,01=0,g3 =0:0=swgpo+ a“":.o.o (24)

After some calculation, we can get the final result,

A% =0 (25)
SsusyO%ysy =0 (26)
JA;ysy + SsusyA: =0 (27)

é 1
A= / We,0,0
t ]
Abygy = [ i
susy = | b0

The notation i,xm denotes the interior product of
the m-superforms xm with respect to ¢*, where

M= At (28)
and e/ are the inverse vielbeins,
CAMXAM te Al

ianu:vncA‘eA’ cee

Equations (25), (26) and (27) are the consistency
conditions and A%, A%, sy are the gauge anomaly
and supersymmetric anomaly respectively. A;,
A%ysy can be expressed by

Af =12 /: /o ' dt(1 —t)[str(cdpZtFt)|e=0 (29)

Afysy = ‘12/'/;1 dt
str (2] $(R)aLiZ, - J4ELE,

- 6—'4- (;’g‘z?“’._’gu‘a&[a:.a:l}alh)] }0(_?:)0)

where

¢ = e‘""ﬁ'n"
;9_,‘. = c‘n'f,_,_',.nc,
Z = C(‘”’)‘C(”l)’ﬁ.ﬂ:)’(.ﬂl)x
foral = g glopnl (1)
and similar definitions for % and (#)q;.
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