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Abstract

Equality is an Important relation and many
theorems can be easily symbolized through it's use.
A proposed Inference rule called HL-resolution Is
intended to have the benefits of hyper steps while
controlling the application of paramodulation. It
generates a resolvent by building a paramodulation
and demodulation link between two terms using a
pre pro ceased plan as a guide. The rule Is complete
for E-unsatisfiable Horn sets. The linking process
makes use of an equality graph which is constructed
once at the beginning of the run. Once a pair of
candidate terms for HL-resolutlon is chosen in the
search, potential linkages can be found and tested
for compatibility efficiently by looking at the
paths in the graph. The method was implemented on
an existing theorem-proving system. A number of
experiments were conducted on problems in abstract
algebra and a comparison with set-of-support
paramodulation was made.

1. Introduction

Equality is an important relation and many
theorems can be easily symbolized through it's use.
Important research with respect to the equality
relation has been carried out in several directions
by many authors. Darlington [2] wused a
second-order equality substitution axiom, and
Robinson and Wes [13,11] proposed demodulation and
paramodulation to handle equality. Along this
line, Wos, Overbeek and Henschen[14] proposed a
refinement of paramodulation called
HYPERPARAMCDULATON  and  McCune[8] proposed Horn
semantic paramodulation. Along another line, there
is the E-resolution system by Morris[9] for the
treatment of equality. Later, Dlgricoli [31
proposed the RUENRF rule of inference following
the lines of research proposed by Morris in
E-resolution and by Harrison and Rubin[4j In
generalized resolution. The Connection Graph
Procedure introduced by Kowalski[5] represents all
possible resolution steps by links between the
complementary unifiable literals. In [12], the
ideas of the Connection Graph Proof Procedure are
extended to handle paramodulation. On the other
hand, Knuth and Bendix created a procedure for
deriving consequences from equality units using a
reduction.

We remind the reader of the following problems
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that occur in handling equality. First, equality of
two terms with respect to a given set of equations
is in general undeoidable. Second, few effective
control mechanisms for the search and application
of equality derivation steps have been developed.
Third, equality proof procedures seem not to make
use of any high level planning. Fourth, heuristic
information does not seem to be easily incorporated
into existing equality proof procedures.

A proposed inference rule called
HL-resolution is intended to have the benefits of
hyper steps while controlling the uses of
paramodulation. It generates a resolvent by
building a paramodulation and demodulation link
between two given terms using a preprocessed plan
as a guide. This linking process makes use of an
equality graph which is constructed once at the
beginning of the run. Once a pair of candidate
terms for HL-resolution is chosen in the search,
potential linkages can be found and tested for
compatibility efficiently by looking at paths in
the graph. Furthermore, using the properties of
links, pairs of end terms for inner level linking
can be found easily. The method was Implemented on
an existing theorem-proving system and a number of
experiments were conducted on problems in abstract
algebra.

2. Dafinitions

In this sectlon, wWe glve the basic
definitions for Hi-resolutlion. Any definition which
is used and not defined will follow the astardard
terminology in (equality) theorem proving.

Definition Let P be a set of paramodulators
and D be a set of demodulators. A clause €' 1is
called a k-para/descd link (k-pd link) of a clause
C reietive to P U D if and only if there exists a
ssquence of clauses Ag, A4, ... , Ay such that

1} Ag = C and A = C7

2} hy, for 0<igk, 1s a paramodulant or demodulant
of Ayj_q1 and a clause in P U D wunder the
restriction that the lnto-terms of Aj_q and A4
are from the same literal.

3} For each peramodulation/demodulation, the into
term of Ay 1s pot properly contained in the
replacement of the inte term of Ay_4q.

43 I1rf there iz J such that 0<j<k and AJ is a
demodulant of ﬁj_1, then aeach Ay, for all J<ick,
i9 a demodulant of Aj 4.

The k 1= called the length of the 1link. The
definition implies that a cleause is a O-pd link of



itself. The sets of equalities F and [ ogeed not be
disjoint. Their cholce, in practice, 1s heuristic
but at present, for the theory, F meeds to be all
of the equalities in S. Condition 3}, which will be
called the into-term-containment restriction, will
be of specific importance in plan formation to be
discumaed in Secticn 4.

Dafinition. Let C' be a k-para/demod link of a
clavge C relative to P U D and Ag,Aq,...,Ax as
above. If, Ffor 0<i<=k, &4 1s & paramodulant of Aj.q
then let Ej be the unifier of the paramodulator and
the into term in A&y_1. Otherwise, 1.e. Ay is &
demodulant of Aj.q1, lst Eji Dbe the empty
substitution. Then k-E = ( ... ({Eq®Ep}®E3) ... Ey)
1s called a k-linked unifier of C' from C, where *
is the composition operator.

Dafinition. A partial unifier of terms/literals
t1 and t; having the same functicn/predicate aymbol
i3 a substitution which unifies t, and tp from left
to right, skipping over any palr of ununifiable
arguments,

Dafinition. 4 function substitution liok of a
clause of the form f(tq,...,tp)Of{aq,...83,) v & i3
a clause D v AE, where & is a set of literals, E
is a given substitution to be applied to
f{t1s..-4tp} @nd f{aq,...,8p}y and D 153 a
disjunction of inequalities formed by the palrs of
arguments not  unified in f(ty,...,t,)®"E and
Fisqs..s,8p)"E.

Definition. A predicate substitution link of a
pair of clauses of the form P(t4,...tp) v A and
-P{89,...,8,) vB, where A4 and B are sets of
literals, is D v AME v BFE, where E is a
subatituticon to be applied to P{tq,...tp) and
P(aj,...5p), and D is a disjunction of inequalities
formed by the pairs of arguments not unifled in
P{t1,...,tp)"E and P{sq,...sp)*E.

The aubstitution used 1in a predicate or a
function substitution link may be the empty
substitution, a partial upifier or a full most
general unifier. In the last case, of course, D
will be empty. 1In fact, 1in the experiments
discussed in Section 5 we always used partial
unifiers, and our program obtained procfa for all
the problems tried. The role of the substitution
1link 1s to simplify a clause by stripping off the
outer functlon/predicate aymbel of one of I1ta
literals, The scundnesa of rules of inference
which generate function/predicate substitution
linka can be derived directly by the use of the
function and predicate substituticn axioms. In our
equallty-reasoning ayatem, the above two rules of
inference will replace the use of Ffunction sand
predicate substitution axioms. This, in effect,
restricts the use of those axioms by not allowling
the generation of clauses corresponding to
arbjitrary resolutiona from substituticon axioms.
However, unlike previous attempts in this direction
{(e.g., (3,4,9]), we will propose & system in which
the rules themselves willl be used 1n & very
restricted way, further cutting down on the number
of clauses they are allowed to generate.

We now define a new Jinference rule called
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HL{lenschen~Lim)~ resolution.

Definition. Let S be a set of clauses, P be a set
of paramodulators and D be a2 set of demodulators.
Let N be the transitivity clause {x<>y y<>z x=z} 1ir
the equality axioms, A& be a positive unit clause
in 5, and A3 v B be & clause in 5, where Ap i3 ¢
negative literal and B is the set of the remainin;
literals., Let the varlsbles in these clauses all be
separated. Suppose that the set of clauses {44

A v B, N} satisfies one of the following
conditiona:
1) (forward) There exists a most genera

unifier{MGU) E4 of Ay and the literal x<>y and
MGU Ep of Ap and Lq', where L4' is a k-pd lini
of {x=2}%Eq relative to P U D with a k-linke:
vhifier Kk=E.

2) {(backward) There exists a MGU Ey of A> and th
literal x=z and a MGU E; of Aq and Lp', whem
Ly' 1s a k-pd link of {x<>y}*E; relative t:
P U D with a k=linked unifier k-E.

Theh the clause (y<>z v B)*(k-E)¥E,®*E; is called a
HL-resolvent of the set. N is called the nucleu
clause, and Aq end 43 v B are the msatellit
clauses,

The terms of an (in)equality in Ay, Ay, P or |
are allowed to be flipped if necessary to match. I
particular, paramodulation proceeds from eithel
slde of any eguality in P. Further this definitio
can be extended in such & way that Aq is &
arbitrary clause in 5. We can also allow 4y to W
positive and link to y<>z in N, or Aq to link t
¥<rz, ete. For the rest of this paper, however, w
use the definition as given above.

Definition. Given a set S of clauses, a deductio
from 8 is called an HL-dedwection if and only i1:
each clause in the deducticn 1s a clause in 5, al
HL-resolvent, a regular resolvent or a function m
predicate substituticn link of an HL-resolvent.

Definition. An HiL~deduction of the empty claust
from & is called an HL-refutation of S.
Exampla 1

Conaider the E-unsatisfiable set of clauses:

1. k<>glal 2, f{h(b),c)=a
3. dsh{b) . e=¢

5. k=1 6. i=T(d,s)

7. 1=g(i}

An HL=refutation looks like:

1) x<>y y<i>z X=z
{ res.
K<y y<>gla)  [1.k<gla))
| _5.k=l
[
1<y y<>gla)
| res,
[7.1=g{1)}] CL1: g{i)<>gla)
ft sub.
CL2: 1<>a



1140 Y. Lim and L. Henschen

2} xOy y<i>z x=z
res.
'6.r{d,e}=1]1 i<»z f(q¢,e}=

1<>z  f(h{b),e)=z

e
1oz £(a(b),c)=z

" 2.£(h{b),c)=a

i<z azg
res,
i>i  [cL2: akril
unit conflict
proof

Example 2
Consider the theorem ir x*x=a then
f(y,z)=f{z,y) in the group theory.

1) fle,x)=x 2) fix,0)=x
3) f{gi{x),x)=e 4 f{x,g{x))=a
5) £(f{x,y},z)=f{x,f{y,z]) 6) f(x,x}=e
7) f{a,b)<>f(b,s)
An HL-refutation Jlooks like;
1) ul>v vOOw usw
| rea.
[5.1 fix,fly,2)}Ow £(f(x,y),2)=w
i 6.f{u,u)=e
N
flx,f{x,z)}Ow fle,z)=w

1.f{e,u)=u
P -
fix,f(x,z})Ow Zzy
| res.
flx,f{x,f(b,a))}<>r(a,b) {77.]
ft sub. link
CL1:f{a,f(b,a)}<>b

2] usrv VoW u=w
| res.
[5'.1 fifl{x,y},z)Ow  flx,f{y,z)}=x
L E,f(u.u)=e

£ir{x,y) ,y)Ow f(x.éj;w
2.f{u,e)=u
. ﬁ>f”
Flr(x,y),y)Ou X=W
! rea.
£if(o,y),¥}Or(a,r{b,a)) {cL1]

ft sub, link
CL2:f{b,f(b,a})<>a

33 uiry viow uzw
| res.
[5-] r(lir{yiz))<>“ f(f(xs )er=u

6.f{u,u)=e
/

F{x,f(x,z))<Ow f(a[?]:w
| 1.r{e,u)=u
£(x,£(x,2))Ow Z=v
res.

f(x.f(xga))<>f(b.f(b.a)) [CLE']
unlt conflict

proaf

Comments:

1). We do not allow function/predicate
substitution to be used during the formation of
the HL-resolvent, but only to the end result. We
believe this corresponds to human-like
approaches to function/predicate stripping. In
any case, it severely limits the way in which
these rules are allowed to generate new clauses.
Similarly, transitivity is used only as an
HL-nucleus and only when two terms have been
chosen for linkage. Symmetry is built in, so we
don't need to include xOy y=x. But note that
flipping equalities is allowed only if it will
make some larger deduction sequence work. So we
have very tight restrictions on the uses of
equality axioms.

2). As illustrated in the above example, we
plan to use HL-resolution with the
set-of-support strategy, reasoning from the
denial of the theorem. Simple paramodulation
with  set-of-support and  without function
reflexive axioms is known to be incomplete as
the following example shows:

1. gla,x,x}<>g{b,x,x)
2. o=d
3. gla,f{c),f{d))=gl{b,Flc),r(d))

with only clause 1 supported. Because the
linkage in HL-resolution is allowed from either
Aj or A,, we can often get around this problem,
and the reader can verify that there is a
supported HL-resolvent

g{b,Fle),f(d))Ogb, fle),flc))

using a 1-pd link from clause 3 which generates
the function substitution link cOd. The idea is
that we reason from a supported clause and
another clause, and the direction of the linkage
shouldn't matter.

3) Although the above is a cooked up
counterexample, the situation is totally
different when demodulation is used. Then most
normal problems are not refutable by
paramodulation using only the denial as support.
For example, the first backward reasoning
paramodulation step in the x*x=e problem is to
generate f(e,f(b,a))Of(a,b), which immediately
demodulates back to f(b,a)Of(a,b). Since
HL-resolution is a hyper rule, demodulation is
blooked on all the intermediate steps. A
corallary of this observation is that if a k-pd
link starts out with a number of equalities used
backwards, somewhere in the linkage a
non-demodulator equality must be used or else
the target term must rearrange the built-up
term. Otherwise the entire HL-resolvent will
Just redemodulate. We believe this feature also
matches that of human-style equality reasoning
in which people often purposely make
complicating substitutions into terms with the
goal of being able to reassociate, distribute or
some other such.

4). As with other hyper methods, the idea is



to keep only the ed result, which hopefully
will be a noe meaningful one. Far equality we
believe this nmay also lead to the possibility of
sore high level planning. For example, in the
k<g@ pobem abovw, there are several
HL+esolvents starting from k<>g(@). Honewe,
only the given ae leads to function stripping.
Thus, ae heuristic in dwosing As ad A, for
HL-resolution is to pick terms with the sare
outer function symbd when possible. Further in
the given example, we can noke that there is
linkage between the arguments, a ad 1, of the
wo Eeims that wee resolved, further indicating
that k<g@ ad I=g(i) might be a profitable
choice. Qudh analysis will be facilitated by the
uwe of the equality connection gaph t© be
described below. We heve only begun to consider
these ideas, but believe they lead t
|nterest|ng results. We beleve the idea of

wo erms ad attempting to link tem
through the gaph nmekes HL-resolution perhaps
noe avedade to such heuristic analyses than
other equallty syserms. In ay == the
generaton of paamoduants is, again,
controlled ad directed by the choice of A ad
Ay, which choice ocould be made by sore high
level planning pooess o een  humen

interaction.

5). Noe that we could pose the rule strictly
in erms of ulation without recourse to a
nudeus ad resolution at the last step.
Honever our i the notion that

we are looking for QUJUERBH. linkages, ad
especially those that lead to potentially useful
function/predicate stripping. Furthemrmore, it
provides target tems to be linked.

3. Completeness

Tre basic idea is that, from the existance
of an unrestricted ulation deduction, we
construct an equivalent HL-deduction. Proofs of the
following Llemes ad Thecas are found in [6].

lemma 1. If S is an E-unsatisfiable set of UNIT,
EQAIY dauses including »>x axd functional
reflexive axioms, then S has a refutation with a

ive dause as top dause by paramodulaton ad
resolution whoee paramodulators are unit dauses in
S

Lemma 1 shows that there always exists ah
unrestricted link between the negative clause and
the last clause of the proof in the unit case. The
only problem is the restriction of into term
centalnment, We  know that a paramodulation
deduction tree cah be rearranged inte subsaguences
of deduction in such & way that all paramodulations
in a subsequence are into one side of the
inequality. For example, the deduction

x()f(x)
r{g({a))=h(a,b)
gla)<>h(a, b}
.- asb
g{p}<>hia,b)
___h{a,b)=c
g(bi<>e
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can be rearranged so that the two paramodulations
into the right aide are done first. Note, {t cannot
be rearranged so that the paramodulation inte the
left side is done first unless a new step using
E{¥)=g(y) 18 used. Note, however, that aach
subsequence into the same =ide will correspond to
one or more HL-resolvents,

Lemma 2. A given
paramodulation deduction
Tltqlrq],ug=vy,tolra]l, up=vo,

...,tn_1[Pn_1],un_1=vn_1:tn],

clause  tOOL! and a

which generates a paramodulant tp<>t™, where

1} The paramodulation sequence in T can be arranged
according to the order of argument positions in
the outer term of rj, 1¢(zi<{=n-1,

2) The terms t and t1 ere unifiable,

3) t"=t'#*E(T), where E{T) is the composition of
uplfiers in T, and

4} The last paramodulstion only is paremodulation
into the outer term itsell whose from term is
not a variable,

can be transformed into an HL-deduction which

generates an HL-resplvent that is the sawe as

tp<>t" within the alphebetic variance.

Theores 1. If S iz an E-unsatiafiable set of
UNIT, EQUALITY clauses including x=x and functional
reflexive axioms, then 5 has an HL-refutaetion with
the cholce that the sets of paramcdulaters contains
all the poaltive equality clauses in S.

Theoren 2, If S 18 an E-unsatisafiable Horn set
of EQUALITY «clauses including x=x and the
functional reflexive axioms FR, then S has an
HL-refutation with cholce af the sat of
paramodulators as above.

Corollary 1. If 5 is an E-unsatisfiable Horn set
of clauzsesa 1ncluding x=x and the functional
reflexive axloms FE, then 5 has an HL-refutation
with the same choice of the set of paramedulators
as above,

VWhie ocompeeness is important to kow
about, it is noe important in our view to dewvelop
effective proof procedures. Thus, for exampe, we
woud not soomad using FR(Function Reflexive)
axiomns. WWe have seen in Section 2, Gomet 2 that
for sove cases whee FR is required in simple
paramodulation, HL-resolution proofs exist without
FR becarse we are allowed © link either forward or
badward. Whether HL-resolution is without
FR (perhaps with sove other restrictions relaxed)
remans open. Hownever, in practice we do not
recomad using them.

Also we believe that in practice P ad D
will not be dosen o be both all of S. Again, we
do not have a theory as b tow they nay be
restricted ad still maintain . Indeed
we are only beglnnlng to consider practical aspeds
of choosing ad D. This is an aea for
considerable further study ad experimentation.

Finally, we noe that the use o
HL-resolution (or ary paramodulation rule) with
only the dause as support eliminates the
generation of positive equalities. This may not be

in view of the effective use of rew
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demodulators in [10). We have not experimented with
the generation of HlL-resolvents in which A4 and 4p
are both poaitive. Thia also 1s an araa for
considerable further inveatigation.

4, Plana for k-pd Linking

Clearly a major part of HL=resalution is to
determina 1if there 12 one or more k-pd links
bstween the chosen target terms. The reatrictiona
on and propartien of k-~pd links suggest the use of
an equality graph to aid in finding linka, very
much like regular cononeotion graphs are used in
finding resclutions. The baaic idesa ia to form a
graph at the beginning of the run in which terma
that could potentially paramodulate at the outer
lavel are gonnected and the correaponding unifiers
ars formed. Then two candidate terms for
HL~resolution can be attached to the graph. Patha
of lengtk leas than the bound for k which ceonnect
both the outer terme and inner terms ocan then be
sasiiy found and the corresponding set of unifiera
tested for compatibility as in [1].

Wa now present some definitions leading up
to such m graph mechaniam and the formation of
HL-resclution plans for a pair of terms.

Dafinition. Let P ba a set of poaitive unit
eguality olauses. An egquality graph (EG) is a graph
such that

1) To every left or right terz of equality, there
ocorresponds a rode whose label ia the term.

2) Twoe nodes are connected if their terms are
unifieble after renaming variadles asc that
different olauses contaln different variableas,
The most genaral unifier is the label of the
adge.

3) Nodes correaponding to terms which belong to the
same squality clauss ars grouped together in the
graph. The clause number iz the label of the
group,

Since a group of nodea in an equality graph
conaista of only two nodes, the notation i+ (or i=}
wiil be umed to represent the right (or left]) node
in the group i, -i+ {or -i=) represents the node i-
{or i+) which is the other term in the group 1, and
1" denotas i+ or i-.

DPufinition. A linking path between two terms t;
and tp is a path in the equality graph of the form
tg == tq=8y == Lp=8p == ... == Ly 158p-1 —— g
where, ti=sy 18 a clauses and tp links to t; and
each gy links to ty,q. The length of this linking

path 1a n.
Definition. Let the linking path between two
terms sy and tp.q be

Eq Ez E3 Ep

By == tp=85 -- t3=83 = aas == tn1

where the variables in all oalauses have been
saparated and E*, 1<=i<xn, is a MGU of s34 and ty.4.
If E=E4%Ep*...%E, 1s defined, where * ia the
operation of ocompatible oomposition, than the
linking path is said to be link ocompatible and E ia
called a link compatible unifier.

Definition. Let a term f(tq, tp, ..., tp) have
a link compatible unifier E; for each argument ty
to 8 k-pd link t4', 1<=i<=n. If E=E{9Ep"*...%E, is
definad, then the term f(ty, tz, ..., tg) 1s said
to be term oompatible and E i3 oalled s term
compatible unifier.

Dafinition. An sugmented equality graph of &

term t for a term &, denoted by AEG(t,s), 1is an

equality graph as above with the two axtra groups
of nodes {t] and {a), where,

1) All nodes in EG whose labela are unifiable with
t or 3 are conhected to t or s, respectively,
with a labeled link labeling the unifier.

2) All nodes in EG whosa labels have the same outer
function aymbol &= t but are not unifiable with
t are connected to t with an unlabeled link,.

The labsled 1ink 1s used for checklng
compatibility in finding a paramodulation sequence
and the unlabeled link is for finding inner level
targat terms, which will be describad balow.

Dafinition. A plan Plan(t,s} of & term t for a

term s ia & Bet of tuples of the form

((11', Iz'. eony Ie®>, k=E, r), where,

1) In the sequence <Iq*, Ip%, ..., I %, Iy,
1<=J<=k, is & group number and IJ' represents a
lert or right node (frem teram) depending on the

aign of ¥,
2} k~E i5 the composition of the labela {unifiers)
of the linking path 8 == Iy == Iy == ... == I}

from a to Iy.
3) r is the term formed by paramodulating the

paramodul ators in the Baquance
<I1%, I>*, ..., Ix®™ intc the term & in their
order,

Rather than trying to build k-pd links of &
term ¢ which are to be resolved with a term a in an
ad hoc way, & systematic method like target-driven
search can bs deviased using the reatriction= on the
k=pd link. Since a k-pd link has the restriction of
into-ternm contalnment, any into term should not be
properly contained in any proceeding into-term.

Suppcse we try to find gll k-pd linka of a
term t which are to be resolved with a term a.

1) case 1: t i3 A constant or variable,

In this case, the linking process ia simple
due to the into-term-containmesnt restriction. In
fact, all the position vecteors of the into-terma in
the seguence are the same, 1.a.,, the ocuter level
poaition vector.

2) case 2: t is complex tern

Let t be a complex term f(tq,ta,...,tp)-
There will in general be many into term candidates
at the Dbeginning of the linking procasa.
Furthermore, it seems difficult to knew when to
terminate an inner level linking sequence. We
proposs a method, which we asll target-driven
search, that worke backwards from s rather than
forwards from t.

Step 1)

Try to find outer level links of s which
are either unifiable with t or have the saame
function oymbol am t and are of length no grester
than the bound on k.



Step 2)

Let »' be ons of the outer level links of

5.

Subcase 1): &' is unifiable with f(tq,tp,...,Lp}.
Then, by the compatibility of unifiers on the
k=pd link, there exists 8 k-pd link of t on the
path t—-m'--,,,--3, Therefore we have found a
k=pd link.

Subcase 2): a' is not unifiable with t but has the
same function =symbol f, Let &' be of the form
f(81,82,...48y). How we can break down the
linking process into sub=linking proceasas of
finding k-pd links of t4 to 3¢, tp to 83, ...,
and ty to B,. The sum of the lengths of these
links and the length of the link from s to a'
must be bounded, which nerrows the aearch
considerably. Assume that all sub-link paths

with compatible compositions Eq, Ep, ..., Ep
respectively are found. 1f E4, Ep, and E, are
compatible, then f{sq(',82",...,By"), where s;',

1<=1<{=n, are k-pd links of 3¢, 13 checked to see
if it 1s unifiable with t. If they are
unifiable, there exists a k-pd link of t on the
path  flty,tz,...,tp)=-f(84",33",... 85" )= ...
~ef(813824-v0sBplem...==8.

Kote that if 8*' is neither of those two
cases, there 1s no link between t and &' because of
the reatriction of into-term containment.

5. Implementation and Experimentation

We have implemented HL-resolution on NUTS
(Northwestern University Theorem-proving System).
NUTS is a programmable, interactive theorem proving
system based on LMA (Logic Machine Architecture)
[7]. The main part of the additions to NUTS centers
on a pair of algorithms, based directly on the
comments in Section 4, which generate first the set
PLAN(t,s) of all plans for the two terms t and s
and second the set PDLINK(t,s) of all k-pd links.

A primary purpose is to compare
HL-resolution and paramodulation, so we didn't try
any open problems yet but included problems from
group theory and ring theory.

In the experiments reported on below, we
made several restrictions. In linking process, no
paramodulation was allowed from or into variables,
as is the standard in most paramodulation
experiments. Since HL-resolution may generate an
HL-resolvent using 0-pd link, in the case that one
of from-term or to_term happens to be a variable,
the HL-resolvent is, in fact, a paramodulant
genetated by paramodulation from or into a
variable. But that is not a severe problem because
it is allowed only from or into outer level term.
We placed a bound on k in such a way that we did't
allow more than 1 paramodulation at a position. An
interesting restriction is to not allow the same
paramodulator to be used at the same position more
than once in the link. Of course, we did not use
the functional reflexive axioms. As remarked above,
it is an open question as to the effect of these
restrictions on completeness. However, they are
necessary for effectiveness in both HL and regular
paramodulation.

In all experiments, we picked the clause
with the fewest number of symbols for the next
step. In the oase of HL-resolution, we always
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worked backward. For the paramodulation runs, we
picked some positive olause as set-of-support,
usually a clause from the special hypotheses and
all paramodulators were applied only from the left
to the right side of equalities. The clause used in
a particular experiment are indicated in the tables
below.

An important comment is that in the HL
experiments we did not make use of any heuristics
or human intervention in ohoosing a target term to
link to or in filtering the HL-resolvents for
retention except in the ring problems. There we
used a very simple heuristic - if the outer
function symbol of the HL-resolvent did not also
occur as an outer function symbol in some input
clause, the resolvent was not kept. This gave extra
emphasis to the notion of working on outside terms.
The importance of this ocomment is that the HL
format provides first a pair of target terms and
second an end result that is much more significant
and much more like a human level inference than
ordinary paramodulation. We intend that
HL-resolution be used with heuristics for better
selection of target terms and ‘“interesting"
results. It is possible that some problems would
admit good heuristics for selecting the target
terms; certainly there are more intelligent
possibilities than to just take the one with fewest
symbols or to take any target for which there is a
link as was done in our simple experiments. We also
feel that there could be better heuristics
developed for deciding to keep a clause or not
based on the fact that an HL-resolvent is a larger,
more human-like step. In fact, in this last regard,
one might even consider using HL-resolution in an
interactive mode since the number of clauses
presented to the user would be significantly less
than in ordinary resolution or paramodulation. A
user might be able to digest an analyse the limited
number of these clauses and help direct the
program's effort.

Legend: In the following report of experiments,

the experiment **h** and **p** mean HL-resolution
experiment and set-of-support paramodulation
experiment, respectively. Further, A, P, D, S, and
N represent Axiom set, Paramodulator  set,
Demodulator  set, Supported clause set and
Non-supported clause set, respectively. Here the
axiom set is the set of clauses which can be used
as satellite clauses.

Group Theory Exparimsnts

Set of clausea;
1. fle,x)=x
3. £lg(x),x)=a
5, F(fix,y),z)=r(x,f(y,2)}
é. fla,s}<>a i (Yx) fix,e)=x
T. fla,y)<e ; (Yx)(Ey) fix,y)=e
B. g{gla))On 3 (Vx) gla(x))=x
9. flg{a),g(b))<>g(f{b,a)

2. fix,a}ex
b, fix,g(x))=s

i (Yx¥y) glr(x,y))st(gly),g{x})
(V) rix,x)=e

10, f(x,x)=8
> (Vy¥2) f(y,z)=f(z2,y)

11, fla,b}<>r(b,a)
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Experiments Boolean Algebra Experiments
glhd?: A:1,3,5,6 P:1,3 D:1,3 Set of input clauses
glhd2: A4:5,6 P:1,3 D:1,3 1. s(x,y)=s(y,x} 2, p{x,y)=p{y,x}
glpd1: S:5 N:1,3,6 D:1,3 3. s(x,0)=x 4. s{0,x)=x
&2hd1: 4:1,3,5,7 P:1,3 D:1,3 5. plx,1)=x 6. p{1,x)=x
g2hd2: A:5,T P:1,3 D:1,3 7. s{x,n(x))=1 8. s{n{x),x)=1
g2pd1: 5:5 N:1,3,7 D:1,3 9. plx,n(x))=0 10, p(n(x),x}=0
g3nd1: A:1,2,3,4,5,6  P:1,2,3,4 D:1,2,3,4 11. s(pix,y),p(x,2))=plx,s{y,2))
g3hd2: A:5,8 P:1,2,3.4 D:1,2,3,4 12. p(aCX.y).S(x,Z))=s(x,p(y#z))
g3pd1: S5:5 N:1,2,3,4,8 D:1,2,3,4 13. 8la, 1)1 H x) s(x,1)=1
ghhd1; 4:1,2,3,4,5,9 P:1,2,3,4 D:1,2,3,4 14, s{a,a)Ca i (¥x) s(x,x)=x
ghhd2: 8:5,9 P:1,2,3,4 D:1,2,3,4 15. ={a,p(a,b))<>a i (YxVy) s(x,plx,y))=x
glipd1: 5:5 N:1,2,3,4,9 D:1,2,3,4
g5hd1: 4:1=5,10,11 P:1,2,3,4,70 D:1,2,3,4,10 Experiments
g5hd2: A:5,11 P:1,2,3,4,10 D:1,2,3,4,10
g5pdi: 5:5 R:i-4,10,11 D:1,2,3,4,10 bihd1: 4:3,5,7,9,11-13 P:1-12 D:3-12
bihd2: A:12,13 P:1-11 D:3-10
gihj and glpj are similar to the experiments gihdj bipd1: S:132 N:1=-11,13 D:3=10
and gipdj, respectively, except that no b2hd1: 4:3,5,7,9,12,14 P:1-12 D:3-10
demodulation is applied to ilnferred clauses. In the b2pd1: S:12 N:1=11,14 D:3-10
tables below, the number of paramodulants used in b3hd1: A:3,5,7,9,11,12,15 P:1-12 D:3-10
the k-pd links of an HL run is given in parentheze= b3hd2: A:R,11,32,15 P:1,2,3,5,7.,9 D:3-10
under the paramod column. b3pdl1: S5:12 N:1=-11,15 D:3-10
Results bihj and bipj are similar to the experiments bihd)
and bipd], respectlively, except that no
proof HL- para- kept gen. proc. demodulation is applied to inferred clauses.
found res. mod. time tims
glhd1 yas 78 (178) by 132 38 Results
gihl yea 115 (266) 51 177 49
gthd2 yes 67 (169) b 111 35 proof HL- para- kept gemn. proc.
gth2 yes 116 (269) 51 150 4 found res. mod. time time
glpd1t yos na 240 63 30 31 b1hd1 yes 9 {29) & 15 &
g1p1 no na 1000 263 969 389 b1h1 yes 9 (29} & 15 5
bihd2 yes 9 {29) 8 15 &
g£2hd1 yea 45  (105) 26 61 13 bl1h2 yes 9 {2g) 8 5 ]
ga2n1 yes 63 (139} 30 79 17 bipd1 yes na 34 25 4 15
g2hd2 yes a4 (107) 29 57 1% bip? no na 500 181 156 191
g2h2 yes 54 (133) 4§ 64 16
g2pd) yea na 133 4B 15 18 b2hd1 yes g (29} T 15 6
&2p1 no na 600 192 276 104 b2n1 yes 9 {29) 7 15 5
b2pd1 yas na 36 27 5 15
g3hd? yan 46 {122) o 128 29 b2p1 no na 600 178 103 89
g3ht yos 46  (122) 30 129 25
&3hd2 yes a3 (93) 22 54 14 b3hd1 no 110 (440) 86 194 113
g3h2 yes 33 (93} 22 54 13 b3h1 no 200 (816) 168 135 165
g3pd1 yes na 55 15 13 8 b3hd2 yes w4 (130} 43 54 41
g3p1 na na 600 132 104 67 b3h2 yes 4y (130} 43 LY 43
b3pd1 yos na 99 45 13 36
glihd1 yes ay (122 20 102 2 b3p? no na 600 193 221 104
gkl yes Ly (122) 20 101 23
g4ha2 yes 40 (118) 20 59 23
gZ4h2 yesn 4o (118) 20 59 21 hing Theory Experiments
ghipdi no na 600 101 58 94
glp1 no na 600 116 8s 58 Set of input clauses
g5hd1 you 139 {376) a7 288 9 1. s{x,y)=a(y,x) 2, a(s{x,y),2)=8(x,s(y,2)}
g5n1 yes 139 (3762 57 288 T4 3. s8(x,0)=x 4, s{0,x)=x
g5hd2z yes 127 {365} ST 149 78 5. alx,1(x})=0 6. a(il(x),x)=0
g5h2 yex 127 {365) 57 149 72 7. pix,ply,2})=pip(x,¥),2)
g5pd1 yos na 104 26 8 15 8. a(p(x,y),p{x,z)}=pix,s(y,z})
&5p1 no na 600 110 63 54 9. a{p{y,x},p(z,x))=p{sly,z),x)
10. pls,0)<>0 s (V%) plx,0)=0
1. pla,i(0))<>1(pla,b)) ;(IxVy)plx,1(y))=1{p(x,y))
12. plx,x)=x $ (V%) p(x,x)=x

13. =(a,a)<>0 : ~> (Vy) aly,y)=0



Experiments

r1hd1: A:1-9,10
rihd2: A:2,5,8,10

T

r2pdi: S:
rihdi: A:2
r3pd1: 5:2,8

)
-
—
i
2y Y g g g
P Y

u .

rihj and rip) are similar to the experiments rihdj
and ripdi, respectively, except that no
demodulation is appiied to inferred clausaa,

Results

proof HL- para— kept gen. proc.

found rea. mod. time time
r1hd1 yes 114  (310) 27 124 68
r1h1 yea 4 (310) 27 125 64
rlhd2 yon 19 {68} 8 27 "
rih2 yes 19 (68) 10 27 "
ripd1 no na 500 112 119 206
rip1 no na 800 162 188 170
rehd1 yoa 84 (432) n 289 (13
rzhdz2 yes 38 (143) 21 6 24
reha na 240 (794) 146 1050 326
r2pdl no na 600 112 119 204
r2pl no na 600 152 191 169
r3hd1 yes 197 (605) 98 543 Lye
r3h1 yes 200 (598) 116 870 538
ripd1 ne na 600 112 117 213
rip1 ne na 600 152 187 176

6. Conclusion

We proposed a new inference rule called
HL-resolution for the equality relation that is
Intended to have the benefits of hyper steps and to
control the uses of paramodulation. It generates a
resolvent by building a paramodulation/demodulation
link between two terms using a preprocessed plan as
a guide. We proved completeness for Horn sets and
suggested an efficient method for implementation. A
number of experiments were conducted on problems in
abstract algebra and the results are encouraging.
But many problems remain untouched. Completeness
without Function Reflexive axioms possibly with
some other restrictions relaxed remains open. And
we do not have a theory as to how to restrict the
choice of the sets of paramodulators and
demodulators and still maintain completeness or
effectiveness. We have not, as yet, considered what
strategies for choosing pairs of target terms might
be effective nor experimented with different target
strategies. Equally important is the question of
whether or not a program might be able to select
only the profitable links from the set PDLINK(t,s).
In  our experiments, we simply generated all
HL-resolvents possible within the bound on k. As
mentioned earlier, we believe HL-resolvent has more
potential for developing effective heuristics
because of the format - there could be heuristics
for picking target terms, and heuristics for
selecting k-pd links. Further, an HL step is a
larger, potentially more significant step; we feel
that it could be easier to predict the utility of
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such a larger step than to do the same for a series
of shorter steps. Whether or not this potential can
be really developed remains to be seen.
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