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ABSTRACT OF THE DISSERTATION

Efficient Reinforcement Learning in Various Environments:

from the Idealized to the Realistic

by

Fei Feng
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2021
Professor Wotao Yin, Co-Chair

Professor Lin Yang, Co-Chair

How to achieve efficient reinforcement learning in various training environments is a central
challenge in artificial intelligence. This thesis investigates this question on the spectrum of
environments from the most idealized type to a fairly realistic one. We use two characteristics
to describe the complexity of an environment: 1. how many observations it contains; 2. how
difficult it is to capture high rewards. Based on these two scales, we study four types of
environments: 1. finite (a small number of) observations plus a generative model (one of the
most idealized sample oracles); 2. finite observations plus an approximate model; 3. rich
(possibly infinitely many) but structured observations with an online simulation model; 4.
general rich observations with an online simulation model. From the first to the last, the
problem becomes more and more difficult and significant to solve. This thesis provides novel
algorithms/analyses for each setting to improve both statistical and computational efficiency

upon prior work.
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CHAPTER 1

Introduction

In machine learning field, there are three learning paradigms: supervised learning, unsu-
pervised learning, and reinforcement learning (RL). Supervised learning and unsupervised
learning focus on making predictions from a given batch of data where all samples are typically
assumed to be i.i.d. generated from some fixed unknown distribution. The learning process
and the output predictor will not change the sample distribution. While RL is about learning
through interacting with the environment. The learner starts with no prior knowledge of
the environment but can explore it with various actions. For every time step, the learner
observes the current state of the environment. Based on that observation, it selects an action
to act back on the environment. As a result, the environment transitions to a next state
and returns a reward signal to the learner. The value of a reward reflects how favorable the
corresponding action is at that state (e.g., high rewards mean achieving some tasks). Through
trial-and-error, the learner gathers information of the environment and gradually constructs
wise decision-making strategies to collect high rewards. The major difference between RL
and the other two paradigms is that the learner’s behavior influences the distribution of the
observations (since the transition is action-related). In other words, it learns a world in a

way that learning changes how the world is presented.

RL is a powerful and general framework since it does not require prior knowledge
or human supervision. It summarizes many machine learning algorithms and captures
a broad spectrum of topics, including health care, traffic control, and experimental design

[SBWO92, [ERR19. SWO0I, Wie00]. Recently, RL achieves phenomenal empirical successes, e.g.,



AlphaGo [SHM16] defeated the best human player in Go after being trained with an RL
algorithm ; OpenAl used RL to precisely and robustly control a robotic arm [AWRIT]; agents
are trained to defeat world champions in a video game Dota 2 [BBC19]. These achievements
(although in games) showcase the potential of RL in replacing or even surpassing human

expertise in real-world application.

However, some serious challenges lead to high sample and computational complexities in
RL training and therefore, prohibit it being widely and successfully applied. For example,
both the AlphaGo and OpenAl arm took nearly a thousand years of human-equivalent

experiences to obtain good performances. The reasons of such pains are mainly two-fold:

e the richness of observations, i.e., there are too (possibly infinitely) many observations

3361 states

the environment contains. For instance, in the game of Go, there are in total
of the board (361 positions and each position can be none/white/black). The space
could be even larger with e.g., high-dimensional images. How to efficiently distinguish

among states and process their individual information is challenging.

e the hardness of knowledge accessing, i.e., it can be very difficult to capture high rewards.
In real-world applications, high rewards can hide in very deep levels. For example, in
navigation problems, the learner may need to take a long path to reach the goal; in
the game of Go, the learner needs to make a long sequence of correct actions to win
eventually. Things could be worse if the reward function is sparse, which provides no
useful information to guide the learner towards the final goal. Whenever this occurs,
one solution is general wide exploration, i.e., the learner should visit as many states
as possible so as to identify high rewards. This is the well-known exploration problem.
However, wide exploration is non-trivial to realize since: 1. as we mentioned before, the
state distribution is influenced by previous actions and a few bad actions can result in
trapping in a local area (e.g., keeps going against the wall in maze) or even a complete

failure of the task (e.g., crashes into a car in self-driving); 2. naive random exploration



strategy (i.e., for each step, with a small probability the learner uniformly randomly
selects an action) might have an exponential sample complexity, which is infeasible for
practical use. Fortunately, if the state space is small, the problem is readily solved
by logging the number of visitations N to each state in memory and designing
artificial rewards oc ﬁ This approach is referred to as exploration with a tabular
implementation and is proved to have minimax-optimal sample complexity (see e.g.
[KS02al, BT02, [JOAT0, [JAB18]). However, how to achieve efficient exploration when

there are numerous observations is still a central challenge.

This thesis aims for providing novel RL algorithms with better statistical and computational
efficiency than prior work for various environments ranging from the most idealized setting

to a realistic scenario. Specifically, we study four types:

1. finite observations plus a generative model. In this setting, the environment only
contains a small number of observations such that maintaining information for all states
with a tabular implementation is possible. A generative model (formal definition can
be found in Chapter [2)) is provided such that the learner can conveniently access the
environment and are exempt from the exploration challenge. Under this setting, prior
work has already established minimax optimal sample complexity [AGK12, [SWW18b|
AKY19]. Thus we are mainly interested in how to achieve better computational

efficiency.

2. finite observations plus an approximate model. Compared with the first setting,
we remove the access to a generative model but replace it with an approximate model.
So the learner needs to design good decision-making strategies from approximately
correct prior knowledge without interacting with the real environment. This setting
abstracts scenarios when agents are trained with simulators before deploying to the real
world. A fundamental question is how much does an approximate help? We provide

systematic answers to this question.



3. rich but structured observations with an online simulation model. In the first
two settings, we deal with simple observations and no exploration is required. For the
third case, we escalate the problem difficulty to directly attacking exploration with rich
observations. To make it solvable, we assume the observation space has some intrinsic
low-dimensional structure but is not directly given to the learner. An unsupervised
learning oracle and an online simulation model are provided to the agent to learn the

low-dimensional structure and interact with the environment, respectively.

4. general rich observations with an online simulation model. In the last case,
we resolve exploration with general rich observations where no structure assumption is
imposed. This is the most challenging task among the four but is also the closest to

real-world applications.

We want to emphasize that all four types can occur in practice. Our works complete all

scenarios and practitioners can select the most suitable approach case by case.

1.1 Main Contributions

From Chapter [2] to Chapter [5], each chapter presents a work studying one setting. We

summarize the main contributions as below.

1.1.1 Parallel RL with a Generative Model

In the first setting, we propose an asynchronous-parallel RL algorithm, AsyncQVI. AsyncQVI
is the first asynchronous-parallel RL algorithm with an explicit sample complexity result
which is near-optimal. Our algorithm not only enjoys parallel acceleration but also has a
memory complexity that is much smaller than related work. These characteristics make
AsyncQVI computational efficient and therefore, suitable for large-scale applications. In our

numerical tests, AsyncQVI achieves a ~ 10x speedup compared with peer methods.



1.1.2 Transfer RL with an Approximate Model

In this work, we provide the first systematic answer towards how much an approximate model
can help. We use TV-distance as a measure of similarity among models and prove both
upper and lower sample complexity bounds. These results bring significant insights about
the benefit and limitation of an approximate model. For example, we show that if the given
approximate model is sufficiently accurate, it helps with removing sub-optimal actions and
scale down the decision selection space; otherwise, it might be of no use for a near-optimal

policy. These results provide theoretical guidance in the practice of transfer learning.

1.1.3 RL Exploration with Unsupervised Learning

In this work we study exploration with rich observations generated from a small number
of latent states. We use an unsupervised learning subroutine to learn the low-dimensional

structure. Our contributions include:

e We propose a new algorithmic framework for the Block Markov Decision Process
(BMDP) model [DKJ19]. We combine an unsupervised learning oracle and a tabular RL
algorithm in an organic way to find a near-optimal policy for a BMDP. The unsupervised
learning oracle is an abstraction of methods used in [THE17, BSO16] and widely used
statistical generative models. Notably, our framework can take almost any unsupervised

learning algorithms and tabular RL algorithms as subroutines.

e Theoretically, we prove that as long as the unsupervised learning oracle and the tabular
RL algorithm each has a polynomial sample complexity guarantee, our framework
finds a near-optimal policy with sample complexity polynomial in the number of latent
states, which is significantly smaller than the number of possible observations (cf.
Theorem . To our knowledge, this is the first provably efficient method for RL
problems with huge observation spaces that uses unsupervised learning for exploration.

Furthermore, our result does not require additional assumptions on transition dynamics

5



as used in [DKJ19]. Our result theoretically sheds light on the success of the empirical
paradigms used in [THF17, BSO16].

e We instantiate our framework with particular unsupervised learning algorithms and
tabular RL algorithms on hard exploration environments with rich observations studied
in [DKJ19], and compare with other methods tested in [DKJ19]. Our experiments
demonstrate our method can significantly outperform existing methods on these envi-

ronments.

1.1.4 RL Exploration with General Function Approximation

In the last setting, we adopt policy optimization methods together with general (possibly
nonlinear) function approximation to address exploration problem with rich observations.

Our contributions are summarized as below:

e We design ENTAC, an actor-critic method that allows non-linear function approximation
in the critic with a statistical guarantee. This is the first theoretical justification for
the utilization of general function approximation in policy optimization to solve the
exploration problem. Our method is robust to model misspecification and strictly

extends existing works on linear function approximation.

e We also develop some computational optimizations of our approach with slightly worse

sample complexity, and an empirical adaptation building on existing deep RL tools.

e We empirically evaluate this adaptation, and show that it outperforms prior heuristics
inspired by linear methods, establishing the value in correctly reasoning about the

agent’s uncertainty under non-linear function approximation.



1.2 Background

In this section, we provide background knowledge of RL including the underlying mathematical
framework: Markov Decision Processes (MDPs) and a notion to measure statistical efficiency
of algorithms: PAC-learnability. The purpose of this section is to give a brief introduction of
the model and statistical tools that we will use throughout the entire thesis. Each chapter is
self-contained with more detailed definition of variants that are tailored to specific problems

considered therein.

Notation Given a set A, we denote by |A| its cardinality and A(A) the set of all probability
distributions over A. For a positive integer H, we use [H| for the set {1,2,..., H}. Let € be
an event, we denote by Pr(€) the probability that £ occurs. Let X be a random variable,
we denote by X ~ ¢(-) if X follows the density ¢(-) and E[X] and V[X] the expectation and
variance of X, respectively. We use O, (), and © to denote leading orders in upper, lower,

and minimax bounds, respectively; and we use 6, Q and O to hide the polylog factors.

1.2.1 Markov Decision Processes

Finite-horizon MDPs A finite-horizon MDP is described as M := (S, A, P, R, H, po),
where S is a state space, A is an action space, P := {py(:|s,a) € A(S), (s,a) € Sx A, h € [H]}
specifies transition probabilities for each step, R := {rn(s,a) € [0,1],(s,a) € S x A, h € [H]}
specifies reward functions for each step, H is the length of horizon, and py denotes the initial

distribution.

The agent interacts with the environment in episodes. For each episode, the agent starts
from an initial state sy ~ po(-) and takes H steps to terminate. For each step h € [H], the
agent observes the state of the environment s;, € S and selects an action a;, € A. As a result,
the environment evolves into a new state sj11 ~ pp(+|sp, a) and the agent receives an instant

reward 75, (sp, ap).



The above process describes sequential decision-making. How the agent selects actions
can be formulated as a policy 7 : [H] x & — A(A), i.e. a mapping that based on the step
index maps every state to a probability distribution over the action space. Given a policy T,

we can define its value functions for every step:

H

Z Th’(sh’aah’)

h'=h

Vir(s) :=E"

Sh:S], h € [H],

i.e., the expected cumulative rewards starting from that step till the end of the episode

following 7. Similarly, we can define the action-value functions:

H

Zrh/(sh/,ah/) ‘ Sp = S,ap = CL] 5 h € [H]

h'/=h

Qr(s,a) :=E

In particular, we have V7 (s) = > . 4 7(als) - QF(s,a). The objective of RL is to

maximize Eg V) (51)
well

without full knowledge of P and R. We denote by 7* an optimal policy and V* the optimal
value, i.e., V* := maxqecn Eg, ~po() V" (51). A policy 7 is e-optimal if E, 0V (s51) > V* —¢

for e > 0.

Infinite-horizon Discounted MDPs An infinite-horizon discounted MDP is described as
M = (S, A, p,r,7v), where S is a state space, A is an action space, p(s'|s, a) is the transition

kernel, r(s,a) € [0, 1] is the reward function, and v € (0, 1) is a discount factor.

At step t, the agent observes the current state of the environment s; and selects an action
a; according to some policy 7 : S — A(AYT] As a result, the environment transitions to a

new state sy ~ p(:|s;, a;) and returns an instant reward r(s, a;) to the agent.

Given a policy m, we define its value function as:

V™(s) :=E" thr(st,at)
=0

Sp = s] ) (1.1)

'In infinite-horizon setting, policy is normally independent of the step t.

8



i.e., the expected discounted cumulative rewards following 7. Similarly, the action-value

function is defined as

Q(s.0) = E"

i”YtT’(St,at) ‘ Sog = S,a9 = a] (1.2)

In particular, we have

V™ (s) = Zw(a|s) Q" (s,a), VseS

acA
Q" (s,a) = Zp(s’|s,a) (r(s,a) +9V7(s"), V(s,a) € S x A.

s'eS

In this model, the objective of RL is to

maximize V™ (s), Vse€ S,
well

without full knowledge of p and r. We denote by 7* an optimal policy and V* and Q* the

optimal value and action-value functions respectively. It can be shown that

V*(s) > V7(s), Vse 8,7 ell,

Q*(s,a) > Q" (s,a), V(s,a) e S x A, 7 €1l

For € > 0, a policy 7 is e-optimal if V7™(s) > V*(s) —¢, Vs € S.

Policy-induced Distribution In infinite-horizon discounted MDPs, every policy corre-
sponds to a distribution over the state-action space. Specifically, given m we define:
dZ(s,a) = (1—7) ZytPr”(st = s,a; = a|sy = §),
t=0
where Pr"(s; = s,a; = alsgp = §) denotes the probability of reaching (s,a) at the ¢y, step
starting from § following 7. Similarly, we define df (s, a) if the agent starts from the state-
action pair (3,a) and follows 7 thereafter. For any distribution v € A(S x A), we denote by

dy (s, a) == Es gy [dfs 5 (s, a)]. Based on the policy-induced distribution, we can rewrite the



Algorithm 1 Value Estimators
1: Routine: V™-ESTIMATOR

2:  Input: starting state s.

3:  Execute 7 from s; at any step ¢ with (s, a;), terminate with probability 1 — ~.
4 Return: V7(s) = S, (s, a;), where 59 = s.

5: Routine: (Q™-ESTIMATOR

6: Input: starting state-action (s, a).

7. Execute 7 from (s, a); at any step ¢ with (s, a;), terminate with probability 1 — ~.

8 Return: Q(s,a) = S r(siya;), where (so, a0) = (s, a).

Algorithm 2 d™ Sampler
1: Routine: d]-SAMPLER

2:  Input: v € A(S x A), .
3:  Sample sg,ag ~ v;
4:  Execute 7 from sg, ag; at any step ¢ with (s, a;), terminate with probability 1 — ~.

5. Return: (s;a;).

value functions as:

VI@E) = ) di(s.a) - r(s,a)/(1-7), (1.3)

(s,a)eSxA

QT(3a)= ) dii(s.a)-r(s,a)/(1 7).

(s,a)eSxA

Comparing formulations (1.1]) and (1.2)) with (1.3), one can see the difference is where the
summation over time steps is taken: either in rewards or in probabilities. We provide sample

oracles for V™, @7, and d in Algorithm [I] and [2|
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1.2.2 Dynamic Programming

If the transitions and the rewards are known to us, then an optimal policy of an MDP
(both infinite and finite-horizon) can be derived by dynamic programming. In the sequel, we
introduce three approaches. One is referred to e.g., [Putl4l [SB1§| for more details. It can be
summarized that RL algorithms are simulations of these three approaches with stochastic

estimation and function approximation.

Value Iteration In finite-horizon MDPs, the value iteration starts from the last step and

propagates forward. Let Q3,(s,a) := rg(s,a). The value iteration proceeds as:

Vi (s) = max Q3 (s, a)

Q. _1(s,a) =rp_1(s,a) + th_1(5’|s,a) Vii(s"), h=H/H-1,...,2.

s'eS
Then we can construct an optimal policy as 7 (s) € argmax, 4 @5 (s,a), h € [H].

For infinite-horizon MDPs, the value iteration can be defined using the Bellman operator

T : RISl — RISl Specifically, starting from an arbitrary vector V; € RIS,

Vo(s) = (TVao1)(s) = max (r(s, a) + Zp(s']s, a) - Vn,l(s’)>, Vs € S. (1.4)
s'esS
Recall that v € (0,1). T is indeed a «y-contraction under || - ||. Therefore, there exists a

unique fixed point V*. From V* we can construct an optimal policy 7* by letting

7*(s) := argmax (r(s, a) + 7 Zp(s’|s, a) - V*(s’)).

a€A s'eS
It can be easily shown that V*(s) = V™ (s) for all s € S, i.e., the fixed point of the Bellman
operator is the optimal value function.

For both models, there can be multiple optimal policies but the optimal value/action-value

function is unique.
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Policy Iteration For infinite-horizon MDPs, one can also use policy iteration to construct
an optimal policyﬂ In contrast to value iteration which iterates over value functions, policy
iteration works by updating policies. Starting from an arbitrary policy my : S — A(A), we
perform the following update:
Tni1(s) = argmax (r(s, a) + v Zp(s'|s, a) - V””(s')), Vs e S. (1.5)
a€A s'eS
To obtain V™ we can run the following iteration:
Vo(s) := Zﬂn(a|s) : (r(s, a) 4+ Zp(s’|s, a) - Vn_l(s’)>, Vs e S. (1.6)
acA s'eS
As in value iteration, the update in Equation is also a 7y-contraction under || - || and
V7 is the fixed point. One can compute V™ either by running the above iteration for enough
many steps or can plug in V™ on both side of and solve as a linear system. It can be
proved that in Equation , T, converges to an optimal policy.

Remark 1. Notice that value iteration and policy iteration proceed differently. Value iteration
works in the function space without forming intermediate policies. V,, in Equation (1.4)) is not
necessarily the value of some policy but lim,,_,o, V,, = V*. While in policy iteration, policies

are explicitly constructed and improved and V™ converges to V*.

Linear Programming The third way of solving an infinite-horizon MDP is linear pro-
gramming]] It can be shown that if ¢(s) > 0 for all s € S, the optimal value function V* is
the solution of the following problem:

minimize Z q(s) - V(s) (1.7)

IS
VeR ses

subject to V' (s) > r(s,a) + v Zp(s’|s, a)-V(s'), V(s,a) € S x A.

s'eS

2Policy iteration for finite-horizon MDPs is almost the same as value iteration.

3Linear programming is not suggested for finite-horizon MDPs since its value function is step-index related,
which makes the formulation complicated in a linear programming formulation.
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The dual problem of (|1.7)) is

maximize Z wu(s,a)-r(s,a)

HeRISIIAl (s,a)eESxA
subject to Y y-p(s',d) - plsls’,a) +q(s) = Y p(s,a), (1.8)
(s',a')eSxA a'eA

wu(s,a) >0, V(s,a) eS x A.

A fundamental result is that there exists a one-to-one and onto mapping between the feasible
set of (|1.8]) and the policy space [Putldl Cor. 6.9.2] and that a maximizer u* corresponds to

an optimal policy 7* given the rewards are uniformly bounded [Putl4, Thm. 6.9.4].

Remark 2. All dynamic programming methods require full knowledge of the transitions and
the rewards. In RL, since no full knowledge is available, some sample oracle is provided as
information source for the agent to grasp knowledge and learn. In each coming chapter, we

will specify the detailed working mechanism of a required sample oracle.

1.2.3 PAC-learnability

In this section, we introduce the notion of Probably Approximately Correct (PAC) learning,
a generally adopted framework to measure the statistical efficiency of machine learning
algorithms, which was proposed in [Val84]. In RL, the PAC-learnability of an algorithm .o

is reflected via the following question:

How many transition samples does of take to learn an e-optimal policy

with probability at least 1 — ¢

Here the high probability reasoning is due to the randomness in both the training data and
the algorithm. Throughout this thesis, we measure the statistical efficiency of algorithms via
answering the above question. In the sequel, we list some often-used concentration inequalities

to establish sample complexity results.
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Theorem 1.2.1 (Hoeffding’s Inequality [Hoe63]). Let Xi,--- , X, be mean-zero independent

real-valued random variables with X; € [a;,b;] and Y := %Z?:l X,. For any e > 0,

—2n2e?
Pr (‘Y‘ > e) < 2exp <zn b — aj)Q)'

j=1

Hoeffding’s inequality is built upon value bounds on random variables. If we also know
the variance of each random variable, the concentration can be established via Bernstein’s

inequality.

Theorem 1.2.2 (Bernstein’s Inequality). Let Xi,---, X, be mean-zero independent real-
valued random variables with | X;| < ¢ for all i and 0® = 237" | V[X;]. Denote by Y :=
LS Xi. For any e >0,

2

-2
Pr ‘Y‘ >e) <2exp <$>
202 4+ 2ce/3

When variances are small, Bernstein’s inequality is sharper than Hoeffding’s inequality.

The above inequalities are about independent random variables. In the following, we have

a concentration result for Martingales.

Theorem 1.2.3 (Azuma-Hoeffding Inequality). Suppose Xo, X1,..., Xk, ... is a Martingale
and | Xy — Xp_1| < ¢ almost surely. Then for any positive integers N and any € > 0, it holds
that

Pr <|XN — Xol > €> < 2exp (—)
QZszl Ci

We will also use Union Bound throughout the thesis. Specifically, given a countable set of

events £1,&,...,&, ..., we have

Pr(U,&) < ) Pr(&).
=1
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CHAPTER 2

Parallel RL with a Generative Model

In this chapter, we study how to achieve better computational efficiency given an ideal sample
oracle in simple observation spaces. We utilize asynchronous parallel technique to accelerate
training. Our algorithm, AsyncQVI, not only enjoys parallel speedup but also is the first
asynchronous-parallel RL algorithm with a near-optimal sample complexity result and has a
memory complexity which is independent of the number of actions. These characteristics make
AsyncQVT suitable for large-scale applications. In numerical tests, we compare AsyncQVI
with four related methods. The results show that our algorithm is highly efficient and achieves

linear parallel speedup.

The contributions in this chapter were first presented in the joint work with Yibo Zeng

and Wotao Yin and was published in AISTATS 2020 [ZEFY20).

2.1 Introduction

Markov Decision Processes (MDPs) are a fundamental model to encapsulate sequential decision
making under uncertainty. They have been intensively studied and successfully applied to
many fields, especially Reinforcement Learning (RL). As a rapidly developing area of artificial
intelligence, RL is being flourishingly combined with deep neural network [MKS15, MBM16,
Li17] and used in many domains including games [MKS15, [SHM16], robotics [KBP13], natural
language processing [YHP18], finance [DBK16], healthcare [KM15] and so on. With the advent

of big-data applications, computational costs have increased significantly. Therefore, parallel
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computing techniques have been applied to reduce RL solving time [GKO08| INSB15]. Recently,
asynchronous (async) parallel algorithms have been widely researched in RL and gained
empirical successes [MBMI16, BET16, (GHLI7, SA1S8, [ZCT19]. Compared to synchronous
(sync) parallel algorithms, where the agents must wait for the slowest agent to finish its
task before they can all proceed to the next one, async-parallel algorithms allow agents to
run continuously with little idling. Hence, async-parallel algorithms complete more tasks
than their synchronous counterparts (though information delays and inconsistencies may
negatively affect the task quality). Async-parallel algorithms have other advantages [BT91]:
the system is more tolerant of computing faults and communications glitches; it is also easy

to incorporate new agents.

In contrast to promising empirical results in async-parallel RL, its theoretical property
has not been fully understood. In this paper, we try to mitigate the gap between theory
and practice. Specifically, we assume the underlying model is a Discounted Infinite-Horizon
Markov Decision Processes (DMDPs) and study the sample complexity of RL with async-
parallel acceleration. A DMDP is described by a tuple (S, A4, P,r,v), where S is a finite state
space, A is a finite action space, P contains the transition probabilities, r is the collection of
instant rewards, and v € (0, 1) is a discounted factor. At time step ¢, the controller or the
decision maker observes a state s; € S and selects an action a; € A according to a policy

m, where m maps a state to an action. The action leads the environment to a next state

at

s¢+1 with probability p% Meanwhile, the controller receives an instant reward r{f, .

StSt4+1°
Here, Torsis, 18 @ deterministic value given the transitional instance (s, a;, S¢41). If only s,

and a; are specified, r{! is a random variable and rgf = rgf,, = with probability p¢f,, . We

use notation py := [p4, ph, -, p;?m]T and 77 1= > opyri; and assume, without loss of
generality, rf; € [0,1], Vi,j € S,a € A. Given a policy 7 : § — A, we denote v™ € RIS! the

state-value vector of m. Specifically,

(o]
T .__ [, T T 1T T . TET t..at s
vT =[], vg, - 7U|3|} ,uf =K [ E 7r5t8t+1|50 —2],
t=0
where the expectation is taken over the trajectory (sg,ag, s1, a1, ..., S aq...) following m,
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i.e. a; = m,,. The objective is to seek for an optimal policy 7* such that v™ is maximized
component-wisely. We let v* denote the optimal value vector associated with an optimal
policy 7*. A policy 7 is e-optimal if ||[v* — v7 || < e.

Since no full knowledge of P or r is available, we assume access to a generative model. A
generative model takes any state-action pair (i,a) as input and outputs a next state j with
probability pj; and the corresponding instant reward r7;. Through drawing samples from a

generative model, we collect information of the model and learn a good policy.

In this paper, we propose an algorithm Asynchronous-Parallel Q-Value Iteration (Async-
QVI), which is the first async-parallel RL algorithm with a sample complexity result. Async-
QVI returns an e-optimal policy with probability at least 1 — § using

o)
samples, provided that each coordinate is updated at least once within O(|S||.A|) time and

the async delay is bounded by O(|S||A]). [SWWI18h] established the sample complexity

lower bound as Q(O‘fg;‘;;)@ur result nearly matches the lower bound up to (1 — ~)?
and logarithmic factors. Besides, AsyncQVI requires only O(|S|) memory, which is the
minimal in tabular implementation. With a near-optimal sample complexity, the minimal

memory requirement, and asynchronous-parallel acceleration, AsyncQVI is a competitive RL

algorithm.

Notation We write a scalar in talic type, a vector or a matrix in boldface, and their
components with subscripts. For example, v and v; are a vector and its ith component,

respectively.

2.1.1 Related Work

AsyncQVT is not the first attempt to solve DMDP problems with asynchronous parallel.

As early as in [BT89], the authors proposed async-parallel dynamic programming methods.
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Table 2.1: Related Async-parallel Methods For DMDPs.
Algorithms Assumption Delay Sample Memory

Total-async QVI [BTR9] Full knowledge  Unbounded  N/A  O(|S||A|)

Partial-async QVI [BT89]  Full knowledge Bounded N/A  O(|S]|A])

Async Q-learning [Tsi94]  Online simulation Unbounded - O(|S]].AJ)
AsyncQVI Generative model ~ Bounded Vv O(|S])

They established and analyzed fundamental asynchronous models, which are characterized
by coordinate update and asynchronous delay. This seminal work inspires the later study of
async-parallel algorithms for DMDPs that are not fully known beforehand and can only be

accessed by samples.

[Ts194] adapted Q-learning to async-parallel setting in online simulationE] and provided
an almost sure convergence guarantee. However, although several works have established
sample complexity results for single-threaded cases [KMNO02, [EM03|,[AMGT11],[AMK13| [KBJ14,
SWW18bl, SWW18d, [AKY19], there has been no such a result for async-parallel algorithms.
Considering the latent huge cost of sampling, an explicit complexity result is more and more

concerned and serves as an important reference for algorithm efficiency.

One may notice that to achieve promising complexity results, several works adopt the
generative model, e.g., [KMNO2, [AMGT11, [AMKI3| [KBJ14, SWWI8b, SWW18c|. This model
is proposed by [KMNO02]. It is a powerful sample oracle which takes any state-action pair
(7,a) as input and returns a next state j with probability pj; and the corresponding instant
reward r{;. Our algorithm adopts the generative model and provides the first explicit sample

complexity result for async-parallel RL.

We list related async-parallel methods for DMDPs in Table and the generative

!Online simulation is a weaker sample oracle than a generative model. In online simulation, the agent is
constrained to start from (normally) a few states and proceeds in the form of trajectories.
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Table 2.2: Related Algorithms with A Generative Model.

Algorithms Parallel Sample Memory
VRVI [SWW18d] X 6((1'fg;4"€210g(§)) O(|S||A])
VRQVI BWWISE]  x  O(g%5zloe(3)) O(SIIA)

AsyncQVT Vo O(klog(3)  O(S))

model methods in Table . Note that some papers [EM03|, [AMGT1], KBJ14] use the word
“asynchronous” for single-threaded coordinate update methods. In constrast, our algorithm is
not only multi-threaded, but also allows stale information and async delay. The lower sample
complexities achieved by [SWWI8b, SWW18c| rely on the wvariance reduction technique,
which requires periodic synchronization and O(|S||.A|) memory footprint to update and store
a basis, say p? vy, Vi € S,a € A. In order to take advantage of fully async-parallel structure
and achieve the minimal memory complexity O(|S]), we do not use variance reduction and

obtain a slightly higher sample complexity.

The last thing to mention is that there are some other nice async-parallel works about
fixed point problems in a Hilbert space, e.g. [PXY16, [HY18|, while our algorithm is based

on a contraction with respect to the /., norm.

2.2 Preliminaries

In this section, we review several key results on Q-value iteration and async-parallel algorithms.

!Under the assumption: Vi, 7, lim_, oo 7;(t) = oo holds with probability 1.
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2.2.1 Q-value Iteration

Given a DMDP (S, A,P,r,v) and a policy 7, we define the action-value vector Q™ with

entries
(o]
T T t..a¢ s _
ia E [ny r8t8t+1} S0 = Z? Qg = a]
t=0

For an optimal policy 7%, we let Q" denote the corresponding optimal action-value vector.

f . UF = max, Q. Hence, to derive an

a7 Y1

From Q*, we can obtain V¢ € §, 7 = argmax,
optimal policy 7*, it suffices to compute the optimal action-value vector Q*. To reach this
end, we first define an operator T : RISIM — RISIAI a5
TQlia= D phrl; + Y _pimaxQu (2.1)
j€S jES

N—— \ 2

~
expected instant reward  expected discounted future reward

where Q € RISIMI and [TQ];, is the ((i — 1) x |.A| 4+ a)th component of TQ with 1 < i <
IS, 1 < a < |A|. Actually, T is the well-known Bellman operator. It is an y—contraction
under ¢, norm and Q* is the unique fixed point (see e.g. [Putl4]). Therefore, one can apply
fixed-point iterations of T to recover Q*. Next, we introduce the async-parallel coordinate

update fashion of fixed-point iterations.

2.2.2 Asynchronous-Parallel Coordinate Updates

Given an (., y— contraction G : R™ — R", the fixed-point iteration x(t + 1) = G(x(t)), t > 0

converges linearly. Rewriting Gx as (G1x, ..., G,x), we call

ni(t+1) = Gilx()), te T (2.2)
x(t), t¢ T

the coordinate update of Gx, where z;(t) is the ith coordinate of x at iteration ¢ and
T = {t > 0 : coordinate i is updated at iteration ¢}

is the set of iterations at which x; is updated.
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Algorithm 3 A Generic Framework of Async-parallel Coordinate Update
1: Shared variables: x°, L > 0, t « 0;

2: Local variable: x;

3: while t < L, every agent asynchronously do

4: Select i € {1,2,-- ,n} according to some criterion;

5: Copy (required) shared variable to local memory: X < x;
6: Perform an update: z; < G;(x);

7: Increment the global counter: t «— ¢ + 1;

8: end while

We use a set of computing agents to perform coordinate update in an async-parallel
fashion. Unlike the typical parallel implementation where all the agents must wait for the
slowest one to finish an update, async-parallel algorithms allow each agent to use the (possibly
stale) information it has and complete more iterations within the same period of time, which
is preferable for cases where the computing capacity is highly heterogeneous or the workload

is far from balanced. See more discussions in [HY17].

We summarize a shared-memory async-parallel coordinate-update framework in Algo-
rithm [3] where each agent first chooses one coordinate to update, then reads necessary
information from global memory to the local cache, and finally updates its computed result

to the shared memory.

By Line [0] in Algorithm [3] the ¢th update can be written as

Gi(x(t)), te T
zi(t+1) = (2.3)
i(t), t¢ T
Here, X(t) := [21(71(t)), ..., 2a(7a(t))]" represents the possibly stale information, where

xj(7;(t)) is the most recent version of x; available at time ¢ that is used to compute z;(t + 1).

We have that 0 < 7;(¢) < t. The difference t — 7;(¢) is called the delay. In this paper, we
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assume partial asynchronism [BT89):

Assumption 2.2.1 (Partial AsynchronismED. For the async-parallel algorithm, there exists

two positive integers By, By (asynchronism measure) such that:

1. For every i and for every t > 0, at least one of the elements of the set {t,t +1,... t+
By — 1} belongs to T;

2. There holds t — By < 7;(t) <'t, for all j and all t > 0.

Assumption [2.2.1] (a) ensures that the time interval between consecutive updates to each
coordinate is uniformly bounded by B; and (b) ensures that the communication delays are
uniformly bounded by By. Note that when B; = By = 1, the algorithm becomes synchronous.

Convergence under this assumption was established in [F.J14].

Proposition 1. [FJ14, Theorem 2/ Consider the iterations Equation (2.3) under Assump-
tion |2.2. 1. Suppose that G is a y-contraction under s, norm and x* is the fized point of G.

Then ||x(t) — x*||oo < [|x(0) — x*||oop’ 2B for all t > By, where p = 731“192*1.

We prove the above proposition by showing a stronger result and the proposition holds
as a direct consequence. We first sort the updating index set 7 as in Equation ({2.3)
into a sequence (})g>0, where t} is the first element of 7 and t} is the (k + 1)th. Then
Theorem bounds |z;(t) — z}| in a staircase decreasing way: |z;(t) — z}| will contract

when t € 77, or equivalently, ¢ = ti for some k.

Theorem 2.2.1 (Staircase Decreasing). Consider the iteration (2.3|) under Assumption|2.2.1}
Suppose that G is y-contractive under infinity norm and x* is the fized-point of G. For each
t> By andie{1,2,--- ,n}, if t € (t,,1} ] for some k, then z;(t) satisfies

i) = 2] < [[%(0) = x"[locp's ", (2.4)

2Assumption 1.1 in [BT89, Section 7.1] uses B for both By and By. Because B; and Bj are different in
practice, we keep them separate to derive a tighter bound. Further, we have dropped assumption (c) there to
make our algorithm easier to implement.
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1
where p := yBi+B2-1,

Proof. We first claim that for each ¢t > By and i € {1,2,--- ,n}, there exists some k > 0

such that ¢ € (t},t}.,]. This follows from Assumption 2.2.1] (a), where t{, < B; — 1, V i.

Now we prove Eq. (2.4) by induction. One could check
1%(t) = x[oe < [[%(0) = x"[|o, VE20

as a corollary of [F.J14) Theorem 2| or by another induction. We skip the details here. Thus

for the basic case,

_ ¥ —t < I —t < — -B
smax {[x(t) = x"lloop™} < max {[1x(0) = X lloep™} < [x(0) = x[locp ™",

which gives that for each t < By and i € {1,2,--- ,n},
J2i(t) = 7] < [[%(0) = x"[Jocp™ .
Since p' is decreasing, we can further obtain that
i (B1) — ;] < [[x(0) = x7[|opt ",

if By € (t},t}_,] for some k.

For the induction step, we assume that Eq. holds for all ¢t > B; up to some t'. For
a fixed i € {1,2,---,n}, supposing that t' € (t},,t},.,] for some k', then we analyze the
scenario at (' 4+ 1) as two cases.
Case 1: t' ¢ J' i.e., we do not update coordinate i at iteration ¢'. Hence, x;(t' + 1) = z;(t')

and t' 4+ 1 € (t,,t},,,]. Then Eq. (2.4)) follows directly.

Case 2: ' € 77, i.e., the ith coordinate is updated at iteration ¢’ and ¢ = ¢}, ,. Since G is

~v-contractive under infinity norm, we have

zi(t' + 1) — 2| = [Gi(x(1) — 7] < [|G(X(F) — x[|oo
(2.5)

< ymax |z;(7(t)) — 2
J
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For a fixed j € {1,2,---,n}, suppose that 7;(t') € (tiwtizﬂtl] for some k.. Then the

induction hypothesis gives |;(7;(t')) — T}

< ||x(0) — x*||oopt£r_31. Since 7;(t') < tiT + By by
Assumption 2.2.1] (a) and 7;(#') > ' — By + 1 by Assumption [2.2.1] (b), we obtain

< [[%(0) = x| sopthe

V@i (7)) —
< A[x(0) — x*[|oop™ 2B

< (0) = X 2B

= [|%(0) = x*[| o i1 51, (2.6)

where the equality holds since y = pP+52~! by definition and ¢ = t},.,. Notice that
t'+ 1€ (th,, 1) Inserting Eq. (2.6) back into Eq. (2.5) yields the desired result. [

One may note that if ¢ € (¢},t}_,], then ¢t} + By > ¢ by Assumption m (a). Hence,

Proposition [1] is a direct consequence of Theorem [2.2.1

In many DMDPs, the transition probabilities P are sparse. So for any state-action
pair (i,a), the possible next states form a tiny subset of S. Hence, to apply async-parallel
coordinate updates to Equation ({2.1]), very few components are required and we only need
to bound async delay over a smaller subset. Therefore, we usually have By, < By, where

1
By, > |S||A|. Hence, the convergence rate yBi+52-1 we obtain is significantly better than

»leBw—l from [FJ14, Theorem. 2].

Remark 3 (Total Asynchronism). Here we do not adopt the total asynchronism notion [BT8Y,
Section 6.1]. To start with, one cannot derive convergence rate results under total asyn-
chronism since it allows arbitrarily long delays and no improvement can be said for finite

iterations. On the contrary, partial asynchronism can avoid this case and be practically

enforced [BT89, Section 7.1].
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Algorithm 4 AsyncQVI: Asynchronous-Parallel Q-value Iteration

1: Input: e € (0,(1—~)"1),6 € (0,1), L, K;

2: Shared variables: v < 0, 7 < 0, t « 0;

3: Private variables: v,r, S, q;

4: while t < L, every agent asynchronously do

5:

6:

10:

11:

12:

13:

14:

Select state 7, € S and action a; € A
Copy shared variable to local memory : v < v;
Call GM(sy, a;) K times and collect samples s}, ..., s} and rq,...,rg;
Let ¢ + % Zf:l Tk + 7% Zf:l Ugy — Ljﬁ
if ¢ > v;, then
mutex lock;
Uiy =, Ty < Qg5
mutex unlock;
increment the global counter: t < ¢+ 1

end if

15: end while

16: Return: =

2.3 AsyncQVI: Asynchronous-Parallel Q-value Iteration

In this section, we present AsyncQVI in Algorithm {4 and its convergence analysis. AsyncQVI

is an asynchronous stochastic version of Equation (2.1)). To develop AsyncQVI, we first apply
the asynchronous framework (Algorithm [3) to Equation ([2.1)), obtaining

> P+ o max Qi (t), t€ T
Qi,a(t + 1) = J i a
Qi,a(t>7 tgé yi,a'
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Since there is no knowledge of the transition probability, we approximate the expectations
>, pg;+ by random sampling (Lines [7] and [§ Algorithm . So instead of (2.7)), we substitute

% and
it 8y,

> pgre; and 3 pf max, Qj,a/(t) by their empirical means, ie., r(t) == &>,
S (Q(t)) = % >, max, st « (), respectively. For the purpose of analysis, we also tune the
update slightly by subtracting a small constant (1 — «)e/4. Consequently, AsyncQVI is

equivalent to

Oualt 4 1) = r(t) +75(Q() — (1 —v)e/d te T, 28)

Qi,a(t)7 t ¢ yi,a'

For memory efficiency, we do not form Q € RISIMI Instead, since only the values

ISl at each iteration t,

max, (;  are used for update, we maintain two vectors v,m € R
we ensure v;(t) = max, Qi (t), m(t) = argmax, Qi 4(t) and 0;(t) = maxy Q; . (t). By this
means, we reduce the memory complexity from O(|S||A]) to O(|S]|), which is of a great

advantage in real applications.

Remark 4 (Coordinate Selection). To guarantee convergence, the coordinate should be
selected to satisfy Assumption[2.2.1. In practice, however, if all agents have similar powers,

one can simply apply either uniformly random or globally cyclic selections.

Remark 5 (Parallel Overhead). In AsyncQVI, overhead can only occur during copying
variable from global memory to the local memory (Line @ and where a memory lock s
implemented (Lines @—@ For the former case, the time complezity is O(|S|), which is
negligible when O(|S|) is small or the process of querying samples is much slower. Otherwise,
one can consider copying in a less frequent fashion, i.e., updating v every ly iterations.
Although it will increase By by ly, the sample complexity is still near-optimal as long as
By + By = O(|S||A|). For the latter case, a memory lock (e.g. mutex) ensures that v; and T;
are indeed the mazrimum value and a maximizer of the vector Q;, respectively. Since only two

scalars are accessed and altered, the collision is rare.
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2.3.1 Convergence Analysis

Next, we establish convergence for AsyncQVI. To distinguish different sequences, we let (QE(t))

denote the asynchronous coordinate update sequence generated through Equation , where

the superscript represents the updates with real expectations. Specifically, if AsyncQVI pro-

duces a sequence according to Equation with Q(t) = [Q11(11.1(1)), . .. Q1 (Tsa )T,
then

T+ ”yZp?j m@x@?a,(t), t € T,
Et+1) = j “

1,a

(2.9)
ra(t), t¢ T,

2,0

where QE(t) = [QF 1 (111(2)), - - ,QES|7|A|(T|5"|A| (t))]T. There are two things to notice:

1. (QE(t))L, and (Q(t))L, have the same initial point;

2. at any iteration, (Q®(t))L, shares exactly the same choice of coordinate (i, a;) and

the same asynchronous delay with (Q(¢))L,.

These properties are important to our analysis. Recall that we assume partial asynchronism
(Assumption for AsyncQVI. Then Equation ([2.9) also meets Assumption [2.2.1} Hence,
Equation converges following the fact that 7" is a y—contraction and Proposition . Since
Equation is an approximation of Equation (2.9, we can leverage the convergence of
Equation to establish the convergence of AsyncQVI. To this end, we first use Hoeffding’s
Inequality [Hoe63] to analyze the sampling error. Specifically, if we take enough samples per

iteration, then the error can be controlled with high probability.

Proposition 2 (Sample Concentration). With K = ’—Wlog (%)-‘, AsyncQVI generates
a sequence (r(t),S(Q(t)))f:_ol that satisfies ‘r(t) + vS(Q(t)) — T = vpng\A/(t)’ < %,

V0<t<L—1, with probability at least 1 — 0.

Proof. We first show that for a constant L, with K = [W log(%)-‘ samples, AsyncQVI
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returns r(t) and S(Q(t)) satisfying

A= 5qe) - po o) < L2208

t) —rit| <
r(e) — ) < 22 <t

with probability at least 1 — §/L.

As we explained before, both 7(t) and S(Q(t)) are averages of K ii.d. samples with

O S T .
Elr(t)] = X2, pigriy = i and E[S(Q()] = 3, pityi5(t) := pii ¥ (t). Since we assume
ri; € [0, 1], it is easy to verify 0 < v(t) < ﬁ by induction. We skip the details here. Then

letting K = (m log (T)]’ we can obtain that

_ ~)2 CoK2(1—~)Ae2
P|:|T(t) ret| > M} < 2e R < 9.

4 = 9L
(1—7)e

—2K2(1-7)%e2 )

o ar T 16K
P{S(Q) = pi V()] = ] <2 -

IN

Based on the above result, for a fixed iteration ¢, we have

1) +7S(QUE) 7 — 9w TV < Ir(e) — 7]+ 418(Qu) — pi o] < L

holds with probability at least 1 — %. Taking a union bound over all 0 <t¢ < L — 1 iterations

gives the desired result. |

Proposition |2 establishes a control over a one-step approximation error between Equa-
tion (2.8)) and Equation provided that Q = QF. However, for the two sequences (Q(1))
and (QE(t)) that only share the same initial point, the error can accumulate. To tackle this
issue, we further utilize the ~-contraction property to weaken previously cumulative error.
More specifically, if the newly made error and the previously accumulated error keep the
ratio (1 —~) : 1 for each iteration, the overall error remains (1 —y)e 4+ e = e. By this means,

we can control the difference between (Q(¢)) and (Q®(¢)) by induction.

Proposition 3. Given the total iteration number L, accuracy parameters € and o, with

K = (( - log (4£)], AsyncQVI can generate a sequence (Q(t))f, satisfying || Q(t) —
Q) |l < &/2, V1 <t < L with probability at least 1 — 4.
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Proof of Proposition[3. We denote by & the event

[+ 5@ — 7 =i v < B2 vo << n 1)

By Proposition [2], & occurs with probability at least 1 — §. Next, we condition on & and
prove

Q) - Q° Wl < 5, V1<t<L

by induction. The basic case is trivial. For the induction step, we analyze the scenario at ¢+ 1

as two cases. When t ¢ 7, |Q;q(t +1) — QF,(t +1)| < &/2 follows from the hypothesis,
since Egs. (2.8) and (2.9)) give that

Qialt +1) = Qiu(t +1) = Qialt) — Q7 (1)
When t € 7% by Eq. (2.§), Eq. (2.9) and triangle inequality, we have that

|Qia(t+1) — Q7 (t+ 1))

= [rty + @y — BTy 3t e Q50
J
~ _ =a aT g o (1 _7>€ aTy . a AE
< [r() +9S(Q) = 7 = TV — =5 [TV — 4 Y ply max Q% (1)
J
< TU)+7503@D-T?—“nﬂT9@ﬂ%gl%fﬁf%VEZP%}@3XQ$wU)—ﬂq?XQ?w@H-

By definition of &£ and the induction hypothesis, we further obtain that

(I—=9)e  (A-=19)k
L 3

€

£
Qia(t +1) — QF (t+1)] < 5=

+7
which completes the proof. |

Since (Q%(t)) converges to Q* linearly, combining Propositions [1| and [3] gives the desired

result.

Theorem 2.3.1 (Linear Convergence). Under Assumption given accuracy parameters
€ and 0, with L = (231 + Bli“irl log( 2 ﬂ and K = (ﬁ log (%ﬂ, AsyncQVI can

(1=7)e
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produce Q(L) € RIS and v(L) € RIS! satisfying [|Q* — Q(L) || < € and |[v* —v(L)||os < €

with probability at least 1 — 4.

Proof. By Proposition
L—-2B
1Q7 = Q¥ (L)1 = 7) 7 2P = (1 =) My PmeT
Notice that 7 = (1 — (1 — 7)) < e~(1=7). We have that
L—-2Bq £

1Q" ~ QD) < (1 =) e ETET < o (2.10)

where the last inequality holds with L = (2B + 2 1+32 Llog ( - w)sﬂ . Then, by Proposition ,
with probability at least 1 — 9,

1Q*(L) — Q(L)]l < 5 (2.11)

Inserting Equation (2.11]) back into Equation (2.10)) gives the desired result
1Q" — QL) < 1Q° — Q*(L)lloe + 1QX(L) = Q(L) [ < &
Then one can check [|[v* — v(L)||« < € at ease. [
In the following theorem, we show that the vector m maintained through the iterations is

an e-optimal policy. Using this theorem, we shall present the sample complexity of AsyncQVI
in Corollary [1}

Theorem 2.3.2. Under Assumption [2.2.1], given accuracy parameters € and 0, with L =
DBI + BlJ{fE_l log ((1727)€ﬂ and K = (( i log( ﬂ, AsyncQVI returns an e-optimal

policy m with probability at least 1 —§.

To prove the above result, we first define a policy operator.
Definition 1 (Policy Operator). Given a policy m and a vector v € RIS!, the policy operator

T, : RISl = RIS s defined as

[Tov) =7+ 9pl v =17+ 9> pliv;

JES

30



There are some properties of 5.

Proposition 4 (T,’s Properties). Given a policy w, for any vectors v, v/ € RIS!,

1. Monotonicity: if v <v', then T,v < T,V .

2. v-Contraction: ||T,v — T, V|| < 7|V — V|| -

3. V™ is the fixed-point of T.

The proof is straightforward following the definition. We skip the details here. Next, we

have the following result.

Lemma 2.3.1. [SWWI8d| Given a policy , for any vector v € RIS| if there exists a v/ € RIS

such that v/ < v < T,v', then v < vT”.

Proof. By Proposition 4| (a) and v/ < v, we first have T, v/ < Tyv. Combining with v < T,.v/,
we further obtain v < 7T, v. By induction, one can check v < T"v, V n € N. Moreover, since

T is a y-contraction, v™ = lim, ., T7v. Hence, v < lim, o, T7v = V™. |

Next, we consider the special case that v(L) and 7(L) are both derived from AsyncQVI
with
mi(L) = argmax Q; (L), vi(L) =maxQ;.(L), Vi € S.

If |v* — vl < ¢, then 7 is e-optimal. To achieve this, we first show that v(L) satisfies

Lemma[2.3.1] (see Lemma [2.3.2). Then with Theorem [V = v leo < V¥ = V(L)]|oo < €.

Lemma 2.3.2. Under Assumption AsyncQVI generates a sequence of {v(t)}L, and

{m(t)}1 satisfying
V(t—1) < v(t) < Topvi(t —1), V1<t <L (2.12)

with probability at least 1 — 6.
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Proof. By Proposition

() +9S(Q(t)) — 7 — Ap v (t)| < % VO<t<L-1

holds with probability at least 1 — d. Denote by & the event
. 1
{r(t) +75(Q(t) — % < APl (), VO<t < L - 1}.

Then & occurs with probability at least 1 — 4.

Now we condition on & and prove Eq. by induction. For simplicity, we let
v(—1) = v(0) = 0 and start our proof from ¢ = 0. Then the basic case holds. For the
induction step, suppose that Eq. is true for all ¢ up to some t’. Recall that in AsyncQVI,
for each iteration, whether v; or m; will be updates depends on the value of ); ,. We hence
analyze the scenario at (t' + 1) as two cases.

Case 1: @, q,(t' +1) < v;,(t'). Then v and 7 will not be updated, i.e., v(t' + 1) = v(t')
and 7(t' + 1) = w(¢’). In this case, the inequality v(#') < v(#' + 1) follows directly. For the

other part, by induction hypothesis we have
V(t/ + ].) - V(t/) S Tﬂ—(tl)v(t/ - 1) - Tﬂ—(t/_;'_l)v(t/ - 1) S Tﬂ-(t/_;’_l)v(t/),

where the last inequality comes from v(t' — 1) < v(t') and the monotonicity of Ty 1).

Case 2: Qi q,(t' +1) >v;,(t'). Then Vi€ S,

Case 2.1: i # iy. In this case, v;(t' + 1) = v;(t') and m;(t' + 1) = m;(¢). Hence, once

again by induction hypothesis and 7}.’s monotonicity, we obtain

Ui(t/ + 1) = Ui(t/) S [Tﬂ(t’)v(t/ — 1)}Z = [Tﬁ(t/+1)v<t/ — 1)]2 S [Tﬂ(turl)v(t/)] .

)

Case 2.2: i = iy. According to Lines [9] and [11] of Algorithm [4] the ith coordinate of
v is updated at iteration ¢’ and the former inequality follows directly. For the latter

inequality, by Line [§] of Algorithm [4] we have

(1-7)e

vt +1) = Qia, (t' +1) = r(t) +15(Q(t) —
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By definition of & and m;(t' + 1) = ay, we obtain

CIIW) = [Ta V(1))

vt +1) <7 +9p ;
Owing to v(t') < v(t') by induction hypothesis and the monotonicity of 1741y, we can

complete our proof by

)

S [Tﬂ(t/_,'_l)v(t/)} ..

1

Finally, combining the results of Lemma [2.3.1] Lemma [2.3.2] and Theorem [2.3.1], we can
establish Theorem 2.3.2] at ease.

Corollary 1 (Near-Optimal Sample Complexity). Under Assumption AsyncQVI
returns an e-optimal policy w with probability at least 1 — & at the sample complexity

O(A3AL og(L)), provided that B, + B, = O(|S|Al).

A=)

Moreover, given the complete knowledge of transition P and reward r, we can also solve it
asynchronous parallelly. To utilize AsyncQVI, one can build a generative model in O~(\S|2]A|)
prepossessing time [Wan17], and the GM produces a sample in O(1) arithmetic operations. In

this sense, AsyncQVI also has the following computational complexity results.

Corollary 2 (Computational Complexity). Given a DMDP (S, A,P,r,v), under Assump-
tion AsyncQVI returns an e-optimal policy with probability at least 1 — § at the compu-

tational complexity
|SIIA] 1

O(IS)?| Al + mlog(g)),

provided that By + By = O(|S|]A|).

2.4 Numerical Experiments

Environment To investigate the performance of AsyncQVI, we solve the sailing problem

from [Van96] on a 100 x 100 grid with 80000 states and 8 actions. Each state contains
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the sailor’s current position (z,y) and the wind direction. Each action is one of the eight
directions {(0,1), (0,-1), (1,0), (-1,0), (1,1), (1,-1), (—1,1), (=1,—1)}. The goal is to
reach the target position (50, 50) at the lowest cost. Different from the original settings, we
add more randomness to the system. Under the action (d,,0d,), the sailor will be further
affected by two drift noises: a mild wind noise N'(0, %) which occurs with probability (w.p.)
1 and a big vortex noise A/(0, 02) which occurs with a fairly small probability p. So, the next

position is
(z+ 6. + N(0,07), y+ 0, + N(0,07)), with probability 1 — p;
(x4 6, +N(0,07 +03), y+ 06, +N (0,07 +03)), with probability p.
The wind direction at next time maintains its current direction w.p. 0.3, changes 45 degrees

to either direction w.p. 0.2 each direction, changes 90 degrees to either direction w.p. 0.1

each, changes 135 degrees to either direction w.p. 0.04 each, and reverses direction w.p.

0.02. We set the instant reward as d x | 228l between Wm(z;fd action directions| “yhere  is a constant
hyperparameter. When the reward is lower, we can take it as a higher cost. If the sailor

reaches the target position, the reward is 1.

Algorithms and Implementation We compare five algorithms with a sample oracle (SO):
AsyncQVI, Asynchronous-Parallel Q-learning with constant step size (AQLC), Asynchronous-
Parallel Q-learning with diminishing step size (AQLD)[Ts194], Variance-reduced Value Iter-
ation (VRVI)[SWW18c|, and Variance-reduced Q-value Iteration (VRQVI)[SWW1I8b]. All
algorithms and the SO are implemented in C++11. We use the thread class and pthread.h

for parallel computing.

The tests were performed with 20 threads running on two 2.5GHz 10-core Intel Xeon
E5-2670v2 processors. We chose the optimal sample method (uniformly random, cyclic,
Markovian sampling) and optimal hyperparameters (sample number, iteration number,

learning rate, exploration rate) for each algorithm individually. The learning rate of AQLD
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01 =0.1,p=0,d=0.05. AsyncQVIL: K =1, AQLC: a = 1.
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Figure 2.1: Parallel RL vs. single-threaded RL under various transitions.

was set as 1/t%%1 according to its theoretical analysis, where ¢ is the iteration number. Our

code is available in https://github.com/uclaopt/AsyncQVI.

To evaluate a policy, we let the agent start from a random initial state and take actions
following the policy for 200 steps. Then, we evaluate the policy by recording the total
discounted rewards (7 = 0.99) and whether the agent reaches the target position (flag = 1
if so). We repeat 100 episodes of this process and calculate the average total discounted

rewards and total flags. A policy with higher rewards and more flags is preferred.
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AsyncQVI. o1 = 0.1, p = 0.05, 02 = 1, d = 0.15. AQLC. 01 =0.1, p=0.05, 02 = 1, d = 0.15.
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Figure 2.2: AsyncQVI vs. AQLC.
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Figure 2.3: Parallel performance of AsyncQVI.

Results We test with different randomness and rewards which represent various MDP
settings (see Figure . In the first test, one-step transition rewards are dominated by
rewards for reaching the target (d = 0.05 is very small compared with 1) and only the
wind noise is considered in positioning. The agent mainly aims at finding the target, which
is relatively easy with minor noises. This leads to a fast convergence of policies with low
sampling request and bold learning rate. In the second test, with increasing transition rewards
(d = 0.15), the agent needs to take a more economical way to reach the goal. This prolongs
the learning process with more samples and more prudent learning rate. The next two tests
make the situation more complicated with a big vortex noise, which gives rise to higher
sampling numbers and more conservative learning rates. This phenomenon occurs in VRVI

and VRQVT as well. We skip the detailed parameters here.

In these four tests, AsyncQVI and AQLC are almost equivalently outstanding in terms of
time and achieve an at least 10x speedup compared to VRQVI and VRVI with 20 threads

running parallel. Further, VRQVI and VRVI have lower sample complexities, especially on
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complicated cases. The testing results verify our theory. In the sequel, we further analyze the
performance of AsyncQVI and AQLC and provide heuristics on how to set sample number

and learning rate.

Performance Analysis and Heuristics Recall that AsyncQVI derives from the Q-value
operator T (see Equation (2.1])). Let T, := (1 — a)I + oT', where « is the learning rate. One
can get AQLC through the same approach. What’s special is, AQLC only takes one sample
each time. This seems to be a very inaccurate approximation and might cause devastating
error. However, note that when applying T,,, sample range is also discounted by «. For
fixed 0 and €, the requested sample number m decreases quadratically with respect to «,
since m > C ‘6“—22 log (%) by Hoeffding’s Inequality [Hoe63]. Hence, when « is smaller, AQLC
converges more stably. On the other hand, a tiny learning rate also leads to slow progress,
since T,’s contractive factor (1 — a + ay) approaches 1. Similarly, for AsyncQVI, when
the sample number K is larger, it converges more stably but also more slowly. Therefore,
we propose a trade-off heuristic of adaptively increasing the sample number or decreasing
the learning rate. Specifically, in our test, we set K; = min(|t*17],35) for AsyncQVI and
a; = max(t~%1,0.1) for AQLC, where t is the iteration number. The results are depicted in
Figure [2.2] The above interpretation also shows that AQLC is a special case of AsyncQVI
(with T,, and K = 1), which explains the similarity in their optimal performances. However,
since AsyncQVI takes ‘—jux memory of AQLC, our algorithm is still preferable for high

dimensional applications.

Parallel Performance We also test the parallel speedup performance of AsyncQVI using

1,2, 4, 8, and 16 threads (see Figure . The result shows an ideal linear speedup.

Summary AsyncQVI and AQLC have similar numerical performance, and they are faster
than VRQVI, VRVI and AQLD. In general, async algorithms speed and scale up very well

as the number of threads increases, and AsyncQVI is not an exception. On the other hand,
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AsyncQVTI requires only O(|S|) memory, which is much less than the O(|S||.A|) memory
of the other three; recall Table 2.1, Therefore, AsyncQVI can solve much larger problem

instances.

2.5 Conclusion

In this chapter, with finite observations and a generative model, we propose an async-parallel
algorithm AsyncQVI to improve the computational efficiency of RL. Theoretically, under
mild asynchronism conditions, our algorithm achieves near-optimal sample complexity and
minimal memory requirement. Empirically, AsyncQVI shows an apparent speedup compared
with related single-threaded methods. We expect this method as an efficient alternative for

large-scale applications.
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CHAPTER 3

Transfer RL with an Approximate Model

One of the key approaches to save samples in reinforcement learning (RL) is to use knowledge
from an approximate model such as its simulator. However, how much does an approximate
model help to learn a near-optimal policy of the true unknown model? Despite numerous
empirical studies of transfer reinforcement learning, an answer to this question is still elusive.
In this chapter, we study the sample complexity of RL while an approximate model of the
environment is provided. For an unknown Markov decision process (MDP), we show that
the approximate model can effectively reduce the complexity by eliminating sub-optimal
actions from the policy searching space. In particular, we provide an algorithm that uses
O(N/(1 —~)3/2) samples in a generative model to learn an e-optimal policy, where 7 is the
discount factor and NN is the number of near optimal actions in the approximate model. This
can be much smaller than the learning-from-scratch complexity ©(SA/(1 — 7)3 /%), where S
and A are the sizes of state and action spaces respectively. We also provide a lower bound
showing that the above upper bound is nearly-tight if the value gap between near optimal
actions and sub-optimal actions in the approximate model is sufficiently large. Our results
provide a very precise characterization of how an approximate model helps reinforcement

learning when no additional assumption on the model is posed.

The contributions in this chapter were first presented in the joint work with Wotao Yin

and Lin Yang [FYY19].
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3.1 Introduction

Reinforcement learning (RL) is the framework of learning to control an unknown system
through trial and error. Recently, RL achieves phenomenal empirical successes, e.g, AlphaGo
[SHM16] defeated the best human player in Go, and OpenAl used RL to precisely and
robustly control a robotic arm [AWRI7]. The RL framework is general enough such that it
can capture a broad spectrum of topics, including health care, traffic control, and experimental
design [SBWO92, [ERR19, SWO01l, Wie00]. However, successful applications of RL in these
domains are still rare. The major obstacle that prevents RL being widely used is its high
sample complexity: both the AlphaGo and OpenAl arm took nearly a thousand years of

human-equivalent experiences to achieve good performances.

One way to reduce the number of training samples is to mimic how human beings learn
— borrow knowledge from previous experiences. In robotics research, a robot may need to
accomplish different tasks at different times. Instead of learning every task from scratch, a
more ideal situation is that the robot can utilize the similarity among the underlying models
of these tasks and adapt to future new jobs quickly. Another example is that RL agents are
often trained in simulators and then applied to the real world [NCDO06 Tts95, DRCI7]. It is
desirable that agents learned from simulators (approximate models) can adapt to the real

world (true model) faster than knowing nothing. Both examples lead to a natural question:

How does an approximate model help in RL?

This paper focuses on answering the above question. Suppose the true unknown model is a
Markov decision process (MDP) M and the agent is provided with a prior model M, with
the same state and action spaces as M but different transition and reward functions. In

particular, we assume

diSt(M07 M) S ﬂa

where dist(,-) is a statistical distance and 5 is a small positive scalar. We would like to
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study the sample complexity of learning an e-optimal policy 7 for M[T]

In this paper, we consider one of the most natural choices for dist(-, -), the total-variation
(TV) distance between the transition kernels of My and M (see the formal definition in
Equation (3.2)). Under such a distance, we establish both upper and lower sample complexity
bounds. We utilize the fact that if two models are close under TV-distance, their optimal
action-values are close under || - ||. Thus, given My, we can build an interval estimation
of the optimal action-value of M. Based on this estimation, for every state, we construct
two action sets: an e-sufficient set and an e-necessary set, where the former contains actions
that are sufficient to construct an e-optimal policy for any M € Bry(Moy, #); while the
latter contains actions we must explore or we fail to learn an e-optimal policy for some
M € Bry(My, f). We use the notion of c-action set (see definition in Section to define
e-sufficient and e-necessary sets in a unified way. In particular, their relation is as depicted in
Figure [3.1 which will be more revealed in Section [3.3] We establish the sample complexity

results via conducting RL on these sets.

To build the upper bound, we develop a transfer RL algorithm that first constructs
e-sufficient sets using the prior knowledge, then focuses RL on them. Our algorithm takes
5(( s log(l/é)) samples to learn an e-optimal policy for any M € By (M, 3), where N
is the sum of cardinality of e-sufficient sets over all states. When N is smaller than the cardi-
nality of the original action space, transfer learning outperforms learning-from-scratch sample-
wisely. To build the lower bound, we leverage techniques for proving hardness in the bandit
literature (e.g. [MT04]) and RL (e.g. [AMK13]) and obtain the result Q( 3 — log(1/9)),
where N is the sum of cardinality of e-necessary action sets over all states. Both N and N
depends on f, €, and the optimal action-value of M,. In particular, N ~ N when there
is a large discrepancy in the action-value function. The lower bound shows that our upper
bound is nearly tight under some condition. The reader is referred to Section for more

discussion.

LA policy is e-optimal if the difference between the its value and the optimal value is at most .
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Figure 3.1: The Venn diagram for the e-sufficient action set and the e-necessary action set.

Our results do not rely on additional structure assumptions but only the intrinsic value
property of MDPs. To the best of our knowledge, this is the first systematic theoretical

answer to the aforementioned question in this setting.

3.1.1 Related Work

Transfer learning is an important strategy to reduce sample complexity in RL. There are many
different learning regimes, e.g, multi-task RL [WFR07, [LG10l, BL13, \(CLR14], lifelong
RL [TY97, BL14, [AJGI8|, [ZATT7], and meta-RL [SD03, [ABBI18, GMLIS, SHDIS8, [RZF19].
Please also see surveys in [T'S09, [Laz12]; and [YZD20].

In the above settings, often more than one prior model (task) is considered. These models
are assumed to share structural similarity with the to-be-learned model, or they are all
generated from a common distribution. For instance, in [BLI13|, all models are assumed
to be drawn from a finite set of MDPs; in [AJG1S], all models share the same transition
dynamics but reward functions change with a hidden distribution; in [MJT19] and [AJS20],
every model’s transition kernel and reward function lie in the linear span of several known

base models.

In terms of how one approximate model can help, there are several theoretical works. In

[Jia18], the authors use the number of incorrect state-action pairs to characterize the difference
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between two models, which is another interesting direction to look at besides the TV-distance
as we adopt. However, the statistical distance from such a model to the true model can be
arbitrarily large. As the authors show, even if the difference is only one state-action pair, the
approximate model could still be information-theoretically useless. Additional conditions are
needed to achieve positive transfer. In [MC12], the authors analyzed action-value transfer via
inter-task mappings to guide exploration. They do not measure the difference between models
but show that as long as the optimal action function of the source task is (almost) larger
than that of the target task component-wisely, one can use the former as an initialization
for value-based RL on the true model and achieve a smaller sample complexity compared
compared with learning-from-scratch. Their working mechanism is similar to ours: eliminate
sub-optimal state-action pairs from later exploration. The difference is that we directly
identify and remove sub-optimal actions while they achieve this implicitly through value

functions. No lower bound is established there.

Compared with the aforementioned works, our results do not rely on additional assumptions
and are more complete with both upper and lower bounds. In particular, our upper and
lower bounds enjoy a unifying structure that is explicitly characterized by the value function,

the TV-distance parameter, and the learning accuracy parameters.

Notation Given an integer K, we use [K]| to represent the set {1,2,..., K}. We use |- | to
denote the cardinality of a set. We denote by O, (2 or O the leading order in upper, lower, or

minimax optimal bounds respectively; and use 5, Q and © to hide the polylog factors.

3.2 Setting

Markov decision process We consider an infinite-horizon discounted Markov decision
process (MDP), M := (S,{A’}scs,p,7,7), where S is a finite state space, A° is the set of

available actions for state s, p(s'|s, a) is the transition kernel, r(s,a, s") € [0,1] is the reward
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function, and v € (0, 1) is a discount factor. We denote by S’ the set of states with more

than one available action.

At time step t, the controller observes a state s; and selects an action a; € A% according
to a policy m, which maps a state to one of its available action. The environment then
transitions to a new state s;,1 with probability p(s;y1]s:, a;) and the controller receives an
instant reward r(s;, as, s;11). Given a policy 7, we define its value function as:

V™(s) := E”[Zwtr(st,at, si+1) | 50 = 5],

t=0

where the expectation is taken over the trajectory following m. The objective of RL is to learn
a policy 7* that can maximize the value function, i.e., Vr,s €S: V*:= V" (s) > V™(s). A
policy 7 is said to be e-optimal if V7 (s) > V*(s) —e for all s € S. The action-value function

(or Q-function) of a policy is defined as

o0

Q" (s,a) = E”[thr(st,at, St41) | so = s, a0 = al.

t=0

Following the definition of V™, we naturally have
Q" (s,a) = Zp(s’]s,a) (r(s,a,8) +7V7(s).
s'eS

The optimal @-function is denoted by Q* := Q™ . By Bellman Optimality Equation, we have

V*(s) = maxQ*(s,a) = max Zp(s’|s, a)- (r(s,a,8) +~9V*(s)).

acAs
s'eS

c-action set Given an MDP M and a constant ¢, for each state s, we define the following

set

Vi — @} ) ) Oa
A (c) = to Vi) = Quls,a) <ch - e> (3.1)
argmax, Q,(s, a), c <0,

where V3, and Q% denote the optimal value and Q-function of M. For Aj,(c), we have the

following properties:
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e Non-emptiness. For any ¢ € R, A% (c) 2 argmax, Q}(s,a);
o Monotonicity. If ¢; > ¢y, then A5, (c1) 2 A (c2);

e Boundedness. If ¢ > 1/(1 — ), A3(c) = A%, i.e., all available actions for s in M.

TV-distance for MDPs Consider two MDPs M, := (S, {A°}ses, o, 70,7) and M :=
<S7 {AS}SGSap7 T, ’Y)- We define

drv(Moy, M) = max { | Jnax po(:]s,a) — p(-|s,a)ll1, ||T0 — 7|l } (3.2)

S,acAs

drvy(-,-) is a metric between MDPs with the same state/action space and the discount
factor. The name TV comes from that ||po(+|s,a) — p(+|s,a)||; is equal to the total variation
distance between distributions py(-|s,a) and p(-|s,a). We denote by M € Bry(M,, f) if
dry (Mo, M) < 5.

Generative model The generative model of M := (S, {A*}scs,p,7,7) is a special sample
oracle. It allows any state-action pair (s,a),a € A® as input and outputs (s',7(s, a, s")) with

probability p(¢'|s, a).

Near-optimal RL algorithm An RL algorithm is near-optimal if without any prior

knowledge, it returns an e-optimal policy for an MDP M := (S,{A%}ses,p,7,y) with

probability at least 1 — ¢ using 9] (%f%';g : | log(1/ 5)) samples. Near-optimal RL algorithms

often require a generative model of M. Examples can be found in [AMKI13] and [SWW18a].

3.3 Main Results

We formalize our problem of knowledge transfer as below.

Problem 1. Suppose the target unknown model is M := (S,{A®}ses,p,7,7) and an agent
is provided with the full knowledge of an approzimate model Mgy := (S, {A%}ses, Do, 70,7)
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satisfying M € By (Mo, B), where > 0 is a known constant. How many samples does it

take to learn an e-optimal policy for M with probability at least 1 — 7

Without additional structure assumption, we answer Problem [l| by exploiting value
functions. As mentioned before, we utilize the fact that if dpv(M, M) < 8, then their
optimal Q-functions are apart for at most 3/(1—~)? (see Lemma|3.4.1). Given full knowledge
of My, we can obtain interval estimation of the optimal ()-function of M, which depicts how

optimal and sub-optimal an action could be in M.

To establish the upper bound, we select all actions with sufficiently large value estimation
upper bounds and form e-sufficient sets for all states. We prove in Section that there
exists at least one action in each e-sufficient set that can construct an e-optimal policy for
any M € By (Mo, 5). At the learning stage, we apply an RL algorithm only on e-sufficient

sets. The whole process is summarized in Algorithm [5]

In Algorithm |5, we have an explicit definition of e-sufficient sets: Aj,, (C), for all s € S.
From Equation (3.1f), one can see that ASMO(G) contains actions whose values in M are only
C away from the optimal. Such a constraint guarantees that these actions have a chance to
be optimal in M since their value estimation upper bounds in M is larger than the lower
bound of Mjy’s optimal actions. Hence, in the following we form a new MDP M¢ with an

action space {A3, (C)}ses (Line [5) and focus RL on M (Line @ Notice that the transition

kernel and reward function maintain, i.e.,
p°(s'|s,a) = p(s'|s,a), r°(s,a,8') =r(s,a,s), Vse€S,aec Ay (C),s€eS.

In Theorem [3.3.1], we show that the output policy is e-optimal for M with high probability

and the sample complexity therein is our upper bound result to Problem

Theorem 3.3.1 (Main Result — Upper Bound). Given ¢ > 0 and 6 € (0,1), with probability

at least 1 — 0, Algorithm [ returns an e-optimal policy for M using at most

5(2365/ A, (O)] log (1))

(1—7)e 5

46



Algorithm 5 Transfer RL from an Approximate Model
1: Input: full knowledge of My; a generative model of M; a near-optimal RL algorithm

Gopt; € >0, € (0,1).
2: Define: C :=min{2/(1 —7),28/(1 —v)?} — (1 —7)/2.
3: Apply any planning algorithm on M, to get Qf;
4: Construct A}, (C) with Qf (see Equation (3.1)));
5: Form a new MDP M¢ := (8, {43, (C)}ses, 1%, 7%,7);
6: Apply o7, to learn an e/2-optimal policy 7 of M*® with probability at least 1 — 4.

7: Output: .

samples, where C = min{2/(1 —~),28/(1 — )2} — (1 —7)/28

To establish the lower bound, we construct a hard case and use information theory to
prove the necessity. The details are displayed in Subsection [3.4.2] The result is summarized

in the following theorem.

Theorem 3.3.2 (Main Result — Lower Bound). Let ¢ € (0,e0) and § € (0,0). The sample

complexity for Problem |l is

0 (ZSGS’ [ A, (€] log (1)) 7

(1 =) 0
where eg = By - min(g%, lg—x) - (minges V*(s))Q, do = 1/40, and
V*(s) — 2 if B/2+ 52 > 1
12(1—v)—64(1—v)2e+4.58’ 3y = 7

: v (s)?
Vv (8) - V() +B7V*(5)2+4e(1+~B8V *(5)/2)2 0.W.

In Theorem [3.3.2, A%, (C,) is our official definition of the e-necessary set for each state
seS.

2The complexity is summed over S’ since no action exploration is needed for single-action states.
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Remark 6. Both upper and lower bounds share a unified structure via the notion of a c-action
set. When the problem parameters meet the conditions in Theorem C,<C. By the
monotonicity property of c-action set (see Section , the relation as depicted in Figure
is revealed. More discussions on C and C, can be found in Subsection .

Note that the sample complexity of learning-from-scratch is é(% log (%)) (see

[AMK13, SWWI8h]). For the upper bound, if |45, (C)| < |A®], transfer RL achieves
a significantly smaller sample complexity than learning-from-scratch. The best case, as
in Corollary , is when A3, (C)] = 1 for all s € S and therefore, the optimal policy is
transferable. For the lower bound, if |A}, (C,)| is close to |A°|, the prior knowledge does
not offer much help. The worst case, as in Corollary , is when A3, (C,)| = |A°|, then
with or without the prior knowledge, it has the same order of complexity. In particular, if

| A5, (C)] = |45, (C,)], the upper bound is tight up to a log factor.

Corollary 3 (The Best Scenario). Suppose for every state s € S', |argmax, @}, (s,a)| =1

and

[Vii(s) — max {Qi(s,a) | Qu(s,a) < Vi(s),a€ A} > 28/(1 - )* — /(1 —).
Then | A3, (C)| =1, Vs € S and the optimal policy for My is also optimal for M.

Corollary 4 (The Worst Scenario). Let € € (0,e0) and & € (0,6y), where g and 0y are as
defined in Theorem . Suppose for every state s € §', argmax, Q) (s,a) = A°. Then

the sample complexity for Problem (1] has the same order as that of learning-from-scratch.

3.4 Analysis

In this section, we prove the main results.
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3.4.1 Proof of the Upper Bound

We follow the notations used in Problem [1I] and always use @ and Q* for the optimal

@-functions of My and M, respectively. Our first result is
Lemma 3.4.1. |Q} — Q*||cc < min{1/(1 —~),5/(1 —7)*}.

Proof. Since R(s,a,s’) € [0,1], the bound 1/(1 — ) is a direct result. For any policy m,
denote by QF and Q™ the action-value functions and V" and V™ the state-value functions of

running 7 in My and M, respectively. Then, by definition, for every (s,a) € S x A,

Q5 (s,a) = Q7 (s,a)| = |ro(s,a) +vpo(-]s,a) V5" —r(s,a) —p(-|s,a) V7|
< |ro(s,a) = (s, a)| +v|po(-|s, a) V5T = p(-|s,a) V|
+ - |p(-ls,a) Vi = p(|s,a) VT
< B+ |[po(ls,a) = pCls,a)|, - (V& o + - (V6 = V7l

<B+8/1—7)+1]|QF — Q7|

Thus, ||QF — Q|| , < B/(1—7) +7-||QF — Q7| and [[QF — @7, < B/(1 — 7). Denote
by 7; an optimal policy of My and 7* an optimal policy of M. Then

QF — Q™ <Qp—Q < Qy — Q.

Thus, HQS — Q*HOO < max{ HQ(’{* - Q" ‘QSS —Qm

oo’ - } §min{ﬁ,—(1_ﬂv)2}. [ |

Next, we provide a sufficient condition for constructing an e-optimal policy of M.

Lemma 3.4.2. Given € > 0, for every state s € S, we denote by a® an action in A° such

that Q*(s,a®) > max, Q*(s,a) — €(1 — ). Then w(s) = a® is an e-optimal policy for M.
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Proof. Since m(s) = a® for all s € S, we have

V*(s) = V7(s) = maxQ*(s,a) — Q" (s,a®)

acAs

= maXQ*(S> a) - Q*(S, as) + Q*(Sv as) - Qﬂ(sa as)

acAs
<el—7)+y Zp(s’|s, a®)(V*(s') = V7 (s))
s'eS
Sel—7)+ye(l—y)+-- <> e(l—y" =¢,

where the last line is an induction step. Note that the above inequality holds for all states.

Thus, 7 is an e-optimal policy for M. [ |

Lemma |3.4.2| shows that instead of searching over the whole action space we only need to
focus on actions that satisfy the condition therein. Based on this, we construct the e-sufficient

sets as in the next lemma.

Lemma 3.4.3. Given 3> 0 and e > 0, let C(B,¢€) := 2-min{1/(1—7), B/(1—~)?} —e(1—7).
For every state s € S, there exists an action in A}, (C’(ﬁ, 6)) that satisfies the condition in

Lemmal3.4.9

Proof of Lemma([3.4.3. Following Lemma [3.4.2] for every state s we need to find an action
a® € A® such that

Q*(s,a®) > max Q*(s,a) —e(1 — 7). (3.3)
Denote by ¢ := min{1/(1 —~), /(1 —~)*}. If

* . 1_ < * /_
max Q"(s, a) — e(1 =) < max Q4(s, a') — ¢,

then by Lemma [3.4.1] any optimal action for state s in M, satisfies Equation (3.3). Since

A, (C(B,€)) contains all these optimal actions, it is a valid searching set. If

max Q"(s,a) — e(1 —7) > max Qg(s, @) — co,
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then denoting by a* an action such that Q*(s, a*) = max, Q*(s,a), we have
Qo(s,a") > Q"(s,a") — co > max Qg(s, a’) — 2¢o + (1 — ),

ie., a* € A}, (C(B,¢)). Combining the above results, there exists an €(1 — y)-optimal action

for state s in M in the set A%, (C(5,¢€)). [

In Lemma m, if we let € = /2, then A}, (C(ﬁ, e)) is exactly the e-sufficient set as
used in Algorithm [5 Thus, combined with Lemma [3.4.2] and the fact that M€ shares the
same transition and reward on the contracted action sets, an optimal policy of M€ is at
least €/2-optimal for M. Since we output an £/2-optimal policy for M€ in Algorithm , it is
e-optimal for M. Theorem is obtained.

3.4.2 Proof of the Lower Bound

Next, we prove Theorem [3.3.2L We first give a definition about the correctness of RL

algorithms.

Definition 2. (Mo, 8,¢,d)-correctness) Given B > 0 and a prior model My, we say that
an RL algorithm <7 is (M, B, ¢,0)-correct if for every M € Bry(May, 8), & can output an

g-optimal policy with probability at least 1 — 0.

Next, we construct a class of hard MDPs. We will then select one model M, from the
class as prior and show that if an RL algorithm &7 learns with samples significantly fewer
than the lower bound, there would always exist an MDP M € Bry(M,, 5) such that o

cannot be (Mo, 3, €, d)-correct.

Construction of the Hard Case We define a family of MDPs M with a structure as in
Figure . The state space S consists of three disjoint subsets X' (gray nodes), ) (green
nodes), and ), (blue nodes). The set X includes K states {1, xs,..., Tk} and each of them

has L available actions {aq, as,...,ar} =: A. States in ), and ), are all of single-action. For
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8 3

o L=pu(xi,a)]  1=pu(x,ar) s 1= pu(2,ar)
pm(x2,a1) pu(x2,ar)

.

L=puxi,a)| 1=pu(xr,az)
pu(xy,ar) Py (X1, az) pu(x1,ar)

Figure 3.2: The class of MDPs considered to prove the lower bound in Theorem [3.3.2]

state © € X, by taking action a € A, it transitions to a state y;(z,a) € ) with probability
1. Note that such a mapping is one-to-one from X x A to ). For state y;(z,a) € Y, it
transitions to itself with probability pa(x, a) € (0,1) and to a corresponding state y2(y1) € Vo
with probability 1 — pap(x, a). pam(z,a) can be different for different models. All states in Vs

are absorbing. The reward function R(s,a,s’) = 1if s € Y; otherwise 0.

M is a generalization of a multi-armed bandit problem used in [MT04] to prove a lower
bound on bandit learning. A similar example is also shown in [AMKI3]. For an MDP
M € M, it is fully determined by the parameter set {pr(xy, a;), k € [K],1 € [L]}. And its
Q-function is Qu(z,a) = 1/(1 — ypm(z,a)),V (z,a) € X x A.

In the sequel, we restrict 5 € (0,2) (by definition in Equation drv(-,-) < 2). Fixing
B, we further restrict the discount factor v € (max{0.4, 1 —108}, 1).

Prior Model M, and Hypotheses of M For My, we simplify the notation paq,(xx, a;)
as po(zg, ;). Without loss of generality, we assume 1 > pg(xg,a1) > po(ag,az) > -+ >
po(zg,ar) > 0, for every xp € X. Thus, in My, the Q-values from a; to a;, are monotonically

non-increasing. Given 8 and 7, we require po(zx, a1) € (4?,’—;1, 1) for every 3, € X.

After selecting a prior model M, satisfying the above conditions, we define p§ :=
max{po(zx,a1) — 5/2, 4?,)—;1} for every k € [K]. Then let gq := minge(r) {87(1 — pf)/(16(1 —
vpk)?)}. Fixing € € (0,&0), we define two numbers af and of := 4(1 — yp§)2e/7y such that

1 1 1 1

- =2¢ and — > 2. (3.4)
L—~(p+of) 1—p§ L—(pf +0a5) 1=~ +af)
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Now, we are ready to define possibilities of M. Given K integers {Lj € [L]}rc[x], let

(
le(.Tk, CL1> = plg + O/f7

M, :for every k € [K], ¢ pu (2r,a;) = pk, 2 <1< Ly, (3.5)
\le(xlﬂal) = po(zr, @), 1> Ly;

)
Pt Ty ) = pp + o

\pMIv,l<xk/7 al’) = PMm, (xk/a al’)a v (kla l,) 7A (ka l)

for every k € [K],1 <1 < Lg, Mg, :

Due to our specific selection of p§, o} and of, we have the following lemma.

Lemma 3.4.4. Let L, := ‘{l e [L]| | pb+ ok — po(wp, ar) | < ﬁ/2}’ for every k € [K]. All
possibilities defined in (3.5)) lie in Bry(Mo, 5).

To prove Lemma [3.4.4] we first introduce the following lemma.
Lemma 3.4.5. Following the notation in Lemma we have
{le[L] || p§+ a5 —polxr a)| < B/2} =Lk, Vk € [K].

Proof of Lemma[3.7.5. Since po(zy, a1) > po(zk, az) > -+ > po(wy, ar), theset {I € [L] | | pb+
o — po(ay, a;) | < B/2} contains consecutive integers. Now we only need to show that | =1
is contained in the set. By definition of p§, it holds that po(xy,a1) — 5/2 < pk < po(ar, ay).
When € € (0,29), we have 0 < a& < /2. Thus, [ = 1 is in the set. [ |

Based on Lemma [3.4.5] we can prove Lemma (3.4.4]

Proof of Lemmal[3.4.4 We first verify M, € Bry(My, 3). When € € (0,e0), by definition,
we have 0 < of < af < 8/2 and po(zx,a1) — 8/2 < p§ < po(zk, a1). Then it holds that

po(zr,a1) — B/2 < pk + o < po(y, a1) + o < po(wk, ar) + 3/2.
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Figure 3.3: The optimal @-values of My, My, M o, and My, 3 at state x;, with 6 actions.

1 1 1
L—yp? 1=(pf+af) 1—(pg+ab)

above the grey line in My are in the set for the definition of L, in Lemma |3.4.4, Note that

, respectively. Actions

The dashed lines indicate the values: , and

for states xp (K’ # k), My and My, 3 have the same shape as M;.

Thus, |pf + of — po(wr, a1)| < B/2. For 2 <1 < Ly, if po(zy, a;) > ph, then po(z, a;) — ph <
po(zr,a1) — ph < B/2; otherwise, pi — po(ar, a;) < pf + ok — po(zr, a;) < B/2 (Lemma .
Hence, My € Bry(My, B). For each My, the validity directly follows Lemma and
M € Bry(Moy, B). u

We refer to the models in Equation as hypotheses of M. There are in total
1+ Zke[K](Lk — 1) of them. In My, for every z; € X, a; is the optimal action and as to
ar, are the second-best actions with a value only 2¢ less than the optimal (Equation (3.4))).
{M,} are built on top of M; by raising up the value of the action @; at state x; by at
least 4¢ (Equation ) Thus, in My, the best action for zj is @; and the best action for
xp (K" # k) is still a;. See Figure for illustration. Every hypothesis gives a probability
measure over the same sample space. We denote by E,, P; and E;;, Px; the expectation and
probability under hypothesis M; and My, respectively. These probability measures capture

both randomness in the MDP and the randomization in an RL algorithm like its sampling

strategy.

We fix € € (0,&¢) and ¢ € (0,1/40). Let &7 be an (M, 5, ¢, §)-correct RL algorithm. We

denote by T}; the number of samples that algorithm .7 calls from the generative model with
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input state y; (zx, ;) till o stops (these sample calls are not necessarily consecutive). For every
ke [K],1 <l < Ly, we define an event Ej; = {</ outputs a policy 7 with 7(z;) = a1}.

Then we have the following key lemma.

Lemma 3.4.6. For any k € [K],1 <1 < Ly, if Ey[Tog] < =S4z log (%) Pyi(Er) > 6,

where ¢; > 0 is some large constant.

To prove Lemma [3.4.6, we need some definitions. Let

= —" 1o ( ! )
(1—pe? 5\
where ¢; > 0 is to be determined later. We denote by T}; the number of samples that
algorithm &7 calls from the generative model with input state y; (zx, a;) till &7 stops (these

sample calls are not necessarily consecutive). For every k € [K],1 <[ < Ly, we define the

following events:

Apy ={Ty; < 4t*}, Ej; = {7 outputs a policy 7 with 7(z;) = a1},

CkJ = { max ’po Tk:l Sk,l(Tk,l)l S \/16t* . plg : (1 - plg) 10g(1/45)},

1<Ty,  <4t*

where Sy (Tk,) is the sum of rewards (non-discounted) by calling the generative model T}

times with input state y; (zx, ;). For these events, we have the following lemmas.

Lemma 3.4.7. For any ke [K], 1<l < Lk, Zf El[TkJ] < t*, ]P)l(AkJ) > 3/4

Proof.
t* > El[TkJ] > 4t*]P)1(Tk’l > 4t*) = 4t*(1 — P (Tk,l < 4t*>)

ThIlS, Pl(Ak,l) > 3/4 |

Lemma 3.4.8. For any k € [K|,1 <1< Lg, P1(Cy;) > 3/4.

Proof. Let € := +/16t* - pk - (1 — pk)log(1/40). When 1 < [ < Lj, under hypothesis M,

P, (Tr, @) = py. By definition, the instant rewards from state y; (7, @;) are i.i.d. Bernoulli(pk)
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random variables and pf - Ty,; — Sy (Tk,) is a martingale. Using Doob’s inequality ([Durl9,

Theorem 4.4.2]), we have the following bound:

By [(46° - ph - Spa(ar))’]
~ 16t - pi(1 — pf) log(1/40)°
Since Eq[(4t* - pli — Sy (4t))?] = 4t*pf(1 — pk) and § < 1/40, we obtain that

1
P1< max pISTM - S&KT&[)‘ = \/l6t*p0(1 - pO) 10g 45>

1<Ty,  <4t*

Py(Ci) > 1 — 1/(4log(1/48)) > 3/4.
|
Since &7 is (M, 5, ¢, d)-correct, it should return a policy 7 such that when M = M;,
m(zx) = a1 for every k € [K] with probability at least 1 — 8, i.e. Py( Eyy, for all k € [K],1 <

[ < Ly ) >1—6 > 3/4. We define the event & := Ay N Ey; N Cy;. Combining the results
above, it holds that

]P)l(gk;,l)>1_3/4:1/47 VkG[K], 1<l§Lk.
Based on the above results, we show the correctness of Lemma [3.4.6

Proof of Lemma[3.4.6. Given k € [K] and 1 < | < L, we denote by W the length-T}

random sequence of the instant rewards by calling the generative model T} ; times with the
input state yi (g, a;). If M = My, this is an i.i.d. Bernoulli(p}) sequence; if M = My, this

is an i.i.d Bernoulli(pf + %) sequence. We define the likelihood function Ly; as
kal(w) = ]Pk,l(W = w)

for every possible realization w. We simplify the previous notation Sy (7)) as Sk;. Then we

compute the following likelihood ratio

Ly (W) (Po + af)%i (1 — pf — ab)Ter=Ser L+ ok S . ok Tt =5k
Ly (W) (p§) 5t (1 — pff) =5k B 1—pf

_ .k

o6




Since v > 0.4 and pf > %, we have pf > 1/2. By our choice of af and ¢, it holds that

b /(1 —pfF) < B/4 € (0,1/2] and o /pk < B(1 — pk)/(4pf) € (0,1/2). With the fact that
log(1 —u) > —u —u? for u € [0,1/2] and exp(—u) > 1 — u for u € [0, 1], we have that

k

l—pO
1_ 0/2C g > ex 1—p’5 _ 0/2f _ a’§ 2
1 oF = €Xp % 1 oF 1 F
Do Po Po Po
k k\2
po po(l —po)

Lea(W) (1_ <a’s>2)s"*l (1_ (ah)? ) (1_ of )/
Ly(w) P6)? vt - (1—pf) 1=k

(p5)
T T Ty.1—Sk.1/DE
N (1 (ag)z) k.1 <1_ (alg)Q ) k.1 (1_ ang ) k1 —Sk,1/P§
- (p5)? po - (1 —pp) 1—pf

due to Si; < Tj,;. Next, we proceed on the event & ;. By definition, if £;; occurs, Ay, also

Thus,

occurs. Using log(1 — u) > —2u for u € [0,1/2], it follows that

(-68) = (-GF) oo ()
( 8¢ log( 1/45 16(1—7}9’5)452)
(

[\

=exp
1—7)3 72 (p5)?
( _ﬁy
> e p( 128¢; log(1/46) 3 ) )
(1= )72 ()2

(— 128¢; log( 1/45)%)

256 > > (45)610001

>e ( — 128, log(1/48) 5

where the second line follows pk > 47 . Using log(1 — u) > —2u for u € [0,1/2], we also
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obtain

16(1 —
. ( og(1/45) 6( 7290) >
V2ps(1 — pf)
(1 _ ﬂ)‘l
> exp ( — 128¢; log(1/49) 1) min{ S
( (1 _ 7)372(%) mln{13_,\77ﬁ/2}>
256 -7
_ — 128¢; log(1/46
exp( &1 og / )277(47_ 1) mm{1 ,5/2}>
256 - 20
—128¢; log(1/40) ——————
p( Sc log(1/ >277(47 - 1))
5120 102000¢;
- 92U Ny
< 128c; log(1/49) 27 % 0.4 * 0.6> = (49) 7
where the third line follows 1 — pf > min{1 — 22=,1 — po(zy, a1) + 3/2} > mm{l . B/2}

and the fifth line is due to % < max{?w, 20} = 20 (since v > 1 — 23). Further,
min{ 5=+,

when & occurs, Aj; and Cy; both occur. Therefore, following similar steps, we have

Kk The,1—Sk.1/P§ k maxy <q, <ar* [Th,1—Sk,1/Pf]
R > (1 22 ’
1—pk - 1—pk
Po Po

k \/16t 0 log(1/46)
(15

1—pk

k\2
Zexp | - 64%#“1%(1/46) > (4)V/BI0000er
po(l—po)

In total, we have Ly (W)/Li(W) > (40)'08100cr+v810000e1 = By taking ¢; small enough, e.g.
c1 = 5e7, we have Ly (W)/Li(W) > 45. By a change of measure,

Ly, (W)
Li(W)

Pri(Ery) > Pri(Ery) = Erg[le,,] = Ea { lgw} > 40 % 1/4 = 6.

Based on Lemma [3.4.6] we can prove Theorem [3.3.2 The main idea is that if o is
(Mo, B, €, 0)-correct, it should return a policy 7 such that m(xy) = a; with probability > 1 —4§
under hypothesis My, i.e., Py ;(Ey;) < 6. By Lemma [3.4.6] this requires E, [T}, ;] > t* for all
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k e [K],1 <1< L. Thus, in total we need 2 (Z’“E”)q - log(1/5)> samples. Following the
definition of Ly, we can recover the e-necessary sets and obtain Theorem 2. The proof is
displayed below.Note that as any online algorithm can be realized in the generative model

setting, the lower bound automatically adapts to the online setting.

Proof of Theorem[3.3.3 Since o is (MP, 3, ¢, d)-correct, under hypothesis My ;, </ should
produce a policy 7 such that 7(x;) = a; with probability > 1 — ¢. Thus, we should have
Pei(Ery) < forall k € [K],1 <1< L. From Lemmam it requires Eq[T},] > t* for all

ke K], 1 << L In total, we need €2 (Zke 2 log(1/5)> samples. By definition of L,
for every k € [K], we have
{a, 1 < Ly} =

: )
1 —ypf — 4(1 — ypk)2e + By/2/)°

If py = T ie. polzy,ar) — /2 <=L then

MO( — vYpo(zk, a1) B 1—7(P]5+a§_5/2))
(

L = ‘ My (V*(x’“) 1201 - 7) — 64(? — )% + 4.5@) ’ (3:6)

If pk = po(wp, a1) — /2, i-e. po(xp,ar) — B/2 > =1 then

1
1 — ypo(zk, ar) + 78 — 4e(1 — ypo(zk, ar1) +v5/2)?
e (Vi) — V*(ay)?
B ‘AMO (V (1) V*(xr) + vB8(V*(xg))? — 4e(1 + fyﬁV*(xk)/QP)‘

Combining Equation (3.6)) and . we have

(zkem og(1/ 5)> (ZSES/ Al Gl 5>> |

(=) (1=

which concludes our proof of the lower bound result in Theorem [3.3.2] |

Li = |A§go (V*(xk) _

Note that as any online algorithm can be realized in the generative model setting, the lower
bound automatically adapts to the online setting. In Corollary l we have L = |.A*|, which

happens since there is no gap between values in M. Thus, for any ¢ > 0, [A3, (c)| = |A%].
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3.5 Further Discussion

In this section, we look into the main results in a graphical way. In [3.5.1] we depict the
parameter relations in the upper and lower bounds: in [3.5.2] we compare the values of C' and
C, and discuss when can the upper bound be nearly tight; in we illustrate the scenario

when an approximate model does not help.

3.5.1 Parameter Relation

In our upper and lower bounds, there are several counterforces and constraints among the
parameters: 1. the upper bound is affected by the ratio 5/(1 — v); 2. given 5 € (0, 2), we
restrict v € (max{0.4,1 — 108}, 1) to establish the hard case for the lower bound; 3. we select
the value of pf in the hard case based on whether py(xy,a;) < 5/2 + %; 4. € is required to

be smaller than ey in the hard case. We depict these relations in Figure [3.4]

In the left graph of Figure 3.4 one can see that only in the area below the orange line,
i.e.,, f < (1 —7), the upper bound in Theorem , is determined by f; otherwise, the
upper bound is trivial. For the lower bound, when g < 1, with a properly chosen ~ (the blue
area below the blue solid line), we can realize p§ = po(xy, a;) — /2 for some properly chosen
po(z, a1); otherwise, pf can only be %. In the right graph of Figure , we plot g in
terms of 8 and « with pf = %. We can see that for a fixed v, ¢g &= ¢f and the larger 7 is,

the larger c is.

3.5.2 ( and C,

We plot the values of C' and C, (the one in the hard case) in Figure [3.5, We can see that C,
matches C' up to a constant factor when f3 is away from 0. When 3 is small, the upper bound
provides useful information on how much an approximate model can help. As [ increases,
the upper bound becomes trivial and the lower bound is informative on the limitation of

an approximate model. This change is not surprising: the larger the distance between two
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Figure 3.4:  Relations between parameters. [Left]:  the blue area is for

v € (max{0.4,1 — 108},1); the orange line depicts whether 3 takes effect in the upper
bound; the blue line showcases different realizations of the hard case. [Right]: the upper
bound on e with various # and v in the hard case.

models is, the less helpful an approximate model would be. The value of 5 when the upper
bound becomes trivial also depends on ~: the greater ~ is, the smaller this value is since the
more sensitive the value function becomes in terms of the variation in transition. To have the
upper bound meets the lower bound, we need A}, (C)] = |A%, (C,)|, which is achievable if

the value gap in M, is big enough. We illustrate this situation in Figure [3.6

100

50

-

10

-

0.01 0.02 0.03 0.04 0.05
1] 1] 15}

Figure 3.5: C (solid lines) and C, (dashed lines) in the hard case with pf = (4y — 1)/(37).

3.5.3 Empirical Verification of the Worst Case

We further do a numerical demonstration to show when an approximate model does not
help. We test on a sailing problem [Van96]. In Figure [3.6] we generate two MDPs M, and
M with M € Bry(M,,0.3). We compare the performances of two algorithms: 1. direct
Q-learning [WD92] on M (blue line); 2. use the full knowledge of M, to compute Q% , then

use (0, as an initialization for Q-learning on M (red line). One can observe a jump-start
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Figure 3.6: [Left]: two types of My. Actions with values above the yellow lines form A%, (C.);
actions with values above the blue lines form A5, (C). In the left model, A}, (C,) C A3y, (O);
In the right model, due to a large value gap, A3, (C,) = A}, (C). [Right]: an empirical

verification of the worst case.

improvement. However, to reach higher rewards, it takes the same number of samples with
or without the prior knowledge. This verifies our worst case result in Corollary [} when the
accuracy requirement is high, i.e., € is small, the help of an approximate model can be very

limited.

3.6 Conclusion

In this chapter, we study the statistical efficiency of RL when a prior model (under TV-
distance) is given. Both sample complexity upper and lower bound are provided. We show
that the approximate model can help eliminate sub-optimal actions and reduce the sample
complexity of learning a near-optimal policy for the true unknown model. We also show that
the help can be rather limited if the value gap in the prior model is small and the precision

requirement of the policy is high.
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CHAPTER 4

RL Exploration with Unsupervised Learning

Motivated by the prevailing paradigm of using unsupervised learning for efficient exploration
in reinforcement learning (RL) problems [THF17, [BSO16], we investigate when this paradigm
is provably efficient. In this chapter, we study episodic Markov decision processes with rich
observations generated from a small number of latent states. We present a general algorithmic
framework that is built upon two components: an unsupervised learning algorithm and a
no-regret tabular RL algorithm. Theoretically, we prove that as long as the unsupervised
learning algorithm enjoys a polynomial sample complexity guarantee, we can find a near-
optimal policy with sample complexity polynomial in the number of latent states, which
is significantly smaller than the number of observations. Empirically, we instantiate our
framework on a class of hard exploration problems to demonstrate the practicality of our

theory.

The contributions in this chapter were first presented in the joint work with Ruosong

Wang, Wotao Yin, Simon Du, and Lin Yang and was published in NeurIPS 2020 [FWY20].

4.1 Introduction

Reinforcement learning (RL) is the framework of learning to control an unknown system
through trial and error. It takes as inputs the observations of the environment and outputs a
policy, i.e., a mapping from observations to actions, to maximize the cumulative rewards. To

learn a near-optimal policy, it is critical to sufficiently explore the environment and identify all
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the opportunities for high rewards. However, modern RL applications often need to deal with
huge observation spaces such as those consist of images or texts, which makes it challenging
or impossible (if there are infinitely many observations) to fully explore the environment in
a direct way. In some work, function approximation scheme is adopted such that essential
quantities for policy improvement, e.g. state-action values, can be generalized from limited
observed data to the whole observation space. However, the use of function approximation

alone does not resolve the exploration problem [DKW20)].

To tackle this issue, multiple empirically successful strategies are developed [THF17,
BSO16l, [PAE17, [ABAIS| [LLGIS8| [FAP18, (OVW16]. Particularly, in [THE17] and [BSO16],
the authors use state abstraction technique to reduce the problem size. They construct a
mapping from observations to a small number of hidden states and devise exploration on top

of the latent state space rather than the original observation space.

To construct such a state abstraction mapping, practitioners often use unsupervised
learning. The procedure has the following steps: collect a batch of observation data, apply
unsupervised learning to build a mapping, use the mapping to guide exploration and collect
more data, and repeat. Empirical study evidences the effectiveness of such an approach at
addressing hard exploration problems (e.g., the infamous Montezuma’s Revenge). However,

it has not been theoretically justified. In this chapter, we aim to answer this question:

Is exploration driven by unsupervised learning in general provably efficient?

The generality includes the choice of unsupervised learning algorithms, reinforcement learning

algorithms, and the condition of the problem structure.

We first review some existing theoretical results on provably efficient exploration. More
discussion about related work is deferred to appendix. For an RL problem with finitely
many states, there are many algorithms with a tabular implementation that learn to control
efficiently. These algorithms can learn a near-optimal policy using a number of samples

polynomially depending on the size of the state space. However, if we directly apply these
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algorithms to rich observations cases by treating each observation as a state, the sample
complexities are polynomial in the cardinality of the observation space. Such a dependency
is unavoidable without additional structural assumptions [JOATL0]. If structural conditions
are considered, for example, observations are generated from a small number of latent states
[KALT6L [TKA17, [DJKIS, [DKJ19], then the sample complexity only scales polynomially with
the number of hidden states. Unfortunately, the correctness of these algorithms often requires
strict assumptions (e.g., deterministic transitions, reachability) that may not be satisfied in

many real applications.

Our Contributions In this chapter we study RL problems with rich observations generated
from a small number of latent states for which an unsupervised learning subroutine is used

to guide exploration. We summarize our contributions below.

e We propose a new algorithmic framework for the Block Markov Decision Process (BMDP)
model [DKJ19]. We combine an unsupervised learning oracle and a tabular RL algorithm
in an organic way to find a near-optimal policy for a BMDP. The unsupervised learning
oracle is an abstraction of methods used in [THE17, BSO16] and widely used statistical
generative models. Notably, our framework can take almost any unsupervised learning

algorithms and tabular RL algorithms as subroutines.

e Theoretically, we prove that as long as the unsupervised learning oracle and the tabular
RL algorithm each has a polynomial sample complexity guarantee, our framework finds
a near-optimal policy with sample complexity polynomial in the number of latent states,
which is significantly smaller than the number of possible observations (cf. Theorem .
To our knowledge, this is the first provably efficient method for RL problems with huge
observation spaces that uses unsupervised learning for exploration. Furthermore, our
result does not require additional assumptions on transition dynamics as used in [DKJ19).
Our result theoretically sheds light on the success of the empirical paradigms used in

[THF17, BSO16].
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e We instantiate our framework with particular unsupervised learning algorithms and tabular
RL algorithms on hard exploration environments with rich observations studied in [DK.J19],
and compare with other methods tested in [DKJ19]. Our experiments demonstrate our

method can significantly outperform existing methods on these environments.

Main Challenge and Our Technique We assume there is an unsupervised learning
oracle (see formal definition in Section which can be applied to learn decoding functions
and the accuracy of learning increases as more training data are fed. The unsupervised
learning algorithm can only guarantee good performance with respect to the input distribution
that generates the training data. Unlike standard unsupervised learning where the input
distribution is fixed, in our problem, the input distribution depends on our policy. On the
other hand, the quality of a policy depends on whether the unsupervised learning oracle has
(approximately) decoded the latent states. This inter-dependency is the main challenge we

need to tackle in our algorithm design and analysis.

Here we briefly explain our framework. Let M be the MDP with rich observations. We
form an auxiliary MDP M’ whose state space is the latent state space of M. Our idea is to
simulate the process of running a no-regret tabular RL algorithm </ directly on M’. For
each episode, & proposes a policy 7 for M’ and expects a trajectory of running = on M’ for
updating and then proceeds. To obtain such a trajectory, we design a policy ¢ for M as a
composite of m and some initial decoding functions. We run ¢ on M to collect observation
trajectories. Although the decoding functions may be inaccurate initially, they can still help
us collect observation samples for later refinement. After collecting sufficient observations, we
apply the unsupervised learning oracle to retrain decoding functions and then update ¢ as a
composite of 7 and the newly-learned functions and repeat running ¢ on M. After a number
of iterations (proportional to the size of the latent state space), with the accumulation of
training data, decoding functions are trained to be fairly accurate on recovering latent states,

especially those 7 has large probabilities to visit. This implies that running the latest ¢
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on M is almost equivalent to running w on M’. Therefore, we can obtain a state-action
trajectory with high accuracy as the algorithm .7 requires. Since &7 is guaranteed to output
a near-optimal policy after a polynomial (in the size of the true state-space) number of

episodes, our algorithm uses polynomial number of samples as well.

4.1.1 Related Work

In this section, we review related provably efficient RL algorithms. We remark that we
focus on environments that require explicit exploration. With certain assumptions of the
environment, e.g., the existence of a good exploration policy or the distribution over the initial
state is sufficiently diverse, one does not need to explicitly explore [Mun05l, [ASMO08| [GSP19]
KL02, BKS04, SG14], [AKL20bl, [FWX20, [CJ19]. Without these assumptions, the problem

can require an exponential number of samples, especially for policy-based methods [DKW20].

Exploration is needed even in the most basic tabular setting. There is a substantial body
of work on provably efficient tabular RL [AJ17, [JOATO0, KWYT8, [AOM17, [KS02bl, [DLBI17,
SLWO06, [JABIS, [SJ19, [ZB19]. A common strategy is to use UCB (upper-confidence-bound)
bonus to encourage exploration in less-visited states and actions. One can also study RL in
metric spaces [PP13] [SS19, NYW19]. However, in general, this type of algorithms has an

exponential dependence on the state dimension.

To deal with huge observation spaces, one might use function approximation. [WV13]
proposed an algorithm, optimistic constraint propagation (OCP), which enjoys polynomial
sample complexity bounds for a family of Q-function classes, including the linear function
class as a special case. But their algorithm can only handle deterministic systems, i.e., both
transition dynamics and rewards are deterministic. The setting is recently generalized by
[DLW19] to environments with low variance and by [DLM20] to the agnostic setting. [LLWT1I1]
proposed a QQ-learning algorithm which requires the Know-What-It-Knows oracle. But it is

in general unknown how to implement such an oracle.
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Our work is closely related to a sequence of works which assumes the transition has
certain low-rank structure [KAL16, JKAT7, [DJKI18, [STK19, DKJ19, JYW20a, YW19b|. The
most related paper is [DKJ19] which also builds a state abstraction map. Their sample
complexity depends on two quantities of the transition probability of the hidden states:
identifiability and reachability, which may not be satisfied in many scenarios. Identifiability
assumption requires that the L, distance between the posterior distributions (of previous
level’s hidden state, action pair) given any two different hidden states is strictly larger than
some constant (Assumption 3.2 in [DKJ19]). This is an inherent necessary assumption for
the method in [DKJ19] as they need to use the posterior distribution to distinguish hidden
states. Reachability assumption requires that there exists a constant such that for every
hidden state, there exists a policy that reaches the hidden state with probability larger than
this constant (Definition 2.1 in [DKJ19]). Conceptually, this assumption is not needed for
finding a near-optimal policy because if one hidden state has negligible reaching probability,
one can just ignore it. Nevertheless, in [DKJ19], the reachability assumption is also tied with
building the abstraction map. Therefore, it may not be removable if one uses the strategy in
[DKJ19]. In this paper, we show that given an unsupervised learning oracle, one does not

need the identifiability and reachability assumptions for efficient exploration.

4.2 Preliminaries

Notations Given a set A, we denote by |A| the cardinality of A, P(A) the set of all
probability distributions over A, and Unif(.A) the uniform distribution over A. We use [h]
for the set {1,2,...,h} and fj, for the set of functions { f1, f2,..., fa}. Given two functions

f: X —=>Yand g:)Y — Z, their composite is denoted as go f : X — Z.

Block Markov Decision Process We consider a Block Markov Decision Process (BMDP),
which is first formally introduced in [DKJ19]. A BMDP is described by a tuple M :=
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(S, A, X, P,7, fiuy1, H). S is a finite unobservable latent state space, A is a finite action
space, and X is a possibly infinite observable context space. X can be partitioned into
|S| disjoint blocks {X;}ses, where each block X corresponds to a unique state s. P is the
collection of the state-transition probability pim(s'|s,a) and the context-emission distribution
q(x]s) for all 5,5 € S,a e A,v e X r: [H] xS x A—[0,1] is the reward function. fiyi
is the set of decoding functions, where f, maps every observation at level h to its true latent

state. Finally, H is the length of horizon. When X = S, this is the usual MDP setting.

For each episode, the agent starts at level 1 with the initial state s; and takes H steps to
the final level H 4+ 1. We denote by S;, and Aj, the set of possible states and observations at
level h € [H + 1], respectively. At each level h € [H + 1], the agent has no access to the true
latent state s, € Sj, but an observation x;, ~ ¢q(+|ss). An action ay, is then selected following
some policy ¢ : [H] x X — P(A). As a result, the environment evolves into a new state
Sh+1 ~ Pr(+|Sn, an) and the agent receives an instant reward r(h, sp, ap). A trajectory has such

a form: {sy,z1,a1,...,80, %, am, Sg+1, THi1}, where all state components are unknown.

Policy Given a BMDP M := (S, A, X,P,r, fizy1), H), there is a corresponding MDP
M= (S, A, P,r, H), which we refer to as the underlying MDP in the later context. A policy
on M has a form ¢ : [H] x X — P(A) and a policy on M’ has a form 7 : [H] x S — P(A).
Given a policy m on M’ and a set of functions f[H+1] where fh : Xp — S,V h € [H+1], we can
induce a policy on M as 7TOfA[H+1} =: ¢ such that ¢(h, z,) = w(h, fh(xh)), YV, € Xy, h€[H]
It f[H+1] = fiu4+1), then 7 and ¢ are equivalent in the sense that they induce the same

probability measure over the state-action trajectory space.

Given an MDP, the value of a policy 7 (starting from s, ) is defined as V] = E7 [Zle r(h, sp,ap)

Sli|7

A policy that has the maximal value is an optimal policy and the optimal value is denoted by
Vi, ie., V" = max, V]". Given € > 0, we say 7 is e-optimal it V" — V" < e. Similarly, given a

BMDP, we define the value of a policy ¢ (starting from s1) as: V;* = E? [Zthl r(h, Sp,ap) 51} :

The notion of optimallity and e-optimality are similar to MDP.
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4.3 A Unified Framework for Unsupervised RL

4.3.1 Unsupervised Learning Oracle and No-regret Tabular MDP Algorithm

In this paper, we consider RL on a BMDP. The goal is to find a near-optimal policy with
sample complexity polynomial to the cardinality of the latent state space. We assume no
knowledge of P, r, and fiz41), but the access to an unsupervised learning oracle /L0 and

an (g, d)-correct episodic no-regret algorithm. We give the definitions below.

Definition 3 (Unsupervised Learning Oracle ULO). There exists a function g(n,d) such
that for any fired 6 > 0, lim, o, g(n,d) = 0. Given a distribution p over S, and n samples
from Y s q(-|s)u(s) such that with probability at least 1 — § over n training data, we can
find a function f : X — S such that

Pswu,quHS) (f(ZE) = O[(S)) >1- g(”? 6)

for some unknown permutation o : S — S.

In Definition |3} we assume f is the true decoding function i.e., Py zog(.|s) (f(x) = 5) =1
and we call the permutation « as a good permutation between f and f . For the function

g(n,d), we introduce a corresponding inverse function:
g (e,6) ;== min{N | for all n > N, g(n,d) < €}.

Since lim,, .+ g(n,d) =0, g~ (¢, ) is well-defined. We assume that g~'(e, §) is a polynomial
in terms of 1/¢,log(6~1) and possibly problem-dependent parameters.

This definition is motivated by [THEF17] in which authors use auto-encoder and SimHash [Cha02]
to construct the decoding function and they use this UCB-based approach on top of the
decoding function to guide exploration. It is still an open problem to obtain a sample com-
plexity analysis for auto-encoder. Let alone the composition with SimHash. Nevertheless, in
Section [4.4] we give several examples of ULO with theoretical guarantees. Furthermore, once

we have an analysis of auto-encoder and we can plug-in that into our framework effortlessly.
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Definition 4 ((g,0)-correct Episodic No-regret Algorithm). Let € > 0 and § > 0. &7 is
an (e, d)-correct episodic no-regret algorithm if for any MDP M’ := (S, A, P,r, H) with the

initial state s1, of

e runs for at most C(g,8) = poly(|S|,|Al, H,1/e,log(67 ")) episodes (which we call as the
sample complexity of o );

e proposes a policy T at the beginning of episode k and collects a sample trajectory of M’
following 7" ;

e outputs a policy m at the end such that with probability at least 1 — &, 7 is e-optimal.

Definition (4] simply describes tabular RL algorithms that have polynomial sample com-
plexity guarantees for episodic MDPs. Instances are vivid in literature (see Section [4.1.1]).

4.3.2 A Unified Framework

With a ULO and an (e, d)-correct episodic no-regret algorithm 7, we propose a unified
framework in Algorithm [0] to solve an unsupervised RL problem on a BMDP. The main
challenge of this problem is that the true states are unobservable. Hence <7 cannot be run on
the underlying MDP. If one resorts to directly viewing the BMDP as a giant MDP with state
space X, then the dimension of the problem is significantly large. To circumvent this issue,
our solution is to unsupervised learn decoding functions f[H+1] with observation samples.
Specifically, for each episode, we use the policy m proposed by .o/ for the underlying MDP
together with certain decoding functions ]E[H-',-l} to generate a policy 7 o f[H+1] for the BMDP.
Then we collect observation samples using 7 o f[ r+1) and all previously generated policies over
BMDP. As more samples are collected, we refine the decoding functions using the ULO. As
long as we collect sufficient samples, we can simulate a trajectory as if using the true decoding
functions (up to some permutations) and therefore, as if running the policy 7 directly on the
underlying MDP as .7 required. We continue this procedure until the algorithm o7 halts.

Note that this procedure is essentially what practitioners use [THE17, BSO16], as we have
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Algorithm 6 A Unified Framework for Unsupervised RL
1: Input: BMDP M; ULO; (e,0)-correct episodic no-regret algorithm «7; batch size B > 0;

ee(0,1); 5 € (0,1); N := [log(2/6)/2]; L := [9H?/(2?) log(2N/5)].

2: forn=1to N do
3: Clear the memory of .7 and restart;

4: for episode k =1to K do

5: Obtain 7* from o7

6: Obtain a trajectory: 7%, fﬁﬂ” — TSR(ULO, 7%, B);
7: Update the algorithm: o7 <+ 7%;

8: end for

9: Obtain 75+ from

10 Finalize the decoding functions: 75+, [[[flj-ll] — TSR(ULO, 75T B);
11: Construct a policy for M : ¢" < &+l o [1}(1111]'
12: end for

13: Run each ¢" (n € [N]) for L episodes and get the average rewards per episode V;".

14: Output a policy ¢ € argmax ;¢ v V1¢.

discussed in Section [5.1]

We now describe in more detail our algorithm. Suppose the algorithm &7 runs for K
episodes. At the beginning of each episode k € [K], & proposes a policy 7% : [H] x S — A for
the underlying MDP. We use the Trajectory Sampling Routine TSR to generate a trajectory
7% given 7% and then feed 7% to 7. After K episodes, we obtain a policy 7%+! from &/ and
a set of decoding functions f[[;{fl} from TSR. We then construct a policy for the BMDP as

rK+lo f[lflill}. We repeat this process for N times for making sure our algorithm succeeds

with high probability.

The detailed description of TSR is displayed in Algorithm [/} We here briefly explain the
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Algorithm 7 Trajectory Sampling Routine TSR (ULO, 7, B)
1: Input: ULO; a policy 7 : [H] x S — A; episode index k; batch size B > 0; € € (0,1);

o €(0,1); J:=(H+1)|S|+ 1.

2: Data:
e a policy set II;
e label standard data Z := {21, 2, ... Zy+1}, Zn = {Dh sy, Dhsy, - - -};
e present decoding functions f[(}{ ]
3 fori=1to J do
4:  Combine policy: I + ITU {m o f[iI;—lkl]};
5: Generate ((k —1)J + 1) - B trajectories of training data D with Unif(II);
6: Generate B trajectories of testing data D” with 7 o f[’[;lrl]
7. Train with ULO: -]?[ifl-&-l] — ULO(D);
8: Match labels: f[iHH] — FiXLabel(f[iHH], 2);

9: for h € [H + 1] do

10: Let Dy == {x € D} : fi(x) = 5,5 € Sp};
11: Update label standard set: if Dy, € Zj, and D} | > 3e - Blog(6;"), then let

Zp « Z, U{Dy .}
12: end for
13: end for
14: Run 7o f[){{H] to obtain a trajectory ;
15: Renew f[OH+1] +— f[{qﬂ];

16: Output: 7, f[{ﬂl}'

idea. To distinguish between episodes, with input policy 7* (Line |§I Algorithm @, we add the
episode index k as superscripts to m and fig41) in TSR. We maintain a policy set in memory

and initialize it as an empty set at the beginning of Algorithm [6] Note that, at each episode,
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Algorithm 8 FixLabel(fiz 1], Z)

1: Input: a set of decoding functions ];[H-i-l]; a set of label standard data Z :=
{21, Zo, -+ 7ZH+1}7 Zp = {Dh,sl,ph,SQ, .- }
2: for h € [H+ 1] do

3: for D), € Z, do

4: if s €Sy and |[{z € Dy, : fu(z) = '} > 3/5|Dys| then
5: Swap the output of s with s in fj;

6: end if

7: end for

8: end for

9: Output: .]F[H-&-l}

our goal is to simulate a trajectory of = running on the underlying MDP. TSR achieves this

in an iterative fashion: it starts with the input policy 7% and the latest-learned decoding

kyi—1

(1] in IT and then

functions f 1] = f[H I : for each iteration 1, it first adds the policy 7% o f
plays Unif(IT) to collect a set of observation trajectories (i.e., each trajectory is generated by
first uniformly randomly selecting a policy from I and then running it in the BMDP)E] then

Ijj +11] to f[H 1) by running ULO on these collected observations. Note that ULO

updates f,
may output labels inconsistent with previously trained decoding functions. We further match
labels of f[ Fr1) With the former ones by calling the FixLabel routine (Algorithm |8 at Line
of Algorithm [7] To accomplish the label matching process, we cache a set Z in memory
which stores observation examples Dj, ; for each state s and each level h. Z is initialized as an
empty set and gradually grows. Whenever we confirm a new label, we add the corresponding

observation examples to Z (Line 11| Algorithm . Then for later learned decoding functions,

they can use this standard set to correspondingly swap their labels and match with previous

!This resampling over all previous policies is mainly for the convenience of analysis. It can be replaced
using previous data but requires more refined analysis.
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functions. After the matching step, we get f[klf ) Continuously running for J iterations, we
stop and use ¥ o fﬁ;‘i” to obtain a trajectory. Note that with fﬁ;‘iu, this final trajectory is

translated to be over hidden states rather than observations.

We now present our main theoretical result.

Theorem 4.3.1. Suppose in Deﬁm’tion@ g (e, 01) = poly(|S|,1/e,log(671)) for any €, 6, €
(0,1) and o is (e, 02)-correct with sample complexity poly (|S|, |A|, H,1/e,1og (6, ")) for any
g,00 € (0,1). Then Algom'thm@ outputs a policy ¢ such that with probability at least 1 —0, ¢ is

an e-optima 0L1C or e ustng at mos O g, 10 - Tal1ectories.
ptimal policy for the BMDP, using at most poly (S|, |Al, H,1/z, log(6-1)) trajectori

Theorem formally justifies what we claimed in Section [5.1| that as long as the sample
complexity of ULO is polynomial and o/ is a no-regret tabular RL algorithm, polynomial
number of trajectories suffices to find a near-optimal policy. To our knowledge, this is the
first result that proves unsupervised learning can guide exploration in RL problems with a
huge observation space and therefore, we theoretically justify the empirical paradigm used in

[THE17, BSO16]. In the following, we give a formal proof of our main result.

4.3.3 Proofs

We first give a sketch of the proof. Note that if TSR always correctly simulates a trajectory of

7% on the underlying MDP, then by the correctness of .7, the output policy of .27 in the end

k,J

is near-optimal with high probability. If in TSR, f[H )

decodes states correctly (up to a fixed

permutation, with high probability) for every observation generated by playing 7* o fﬁ’{i”,

then the obtained trajectory (on ) is as if obtained with 7% o Jir+1) which is essentially equal

to playing 7% on the underlying MDP. Let us now consider 7* o f[k for some intermediate

H41]
iteration i € [J]. If there are many observations from a previously unseen state, s, then
ULQO guarantees that all the decoding functions in future iterations will be correct with high
probability of identifying observations of s. Since there are at most |S| states to reach for

each level following 7%, after (H + 1)|S| iterations, TSR is guaranteed to output a set of
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decoding functions that are with high probability correct under policy 7*. With this set of

decoding functions, we can simulate a trajectory for &7 as if we know the true latent states.

For episode k, we denote the training dataset D generated by running Unif(Il) as
{Dyin}i ! (Line ) and the testing dataset D” generated by 7% o f[’;’;;l s {Dyin i
(Line @ The subscript h represents the level of the observations. Furthermore, we denote
by prin(+) the distribution over hidden states at level h induced by 7% o f o +1] To formally
prove the correctness of our framework, we first present the following lemma, showing that
whenever some policy m with some decoding functions visits a state s with relatively high
probability, all the decoding functions of later iterations will correctly decode the observations

from s with high probability.

Lemma 4.3.1. Suppose for some s* € Sy, (k,i) is the earliest pair such that }{x €Dyin:

"i(2) = an(s*)}| > 3e- Blog(67!) and {z € Dyin: "i(x) = an(s*)} is added into 2, as
Dy, 0, (s+) at line Algom'thm@ where ay, s a good permutation between f,]f’i and f,. Then
for each (K',i") > (k,i) (in lexical order), with probability at least 1 — O(dy),

[ () # aj(s7)] < e

qu |s
provided 0 < elog(6;') < 0.1 and B > By. Here By is some constant to be determined later

and aj s some fized permutation on Sp,.

Proof. For iterations (k',4") > (k, i), the function ﬁfl’il is obtained by applying ULO on the
dataset generated by

= Unif ({ gt i 1 } o iy < (i 7))
and the dataset has size ((k’ —1)-J+4)- B =0(KJB). Thus, with probability at least

1 — 01, for some permutation o,

ot qu [fh x) # afy o fu(@)] < g(O(KJIB),&). (4.1)
By taking
By =6 (¢ /;(([.(jj>’6l)), @3



we have when B > By, g(©(k'JB),0,) < €/(K - J) for all k' € [K]. Later, in Proposition
, we will show that By = poly(|S|, |A|, H,1/¢). Now we consider f;*. Since the FixLabel
routine (Algorithm [§]) does not change the accuracy ratio, from Equation (4.1)), it holds with
probability at least 1 — d; that
Pr '@ #ane fu@) <k J-g(O(kIB)&) < ¢
S~k i,k TG 0| S

Therefore, by Chernoff bound, with probability at least 1 — O(d;),

[{z €Dy, fulz) # s and fri(z) = an(s)}| < e- Blog(o;h).

Since [{z € Dy, ), : Pi(z) = an(s*)}| > 3¢ - Blog(d7!), we have that

[{o € Diip: fulz) =" and f;"(z) = an(s")}] >3 \{93 € Dion ' (&) = an(s) Y1.3)

> 2¢- Blog(6,1).

Thus, by Chernoff bound, with probability at least 1 — O(61), prin(s*) > €-log(d;h).
Also note that f” is the first function that has confirmed on s* (i.e., no Dy, o, (s+) €xists
in Z, of line 8 at iteration (k,i)). By Line and Line , for later iterations, in Z,
Dhan(sr) = {# € Dil : fy'(x) = an(s7)}.
Next, for another (k',7) > (k,7), we let the corresponding permutation be «j for fN,]f/’Z/
Since p/(s") > prin(s")/ (K" - J), with probability at least 1 — dy,
o P B @) £ o fu@)] < K- T g(O(KIB), 6).

Notice that

Pr [fF7@) #aho ful@)] =3 tinls [ (@) # afy o fal2)]

SNHk,i,h@N‘I('lS) S'ES
h

> pgin(s®)  Pr [ i Z( ) # a0 fulx )}

g (ls*)

z~q(-|s")

> e-log(07 1) [f;lf Z( ) # a0 fu()].

x~ q(\s
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Thus, with probability at least 1 — ¢y,

KT g(OIB).5) _
e -log(0; ") N

with B > By and BO as defined in Equation (4.2)). Let s’ := a},(s*). Conditioning on ULO

[fh () # aj 0 ful@)] <

qu( \S

being correct on f o +1] and f[H s , by Chernoff bound and Equation (4 , with probability
at least 1 — O(07), we have

{2 € Dhaniery : (@) = '} = {2 € Dhayer) 1 fulw) = s, fi ¥ (x) = 5}

2 3
> (1= e 1og(01") - 3+ [Phanie| > £ [Phanten],

where the fraction 2 follows from Equation and we use the fact that Dy, , are independent
from the training dataset. By our label fixing procedure, we find a permutation that swaps
s" with s for fk,’i, to obtain f,lf/’i/. By the above analysis, with probability at least 1 — O(6;),
Praq(1s%) [fh "(z) # ay(s*)] < € as desired. Consequently, we let o (s*) = ap(s*), which

satisfies the requirement of the lemma. |
Next, by the definition of our procedure of updating the label standard dataset (Line ,

Algorithm , we have the following corollary.

Corollary 5. Consider Algorithm @ Let Zy, ;5 be the label standard dataset at episode k
before iteration i for S,. Then, with probability at least 1 — O(H|S|61),

for all k,i and Dy s € Ziin, |[{x € Dhs: aj 0 fu(x) = 5,5 € Sp}| > 2/3|Dpsl.

At episode k and iteration ¢ of the algorithm TSR, let & ; be the event that for all
h € [H+1],Dps € Ziin, Pracg(s) [f,lf’(x) # o ofh(x)] < €. We have the following corollary

as a consequence of Lemma by taking the union bound over all states.
Corollary 6. Vk,i: Pr[&,] >1— O(H|S|6).

The next lemma shows that after (H + 1)|S| + 1 iterations of the TSR subroutine, the

algorithm outputs a trajectory for the algorithm o7 as if it knows the true mapping fiz 1.
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Lemma 4.3.2. Suppose in an episode k, we are running algorithm TSR. Then after J =

(H +1)|S| + 1 dterations, we have, for every j > J, with probability at least 1 — O(H|S|61),

for all h € [H + 1], Pr [ () # o o fu(z)] < €

$™Hk,j+1,h,2~q ("] 5)
for some small enough ¢ and 50H - ¢ - |S| -log(0;") < € < 1/2, provided B > By as defined

in Lemma[4.5.1]

Proof. For ¢ < J, there are two cases:
1. there exists an h € [H + 1] such that Pry_,, ;.\, crq(ls) | (z) # ap o fn(z)] > €/(2H);
2. for all h € [H 4+ 1], Prowu, .\ o~ ls) [f,lfz(x) #ap o fir(z)] <€/(2H),

where a4, is some good permutations between f,{f  and f,. If case 1 happens, then there exists
a state s* € S, such that

6I

> SHIS| (4.4)

Pr : [ (x) # an o fu(@)] - i1 n(s7)

zeq(-]s*

If Dy o (s%) € Zh,i,ns Where 2y ;5 is defined as in Corollary 5, by Lemma with probability
at least 1 — O(dy),

VP (@) # aje fulw)] S e

and o (s*) = ap(s*). Thus, pgir1a(s*) > #'ls‘/e > 1, a contradiction with gy ;114(s*) < 1.

Therefore, there is 1o Dy, o, (s+) in Zjin. Then, due to Pryg(.(s+ [f;f’(a:) # ay, © fh(a:)] <1

by Equation (4.4), we have

6/

,uk:,z'—i-l,h(S*)

kyi+1

Since f, is trained on Unif({suw i p } (k7 i#)<(k,i+1)), Dy Definition of U LO, with probability

at least 1 — 9y,

Pr [ B (1) #£ ay(s)] <k-J-g(O(kJB), &) < €,

sNﬂk,i+1,h:fBNQ('|s)
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with B > By (By is defined in Equation (4.2))) and o), is some good permutation between
,lf 1 and f,. Thus, by Equation (4.5) and the choice of € and €, we have
Pr (@) £ ()] < /25
Tr~~q(-|s*
Thus,
/
i sy Pr R (1) = o, (s* >E—'1—€25 > 24e - log (67 1),

fk,it1,n(57) e~ ]%) [fh (x) A )} 2H|S] ( /25) g(0)
where the last inequality is due to € < € < 1. By Chernoff bound, with probability at least
1—-0(),

{z € DY 1 (2) = aj(s)}] = 3¢ - Blog(ay).

Therefore, if case 1 happens, one state s will be confirmed in iteration i+1 and o (s*) = aj,(s*)

is defined.

To analyze case 2, we first define sets {Gy i1 }72)" With Gyiy1n := {8 € S | D €
Zriv1n}s 1€, Grir1 contains all confirmed states of level h before iteration i 4+ 1 at episode

k. If case 2 happens, we further divide the situation into two subcases:
a) for all h € [H + 1], for all s € G ;1 1, prirrn(s) < €/(8HIS]);
b) there exists an h € [H + 1] and a state s* € G ;. ;, such that pg;41,(s*) > € /(8H|S]),

First notice that for every h € [H+1] and j > i, since f; is trained on Unif ({ o 57,0 } e i< (k,5) )
by Definition of 4/ L£O and our choice of B in Equation (4.2)), with probability at least 1 — dy,

we have

Pr [ #aj(s) <€, (4.6)

sl i1,k (]s)

= 30 () Pro(f7@) Ao+ DT manals) Pr[fi7(@) # af(s)] < &
5€Gk,i+1,h e 5¢Gk,i+1,h

where o, is some good permutation between f,lf] and f.
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If subcase a) happens, note that for s € Gy ;1. due to the FixLabel routine (Algorithm
, o (s) = a(s), for f7(j > i) we have

Z Pkit1,0 x [fk]@) # ay(s)]

SESH |S)
k,j *
= > mkinals) Pr [fi7(@) A+ D pmania(s) Pro £y () # ahls)]
zrog(-]s) z~q(-|s)
S€Gk,i+1,h &0k, it1,h
= S el Pr @ A0+ i) Pr () £ ails)
x~q(-|s) ~q(-|s)
5€Gk,i+1,h 5E0k,it1,h

<&+ /(8H) < €/(4H).

Taking a union bound over all f[ljirl}’ we have that for any h € [H + 1], with probability at
least 1 — O(Hdy),

Pr [ (@) = ajp(s)] = Pr [ (@) = aj(s) = f" ()]
s~k 1,k (] s) S~vpig j+1,hsT~q(]S)
> Pr [for all i’ € [h], 59 (1) = o (s) = £ (xn)]

for all K €[h],sps~py 11 pTpr~q(c|Spr)

= Pr [ for all &' € [h], fi7 (zp) = aj(s) = f' (am)]

for all h'€[hl,sp,r~pg iy1 n Tnr~q(-[spr)

>1-(¢/2H) +€/(4H)) - H>1—¢.

Therefore, if case 2 and subcase a) happens, the desired result is obtained.

If subcase b) happens, we consider the function f,]f 1 By Equation (4.6),

Privin(s®) - Pr | ’“H( ) # ah( )] < <€

zrg(-|s*)

= Pr [fi" (@) # aj(s)] < €/(€/(8HIS|) <e,

z~q(-|s*)

where «;, here is some good permutation between f," ML and fn. Thus,

6/

prasn(s) - Pr (A7 @) = ob(s9)] > gprr

zrq(-|s*)

(1 —€) > 6e - log(d; ).
By Chernoff bound, with probability at least 1 — O(¢y),

{2 € Dl i (2) = al ()} = 3¢ - Blog(dy).
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Therefore, the state s* will be confirmed in iteration ¢ + 1 and o} (s*) = o, (s*) is defined.

In conclusion, for each iteration, there are two scenarios, either the desired result in
Lemma holds already or a new state will be confirmed for the next iteration. Since
there are in total Zthll |Sh| < (H + 1)|S] states, after J := (H + 1)|S]| + 1 iterations, by
Lemma [4.3.1] with probability at least 1 — O(H|S|d;), for every j > J, for all h € [H + 1]
and all s € Sy, we have Pry g5 "9 (x) # ai(s)] < e. Therefore, it holds that for

Pr (f(a) £aj(s) Se <.

S~fik, j41,h>0~q(+|5)

Proposition 5. Suppose in Definition @ g (e,01) = poly(1/e,log(671)) for any €,6, €
(0,1) and o is (e, 02)-correct with sample complexity poly (|S|, |A|, H,1/e,1og (6;")) for any
g,00 € (0,1). Then for each iteration of the outer loop of Algom'thm@ the policy ¢™ is an &/3-
optimal policy for the BMDP with probability at least 0.99, using at most poly (|S|, |A|, H,1/¢)

trajectories.

Proof. We first show that the trajectory obtained by running 7% with the learned decoding
functions f[];;il] matches, with high probability, that from running 7% with 41 © fi+1- Let
K = C(e/4,93) be the total number of episodes played by 7 to learn an e/4-optimal policy
with probability at least 1 — dy. For each episode k € [K], let the trajectory of observations

be {zf}H!. We define event
& = {Vh € [H +1], ;" (wh) = ai(fulah))},

where J = (H + 1)|S| + 1. Note that on &, the trajectory of running 7 o oy, © fimrsy

equals running 7% o £/ We also let the event F be that ULO succeeds on every iteration
& [H+1)

(satisfies Lemma [4.3.2)). Thus,

Pr[F] >1— K- J -6 =1—poly(S],|Al, H,1/e,log(é;")) - 6.
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Furthermore, each xy,, is obtained by the distribution | _ ik s+1.1(s)g(+|s). On F, by Lemma
4.3.2, we have
Pr(fy " (a}) = aj(fula}))] < €

by the choice of B. Therefore,
Pr(&|F] > 1 — (H + 1)€.

Overall, we have

Pr [&, Vk € [K]]f] >1 - K(H +1)¢.

Thus, with probability at least 1 — d, — poly(|S|, |Al, H,1/¢,log(6; 1)) - (€' +d1), A outputs a
policy m, that is ¢/4-optimal for the underlying MDP with state sets {S, };;' permutated by
g1, Which we denote as event £’. Conditioning on &', since on a high probability event
E" with Pr(€"]| >1—-(H+1)é, o f[KH’il] and 7o afy ) © fir+1) have the same trajectory,
the value achieved by 7 o f[KH’il] and 7 o O 4q] © fim+1) differ by at most (H + 1)%¢. Thus,
with probability at least 1 — &, — poly(|S|, |A|, H,1/e,log(6; 1)) - (¢ + 61), the output policy
To f[K}iil] is at least £/4 + O(H?¢') accurate, i.e.,

7rofK’J ToQ

Vl*_vl [H+1] S Vl*_vl fH+1]°f[H+1]+ O(HZEI) S 8/4 + O(HQEI).

K,J
Setting €, d1, and 09 properly, V" — V] Tty < ¢/3 with probability at least 0.99. Since
1/6, = poly(|S|,|A|, H,1/e) and 1/e = poly(|S|, |A|, H,1/e,log(6; ")), By in Lemma [4.3.1]
and Lemma is poly(|S|, | Al, H,1/e). The desired result is obtained. [

Finally, based on Proposition [3, we establish Theorem [£.3.1]

Proof of Theorem[{.3.1 By Proposition [5| and taking N = [log(2/§)/2], with probability
at least 1 — §/2, there exists a policy in {¢"}Y_; that is £/3-optimal for the BMDP. For

each policy ¢", we take L := [9H?/(2¢?)log(2N/4)] episodes to evaluate its value. Then by
Hoeffding’s inequality, with probability at least 1 — 6/(2N),

Vi =V <e/s.
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By taking the union bound and selecting the policy ¢ € argmax ¢, Vfb, with probability at
least 1 — 4, it is e-optimal for the BMDP. In total, the number of needed trajectories is N -
S S ((k=1)J+i+1) B+N-L = O(N-K?.J*B+N-L) = poly([S|, | A|, H, 1/¢,log(671)).
We complete the proof. [ |

4.4 Examples of Unsupervised Learning Oracle

In this section, we give some examples of U/LO. First notice that the generation process of
ULO is termed as the mixture model in statistics [MB88, MP04], which has a wide range of
applications (see e.g., [BF20]). We list examples of mixture models and some algorithms as

candidates of ULO.

Gaussian Mixture Models (GMM) In GMM, ¢(+|s) = N(s,0?), i.e., observations are
hidden states plus Gaussian noise.E] When the noises are (truncated) Gaussian, under certain
conditions, e.g. states are well-separated, we are able to identify the latent states with high
accuracy. A series of works [AKOI, VW04, [AMO5], [DS00l, RV17] proposed algorithms that
can be served as ULO.

Bernoulli Mixture Models (BMM) BMM is considered in binary image processing
[TV04] and texts classification [JV02]. In BMM, every observation is a point in {0, 1}%. A true
state determines a frequency vector. In [NMR20], the authors proposed a reliable clustering

algorithm for BMM data with polynomial sample complexity guarantee.

Subspace Clustering In some applications, each state is a set of vectors and observations
lie in the spanned subspace. Suppose for different states, the basis vectors differ under

certain metric, then recovering the latent state is equivalent to subspace clustering. Subspace

2To make the model satisfy the disjoint block assumption in the definition of BMDP, we need some
truncation of the Gaussian noise so that each observation only corresponds to a unique hidden state.
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Figure 4.1: Performances for LockBernoulli.

clustering has a variety of applications include face clustering, community clustering, and

DNA sequence analysis [WSW15| Vid11) [EV13]. Proper algorithms for /£QO can be found
in e.g., [WXL13| SECT14].
In addition to the aforementioned models, other reasonable settings are Categorical

Mixture Models [BT13], Poisson Mixture Models [LZ06], Dirichlet Mixture Models [Dah06]

and so on.

4.5 Numerical Experiments

In this section we conduct experiments to demonstrate the effectiveness of our framework.

Our code is available at https://github.com/FlorenceFeng/StateDecoding.
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Figure 4.2: Performances for LockGaussian, ¢ = 0.1. All lines are mean values of 50 tests
and the shaded areas depict the one standard deviations. OracleQ-lat and QLearning-lat
have direct access to the latent states, which are not for practical use. URL and PCID only
have access to the observations. OracleQ-obs and QLearning-obs are omitted due to infinitely

many observations.

Environments We conduct experiments in two environments: LockBernoulli and Lock-
Gaussian. These environments are also studied in [DK.J19], which are designed to be hard
for exploration. Both environments have the same latent state structure with H levels, 3
states per level and 4 actions. At level h, from states s;; and sy one action leads with
probability 1 — « to sy 41 and with probability a to sy 541, another has the flipped behavior,
and the remaining two lead to s341. All actions from ss, lead to s341. Non-zero reward is
only achievable if the agent can reach sy g1 or o g1 and the reward follows Bernoulli(0.5).

Action labels are randomly assigned at the beginning of each time of training. We consider
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Figure 4.3: Performances for LockGaussian, o = 0.2. All lines are mean values of 50 tests
and the shaded areas depict the one standard deviations. OracleQ-lat and QLearning-lat
have direct access to the latent states, which are not for practical use. URL and PCID only
have access to the observations. OracleQ-obs and QLearning-obs are omitted due to infinitely

many observations.

three values of a: 0, 0.2, and 0.5.

In LockBernoulli, the observation space is {0, 1}#73 where the first 3 coordinates are
reserved for the one-hot encoding of the latent state and the last H coordinates are drawn
i.i.d from Bernoulli(0.5). LockBernoulli meets our requirements as a BMDP. In LockGaussian,
the observation space is R¥3, Every observation is constructed by first letting the first
three coordinates be the one-hot encoding of the latent state, then adding i.i.d Gaussian
noises N'(0,0?%) to all H + 3 coordinates. We consider ¢ = 0.1 and 0.2. LockGaussian is

not a BMDP. We use this environment to evaluate the robustness of our method to violated
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assumptions.

The environments are designed to be hard for exploration. There are in total 47 choices
of actions of one episode, but only 2 of them lead to non-zero reward in the end. So random
exploration requires exponentially many trajectories. Also, with a larger H, the difficulty of
learning accurate decoding functions increases and makes exploration with observations a

more challenging task.

Algorithms and Hyperparameters We compare 4 algorithms: OracleQ [JABI1§]; QLearn-
ing, the tabular Q-Learning with e-greedy exploration; URL, our method; and PCID [DKJ19].
For OracleQ and QLearning, there are two implementations: 1. they directly see the la-
tent states (OracleQ-lat and QLearning-lat); 2. only see observations (OracleQ-obs and
QLearning-obs). For URL and PCID, only observations are available. OracleQ-lat and
QLearning-lat are served as a near-optimal skyline and a sanity-check baseline to measure
the efficiency of observation-only algorithms. OracleQQ-obs and QLearning-obs are only tested
in LockBernoulli since there are infinitely many observations in LockGaussian. For URL, we

use OracleQ as the tabular RL algorithm.

For OracleQ, we tune the learning rate and a confidence parameter; for QLearning, we
tune the learning rate and the exploration parameter €; for PCID, we follow the code provided
in [DKJ19], tune the number of clusters for k-means and the number of trajectories n to
collect in each outer iteration, and finally select the better result between linear function and

neural network implementation.

In our method, we use OracleQ as the tabular RL algorithm to operate on the decoded
state space and try three unsupervised learning approaches: 1. first conduct principle
component analysis (PCA) on the observations and then use k-means (KMeans) to cluster;
2. first apply PCA, then use Density-Based Spatial Clustering of Applications with Noise
(DBSCAN) for clustering, and finally use support vector machine to fit a classifier; 3. employ
Gaussian Mixture Model (GMM) to fit the observation data then generate a label predictor.
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We call the python library sklearn for all these methods. During unsupervised learning, we
do not separate observations by levels but add level information in decoded states. Besides
the hyperparameters for OracleQQ and the unsupervised learning oracle, we also tune the
batch size B adaptively in Algorithm [7} In our tests, instead of resampling over all previous
policies as Line [p| Algorithm [7, we use previous data. Specifically, we maintain a training
dataset D in memory and for iteration i, generate B training trajectories following 7 o f[iI;lH]
and merge them into D to train ULO. Also, we stop training decoding functions once they
become stable, which takes 100 training trajectories when H = 5, 500 ~ 1000 trajectories
when H = 10, and 1000 ~ 2500 trajectories when H = 20. Since this process stops very
quickly, we also skip the label matching steps (Line [8| to Line 12| Algorithm [7)) and the final

decoding function leads to a near-optimal performance as shown in the results.

Results The results are presented in Figure [4.2] and [4.3] z-axis is the number of
training trajectories and y-axis is average reward. All lines are mean values of 50 tests and the
shaded areas depict the one standard deviations. The title for each subfigure records problem
parameters and the unsupervised learning method we apply for URL. In LockBernoulli,
OracleQ-obs and QLearning-obs are far from being optimal even for small-horizon cases.
URL is mostly as good as the skyline (OracleQ-lat) and much better than the baseline
(QLearning-lat) especially when H = 20. URL outperforms PCID in most cases. When
H = 20, we observe a probability of 80% that URL returns near-optimal values for o = 0.2
and 0.5. In LockGaussian, for H = 20, we observe a probability of > 75% that URL returns

a near-optimal policy for a = 0.2 and 0.5.

4.6 Conclusion

In this chapter, we gave a general framework that turns an unsupervised learning algorithm

and a no-regret tabular RL algorithm into an algorithm for RL problems with huge observation
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spaces. We provided theoretical analysis to show it is provably efficient. We also conducted
numerical experiments to show the effectiveness of our framework in practice. An interesting
future theoretical direction is to characterize the optimal sample complexity under our

assumptions.

90



CHAPTER 5

RL Exploration with General Function Approximation

In this chapter, we provide an algorithm for efficient exploration with general rich observation
spaces. Specifically, we apply policy optimization methods. Policy optimization methods
remain a powerful workhorse in empirical Reinforcement Learning (RL), with a focus on
neural policies that can easily reason over complex and continuous state and/or action spaces.
Theoretical understanding of strategic exploration in policy-based methods with non-linear
function approximation, however, is largely missing. In this chapter, we address this question
by designing ENTAC, an actor-critic method that allows non-linear function approximation in
the critic. We show that under certain assumptions, e.g., a bounded eluder dimension d for
the critic class, the learner finds to a near-optimal policy in O(poly(d)) exploration rounds.
The method is robust to model misspecification and strictly extends existing works on linear
function approximation. We also develop some computational optimizations of our approach
with slightly worse statistical guarantees, and an empirical adaptation building on existing
deep RL tools. We empirically evaluate this adaptation, and show that it outperforms prior
heuristics inspired by linear methods, establishing the value in correctly reasoning about the

agent’s uncertainty under non-linear function approximation.

The contributions in this chapter were first presented in the joint work with Wotao Yin,

Alekh Agarwal, and Lin Yang [EYA21].
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5.1 Introduction

The success of reinforcement learning (RL) in many empirical domains largely relies on
developing policy gradient methods with deep neural networks [SLAT5, SWDI17, [HZATS].
The techniques have a long history in RL [Wil92, [SMS99, [KT00]. A number of theoretical
results study their convergence properties [KL02, [SG14, (GSP19, [ABB19, [AKL20a, BR19)
when the agent has access to a distribution over states which is sufficiently exploratory, such
as in a generative model. However, unlike their value- or model-based counterparts, the
number of policy-based approaches which actively explore and provably find a near-optimal
policy remains relatively limited, and restricted to tabular [SER20] and linear function
approximation [CY.J20, [AHK20] settings. Given this gap between theory and the empirical
literature, it is natural to ask how we can design provably sample-efficient policy-based
methods for RL that allow the use of general function approximation, such as via neural

networks.

In this chapter we design an actor-critic method with general function approximation:
Ezploratory Non-linear Incremental Actor Critic (ENIAC). Our method follows a similar
high-level framework as [AHK20], but with a very different bonus function in order to
reason about the uncertainty of our non-linear critic. In each iteration, we use the bonus to
learn an optimistic critic, so that optimizing the actor with it results in exploration of the
previously unseen parts of the environment. Unlike [AHK20], we allow non-linear function
approximation in the critic, which further parameterizes a non-linear policy class through
Soft Policy Iteration (SPI) [EKMO09, HZA1S, I(GSP19, [ABB19, [AHK20] or Natural Policy
Gradient (NPG) [Kak01) [PS08, [AKL20a] updates. Theoretically, we show that if the critic
function class has a bounded eluder dimension [RV13|] d, then our algorithm outputs a
near-optimal policy in poly(d) number of interactions, with high probability, for both SPI
and NPG methods.

Unlike the linear setting studied in [AHK20], whose bonus functions can be computed in
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closed form, the bonus function for a general function class is considerably more complex.
Following the recent work on non-linear value-based methods by [WSY20], the bonus function
is based on the range of values (or the width function) predicted at a particular state-action
pair by the critic function which accurately predicts the observed returns. Hence, this function
characterizes how uncertain we are about a state-action pair given the past observations.
The value-based method in [WSY20] relies on solving the value iteration problem using the
experience, which introduces dependence issues across different stages of the algorithm. But,
we directly use the width function as our exploration bonus and have a simpler sub-sampling
design that that in [WSY20]. Under mild assumptions, our bonus function can be computed
in a time polynomially depending on the size of the current dataset. We also provide a
heuristic method to compute the bonus functions for neural networks. Furthermore, all our
results are robust to model misspecification and do not require an explicit specification about

the transition dynamics as used in [WSY20).

In order to further improve the efficiency, we develop variants of our methods that require
no bonus computation in the execution of the actor. The key idea is to replace certain
conditional exploration steps triggered by the bonus with a small uniform exploration. Note
that this uniform exploration is in addition to the optimistic reasoning, thus different from
vanilla e-greedy methods. The bonus is later incorporated while updating the critic, which is a
significant optimization in settings where the actor runs in real-time with resource constrained
hardware such as robotic platforms [PCSIS8], and plays well with existing asynchronous

actor-critic updates [MBM16].

We complement our theoretical analysis with empirical evaluation on a continuous control
domain requiring non-linear function approximation, and show the benefit of using a bonus
systematically derived for this setting over prior heuristics from both theoretical and empirical

literature.
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5.1.1 Related Work

The rich literature on exploration in RL primarily deals with tabular [KS02a, [BT02] [JOA10,
JABIS] and linear [YW19al, [JYW20b] settings with value- or model-based methods. Recent
papers [SER20, [CYJ20, [AHK20] have developed policy-based methods also in the same
settings. Of these, our work directly builds upon that of [AHK20], extending it to non-linear

settings.

For general non-linear function approximation, a series of papers provide statistical
guarantees under structural assumptions [JKATT, [SJTKT9, [DJK18], but these do not lend
themselves to computationally practical versions. Other works [DKJ19, MHK20, [AKK20]
study various latent variable models for non-linear function approximation in model-based
settings. The notion of eluder dimension [RV13] used in our theory has been previously
used to study RL in deterministic settings [WV13]. Most related to our work are the
recent value-based technique of [WSY20], which describes a UCB-VT style algorithm with
statistical guarantees scaling with eluder dimension and the model-based policy optimization
of [CYS21], which incorporates optimism into policy evaluation via building confidence
sets of the transition model and uses eluder dimension to define model capacity. In this
chapter, we instead study model-free policy-based methods, which provide better robustness

to misspecification in theory and are more amenable to practical implementation.

Notation Given a set A, we denote by |A| the cardinality of A, A(A) the set of all
distributions over A, and Unif(.A) the uniform distribution over A. We use [n] for the index
set {1,...,n}. Let a,b € R". We denote by a'b the inner product between a and b and ||al|,
the Euclidean norm of a. Given a matrix A, we use ||A||2 for the spectral norm of A. Given
a function f : X — R and a finite dataset Z C X, we define ||f||z := /> ,cz f(x)%. We
abbreviate Kullback-Leibler divergence to KL and use O for leading orders in asymptotic

upper bounds and O to hide the polylog factors.
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5.2 Setting

Markov Decision Process In this paper, we focus on the discounted Markov Decision
Process (MDP) with an infinite horizon. We use M to represent an MDP. Each MDP is
described as a tuple (S, A, P,r,7), where S is a possibly infinite state space, A is a finite
action space, P: S x A — A(S) specifies a transition kernel, r : § x A — [0, 1] is a reward

function, and v € (0, 1) is a discount factor.

At each time step, the agent observes a state s € S and selects an action a € A according
to a policy m: S — A(A). The environment then transitions to a new state s’ with probability

P(s'|s,a) and the agent receives an instant reward r(s, a).

For a policy , its Q-value function Q™ : § x A — R is defined as:
Q" (s,a,r) :=E" {iytr(st,at)]so =s,a0 = al,
=0

where the expectation is taken over the trajectory following 7. And the value function
is V7(s,7) = Egur()9|@"(s,a,7)]. From V7™ and Q7, the advantage function of 7 is:
A™(s,a,r) = Q"(s,a,r) — V™(s,1),Vs € S,a € A. We ignore r in V, Q or A, if it is
clear from the context.

Besides value, we are also interested in the distribution induced by a policy. Specifically,
we define the discounted state-action distribution dZ(s,a) induced by 7 as:

dZ(s,a)=(1—7) ivtPr”(st = s,a; = alsg = §),
t=0

where Pr"(s; = s,a, = a|sg = §) is the probability of reaching (s, a) at the ty, step starting
from 5 following 7. Similarly, we define df;(s,a) if the agent starts from state 5 followed
by action a and follows 7 thereafter. For any distribution v € A(S x A), we denote by
dy(s,a) = Egapw [dfz 55, a)] and dj(s) := 3., dj(s, a).

Given an initial distribution p € A(S), we define VI := E, . ,[V"(s0)]. Similarly, if
v e A(S x A), we define V] := E(; a0)~r [@Q7 (50, a0)]. The goal of RL is to find a policy in
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some policy space II such that its value with respect to an initial distribution pg is maximized,
ie.,

maximize V7.
mell po

Without loss of generality, we consider the RL problems starting from the unique initial state

So in the later context. All the results straightforwardly apply to arbitrary pq.

Function Class and Policy Space Let F := {f :S x A — R} be a general function
class, e.g., neural networks. We denote by Il := {7y, f € F} a policy space induced by

applying the softmax transform to functions in F, i.e.,

ri(als) = P (.0)
! S eaexp(f(s,a))

For the ease of presentation, we assume there exists a function f € F such that, for all

s, 7¢(+|s) is a uniform distribution’] on A. Given F, we define its function-difference class

AF ={Af | Af=f—f', f, f € F} and the width function on AF as:

w(AF,s,a) = sup Af(s,a), V(s,a) €S x A. (5.1)
AfEAF

Note that our width is defined on the function difference class instead of the original function
class F, where the latter is adopted in [RV13] and [WSY20]. These two formulations are

essentially equivalent.

If F can be smoothly parameterized by 6 € R? we further introduce the (centered)

tangent class of Fy as:
Gr =195 | 95(s,a) := u''Vy logmy, (s,a),u €U, fo € F}, (5.2)

where U C R? is some bounded parameter space. We define the function-difference class

AGz and the width function w(AGx, s, a) for Gz accordingly.

! This requirement is not strict, our algorithms and analysis apply for any distribution that are supported
on all actions.
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Algorithm 9 Exploratory Non-Linear Incremental Actor Critic (ENIAC)

1:

2:

3:

10:

11:

12

Input: Function class F.

Hyperparameters: N >0, K >0, 3> 0, a € (0,1).
For all s € S, initialize 7!(+|s) = Unif(.A).
. Let experience buffer Z° = ().
for n=1to N do
Generate K samples: {s;, a;}5, ~dZ;
Merge training set: Z" < Z" U {s;, a;} 2 ;
Let pt, = Unif(d’STOl, L dr);
Define a bonus function b" using or (5.13);
Update the policy using Algorithm : 7"« Policy Update(pZ,, b", ).
end for
: Output: Unif(m, 73, ..., 7n11)

f

Next, given a function class F, we consider RL on the induced policy space 1Ix. If

is non-smooth, we apply SPI as the policy optimization routine while approximating

@-values with F; if F is smoothly parameterized by 6, we can alternatively apply NPG for

policy optimization and use G to approximate advantage functions. The corresponding

function-difference classes are used to design bonus functions and guide exploration.

5.

In

3 Algorithms

this section, we describe our algorithm, Exploratory Non-Linear Incremental Actor Critic

(ENIAC), which takes a function class F and interacts with an RL environment to learn a

good policy. The formal pseudo-code is presented in Algorithm [9] We explain the high-level

design and steps in the algorithm in this section, before giving our main results in the next

section.
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Algorithm 10 Policy Update
1: Input: Fitting distribution p, bonus function b, «.

2: Hyperparameters: 7' > 0, M > 0, n > 0.

3: Initialize my using or .

4: fort=0to 7T —1do

5: Generate M samples from p using or (5.9);

6: Fit critic to the M samples using or ;

7: Actor update using (5.7)), (5.8)), or to obtain mq;

8: end for

9: Output: Unif(mg, 7wy, ..., 77_1)

5.3.1 High-level Framework

At a high-level, ENTAC solves a series of policy optimization problems in a sequence of
carefully designed MDPs. Each MDP is based on the original MDP, but differs in the choice
of an initial state distribution and a reward bonus. We use them to induce optimistic bias
to encourage exploration. Through the steps of the algorithm, the initial distribution gains
coverage, while the bonus shrinks so that good policies in the modified MDPs eventually

yield good policies in the original MDP as well.

A key challenge in large state spaces is to quantify the notion of state coverage, which we
define using the function class F. We say a distribution p.,, provides a good coverage if any
function f € F that has a small prediction error on data sampled from p.,, also has a small
prediction error under the state distribution d™ for any other policy 7. In tabular settings,

this requires p.o, to visit each state, while coverage in the feature space suffices for linear

MDPs [JYW20bl, YW19a].

In ENIAC, we construct such a covering distribution p.., iteratively, starting from the

state distribution of a uniform policy and augmenting it gradually as new policies visit
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previously unexplored parts of the MDP. Concretely, we maintain a policy cover {m*, 7% ...},
which initially contains only a random policy, 7!, (Line |3 of Algorithm E[) At iteration n,
the algorithm lets p”  be a uniform mixture of {d7 ,d7,...,d"" } (line .

s07 Tsg o+ gy

Having obtained the cover, we move on to induce the reward bonus by collecting a dataset
of trajectories from p? = (line @H These collected trajectories are used to identify a set K"
of state-action pairs covered by pl : any functions f,g € F that are close under p  also
approximately agree with each other for all s,a € K. We then create a reward bonus, b"™

(Line |§|, formally defined later), toward encouraging explorations outside the set ™.

Finally, taking pl . as the initial distribution and the bonus augmented reward r + b" as
the reward function, we find a policy 7 that approximately maximizes Vj, (r +0") (line .
It can be shown that this policy either explores by reaching new parts of the MDP or ezploits
toward identifying a near optimal policy. We then add this policy to our cover and proceed

to the next epoch of the algorithm .

Within this high-level framework, different choices of the policy update and corresponding
bonus functions induce different concrete variants of Algorithm [9] We describe these choices

below.

5.3.2 Policy Optimization

In this section, we describe our policy optimization approach, given a policy cover p and a
reward bonus b. We drop the dependence on epoch n for brevity, and recall that the goal is to
optimize V;r(r + b). We present two different actor critic style optimization approaches: Soft
Policy Iteration (SPI) and Natural Policy Gradient (NPG), which offer differing tradeoffs
in generality and practical implementation. SPI is amenable to arbitrary class F, while

NPG requires second-order smoothness. On the other hand, NPG induces fully convex critic

2In the Algorithm@, only 7™ is rolled out as the samples can be combined with historical data to form
samples from p. . .
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objective for any class F, and is closer to popular optimization methods like TRPO, PPO and
SAC. Our presentation of both these methods is adapted from [AKT20a], and we describe the
overall outline of these approaches in Algorithm [10] with the specific update rules included

in the rest of this section.

For each approach, we provide a sample-friendly version and a computation-friendly
version for updating the policy. The two versions of updating methods only differ in the
initialization and actor updating steps. The computation-friendly version provides a policy
that can be executed efficiently while being played. The sample-friendly version requires
to compute the bonus function during policy execution but saves samples up to poly(|.A|)

factors. We now describe these procedures in more details.

5.3.2.1 Policy Initialization

For both SPI and NPG approaches, we use the following methods to initialize the policy.
Sample-friendly initialization. Given bonus b, we define K := {(s,a) | b(s,a) = 0}.
We abuse the notation s € K if b(s,a) =0, Va € A. We initialize the policy as follows.
Unif(A) s e K;

mo(+|s) = (5.3)
Unif({a € A: (s,a) ¢ K}) o.w.

Here the policy selects actions uniformly for states where all actions have been well-explored
under p and only plays actions that are not well-covered in other states. Note that such a

policy can be represented by b and a function f € F.

Computation-friendly initialization. The computation-friendly method does not

recompute the set I and initialize the policy to be purely random, i.e.,

mo(+|s) = Unif(A), Vs € S. (5.4)
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5.3.2.2 SPI Policy Update

For each iteration, t, we first generate M (some parameter to be determined) ()-value samples

with the input distribution p as the initial distribution:
{Siaai7©ﬂt(8i7aiar+b)}ij‘ila (Siaa'i) ~ P, (55)

where @7” is an unbiased estimator of Q™ (see, e.g., Algorithm |I|in Chapter . Then we fit
a critic to the above samples by setting f; as a solution of :
M
e ~ 2
mn}ler;llzezl (Qm(sz‘, a;,r+b) = b(si, a;) — f(si, az’)) : (5.6)
1=
Here we offset the fitting with the initial bonus to maintain consistency with linear function

approximation results, where a non-linear bonus introduces an approximation error [JYW20b,

AHK20]. Note that for the SPI, we do not require f to be differentiable.

Based on the critic, we update the actor to a new policy. There are two update versions:

one is more sample-efficient, the other is more computational-convenient.

Sample-friendly version. For this version, we only update the policy on states s €
since our critic is unreliable elsewhere. For s ¢ K, we keep exploring previously unknown

actions by simply sticking to the initial policy. Then the policy update rule is:

Tey1(als) oc m(als) exp (nfi(s,a)1{s € K}), (5.7)

where 7 > 0 is a step size to be specified. Note that since b(s,a) = 0 for s € K, Equation
(5.7) is equivalent to m1(als) oc m(als)exp (n(fi(s, a) + b(s,a))1{s € K}) where the initial
bonus is added back.

Computation-friendly version. For this version, we remove the indicator function

while allowing some probability of uniform exploration:

7T£+1(a|5) o< my(als) exp (nft(S, a)), mer1(]s) = (1 —a) - 7T£+1 + a - Unif(A). (5.8)
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Above, {m;} is an auxiliary sequence of policies initialized as my and o > 0. Note that for
s € K, since b(s,a) = 0 we still have m,_,(als) o« m}(als) exp (n(fi(s,a) + b(s,a))), i.e., the
offset initial bonus is added back. Thus, compared with Equation , Equation differs
at: 1. a-probability random exploration for s € IC; 2. update policy for s ¢ I with a possibly
not correct value (if b(s,a) # 0) but guarantees at least a-probability random exploration.
Such a change creates a polynomial scaling with |.A| in the sample complexity but saves us
from computing bonuses during policy execution which is required by the sample-friendly

version.

5.3.2.3 NPG Policy Update

NPG update shares the same structure as that for SPI. Recall that now the function class F
is smoothly parameterized by . At each iteration ¢, we first generate M (some parameter to

be determined) advantage samples from the input distribution p,
{si,ai,gﬂt(si, ai, 7+ 0, (s5,a;) ~ p (5.9)

where A™ is an unbiased estimator of A™ (using Algorithm . We define by(s, a) := b(s,a) —
Eqm(15)[b(s,a)] as a centered version of the original bonus and g;(s, a) := Vglogmy, (s,a)
to be the tangent features at 6,. We then fit a critic to the bonus offset target A — b, by
setting u,; as a solution of:

M

minimizez (2’”(32-, ai, 7+ b) — by(si,a;) — u' gy(si, ai))Q. (5.10)

ueY -
=1

Compared to SPI, a big advantage is that the above critic objective is a linear regression
problem, for which any off-the-shelf solver can be used, even with a large number of samples

in high dimensions.
With the critic, we update the actor to generate a new policy as below.

Sample-friendly version. Similar to the sample-friendly version of SPI, we only update
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the policy on s € K as:

041 = 0, + nuy, 7Tt+1(@‘5) X eXp(f0t+l(s7a)1{S € IC})’ (5'11)

where n > 0 is a step size to be specified.

We omit the details of the computation-friendly version, which is obtained similar to the

counterpart in SPI.

5.3.3 Bonus Function

In this section, we describe the bonus computation given a dataset Z™ generated from some
covering distribution p..,. As described in previous subsections, the bonus assigns value 0 to
state-action pairs that are well-covered by p.., and a large value elsewhere. To measure the
coverage, we use a width function (defined in Equation (5.1])) dependent on Z™. The bonus
differs slightly for the SPI and NPG updates since SPI uses F for critic fit while NPG use

Gr. Specifically, for the sample-friendly version, we take the following bonus function

b (s,a) = 1{w(F", s,a) > B) - ﬁ (5.12)

where for SPI,

Fr={Af € AF | |Af]zn < €}
and for NPG,

Fri={Ag € AGr | | Agl|zn < €}

with Gz being the tangent class defined in Equation (5.2)). Here f3, € are positive parameters
to be determined. For the computation-friendly version, we scale up the bonus by a factor of
|A|/a to encourage more exploration, i.e.,

Al

(s, a) ;== L{w(F",s,a) > B} - =

(5.13)
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Remark 7. The bonus can be computed efficiently by reducing the width computation to
regression [FADI18]. We can additionally improve the computational efficiency using the
sensitivity sampling technique developed in [WSY20], which significantly subsamples the
dataset Z. We omit the details for brevity. For neural networks, we provide a heuristic to

approximate the bonus in Section [5.6

5.3.4 Algorithm Name Conventions

Since Algorithm [9] provides different options for sub-routines, we specify different names for

them as below.

e ENTAC-SPI-SAMPLE (ENTIAC with sample-friendly SPI update): initialize with ([5.3]),

collect data with ([5.5)), fit critic using (5.6)), and update actor using (|5.7));
e ENIAC-SPI-COMPUTE (ENIAC with computation-friendly SPI update): initialize with

(5.4), collect data with ([5.5)), fit critic using (5.6]), and update actor using (/5.8]);
e ENIAC-NPG-SAMPLE (ENIAC with sample-friendly NPG update): initialize with ([5.3)),

collect data with ([5.9)), fit critic using (5.10]), and update actor using (5.11));
e ENIAC-NPG-COMPUTE (ENIAC with computation-friendly NPG update): initialize

with (5.4]), collect data with (5.9)), fit critic using (5.10]), and update actor using a similar
fashion as ((5.8) modified from ({5.11]).

5.4 Theory

In this section, we provide convergence results of ENIAC with both the SPI and NPG options
in the update rule. We use superscript n for the n-th epoch in Algorithm [9] and the subscript
t for the ¢-th iteration in Algorithm For example, 7}' is the output policy of the ¢-th

iteration in the n-th epoch.

The sample complexities of our algorithms depend on the complexity of the function class

for critic fit (and also the policy, implicitly). To measure the latter, we adopt the notion of
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eluder dimension which is first introduced in [RV13].

Definition 5 (Eluder Dimension). Given a class F, € > 0, and Z = {(s;,a;)}, be a

sequence of state-action pairs.

e A state-action pair (s,a) is e-dependent on Z with respect to F if any f, f' € F satisfying
15 = £z = S ez (5a) — P a2 < € aiso satisfy | (5,a) — f'(s, )] < e
e An (s,a) is e-independent of Z with respect to F if (s,a) is not e-dependent on Z.

e The e-eluder dimension dimg(F,€) of a function class F is the length of the longest
sequence of elements in S X A such that, for some € > €, every element is € -independent

of its predecessors.

It is well known [RV13] that if f(z) = g(w’z), where z € R? and g is a smooth and
strongly monotone link function, then the eluder dimension of F is O(d), where the additional
constants depend on the properties of g. In particular, it is at most d for linear functions,

and hence provides a strict generalization of results for linear function approximation.

Based on this measure, we now present our main results for the SPI and NPG in the

following subsections. For the sake of presentation, we provide the complexity bounds for

ENIAC-SPI-SAMPLE and ENIAC-NPG-SAMPLE.

5.4.1 Main Results for ENITAC-SPI

At a high-level, there are two main sources of suboptimality. First is the error in the critic
fitting, which further consists of both the estimation error due to fitting with finite samples,
as well as an approzimation error due to approximating the ) function from a restricted
function class F. Second, we have the suboptimality of the policy in solving the induced
optimistic MDPs at each step. The latter is handled using standard arguments from the
policy optimization literature (e.g. [ABB19l [AKL20al), while the former necessitates certain

assumptions on the representability of the class F. To this end, we begin with a closedness
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assumption on JF. For brevity, given a policy m we denote by
T"f(s,a) :==E"[r(s,a) +vf(s',d')|s, al. (5.14)

Assumption 5.4.1 (F-closedness). For allme {S - A(A)} andg : S x A— [0, ﬁ],
we have T"g € F.

Assumption is a policy evaluation analog of a similar assumption in [WSY20]. For
linear f, the assumption always holds if the MDP is a linear MDP [JYW20b] under the same

features. We also impose regularity and finite cover assumptions on F.
. . 1
Assumption 5.4.2 (Regularity). We assume that max(supser || flloo: 7=5) < W.

Assumption 5.4.3 (e-cover). For any € > 0, there exists an e-cover C(F,e) C F with size

IC(F,e)| < N(F,e) such that for any f € F, there exists f' € C(F,e€) with ||f — [l < €.

With the above assumptions, we have the following sample complexity result for ENIAC-
SPI-SAMPLE.

Theorem 5.4.1 (Sample Complexity of ENIAC-SPI-SAMPLE). Let § € (0,1) and € €

(0,1/(1=7)). Suppose Assumptions and[5.4.5 hold. With proper hyperparameters,
ENIAC-SPI-SAMPLE returns a policy © satisfying V™ > V™ — e with probability at least

1 — ¢ after taking at most

WS (dimp(F. 8))° - (1ogW (F, €)))’
O( e¥(1— )8 >

samples, where 3 = (1 —v)/2 and € = poly(e,~, 1/W, 1/ dimp(F, B) ]

One of the technical challenges of proving this theorem is to establish an eluder dimension
upper bound on the sum of the error sequence. Unlike that in [RV13] and [WSY20], who

apply the eluder dimension argument directly to a sequence of data points, we prove a new

3The formal definition of € can be found in Theorem|5.5.1
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bound that applies to the sum of expectations over a sequence of distributions. This bound
is then carefully combined with the augmented MDP argument in [AHK20] to establish our
exploration guarantee. The proof details are displayed in Section [5.5] We now make a few

remarks about the result.

Linear case. When f(s,a) = u?¢(s,a) with u, ¢(s,a) € RY, dimg(F,B) = O(d). Our
result improves that of [AHK20] by using Bernstein concentration inequality to bound the
generalization error. If Hoeffding inequality is used instead, our complexity will match that

of [AHK20], thereby strictly generalizing their work to the non-linear setting.

Model misspecification Like the linear case, ENIAC-SPI (both SAMPLE and COM-
PUTE) is robust to the failure of Assumption [5.4.1] In Section we provide a bounded
transfer error assumption, similar to that of [AHK20|, under which our guarantees hold up
to an approximation error term. Informally, this condition demands that for any policy 7,
the best value function estimator f; computed from on-policy samples also achieves a small

approximation error for Q™ under the distribution d7 . A formal version is presented in

Section (.5.3]

Comparison to value-based methods. Like the comparison between LSVI-UCB and PC-
PG in the linear case, our results have a poorer scaling with problem and accuracy parameters
than the related work of [WSY20]. However, they are robust to a milder notion of model
misspecification as stated above and readily lend themselves to practical implementations as

our experiments demonstrate.

Sample complexity of ENIAC-SPI-COMPUTE. As remarked earlier, a key compu-
tational bottleneck in our approach is the need to compute the bonus while executing our

policies. In Section [5.5] we analyze ENIAC-SPI-COMPUTE, which avoids this overhead and
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admits a

@<W1° AP - (dimp(F, 8))* - (log(N(F, e')))2>
£10(1 — )10

sample complexity under the same assumptions. The worse sample complexity of ENTAC-

SPI-COMPUTE arises from: 1. the uniform sampling over all actions instead of targeted

randomization only over unknown actions for exploration; 2. a-probability uniform exploration

even on known states.

5.4.2 Main Results for ENIAC-NPG

The results for ENIAC-NPG are qualitatively similar to those for ENIAC-SPI. However, there
are differences in details as we fit the advantage function using the tangent class Gr now,
and this also necessitates some changes to the underlying assumptions regarding closure for
Bellman operators and other regularity assumptions. We start with the former, and recall
the definition of the tangent class Gz in Equation . For a particular function f € F,
we further use Gy C G to denote the subset of linear functions induced by the features

Vglogmy,.

Assumption 5.4.4 (Gs-closedness). For any f € F, let w¢(als) o< exp(f(s,a)). For any

measurable set K € Sx A andg : §x A — |0, %7)2], we have T™xg — B  [TT*g] € Gy,

(

where
me(+]s), if for all a € A, (s,a) € K
Tri(tls) =
Unif({a|(s,a) ¢ K}), o.w.

and the operator T is defined in Equation ((5.14]).

One may notice that the policy 7y, complies with our actor update in ([5.11)) since b =0

for s € K. We also impose regularity and finite cover assumptions on Gr as below.
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Assumption 5.4.5 (Regularity). We assume that |lully < B for allu € U C R, and fp is
twice differentiable for all fg € F, and further satisfies:

1 follo W, [[Vfolla <G and ||[V2fs|2 < A.

We denote by D := max(BG,1/(1 —7)).

Assumption 5.4.6 (e-cover). For the function class Gz, for any € > 0, there exists an
e-cover C(Gr,€) C Gr with size |C(Gr,€)| < N(Gx,¢€) such that for any g € Gz, there exists

g € C(Gr,e€) with ||g — ¢'||ec <.
We provide the sample complexity guarantee for ENIAC-NPG-SAMPLE as below.

Theorem 5.4.2 (Sample Complexity of ENIAC-NPG-SAMPLE). Let § € (0,1) and € €

(0,1/(1—7)). Suppose Assumptions and[5.4.0 hold. With proper hyperparameters,
ENIAC-NPG-SAMPLE returns a policy m satisfying V™ > V™ — & with probability at least

1 — ¢ after taking at most

_(DY(D? 4 AB2) - (dimp(Gr, B))” - (log(N (G, ¢)))’
O( e8(1 — )8 )

samples, where 3 = (1 —v)/2 and € = poly(e,~,1/D,1/dimp(GF, B) )}

Notice that the differences between Theorems [5.4.1| and [5.4.2| only arise in the function

class complexity terms and the regularity parameters, where the NPG version pays the
complexity of the tangent class instead of the class F as in the SPI case. NPG, however,
offers algorithmic benefits as remarked before, and the result here extends to a more general
form under a bounded transfer error condition that we present in Section As with the
algorithms, the theorems essentially coincide in the linear case. One interesting question for
further investigation is the relationship between the eluder dimensions of the classes F and

Gr, which might inform statistical preferences between the two approaches.

4The formal definition of € can be found in Theorem|5.5.9.
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5.5 Proofs

In this section, we provide proofs to the theoretical results in Section

5.5.1 Definition and Notation

We denote by M the original MDP and 7 an arbitrary fixed comparator policy (e.g., an
optimal policy). Our target is to show that after N epochs, ENIAC is able to output a policy
whose value is larger than V™ minus some problem-dependent constant. First we describe
the construction of some auxiliary MDPs, which is conceptually similar to [AHK20], modulo

the difference in the bonus functions.

For each epoch n € [N], we consider three MDPs: the original MDP M, the bonus-
added MDP M. := (S, A, P,r + b",7), and an auxiliary MDP M". M" is defined as
(S, AU {a'}, P, r", v), where a' is an extra action which is only available for s ¢ K" (recall
that s € K if and only if 8"(s,a) =0 for all a € A). For all (s,a) € S x A,

P([s,a) = P(|s,a), 1"(s,a) =r(s,a) +b"(s,a).
For s ¢ K",
P"(s|s,a’) =1, r"(s,a') = 1.

Basically, a' allows the agent to stay in a state s ¢ K" while accumulating maximum instant
rewards.

Given M", we further define 7" such that #"(-|s) = 7(-|s) for s € K" and 7#"(a'|s) = 1
for s ¢ K". We denote by d v the state-action distribution induced by #* on M™ and d*

the state-action distribution induced by 7 on M.

Additional Notations Given a policy 7, we denote by V%, QF., and AJ, the state-value,

(Q-value, and advantage function of 7 on My» and V., Q% n, and A} for the counterparts
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on M". For the policy 7}, i.e., the policy at the ¢y, iteration in the ng, epoch of ENIAC, we

further simplify the notation as Vj\., Qf., and A, and also Vi, Q% n, and Afy..

Remark 8. Note that only ©" can take the action a' for s ¢ K*. All policies {71} is not

aware of a' and therefore, Vit, = Vi, Qb = Q' and Al = Al

Based on the above definitions, we directly have the following two lemmas.
Lemma 5.5.1. Consider any state s € K", we have:
dpn(s,a) < d¥(s,a), Ya e A
Proof. The proof follows that of Lemma B.1. in [AHK20]. We present below for the readers’

convenience.

We prove by induction over the time steps along the horizon. Recall d e is the state-action
distribution of 7" over M™ and d7 is the state-action distribution of # on both M. and M
as they share the same dynamics. We use another subscript i to indicate the step index, e.g.,

d Mo 1S the state-action distribution at the hyy, step following 7™ on M™.
Starting at h = 0, if s € K", then 7"(-|sg) = 7(:|so) and we can easily get:
czan(so, a) = dg(s(), a), Vae A.
Now we assume that at step h, for all s € K™, it holds that
Ay p(s,a) < di(s,a), Ya € A.
Then, for step h + 1, by definition we have that for s € K"

Ay s (5) = Z dpgn p (8,0 Pun (s]s', d)

s',a’

= Z 1{s' € K"}dpgmp(', ') Ppgn(s]s', d')

s',a’

= Z 1{s' € K"}dpmn(s',a")P(s]s',d),

s',a’
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where the second line is due to that if s ¢ K", 7 will deterministically pick a! and

Pun(s]s’,a’) = 0. On the other hand, for dj (s, a), it holds that for s € K",
Z—i—l(s) = Z d;;r(s/v a/)P(S|S,> a/)

=Y U{s' € K"}dj (s, a")P(s|s',a) + Y _1{s' ¢ K"}dj(s', ') P(s]s',d)

> Z 1{s' € K"}d}(s',a')P(s|s',a’)
> 1{s' € K"}bdage (s, @) P(s]', @) = dpgr g (5).

Using the fact that 7"(-|s) = 7(+|s) for s € K", we conclude that the inductive hypothesis
holds at h + 1 as well. Using the definition of the average state-action distribution, we

conclude the proof. [ |
Lemma 5.5.2. For any epoch n € [N], we have

Vi >V
Proof. The result is straightforward since if following 7" we run into some s ¢ K", then by

definition, 7™ is able to collect maximum instant rewards for all steps later. |

5.5.2 Proof Sketch

We intend to compare the values of the output policy 7Y := Unif(x2, 73, ... 7#¥*1) and the
comparator 7. To achieve this, we use two intermediate quantities V})’anJrl and V. and build

the following inequalities as bridges:

N N
N ]. n+1 1 n+1 n+1 n+1 ~n ~n d
VWave:NE:w ZNEjvg; —A, VR =V > Vi =B, Vi >V
n=1 n=1

where A and B are two terms to be specified. If the above relations all hold, the desired

result is natually induced. For these inequalities, we observe that
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1. The leftmost inequality is about the value differences of a sequence of policies (72, 73, ..., 7V*+1)
on two different reward functions (with or without the bonus). Thus, it is bounded by
the cumulative bonus, or equivalently, the expected bonus over the state-action measure
induced by these policies, which we use the eluder dimension of the approximation

function class to bound. We present this result for SPI-Sample, SPI-Compute, and
NPG-Sample in Lemma [5.5.3], [5.5.7, and [5.5.10] respectively.

2. The rightmost inequality is proved in Lemma [5.5.2

3. To show the middle inequality, we analyze the convergence of actor-critic updates,
leveraging properties of the multiplicative weight updates for a regret bound following

the analysis of [AKL20a].

In the sequel, we present sample complexity analysis for ENIAC-SPI-SAMPLE, ENITAC-SPI-
COMPUTE, and ENIAC-NPG-SAMPLE. ENIAC-NPG-COMPUTE can be easily adapted
with minor changes of the assumptions. In particular, we provide general results considering

model misspecification and the theorems in Section [5.4] fall as special cases under Assumption
G.4T or 544
5.5.3 Proofs of ENIAC-SPI

In this part, we provide analysis for ENIAC-SPI-SAMPLE and ENIAC-SPI-COMPUTE. We

start with stating the assumptions which quantifies model misspecification.

Assumption 5.5.1 (Bounded Transfer Error). Given a target function g : S x A — R, we
define the critic loss function L(f;d,g) with d € A(S x A) as:

L(f;d,g) = E(sa)~a [(f(s, a) — g(s, a))Q] .

For the fized comparator policy 7 (defined at the beginning of Section m), we define
d(s,a) := dZ (s) o Unif(A). In ENIAC-SPI (both sample and compute versions), for every

113



epoch n € [N] and every iteration t inside epoch n, we assume that

inf L(f;d, Qb — ") < €pius
fler.lFt" (fa 7Q )—eb ;

where Fi* = argmin ;e = L(f; ply,, Q4 — 0™) and €yias > 0 is some problem-dependent constant.

€pias Measures both approximation error and distribution shift error. In later proof, we

select a particular function in f* € F}* such that

L(fld, QL. — b") < 2€pias. (5.15)
We establish complexity results by comparing the empirical minimizer f;* of (5.6)) with this
optimal fitter f".
Assumption 5.5.2. For the same loss L as defined in Assumption and the fitter j:t",
we assume that there exists some C' > 1 and ¢y > 0 such that for any f € F,

rn 2 n n m. n n
E(Sva)NP?m; [(f(s7a) - ft (S,Cl)) :| < C- <L(f;pcov’ QZ” —b ) - L(ft 3 P cow Qi" —-b )) + €o
forn €[Nl and 0 <t <T —1.
Remark 9. Under Assumption b =" =FE" [r(s,a) + vQi.(s',a)] € F. Thus, €pigs
can take value 0 and ft" = Q}. — b". Further in Assumption we have
rn 2 n n
E capn, | (£(5:0) = F7(5,)°] = LU plns Qhp = 1")

Thus, C can take value 1 and e = 0. If Qt, — b™ is not realizable in F, €yiqs and €y could be
strictly positive. Hence, the above two assumptions are generalized version of the closedness

condition considering model misspecification.

Next we prove the sample complexity of ENIAC-SPI-SAMPLE. We follow the proof steps
in Section [£.5.2] and first establish a bonus bound.

Lemma 5.5.3 (SPI-SAMPLE: The Bound of Bonus). With probability at least 1 — N§, it

holds that
N
" — 2¢? + 8KW? 4 32 N log(2/0)
vt oyt < - di .
; ( b ) - (1—-7)p’K i (F, B) + 11—~ 2K
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Proof.

N N
Z (‘/bnnJrl — Vﬂn+1 S Z E (s,a) ~d”+11{($ (l) gé Kn}/(l - )
n=1 n=1
N
= Bt {w(F",5,0) > }/(1—7),
n=1

where d"*! denotes the state-action distribution induced by 7#"*! on M. We denote by D"
the sampled dataset {(s;,a;)}X, ~ d" at the beginning of epoch n. Then Z" = Z"~! U D".

By Hoeffding’s inequality, with probability at least 1 — ¢,

P 1 . log(2/6
E(S,Q)Ndn+l]_{w(fn, s,a) > f} < I Z H{w(F", s,a) > B} + %
(s,a)eDn+1
Taking the union bound, with probability at least 1 — N9, we have
N
il < ~ N [log(2/0)
;Vbn -V g ;nﬂ H{w(F",s,a) > B} + T Ve {5.16)

Next we bound the first term in Equation (5.16)) following a similar process as in [RV13]

Proposition 3]. We simplify w(F™, -,-) as w™(-,-) and label all samples in Z" in lexical order,

e.g., (s' a’™) denotes the ith sample in D"*1. For every (s7 a?™), we define a sequence
St which contains all samples generated before (st a't1), i.e.,
Sznj_ll = ((S}a CL%), R (S}O a}{)? (3%7 CL%), e (S?{? a?() (3711+1 a?+1)7 sy (s?-’_lla ?+11))(5 17)

Next we show that,

Z > w'(s,a) =B} < (262/ﬁ2 + 8W2K/B% + 1) -dimg(F,B).  (5.18)

1 (s.)eDn !

For n < N, if w™(s!t al*!) > B then (s!'!, a?™) is B-dependent with respect to F on

» (2 »

fewer than 8(e)?/3% + 32W2K/B? disjoint subsequences of Si"*!'. To see this, note that
if w(s)*, al*!) > B, there exists f, f € F such that f— f € F'and f(s"H antt) —

» "

f(sPHh af ™) > B. By definition, if (s7*', af*") is 8-dependent on a subsequence ((s¢,, ay,), - -, (84, ar,))

K3 ? Z
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of S, then Zle(f(stj,atj) — z(stj,at].))z > 2. It follows that, if (™! a*!) is j-

2 7 P

dependent on L disjoint subsequences of ;" then ||f — f[|%,., > Lj?, where we recall our
- i—1

notation || f|ls = /3 ,cs f(2)2. By the definition of 7™ and SP4' = Z" U {(s7™, a} ™)},

we have
1F = fllgps < IUF = £l 4 1F = Fllygptaprigicy < €+ 2WVImT < e+ 2WVE,

where W is an upper bound of ||f||«. Hence, L < 2¢2/5% + 8W?2K/ /3%

Next, we show that in any state-action sequence ((s1,a1), ..., (Sr,a,)), there is some j < 7
such that the element (s;,a;) is S-dependent with respect to F on at least 7/d — 1 disjoint
subsequences of the subset ((s1,a1),...,(sj-1,aj-1)), where d := dimp(F, 3). Here we assume
that 7 > d since otherwise the claim is trivially true. To see this, for an integer L safistying
Ld+1<7<(L+1)-d, we will construct L disjoint subsequences Sy, ..., Sy one element
at a time. First, for each i € [L] add (s;,a;) to the subsequence S;. Now, if (sp41,ar41) is
[B-dependent on all subsequences S, ...,S5r, our claim is established. Otherwise, select a
subsequence S; such that (spi1,ar.1) is f-independent of it and append (Sp41,ar41) to S;.
Repeat this process for elements with indices j > L + 1 until (s;, a;) is f-dependent on all
subsequences or j = 7. In the latter scenario, since 7 — 1 elements have already been put
in subsequences, we have that ) |S;| > L -d. However, by the definition of dimg(F, 3),
since each element of a subsequence S; is S-independent of its predecessors, we must have
|S;| < d,Vj € [L] and therefore, Y |S;| < L -d. In this case, (s, a,) must be S-dependent

on all subsequences.

Now consider the subsequence Sg := ((s/'t,a}'"),...,(s/",al7)) of Sy ™" which consists

i1 0 i ir ) Yy

of all elements such that wn((s”“,aﬁﬂ)) > (3. With that being said, Sgz consists of all

)

sample points where large width occurs from epoch 1 to epoch N. The indices in Sz are

. . ng ng
in lexical order and (s;”,a,’

15 7 7y

) denotes the ji, element in Ss. As we have established, each
(sz_j, aZj) is f-dependent on fewer than 2¢*/5% + 8W?K/3? disjoint subsequences of SZJ;l

ngony
PR a/,L'A
J J

(recall the definition in Equation (5.17))). It follows that each (s ) is S-dependent on
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fewer than 2¢2/3% + 8SW?2K /3> dlSJOlIlt subsequences of ((s[*,a),...,(s;” ", a;”")) C Sg,

117Z 15—1 7 Ttj—1

i.e., the elements in Sg before (s’ i) @ a;’). Combining this with the fact we have established

that there exists some (s;”,a;’) that is S-dependent on at least 7/d — 1 disjoint subsequences

15 7 ”L

of ((s!,ai"),...,(s;7 " a;’" ")), we have 7/d — 1 < 2€2/82 + 8W2K/B% Tt follows that

117 % 25—1 7 51

T < (2¢*/8* + 8W?K/S? + 1) - d, which is Equation (5.18).

Combining all above results, with probability at least 1 — N9,

N
nt1 n+1 2¢2 + SKW?2 + ﬂQ . N 10g(2/5)
oo =VT < . )
2 (Vb v > =T (1-)PK dimp(F.5) + 17—\ g

n=1

Next we prove the last step in Section [5.5.2] For notation brevity, we focus on a specific

epoch n and drop the dependence on n in the policy and critic functions. We define
Ein(s, a) == fi(s,a) +b"(s,a) — Egror, (o) [ fi(s,a') + " (s,d")], (5.19)

where f; is the output of the critic fit step at iteration ¢ in epoch n. It can be easily verified

that ]ant(.b)g};n(s, a) = 0 and the SPI-SAMPLE update in Equation (5.7)) is equivalent to
mir1(c]s) o< m(+]s) exp (ngtn(s, J{s € K"}), VseS. (5.20)

A\Zn is indeed our approximation to the true advantage function Af.. In the sequel, we show
that the actor-critic convergence is upper bounded by the approximation error which can

further be controlled with sufficient samples under our assumptions.

Lemma 5.5.4 (SPI-SAMPLE: Actor-Critic Convergence). In ENIAC-SPI-SAMPLE, let

fAlf,n be as defined in Equation (5.19)) and the step size n = \/%—‘fg For any epoch n € [N],
SPI-SAMPLE obtains a sequence of policies {m;}.-;" such that when comparing to 7":

1 T-1 1 T-1
72 Vi = Vi) = 5 (Vi = Vi)
t=0 t=0
! log(JA) |, 1§~ 7 .
<1 (8 2 4 2D B | (A (5,0) = Apu(s,0)) 1s € K7} ).
t=0
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Proof. The equality is mentioned in Remark . We first show that A% ,.(s,a’) <0 for any
s ¢ K™. Since m; uniformly randomly selects an unfamiliar action with bonus 1/(1 — ) for

s ¢ K", we have Vi n(s) > 1/(1 —~). Thus,
Aln(s,a") = Q' (s,a") = Vi(s) =1—(1—7) - Vin(s) <0, Vs¢ K",
where Q% (s,a") =1+ ~vVE.(s) (af leads s to s). Based on the above result, we have

. 1 3
Vi — Vi = T ZdMn(S, a) Al (s, a)
(s,a)

1

~ 1 B
o t n t n
=1 (z:)dMn(S,a)AMn(S,a)l{S € K"} + T (E )dMn(S,a,)AMn(57a)1{S ¢ K"}

1 ~ ' n 1 ~ . ; .
= —1 — ;dM”(S,COAMn(S,&)l{S e }+ mgd/mn(s)AMn<s,a )1{3 gé IC }

1 7 t n
S :;dMn<S’a)AMn(8,a>1{S - IC }

1 ~
=15 ZdMn(s,a)Azn(s, a)l{s € K"}
(s,a)

1 N n N n
=1 (E<s,a)~w A (5,001 € K"} + By [(Abn (s, @) = Apu(s,0))1{s € K} )

(5.21)

where the first line is by the performance difference lemma in [Kak03], the third line is due
to that 7" deterministically picks a' for s ¢ K", and the fifth line follows that 7; never picks

a' so for any action a € A we have Al = Al..

Next we establish an upper bound of the first term in Equation (5.21]). Recall that in
SPI-SAMPLE the policy update is equivalent to ([5.20)). Thus, for s € K", we have

KL (7" (|3), 71 (15)) — KL(7"([3), 7)) = Bamso (o[- nAhn (s, ) + log((5))],

where z(s) := 3" m(als) exp(nAL. (s, a)). Since |AL,(s,a)] < 4W and when T > log(|A|),
n < 1/(4W), we have nAL,(s,a) < 1. By the inequality that exp(z) < 1+ z + 22 for z < 1
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and log(1 + z) < x for x > —1,
log(2°(s)) < 7727@ als)AL. (s, a) + 160°W? = 16n*W?.
Hence, for s € K™,

KL(7" ([s) me41(-]s)) = KL(E"([5), i (-[5)) < =Eamin(i[Afn (5, 0)] + 169° T,

Adding both sides from ¢t = 0 to T'— 1 and taking n = 1106%;‘;3:'2, we get

T—

—_

E(s,a)NJMn [‘A\g”(sv a>1{3 < ICnH

i
Hc>

B, iy | (KL (13),mo(s) = KL (]3), 72(1s)) ) 1 € K7}] + 1697

t

<log(|A])/n + 165TW? < 8W/Tog (AT,

1
o 1

where the inequality follows that mo(-|s) = Unif(A). Lastly, combining with Equation (5.21),
the regret on M™ satisfies

~
-

Vin — Vi) < (st@m i [ 5.0 = (.15 € 674] )

if
o

Next, we analyze the approximation error and build an upper bound on A}, — gin
Recall that A}, is the true advantage of policy 7} in the bonus-added MDP and A\zn is an
approximation to Af, with the empirical minimizer f; as defined in . We still focus on
a specific epoch n and simplify the notation ft” as defined in to f;.

Lemma 5.5.5 (SPI-SAMPLE: Approximation Bound). At epoch n, assume for all 0 <t <
T—1:

L(ft7 p?ow QZ" - bn) < L(ft*7 p?ov’ Qi” - bn) + Estat (522)
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where €44 > 0 is to be determined in the next lemma, and let
€2 = NK(C © Estat + €0 + 16W€1) + 8W?log(N (F,€e1)/0) - VNK, (5.23)

where € is used in bonus function (see Sectionm and C, €y are defined in Assumption
and ¢; > 0 denotes the function cover radius which will be determined later. Under
Assumption[5.5.1) and [5.5.9, we have that for every 0 <t < T — 1, with probability at least
1—9,

E gy (A0 (5,0) = Apu(5,0) ) 1{s € K} < 4/ [ Alegigs + 26,

Proof. To analyze the difference between A}, and E}in, we introduce an intermediate variable
Ai(s,a) = ff + 0" — Egny)oLfi + 0", i.e., the approximated advantage generated by the
selected best on-policy fit. Then

B iy (Al — A3n)1{s € K7} = E, (Al — AD1s € K"} + (4] — A )1{s €K7}

s,a)~dpn

For the first difference, we have

E(qamdpn (A = A7) 1s € K7}

= By (O = i =0 ) U5 € K} = By ammro)( @ — f7 = V)15 € K7}

< \/E(s,a)NJMn(Qin —fi =) {s e K} + \/ESNJMn,awt(-\s)(Qin — fi —b)*1{s e K"}
< \/E(s,a)Ndﬂ(Qin — fi—b")*1{s € K"} + \/Eswd;‘,afvfrt(-|s)(Qin — fi =b")*1{s e K}

= /B AR (als) - (@ — f7 =015 € K} 4oy g MAIm(als) - (Qh — J7 =415 € K7

<4 V |-A|€biasv

where the first inequality is by Cauchy-Schwarz, the second inequality is by Lemma [5.5.1
and the last two lines follow Assumption and the definition of f;".
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For the second difference,

E (AF — AL)1{s € K"}

(8,(1) NCZMn

:E(s,a)NJMn (ft ft)]‘{s < ICn} ]Esden ar~m( (ft ft)]‘{s S Icn} (524)

Next we show that Af, := (ff — f;) € F". Recall that F" := {Af € AF | |Af|zn < €}
We only need to show that ||Af;||z» < e. To achieve this, we plan to utilize the fact that f; is
trained with samples generated from p  := Unif (al’;0 , d’;o Ve ,d;ro ) while Z™ is sequentially
constructed with samples from d , i .4 € [n]. However, such a correlation does not guarantee a
trivial concentration bound. We need to deal with the subtle randomness dependency therein:
1. 7" depends on 7~ thus the samples in Z" are not independent; 2. Z" determines F", F"
defines the bonus ", and Af; is obtained based on 0. So Af; and Z™ are not independent.

Nevertheless, we carefully leverage function cover on AF to establish a martingale convergence

on every anchor function in the cover set, then transform to a bound on the realization A f;.

Let C(AF,2¢;) be a cover set of AF. Then for every Af € AF, there exists a Ag €
C(AF,2¢) such that [|[Af — Aglle < 2€¢;. We rank the samples in Z" in lexical order, i.e.,
(si,at) is the ky, sample generated following d;’; at the beginning of the 4y, epoch. There are
in total nK samples in Z". For every Ag € C(AF,2¢;), we define nK corresponding random

variables:

Xih) = (Ag(st, a)* = B g [(Ag(s,0))%), i €[] k € [K]

We rank {X (ﬁ i)} in lexical order and upon which, we define a martingale:
A A .
Yoo =0, Ygi = Z X3, i€ nlke K]
i k)=(1,1)

Then by single-sided Azuma-Hoeffding’s inequality, with probability at least 1 — 4, for all
Ag € C(AF,2¢), it holds that

YA < \/32W4 kK -log (M) < \/64W4 nK -log (m) (5.25)

(n,K 5 5
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where the right inequality is by Lemma [5.5.14] Next, we transform to A f;. Since there exists
a Ag € C(AF,2¢) such that ||Af; — Aglle < 2€1, we have that for all i € [n] and k € [K],

|(Afilsi ar))* = (Ag(sy, ai))?|

= |Afi(sko ai,) — Ag(si, ap)] - |Afelsh, i) + Ag(sy, ap))| < 8Wey

and
E(s,a)r\/d;’é [(Aft(s’ a))Q] - E(s,a)wd;‘g [(Ag($7 a))z]
= E(S,a)wdgé ‘Aft(S’ (1) - Ag(sa a)| ’ ’Aft(sa a) + Ag(S, a)’ < 8We
Therefore,
Yoho= D0 (Afilsihal)) =B gog [(Afi(s )] (5.26)
(4,k)=(1,1)
(n,K)
< Z (Ag(st,a})) E(S’G)ngi[(Ag(s,a))Q] +nK - 16We;
(ik)=(1,1) 0
=Y + K - 16Wey.
Note that

Yol = 1Af) % - ZK B [(AS)*) = [AfillZn — nI - Epy [(Af)?). (5.27)

Combining ((5.25)), (5.26]), and (5.27]), we have that

A% < 0K By [(Af)Y] +nK - 16We, + \/64W4 nK -log (M)

J

By Assumption [5.5.2]

pcov[( ft) | = sa)Nonv[(ft* - ft)Q] < C - (L(ft5 Plows an —0") = L(f}; Peovs Qin —0")) + €

S - Estat T €0-
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By the choice of €, [|Af||%. < € with probability at least 1 — §. Thus, Af, € F" and
for all (s,a) € K", |f}(s,a) — fi(s,a)| < 8. Plugging into (5.24)), we have (5.24) < 25. The

desired result is obtained. [ |

Next, we give an explicit form of ey, as defined in Equation ([5.22)).

Lemma 5.5.6. Following the same notation as in Lemma it holds with probability at
least 1 — 6 that
N(F,e2)
500C - W* - log (X152
M
where C, €y are defined in Assumption[5.5.9, and €3 > 0 denotes the function cover radius

L(fs3 Pows @i = V") = LU Pl Qi = 1") < + 13- & + e,

which will be determined later.

Proof. First note that in the loss function, the expectation has a nested structure: the outer
expectation is taken over (s,a) ~ p and the inner conditional expectation is Q}.(s,a) =
E™[> om0 V" (7 (shs an)+b™(sn, an))|(s0, ao) = (s,a)] given a sample of (s, a) ~ pf,. To simplify
the notation, we use x to denote (s,a), y|z for an unbiased sample of Q}.(s,a) — b"(s,a),

and v for p_ , the marginal distribution over z, then the loss function can be recast as

E:leI[(ft(x) - E[y’iC])ﬂ = L(ft7 p?ov? Qt" - bn)

B [(f () = Ely|a])’] 1= L(f}'; Ploy: Qbr — b").

In particular, f; can be rewritten as

M
Jt € argmin Z(f(%) — i)’

JeF =
where (z;,y;) are drawn i.i.d.: z; is generated following the marginal distribution v and y; is

generated conditioned on x;. For any function f, we have:

E.yl(fi2) — )7
= Euy[(fe(2) = Elylz])’] + Eoy[(Elyla] — y)°] + 2Eay [(fi(2) — Elylz]) (Elyla] - y)]
= Euy[(fi(2) — Elyla])’] + Exy [(Elyla] — )7,

<
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where the last step follows from the cross term being zero. Thus we can rewrite the

generalization error as

E.[(fi(z) — Elyl2])’] - Eo[(f (2) — E[ylz])?] (5.28)
= ]Ex,y(ft<x> o y)2 - ]Ez,y(ft*(l') - y)Q-

Next, we establish a concentration bound on f;. Since f; depends on the training set
{(zs,y:)}M,, as in Assumption [5.5.5, we use a function cover on F for a uniform convergence
argument. We denote by .%#/* the o-algebra generated by randomness before epoch n iteration
t. Recall that f; € argmin.z L(f; pi,, Qpn — 0"). Conditioning on .Z#7", plt,, @}, — b, and
fi are all deterministic. For any f € F, we define

Zi(f) = (flas) = 9:)® = (f (2:) —w:)?, i€ [M]
Then Zy(f), ..., Zy(f) are i.i.d. random variables and
VIZ(f) | I <EIZ(f) | 77
2
=8 | (7€)~ 00 - (i) = )" | 7]
* 2 * 2 n
=B |(f(z) = £ @)+ () + i (@) = 200)" | 7|
* 2 n
< 36W*-E[(f(2:) — fi ()" | 77
<36W* - (C-ElZi(f) | F[) + «o),
where the last inequality is by Assumption and Equation (5.28). Next, we apply

Bernstein’s inequality on the function cover C(F,€;) and take the union bound. Specifically,

with probability at least 1 — 9, for all g € C(F, €s),

\/72W4(C ‘E[Zi(g9) | ] + e) - log /\@ 124 - log N(?ez)
< % + i :
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For f;, there exists g € C(F,€2) such that || f; — g]| < €2 and
Zi(f) — Zi(g)| = | (fe(m:) — wi)® — (9(x:) — ws)?|
= |fe(zi) = g(x)] - | filw:) + g(a:) — 25| < 6W2es.

Therefore, with probability at least 1 — 9,

M
n 1
<ElZi(9) | I - 57 z; Zi(g) +12W 76
OWA(C - K Z g Zn + log (}' €2) 124 log .7-'62)
S\/ (C-E| <>|Mt1 o) P OB TS o,
<\/72W4(C . E[Zz(ft) ’ ] + 6CW2€2 + 60) log N(]: €2) n 12W4 log N(];,EQ) + 12w2
< 7 7 €9.

Since f; is an empirical minimizer, we have % Zf\il Zi(fy) <0. Thus,

+ 12W%¢,.

T2WA(C - E[Zi(f,) | FP] + 60W2es + o) log Y22l 19774 Jog Mc2)
M * M

ElZi(f) | 7] <
Solving the above inequality with quadratic formula and using va + b < y/a + Vb, Vab <
a/2+b/2 for a > 0,b > 0, we obtain

500C - W* - log M22)
E[Zi(f) | #1) < B 130”6 e

Since the right-hand side is a constant, through taking another expectation, we have

5000 - W - log MZ.c2)
M

Notice that E[Z,(f)] = L(fi: plows Qe — b") = L(fZ ploys Qb — b"). The desired result is
obtained. ]

E[Zi(f)] < + 13W2 - €5 + €.

Combining all previous lemmas, we have the following theorem which states the detailed

sample complexity of ENTAC-SPI-SAMPLE (a detailed version of Theorem [5.4.1))
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Theorem 5.5.1 (Main Result: Sample Complexity of ENIAC-SPI-SAMPLE). Let ¢ €
(0,1) and € € (0,1/(1 —~)). With Assumptions|5.5.1, 15.5.9, 15.4.2, and|[5.4.5, we set the

hyperparameters as:

= e(l=9) _ G4WV2-logA]  32W? - dimg(F, 5) )= log(|-Al)
2 2(1—-7)2 T B1—q)p 16W2T
B C )i o 128W? - dimp(F, B) - (log(NVTAT)))? g (6NT)
Y T128W - dimg(F, B) S(1— )3 )
B (1 — )3 v — 2000C2 W - dimis(F, B) - log(PTNZ )
2T 100 W2 dimp(F, ) 3(1 — )3 ’

and € satisfies Equatz’on (5.23) correspondingly. Then with probability at least 1 — ¢, for the

average policy T = 7N .= Unif(x2,..., 7V ), we have
- A\/| Al€pias 16C dimg(F,
1—7y e2(1—79)°

for any comparator m with total number of samples:

L (CWS - (dimp(F, 9))° - (log(N(F, €)))’
O( e8(1 — )8 >

Y

where € = min(eq, €3).

Proof. By Lemma [5.5.3] we have that with probability at least 1 — Ndy,

ave >

nt1 262 4+ 8KW? 2 1 log(2/6
Z%"+ 2 —i— + 3 og(2/ 1)‘ (5.20)

- di F
vk dmeF A+ o o
By Lemma [5.5.4] m, 5.5.5 and [5.5.2] m, we have that for every n € [N], with probability at least
1— 276,

n+1 = ]_ 1
Vet > vE - 1—<8W o8 |A + 4/ Al pias + 25) (5.30)
-7
Combining inequalities ((5.29) and ({5.30]), we have with probability at least 1 — 3NT;,
N - 1 (26 +8KW? + (2 log(2/01)
Tave > T __ . d I
ez v 1—7( BNK mz(F, 0\ oK
log(|.A

+8W w + 4v/[ Alepias + 25) . (5.31)
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We plug in the value of €2 in Equation (5.23]) with the bound on €y, in Lemma and
choose hyperparameters such that every term in ([5.31)) (except for the ones with €y or €pias)
is bounded by e. Finally, we set 0; = §/(3NT) and € = min(ey, ;). In total, the sample

complexity is

N(K + TM) = @(CZWS- (dimE(.;g)z 7-)(810g(/\/(f, ¢))) >
_

Corollary 7. If Assumption holds, with proper hyperparameters, the average policy
al¥ = Unif(x2,..., 7" of ENIAC-SPI-SAMPLE achieves Ve > VT — & with probability

ave

at least 1 — 9 and the sample complexity is

(WS (dimp(F, B))" - (log(N (F,€)))*
(9( (1 — )8 )

Proof. The result is straightforward as mentioned in Remark [J] that under Assumption [5.4.1]

€pias = 0, C' =1, and ¢y = 0. [ |

Next we prove the result for ENIAC-SPI-COMPUTE. SPI-COMPUTE only differs from
SPI-SAMPLE at two places: the value of the bonus and the actor update rule. These
differences cause changes in the bonus bound result and the convergence analysis while

Lemma [5.5.5{ and [5.5.6| still hold with the same definition of g};n as in (5.19). In the sequel,

we present the bonus bound and the convergence result for SPI-COMPUTE.

Lemma 5.5.7 (SPI-COMPUTE: The Bound of Bonus). With probability at least 1 — N,

NIA] ~ [log(2/9)

Z Vﬂ-n+1 . Vﬂ.n+1 < |./4| . 262 + 8W2K + /62
(1—7v)a 2K

T (I=9)a B2K

The proof is similar to Lemma [5.5.3] We only need to revise the bonus value from ﬁ to

lA]
(I1=y)a”

As for the actor-critic convergence, we focus on a specific epoch n and still define

AL (s,a) == fi(s,a) + b"(s,a) — Baromy(1s)Lfi(s, @) + 0" (s, d)]. (5.32)
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It is easy to verify that E,r,s) [A\in] = 0 and for s € K", the actor update in SPI-COMPUTE

is equivalent to
T (als) o< my(als) exp (77121\2"(3, a)), 1 = (1 — a)m,, + aUnif (A)

since b"(s,-) = 0 for s € K". As before, we use gbn(s, a) to approximate the true advantage

of mf' on Myn. Then we have the following result.

Lemma 5.5.8 (SPI-COMPUTE: Actor-Critic Convergence). In ENIAC-SPI-COMPUTE,

let A\,t)n be as defined in Equation (5.32)), n = 1106%5[%}, and o = 1+1\/T‘ For any epoch n € [N],
SPI-COMPUTE obtains a sequence of policies {m }1—y" such that when comparing to 7":

1 T—-1 T—1
t=0
1 A 1T t At .
g (12w = (i (Al (5,0) = A5, ) 1{s € K7}).
t=0

Proof of Lemma[5.5.8. Similar to the reasoning in Lemma , we first have that A% . (s, a) <
0 for any s ¢ K". To see this, note that for s ¢ K", there exists an action with bonus

= |A]/((1 —v)a) and m has probability at least a/|.A| selects that action. Therefore,
Vie(s) = 1/(1 - ) and

Al (5,07 = Qn(s,a) = Viga(s) = 1= (1= ) - Vigu(s) 0, Vs ¢ K™

Recall that 7™ deterministically picks a' for s ¢ K™. Based on the above inequality, it holds
that
Vi = Vi = 1— ZdMn (5,a) Al (s, a) < — ZdMn (5,a) Al (s,a)1{s € K"}
g -7
(s,a) (s,a)

1 -
- F Z dan(s,a) AL (s,a)1{s € K"}. (5.33)
(s,a)

128



Next we restrict on s € K™ and establish the consecutive KL difference on {m}(-|s)}. Specifi-

cally, since for s € K", mj,(:|s) oc m;(+]s) exp(nzzl\in(s, a)),
KL(7"(-[5), )41 (-[s)) = KL(E" (1), 7 (5)) = Eanin i) (=05 (5, @) + log(=")],

where 2' := >~ _m(als) exp(nAl,(s,a)). With the assumptions that |AL,(s,a)| < 4W and
n < 1/(4W) when T > log(|A|), we have that nAl.(s,a) < 1. By the inequality that

exp(z) < 1+ z + 2% for # < 1, we have that

log(2") < log(1 + nZwt als)AL. (s, a) + 160> W?)

a - Unif(A ~
log<1+nz<1_a 1_05 )>-Azn(s,a)+16n2W2)

= log <]_ W Z Atn S CL) + 16772W2)

4Wa
< log(1 + Nt 167°W?)
Wna

+ 160° W2,

where the second line follows from that m; = - — wlrl%fg‘) and the last line follows that

log(1 + ) <z for « > 0. Hence, for s € K",

“n n -~ 4Wna
KL(7"(:|s), 741 (-|s)) = KL(7"(-]s), m(-[5)) < =nBanznio[Apn (s, )] + 1_77@ + 169 W,

Take a = 1+1\/T — 1, we get
T—1 R
]E(S,a)N(iMn [AZ"(Sv CL)]_{S S ICTL}]
t=0
1
SEEMZW [(KL(7"(-]s), 7 (-|s)) — KL(7"(:|s), 7p(-]))) 1{s € K"}] + 4W VT + 165TW?

<log(JA|)/n + 4WVT + 165TW? < 12W+/log(|A|)T.
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Combining with Equation ([5.33)), the regret on M" satisfies

T-1
> (Vi = Vi)
t=0
T-1 T_1
—1 1 o~
=15 (ZE(S’G)N&M" [AZ"(S’ Qs € ’Cn}} + D B ainen [Ain(s, a) = A (s, a))1{s € IC"}} )
=0 =0

< ﬁ (12W\/10g(|A|)T + EE(M)NJMﬂ [(Af,n(s, a) — gzn(s, a))l{s € /C”}} )

Since the definition of gf,n is the same as the one for SPI-SAMPLE, Lemma [5.5.5 and

Lemma [5.5.6| are directly applied. In total, we have the following theorem for the sample

complexity of ENTAC-SPI-COMPUTE.

Theorem 5.5.2 (Main Result: Sample Complexity of ENIAC-SPI-COMPUTE). Let § €
(0,1) and € € (0,1/(1 —~)). With Assumptions|5.5.1, 15.5.9,15.4.2, and|[5.4.5, we set the

hyperparameters as:

5o e(l1—7) T 144W?2 - log | A N> 384W3| Al log(|Al) - dimg(F,B3)  [log(|Al)
2 T 21—y T et(1—n)4 1=\ 1ewere

oo 1 o (1 —)tet o (1 —)tet
T IV T 1536w A[log(A]) - dime(F,B) T 1243CW3 Al log (| A]) dimp(F, B)’

15360 AP (og(|AD)? - dimp(F, 3) - (log(P¥TAEA))? - log(4T)

" et(l =) ’
v 48000C2W5| A| log(|A]) dimp (F, 8) log(NTNFe2)
et =1 ’
and € satisfies Equation correspondingly. Then with probability at least 1 — &, for the
average policy T = Unif(72, ..., 7V ), we have
yrie s e A [Alevias - 200CW - |Allog(|A)) - dimp(F. 5)

1—7n ’ e3(1 — )
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for any comparator 7 with total number of samples:

- (C2WO AP - (dimg(F, 8))7 - (log(N(F, ¢)))”
O( el0(1 — )10 )’

where € = min(ey, €2).

Corollary 8. If Assumption holds, with proper hyperparameters, the average pol-
icy o = Unif(x2,...,7aN*1) of ENIAC-SPI-COMPUTE achieves Ve > V7 — ¢ with

ave

probability at least 1 — 0 and total number of samples:

WO AR - (dimp(F, 8))° - (log(N(F, €)))*
O( e0(1 =) >

5.5.4 Proofs of ENTIAC-NPG

In this section, we provide the sample complexity of ENIAC-NPG-SAMPLE. For ENIAC-NPG-
COMPUTE, it can be adapted from ENIAC-SPI-COMPUTE and ENIAC-NPG-SAMPLE.

The analysis of ENIAC-NPG-SAMPLE is in parallel to that of ENTAC-SPI-SAMPLE. As
before, we provide a general result which considers model misspecification and Theorem [5.4.2
falls as a special case under the closedness Assumption [5.4.4]

We simplify the notation as my for 7y, (als) := %. Then for epoch n iteration ¢

in ENIAC-NPG-SAMPLE,

Top (+]5), sekKn

Unif({a € A: (s,a) ¢ K"}), o.w.

We state the following assumptions to quantify the misspecification error.

Assumption 5.5.3 (Bounded Transfer Error). Given a target function g : S x A — R, we
define the critic loss function L(u;d, g, ) with d € A(S x A) as:

L(u;d, g,m9) := E(sapa [(u" Vologmg — g)°] .
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For the fixed comparator policy 7 as mentioned in Section [5.5.1], we define a state-action
distribution d(s,a) = d7 (s) o Unif(A). In ENIAC-NPG-SAMPLE, for every epoch n € [N]

and every iteration t inside epoch n, we assume that

. .9 At n
inf L(u;d, Ay — b, mon) < €pias,
ueU

where U := argmin, o, L(u; p,, Ab. — b, o) and €yigs > 0 is a problem-dependent constant.

Recall that (A}, — b7)(s,a) = Qhu(s,a) — b"(s,a) — Equrn(s) [Qpa(s,a) — b"(s,a)]. As
before, we denote by @ a particular vector in U such that L(al;d, AL, — bP, Tor) < 2€pjas-
Note that we use Vylog mgn as the linear features for critic fit at iteration ¢ epoch n, even
though 7j" is not the same as mgr. Nevertheless, we show later that this choice of features is

sufficient for good critic fitting on the known states, where we measure our critic error.

Remark 10. Under the closedness condition Assumption

Al (s,a) — b"(s,a) = Qha(s,a) — b"(s,a) — Eo/orn (Qpn — 0"(s,d"))
=E"[r(s,a) + 7Qpn(8',a')] — Egrrp [E™ [r(s, ') + 7Qpa (5", a")]]

€ Gy

where the last step follows, since m}' can be described as mon xcn under the notation of Assump-
tion whence the containment of Qfeg follows. Thus, there exists a vector uw € U such
that u'V log Ty = Ain —b" everywhere. We can then take €piqs as 0 and uy = u. Assumption

therefore is a generalized version of the closedness condition.

For NPG, the loss function L is convex in the parameters u since the features are fixed
for every individual iteration. As a result, we naturally have an inequality as in Assumption
for SPI. We present it in the lemma below, which essentially follows a similar result for
the linear case in [AHK20].
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Lemma 5.5.9. For the same loss function L as defined in Assumption|5.5.5, it holds that

n ~Nn 2
E(s,a)~pm, [((“t — i)' Volog o) ]

SL(“?? p?ow AZ” - B?? ﬂ-@f) - L<a?7 p?om AZ” - E?? ﬂ-ef)'
Proof. For the left-hand side, we have that

n ~n 2
Ecarm,, [ () Valog o — (@) Vo log o)’

_ 2 _ 2
=E(s,0)~pz, [((U?)Tve log mgp + by — AZn) } — E(s,a)~pi, l<(ﬂ?)Tve log mop + b}’ — Ain) }

— 2E(s,0)~pi,, [((U?)TW log mgn — (u1}') " Vglog W&?) : ((ﬂ?)TVe log oy + b} — Ainﬂ

Since @} is a minimizer. By first-order optimality condition, the cross term is greater or equal

to 0. The desired result is obtained. [ |

We follow the same steps as listed in [5.5.2| and start with the bonus bound.

Lemma 5.5.10 (NPG-SAMPLE: The Bound of Bonus). With probability at least 1 — N,

N
n+1 n+l 262 —+ 32G2B2K + ﬂ2 . N 10g(2/5)
o=Vt < -d , .
;Vb |5 1-PK imp(Gr B)+1—7 Ve

The proof is similar to Lemma(5.5.3] The only thing changed is the function approximation

space. Thus we have dimg(Gr, ) instead of dimg(F, §) and ||gj || < 2GB, Vg € Gr.

Next, we establish the convergence result of NPG update. We focus on a specific episode

n and for each iteration ¢, we define
A\in(s, a) =, Vfs(s,a)+b" — Eatmg, (1s) [u V fo,(s,d') +b"(s,d")]. (5.34)

Since m;(-|s) = mp,(+|5) for s € K", Egrom,(fs) [g}in(s, a')] =0 for s € K.

From the algorithm we can see that At is indeed our approximation to the real advantages

At.. In contrary to ENIAC-SPI, the actor update in ENIAC-NPG does not use At, directly
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but by modifying the parameter 6. In the next lemma, we show how to link the NPG update
to a formula of A\Zn and eventually are able to bound the policy sub-optimality with function

approximation error.

Lemma 5.5.11 (NPG-SAMPLE: Convergence). In ENIAC-NPG-SAMPLE, let AL, be as
defined in Equation (5.34) and n = (16;5% For any epoch n € [N], NPG-SAMPLE

obtains a sequence of policies {m,}1)' such that when comparing to 7:

1 T-1 1 T-1
72 Vi = Vi) = 72 >_(Vie = Viae)
t=0 t=0
1 log(JA])(16D% + AB2) 1 < ~ )
= 1—"}/(2\/ (‘ |)( T _'_ EsaNdMn |: Azn(saa)_AZn<3,a))]—{8€,C }])
t:D

Proof. For the same reason as in Lemma [5.5.4] we have

o 1 -
Vie = Vie < 7= > dun(s,a) A (s, a)1{s € K"}, (5.35)
(s,a)

We focus on on s € K. Then m(-|s) o< exp(fo,(s,-)) and b(s,-) = 0. It holds that

KL(7"(-[s), m41(-[s)) — KL(7"(:|s), m(:]s))

_ B s.a) — 5. a o Zaexp(f0t+1(87a))

= ~Favindio [fem( @) = Jauls, )] +log > o exp(fo,(s,a))

ABQ] 4 log >_q exp(fo,(s,a) +n - ul Vo fs, +1n*AB?/2)
2 > exp(fo, (s, a))

< —Eqein(is)n - uf Vofs, —
= —1n - Eoin)s) [ﬁtn(s, a)l —n- Ko/ (5) UtTVefet(Sa a')
+ log (Zwt S, a) exp (17 Abn(s a) + 1 By, (ls)ty VQfet)> + AR
—Eqnin(s) [nAZn(s, a)] + log (Z m(als) exp (77/1’571(57 a))) + n*AB%
where the inequality is by Taylor expansion and the regularity assumption [5.4.5

A A
fo, + (Ors1 — Qt)Tvefet - §||Qt+1 - 9t||§ < for < fo, + (0141 — Qt)Tvefet + §||9t+1 - 9t||§-

134



Since AL, (s,a)| < 4D and 5 < 1/(4D) when T > log(|A|), nAL.(s,a) < 1. By the inequality
that exp(x) < 1+ 2 + 22 for z < 1, we have that

log (Z m(als) exp (nﬁin (s, a)))

<log (1 + Eqrom, () (AL, (s, a)] + 16772D2) < 16n*D?.

Hence, for s € K™,

KL(7"(:]s), mp41(+|s)) — KL(T"(:|s), m(:]s)) < —nEqusn(fs) [AL.(s,a)] + n*(16D* + AB?).

Adding both sides from t = 0 to T'— 1 and taking n = %, we get
T-1
E(vadye | A (5,0)1s € K}
t=0
1 . n n
B, g0 (KL (1), 7 19) = KL (Js). 7r(]5) s € K7}] + nT(160° + AB?)
<1

og(|A])/n +nT(16D* + AB?) < 2¢/log(|A]) - (16D2 + AB?) - T.

Combining with Equation ([5.35]), the regret on M" satisfies

t=0

T—1
(V_/\W/ln - V'/l\f/[n)
t=0
T-1 T—1
1 At n 1 t At n
< T E(oa)mdn [Abn(s, a)l{s e K }] +1 ZE(s,a)~Jmn [Abn(s, a) — Ay (s,a))1{s € K }
7 =0 70
1 2 2 — t At n
< 1= (2V1oe([AN(6D + ABIT + 3 Ey e, (A (s,0) = A (s,0)) 1s € K7} ).

Next, we establish two lemmas to bound the difference between the true advantage

Al (s, a) and the approximation AL, (s, a)
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Lemma 5.5.12 (Approximation Bound). At epoch n, assume for all 0 <t <T —1,
L(u; oy A — V) ap) < LG5 Pgys Apn — by Tap) + €stars
where €. > 0 s to be determined later, and
€ = NK (€ga + 16Dey) + 8D?*log(N (Gr, 1) /0) - VNK, (5.36)

where € is used in bonus function design (see Sectionm and €1 1s to be determined. Under
Assumption[5.5.3 and[5.7.5, we have that for every 0 <t < T — 1, with probability at least
1—(n+1)d,

E(s,a)NzZMn (AZ"(S7 a) - ;4\2”<87 a)) <4 V |A’€bia5 + 25

Lemma 5.5.13. Following the same notation as in Lemma it holds with probability
at least 1 — 9 that

n, n t mn ~n, n t n 500D4 ) leg (SQ_D(S)
L<ut 3 Peow Ab" - bt 77T9?> - L(ut s Peow Ab" - bt 77(9?) < M

+ 13D2 + €9,
where d is the linear dimension of u.

The proofs of the above lemmas can be easily adapted from Lemma [5.5.5 or Lemma [5.5.6
by replacing f; with u/ V f,,, ft" with (@) "V fy,, and F with Gr. In particular, for Lemma
5.5.13] since the linear feature is fixed for critic fit at iteration ¢ epoch n, the function cover
is defined on the space G fop- By Lemma the covering number is therefore represented

with the linear dimension of u, d.

In the following, we present the detailed form of the sample complexity of NPG-SAMPLE.

Theorem 5.5.3 (Main Result: Sample Complexity of ENIAC-NPG-SAMPLE). Let 6 € (0,1)
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and € € (0,1/(1 —~)). With Assumptions|5.5.5 and|5.4.5, we set the hyperparameters as:

g=l=7 log(|.A])
o "7\ @6D2 + AB)T

T = 64(D* + AB?) - log |A] N > 128B°G” - dimg(Gr, B)

2y T T S1—qp
o G }(__321ﬂ-cﬁn%(gf,5).(k%(§zlggg;L)) log(6YT)
"7 128D - dimg(Gr, B)’ B e3(1 — )3 ;

(1= 400D dimp(Gr,5) - dlog(2FT)

© T 10D dimg(GF B e3(1— )3 ’

and € satisfies Equation ((5.36]) correspondingly. Then with probability at least 1 — &, for the

average policy © = Unif (7? oVt we have
7 4 A 1as
-7

for any comparator 7™ with total number of samples:

~ ¢ DS(D? 4+ AB?) - (dimgp(GF, B )2 (log(V QF7€/)))2
O( 31 —7)° >

where € = min(ey, €3) such that log(N (G, €)) = Q(d).

Y

The proof is similar to that of Theorem We also have the following result when the

closedness assumption is satisfied.

Corollary 9. If Assumption holds, with proper hyperparameters, the average policy
7N = Unif(x?,...,7N%1) of ENIAC-NPG-SAMPLE achieves V™ > V7 —& with probability

at least 1 — 0 and total number of samples:

o( DD AR (dime(Gr B)° - (loaW(Gr, e’>>)2>
(1 —7)®

Note that under Assumption [5.4.4] as mentioned in Remark [I0] €pias = 0.
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5.5.5 Auxiliary Lemmas

Lemma 5.5.14. Given a function class F, for its covering number, we have N (AF, €) <

N (F,e/2)%

Proof. Let AC(F,€¢/2):={f — f'|f,.f' € C(F,e/2)}. Then AC(F,€/2) is an e-cover for AF
and |AC(F,¢/2)| < |C(F,e/2)]? < N(F,¢/2)% |

Lemma 5.5.15. Given f € F, under the reqularity Assumption we have that the

covering number of the linear class Gy := {u'Vylogms,u € U C R f € F} achieves
N(Gr.0) < (*P)"

€

Proof. In order to construct a cover set of G; with radius €;, we need that for any u € U C R,

there exist a u, such that
lu"Vologms(s,a) — @' Vologm(s, a)llee < €2

where the infinity norm is taken over all (s,a) € S x A. By Cauchy-Schwarz inequality, we

have
|u"Vologm; — @' Velogmslleo = [|[(u— @) Velog ms|leo < 2G||u — o

Thus, it is enough to have ||u — || < €2/(2G), which is equivalent to cover a ball in R? with

radius B (recall that ||u|| < B) with small balls of radius €;/(2G). The latter has a covering
d d

number bounded by (GBG> < <@> . |

€2 €2

5.6 Experiment

We conduct experiments to testify the effectiveness of ENTAC. Specifically, we aim to show
that

®The covering number of Euclidean balls can be easily found in literature.
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1. ENIAC is competent to solve RL problem which requires exploration.

2. Compared with PC-PG which uses linear feature for bonus design, the idea of width in

ENTAC performs better when using complex neural networks.

Our code is available at https://github.com/FlorenceFeng/ENIAC.

5.6.1 Implementation of ENIAC

We implement ENIAC using PPO [SWD17] as the policy update routine and use fully-
connected neural networks (FCNN) to parameterize actors and critics. At the beginning
of each epoch n € [N], as in Algorithm |§|, we add a policy 7" into the cover set, generate
visitation samples following 7", update the replay buffer to Z”, and compute an approximate
width function w” : § x A — R. Recall that w"(s,a) is rigorously defined as:

—f i — 20 <ee. )
max f(s,a) = ['(s,0), subject to ||/ — ['|lz» < ¢ (5.37)

To approximate this value in a more stable and efficient manner, we make several revisions

to 537

1. instead of training both f and f’, we fix f’ and only train f;
2. due to 1., we change the objective from f — f’ to (f — f’)? for symmetry;

3. instead of always retraining f for every query point (s,a), we gather a batch of query

points Z; and train in a finite-sum formulation.

Specifically, we initialize f as a neural network with the same structure as the critic network
(possibly different weights and biases) and initialize f’ as a copy of f. Then we fix f’ and

train f by maximizing the following loss:

M f(s,a) — f’(s,a))2 B (f(s,a)— f’(s’,a’))2 B
2. EA 2 12| (

Y

A1 (f(sv a) B f,<37 a))
> A

(s,0)€Z (s',a/)EZ™ s,a)EZy Q‘

(5.38)
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where the last term is added to avoid a zero gradient (since f and f’ are identical initially).
We generate Z by using the current policy-cover as the initial distribution then rolling out
with 7. can be roughly regarded as a Lagrangian form of with regularization.
The intuition is that we want the functions to be close on frequently visited area (the second
term) and to be as far as possible on the query part (the first term). If a query point is away
from the frequently visited region, then the constraint is loose and the difference between
f and f’ can be enlarged and a big bonus is granted; otherwise, the constraint becomes a
dominant force and the width is fairly small. After training for several steps of stochastic

gradient descent, we freeze both f and f’ and return |f(s,a) — f'(s,a)| as w"(s,a). During

w™(s,a)
max w™
24

the experiments, we set bonus as 0.5 - without thresholding for the later actor-critic
steps. The width training process is presented in Algorithm To stabilize training, for each
iteration we sample a minibatch Dy from the query batch, then run several steps of stochastic

gradient descent with changing minibatches on Z™ while fixing Dg. The hyperparameters for
width training are listed in Table [5.1]

We remark that in practice width training can be fairly flexible and customized for
different environments. For example, one can design alternative loss functions as long as they
follow the intuition of width; f and f’ can be initialized with different weights and the loss
function plays a pulling-in role instead of a stretching-out force as in our implementation;
Z4 can be generated with various distributions as long as it has a relatively wide cover to

ensure the quality of a batch-trained width.

5.6.2 Environment and Baselines

We test on a continuous control task which requires exploration: continuous control Moun-
tainCaxﬂ from OpenAl Gym [BCPI6]. This environment has a 2-dimensional continuous

state space and a 1-dimensional continuous action space [—1, 1]. The agent only receives a

Chttps://gym.openai.com/envs/MountainCarContinuous-v0,/
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Algorithm 11 Width Training in ENIAC
1: Input: Replay buffer Z", query batch Z3.

2: Initialize f with the same network structure as the critic.
3: Copy f" as f and fix f’ during training.

4: fori=1to I do

5: Sample a minibatch Dq from Z7

6: for j =1to J do

7 Sample a minibatch D; from Z"

8: Do one step of gradient descent on f with loss in Equation and Dg and D;.
9: end for

10: end for

11: Output: w" :=|f — f/|

Table 5.1: ENIAC Width Training Hyperparameters

Hyperparameter  2-layer 4-layer 6-layer

A 0.1 0.1 0.1
A 0.01 0.01 0.01
|Zo 20000 20000 20000

Learning Rate 0.001  0.001 0.0015
| Dy 160 160 160
Dy 20 20 10
Gradient Clippling 5.0 5.0 5.0
1 1000 1000 1000
J 10 10 10

large reward (+100) if it can reach the top of the hill and small negative rewards for any

action. A locally optimal policy is to do nothing and avoid action costs. The length of horizon
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is 100 and v = 0.99.

We compare five algorithms: ENIAC, vanilla PPO, PPO-RND, PC-PG, and ZERO. All
algorithms use PPO as their policy update routine and the same FCNN for actors and critics.
The vanilla PPO has no bonus; PPO-RND uses RND bonus [BES19] throughout training;
PC-PG iteratively constructs policy cover and uses linear features (kernel-based) to compute
bonus as in the implementation of [AHK2(], which we follow here; ZERO uses policy cover
as in PC-PG and the bonus is all-zero. For ENIAC, PC-PG, and ZERO, instead of adding
bonuses to extrinsic rewards, we directly take the larger ones, i.e., the agent receives max(r, b)
during exploration} In ENIAC, we use uniform distribution to select policy from the cover
set, i.e., pi, = Unif (d’rl, ...,d™) as in the main algorithm; PC-PG optimizes the selection
distribution based on the policy coverage (see [AHK20] for more details). All algorithms
were based on the PPO implementation of [Shal§|. The network structure is described in the
main body and the last layer outputs the parameters of a 1D Gaussian for action selection.
For PC-PG, we follow the same implementation as mentioned in [AHK20]; for PPO-RND,
the RND network has the same architecture as the policy network, except that the last linear
layer mapping hidden units to actions is removed. We found that tuning the intrinsic reward

coefficient was important for getting good performance for RND. The hyperparameters for

optimization are listed in Table [5.2] and [5.3]

5.6.3 Results

We evaluate all the methods for varying depths of the critic network: 2-layer stands for (64,
64) hidden units, 4-layer for (64, 128, 128, 64), and 6-layer for (64, 64, 128, 128, 64, 64).
Layers are connected with ReLLU non-linearities for all networks. In Figure [5.1, we see that
ENTAC robustly achieves high performance consistently in all cases. Both PC-PG and ZERO

perform well for depth 2, but as we increase the depth, the heuristic kernel-based bonus

"This is simply for implementation convenience and does not change the algorithm. One can also adjust
bonus as max(r,b) — 7.

142



Table 5.2: ENIAC/PC-PG Optimization Hyperparameters

Hyperparameter Values Considered 2-layer 4-layer 6-layer
Learning Rate e 3 5e 4 et S5e~4 S5e~4 Se4
TGAE 0.95 0.95 0.95 0.95
Gradient Clippling 0.5,1,2,5 5.0 5.0 5.0
Entropy Bonus 0.01 0.01 0.01 0.01
PPO Ratio Clip 0.2 0.2 0.2 0.2
PPO Minibatch 160 160 160 160
PPO Optimization Epochs ) 5 5 5
e-greedy sampling 0, 0.01, 0.05 0.05 0.05 0.05
Table 5.3: PPO-RND Hyperparameters
Hyperparameter Values Considered  2-layer 4-layer 6-layer
Learning Rate e 3. 5e 4 e e 4 e 4 e 4
TGAE 0.95 0.95 0.95 0.95
Gradient Clippling 5.0 5.0 5.0 5.0
Entropy Bonus 0.01 0.01 0.01 0.01
PPO Ratio Clip 0.2 0.2 0.2 0.2
PPO Minibatch 160 160 160 160
PPO Optimization Epochs ) ) ) )
Intrinsic Reward Normalization true, false false false false
Intrinsic Reward Coefficient 0.5, 1, e, e?,e3,5e3,e*  be? e3 e3

and the 0-offset bonus do not provide a good representation of the critic’s uncertainty and

its learning gets increasingly slower and unreliable. PPO and PPO-RND perform poorly,

consistent with the results of [AHK20]. One can also regard the excess layers as masks

on the true states and turn them into high-dimensional observations. When observations
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Figure 5.1: Performance of different methods on MountainCar as we vary the netural network
depth. The performances are evaluated over 10 random seeds where lines are means and shades

represent standard deviations. We stop training once the policy can obtain rewards> 93.

become increasingly complicated, more non-linearity is required for information processing

and ENTAC is a more appealing choice.

We visualize ENIAC’s policies in Figure |5.2] where we plot the state visitations of the
exploration policies from the cover, as well as the exploitation policies trained using the cover
with just the external reward, for varying number of epochs. We see that ENTAC quickly
attains exploration in the vicinity of the optimal state, allowing the exploitation policy to
become optimal. Since the bonus in our experiments is smaller than the maximum reward,
the effect of the bonus dissipates once we reach the optimal state, even for the exploration
policies. We also visualize typical landscapes of bonus functions in ENIAC and PC-PG in
Figure [5.3] Both bonuses grant small values on frequently visited area and large values on
scarsely visited part. But the bonus in ENITAC changes in a smoother way than the one in

PC-PG. This might inspire future study on the shaping of bonuses.

The results testify the competence of ENIAC on the exploration problem. Especially, com-

pared with PC-PG, the usage of width is more suitable for complex function approximation.
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Policy cover Exploit from policy cover

Velocity

Position Position

Figure 5.2: The MountainCar environment (left). Trajectories of exploration (middle) and
exploitation (right) policies of ENTAC, with colors denoting different epochs: orange for the
first policy in the cover set, black for the second, and green for the third. Agent starts from

the centric area (near the yellow circle) and the black vertical line on the right represents

goal positions.
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Figure 5.3: Bonus function comparison. [Left]: The trajectories of a chosen policy . [Middle]:

the bonus function built by ENIAC upon the policy. [Right]: The bonus built by PC-PG

upon the policy. See text for details.

5.7 Conclusion

In this chapter, we present the first set of policy-based techniques for RL with non-linear
function approximation. Our methods provide interesting tradeoffs between sample and
computational complexities, while also inspire an extremely practical implementation. Empiri-
cally, our results demonstrate the benefit of correctly reasoning about the learner’s uncertainty

under a non-linear function class, while prior heuristics based on linear function approximation
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fail to robustly work as we vary the function class. Overall, our results open several interesting
avenues of investigation for both theoretical and empirical progress. In theory, it is quite
likely that our sample complexity results have scope for a significant improvement. A key
challenge here is to enable better sample reuse, typically done with bootstrapping techniques
for off-policy learning, while preserving the robustness to model misspecification that our
theory exhibits. Empirically, it would be worthwhile to scale these methods to complex
state and action spaces such as image-based inputs, and evaluate them on more challenging

exploration tasks with a longer effective horizon.
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CHAPTER 6

Conclusion and Future Research

In this thesis, we investigate how to achieve efficient RL in various training environments.
A series of answers are provided to four settings ranging from the most idealized to the
fairly realistic. We focus on improving both statistical and computational efficiency. In
the first setting, given an ideal sample oracle, we are interested in how fast we can achieve
computationally. We adopt the widely-used asynchronous parallel technique to accelerate
training. With careful design, our algorithm enjoys an apparent speedup with a minor increase
in sample complexity. This is the first result that theoretically justifies the use of parallel
training in RL with an explicit sample complexity result. In the second setting, we answer a
fundamental question: how much an approximate (under TV-distance) model can help. With
scrutinized analysis, we provide both upper and lower sample complexity bounds to showcase
the benefit and the limitation of approximately correct prior knowledge. This is the first
systematic answer towards the aforementioned question. For the last two settings, we take
efforts to resolve the central challenge in RL: how to achieve efficient exploration with rich
observations. We develop two methods: 1. if the observation space has some low-dimensional
structure, we use unsupervised learning to abstract it and scale down the problem size for
tabular exploration; 2. if no structure is assumed, we use function approximation for its
generalization ability to achieve exploration in high-dimensional space. Both of our algorithms

are provably efficient and perform pleasantly in preliminary experiments.

These works all together form a systematic answer towards how to achieve efficient

reinforcement learning in different environments with both solid theories and practical
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algorithms.

For future research, we can take one step further into realistic training by considering
offline RL with a batch of data. In this case, no online simulation is available and the
information is very limited. If we can successfully conduct RL under this scenario, it can be
more widely applied to real-world applications. Some other interesting topics include: safety
RL, where hard constraints are imposed to avoid hazardous states and actions; RL with
delayed feedback, where observation and reward signals might arrive with time delay and the
agent needs to take actions before seeing the true signals; also we can consider applying RL

in other mathematical fields such as optimization.
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