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ABSTRACT concepts defined by union of some equivalent classes

of an equivalence relation. Unfortunately, in many

This theory on semi-equivalence relations is an real situations it s not sufficient to
important and useful tool for investigating consider equivalence relation only. In fact, a lot
classification, pattern recognition, polling and of relations determined by the attributes of
inference etc. Based on it, this paper presents a objects do not satisfy transitivity.This I|imits the
new framework, in which an indistinct concept, expressive power of rough sets.
that is one with incomplete or undetermined The Preceding fact forced us to extend Pawlak' s
information about the objects, can be represented works. Semi-equivalence relation theory [3] just
approximately. Such an approximate representation offers one of the possible research directions in
will reflect deep structures of concepts which are this field. The original idea of the theory was
meaningful for the system. Clearly, the work we suggested by Poincare'. Wu Xuemou and his colleagues
present here is to a great extent inspired by have established and developed the theory [3], [4].
general discussions of knowledge engineering In its framework, we give interior and exterior
research. The theory developed here seems to be of approximations of indistinct concepts
interest in knowledge representation and natural respectively. |Its gradual approximations defined in
language processing. From the implementation point terms of a family of semi-equivalence relations are
of view, this theory can be realized by various Al also given in it. Such approximate representations
techniques. will reflect deep structures of concepts and

improve the expressive power of Pawlak's knowledge

0. INTRODUCTION representation system. The work we present in this
paper provides a powerful tool for incomplete
Two major issues of knowledge engineering are knowledge representation and utilization, and
representation and utilization of knowledge. develops some new researches in Al, e.g. pattern
Following Orlowska and Pawlak [1] , anything that recognition, automated deduction, search methods,
can be spoken about in the subject position of a etc. these will be discussed in other papers.
natural language sentence is an object, properties
of which are fundamental elements of the knowledge 1. PRELIMINARIES
of a given domain; then concepts are more complex
elements of knowledge. This gives the possibilities In this paper, we will use almost the same
of representing the concepts related to a given terminology and notations as in [4] . First, we
domain. To represent indistinct concepts the will give a brief account of semi-equivalence
information about a set of the objects represented re lat ions.
by such a concept is undetermined or incomplete in a Definition 1. 1 [3] A (binary) relation 6 on a
sense, Pawlak [2] introduced the rough sets nonempty set G is called a semi-equivalence relation
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if the following conditions hotd for any a , b and
c in G,

1. a & a (reflexivity)

2. a 6 b =)Db 6 a (symmetry),
If it further satisfies

3. a 6 bandb &6 ¢ =) a 6 ¢ (transitivity)
then we call & an equivalence relation,

Let Es[G] =(86, 6 is a

relation on G}

semi-equivalence

E[ G ] ={€,€1is an equivalence relation on G)
Obviousty, E [G]<€Es[G]
Theorem 1. | [14]

complete

(Es [G] , U, M) is a
tattice, where G' (complete relation) is
the greatest element and 1 (equality relation) is

the least element.

Lemma 1.1 [4] (E [G], N > is a complete

——

{ower semi-lattice, E [G] does not close under i),
but (E [G] ,<) is a complete lattice,

Definition 1.2 For any 6 ¢ Es [G] and any given
a€ G, we call the set (b,a 6 h, b€G)}) a retlative
{ b, ad b,
The family of sets { [a] ,, a € G } is

I

class of a to &6, in symbol [a],
beG 1} .
called a relative quotient set of G and is denoted
as (,.
Definition 1.3 [13] For 6 € Es [G] , a set
Q€ G with Q'¢d,maximal with respect to intlusion,
Q=max{ACh, A'ES § )

is a semi-equivalence class of G retative to &6 ; a

family of sets (Q,{ is a semi-equivalence class of @
relative to 6 ) is the semi-equivalence quotient set
of G retative to & and is denoted as G. & .
From the above definition, it is easy to verify

the following facts.
Corotiary 1.1 If & ¢ E[(G] and a ¢ Q ¢ G &, then
[a] ,=Q, for each a ¢ G,

Corollary 1.2 For any Q € G'&, if a ¢ Q,
then Q < [al, . Therefore, |G &|<|6g]< [G]
(Here |A | denotes the cardinal of A, for any set A ).

Theorem 1.2 For any a € G, there is b ¢ G such

that a € [b], . there atso is Q ¢ G-6 such that

a € Q.
_T_l_\_goreil.ii For any 6 € Es [G], a,b,c € G,
1. b ¢ [a), iff a & b
2. b €Q€G. &6 iff¥ec € QDb 6

3. Q € G-8, the restriction & l Q of 6 to Q

is an equivalence relation on Q.

The proofs of theorem 1.2 and |.3 are trival.

Theorem |. 4 (3}, (4] U..[a] .= G,
UG, 6 = G,
Theorem 1.5 For any 6 € Es [G],

Uum Qt — ch [a] "
Proof. Immediate.

Definition 1. 3 Let | be an index set.Suppose for
6i€ Es [Gi] . Define & = JI6i €

any 1 €[, =
IT Gi x TI Gi as follows,

(:,F)E O iff(a;. b > € &1 for any?,?
¢ II Gi and each i €1, where a; , b; s

i-th component of 2 and‘z respectively.

Theorem 1.6 [3] For 6 = T &6i ¢ Es [II Gi],
we have -
Imei TI 61 = (1T Qi ,Qi €6Gi. 51, 1€1 )
| T Gi Img= ¢ LA L, [,

= (b, a5i b, i€ 1))
Remark., If 6i¢ E [Gi], then the above facts

still hold and are

transformed into ones
corresponding to the theory on the equivalence

relations. Further discussions on these works are
given in [3] ., [4]

2. APPROXIMATE DEFINABILITY

W—

In general, we are not able to distinguish all
the objects by means of properties of these objects,
informations about which are incomplete or
undetermined To deal with such cases we introduce
notions of approximate definabitities of sets.
Definitions and inferences, introduced in this and
the next sections, are applied to that case in which
G =—uU{Qi,QieGc -6 , 1 € 1},

Definition 2.1
sel ASG is 8 -definable, if there is lo &1 such
that A = 1){Qi,i€ Ig), where G= U(Qi,Qi€G 6,i€1).
Denote Def [G)] =(A,A G G and A is & -definable }.

Clearly, both the empty set and the universal set

For any given & ¢ Es [G] ,a

G are 6 -definabte By the definition we easily obtain,

I&eoren Z_L_(Def (G}, U) is a complete upper

semi-lattice,. In general, Def [G] is not closed

under I or ¢, where |J, [}, ¢ are union,

intersecvion and complement respectively.

Definition 2.2 A sel G is O -selective iff any Q
€ G 6 is a set containing a single element.

Corollary 2.1 A set G
A.C..E is & -def;nable.

Proof. =>, Since any set Q € G-6 contains only

is O -selective iff any
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a single element, so 6 is an equality relation on G.
It implies Def [G] ={A,A€G)}. Therefore, any AE G
is 6 -definable.
&, By hypothesis (a} € Def [G] holds for
any a €6G. It implies G-6 =({(a),a€ ).
Definition.2 3 For any 8 € Es [6] , A&G, we say
that

1. the set T:ﬂ (B,A®B ., B€ Def [G] } is an
exterior approximation of set A, and the set
A= U(B,BESA,B¢Def [G] } is an interior one;

2. a set A is approximately § -definable if Iiﬁ

and _5_#95;

3. a set A is internally 6 -nondefinable if _A_:¢>

and A is externally & -nondefinable if-;::G. A is
totally & - nondefinable if A=+¢ and A= G.

Roughly speaking, © -definability gives us a
possibility to answer such membership question as
x ?€ A precisely. Approximate definability enables
us to decide that an element x more definitely
belongs to A or not to A; or is in the Dborderline
case, which depends on the information provided by
the objects.

Theorem 2.2 For 8 € Es [G] , AS<G, we haveg

1. A is & -definable iff A = A=A

2. AGAGA

1. ACB=)AGB, BSA ,

i. A= C(A)=AA=ASCA)
5. AUB=AUB AUBG=AUDSB,
Proof. We shoutd prove A {J B = AU B as an

iy

example only. The others are trival.

By definition 2.3, it is clear that

A=A, BB = A U BgA U B=>A UBsA U B,

On the other hand, we suppose A 1 B = ¢b without
loss of generality, and let J be a subset of I such
that AUB=UI(Qj,Q€G-6, Jel ) . Then
AUBSAUB =D UlQj,jelrer UL Qj,jeligB,
where J? U’ =],

Therefore, A U B = AU B

Eiglglg 2. 1. Let us consider a set G, which

consists of six people. Let &5 be a relation on G
such that

( 0 . o}) € 6 i ff oiand 05 are familiar

with each other, for any i, j €( 1,2,3,4,5,6).
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The relation 6 is defined by the following table,

where if o»6 ojthen write 1 on the crossed point of
i-th line and j-th column, otherwise write 0. So,
we get 686 ={{ o, , 0}, {03,04 ,0,), {0 ,0} )

For A- { o, ,0,0,}, we have A = (o, ,o0, ,0,}
A- (O, 50)

3. GRADUAL APPROXIMATIONS OF INDISTINCT CONCEPTS

By theorem 1.1 (Es [6] , U, N ) is a complete
lattice. For the sake of convenience, let (] ,\/, A\)
be such an algebra that the following conditions are
held,

51MN6j=06k iff ivj=k,

6iLUb =6k 1ff 1A 3=k
for any i, j, k €J,01i, 86j, 6k€ Es [G] . In
particular, Ogis a complete relation on G, 6,1is an
equality relation on G where 0 and | are the least
and the greatest elements of J respectively.

We consider a family of relations (b k, k€ K&J )
& Es [G] .Without toss of generality, we suppose
that {6k, k€K } is a monotone decreasing sequence,
by which gradual approximations of the indistict
concepts will be established.

Definition 3. 1 For any 1 €K, a function
f-I,ET;)([],I}EJ is defined by

i if Ca, b)Y € 01

f‘(a,b):
0 otherwise
for both a and b in &,
Definition 3.2 A function f,G'—> )X is defined by
f(a, by=\((fg Ca,b) Ai),icK)
And let &G be a relation such that a &b iff
f ¢ a,b)) 0, for any a,b in G .




Lemma 3.1 For any i, j€K if i ( j then
f;(a,b))fj(a,b),Va,bGG.

Proof. Immediate from monotony of { &k, k€c)K) and =

definition 3.1
Theorem 3.1 6 = U(di,i€)) ¢ Es [G] .

Proof. For all a, b in G,
(a,b) € & (=) f(a,b) ) 0
(=)a1i.,€ K f, a,bdN 1 ) ¢
(=)31, € K, f,, (a,b)=1 and i ) 0
(=) (a,bd) €U ( 61, i€ K}.
It is now evident that 8§ € Es [G] .
Lemma 3.2 If A,8 €Es [G], and A < &6, then for
any Q € G A, there is P € G-8 such that QEP.
Proof. It is immediate from setting
P - max (A, Q=A and A'€S5 ).

For any given set AQG, let A and A be exterior

and interior approximations of A with respect to &,
respectively; and let Ai and Ai be exterior and
interior approximations of any grade i€¢ K of A,
with respect 1o 6y . respectively.ll seems true that
the sequences ( Aj.i€K) and { Ay ,i€K} should
satisfy lontoﬁ;}ty. Unfortunately, the following
example shows that neither the sequence { Ai, i¢K}
nor the sequence {Ti,iEK} satisfies monotoneity
-—— monotone increasing or decreasing, So, we will

consider only the case of { 6i,i¢K J€E [(] .

Examptle 3. 1 tet G={a,b,c,d)}, & ={a,b,c}' U{Cb,d),

(d,by,¢d,d>) , A = {a, c}'U {b,d}".
Obviously, A< 0,
{a,b}y, =GAa,b} 6 = (a,b,c)

(a,cly = (a,c}3la,c} & =¢ ,

L ]

S0 we have,

but then we also have,

(a,cly = (a,ct&la,bc) = (ac} b

{ a,b,c}‘k = {a,c}g{a‘b,c} = {a,b,c}) &

Even so, it is quite a useful tool for gradual

approximations of the indistinct concepts, specially

when we try to simplify our problems. Generality
speaking, a concept can be represented by listing
the attributes of objects. The more of the

attributes we |list, the better the approximations are
But this is usually to be done only in an extent.So,
we can use |}J {ﬁ,iél(l (1"]{-5. 1€K } ) as an
approximation of _A__('r)\ In most cases.Here, we give

a simple illustration of exploiting the theory.

Example 3.2 Let G be a set constituted by a given

group of peysons. Suppose R(o), R(s) and R(t) are
three relations on G. i.e. R(o) is the ngighboY
relation, R(s) the same schoolmate relation,and R(t)

the townsman relation.Given a set AEG, our task is

to find out that in G who are closely related to one
another among themselves and who are closely related
to a person in A.

To do so, we first get interior and exterior
approximations A (o) and A(o) of A with respect to
R(o). Similarly, we have AC(s), A(s), ACt) and ACt)
Secondly, let's set

B-Ao UAC(S), B=ACo) N A (s)
Then _B and B are the

interior and exterior approximations of A with

approximations of

respect to R (o) N R <s) respectively. In the

same way. we obtain |,

C=ACo) U AL, C =4 N AL
D-ACs) U A, D=AC(s) N ACE
E - ACo) U A(s) U At

E:=ACo) N AGs) N AL,

Finally, we can choose a rational solution based on
our understanding of the saying” Be closely related
to a person tn A", Such an idea seems wuseful to
machine cognition, natural tlanguage understanding
and automatic theorem proving, etc.

Of course, the situations become cleaer 1f we
limit ourselves to the case of the set of equivalenc
relations E{[ (]

really interior and exterior approximations of A

. Now,_g_abd—iin example 3. 2 are

with respect to R(o) N R(s) respectively. The reason
for this lies in the following theoress.

Lemma 3.3 Suppose any 6§, A€ E [G] and let
& ( A. For each Q ¢ G A there is { Pj,j€]1)& G¢
such that Q = U(Pj,jel)}.

Proof Clearty 8}Q € E [Q] .Let Q. & =(Pj,j€1])
It is sufficient to prove that Pj€ G-8 for each

j€J. In fact, if it is not true, then we can
suppose that there is some PjétGJEE.Thus there s
always Pj € G5 such that PjwP". So (P"jUI(Q-Pj))" €
G-2A, it is contradictory with maximality of (
( see definition }.3).

From above lemma it is easy 1o establish the
following facts

Theorem 323 Let (61,i € KYSE[G] be a monotone

dcreasing sequence, then the sequence {Ai,i CK )} 1is

monotone decreasing and {( Ai,i€ K} is wmonotone

increasing. Moreover, AicAgAcAi for each i€ K,

Corollary 1.2 A = [ {xi,iQKl._ﬂ_"—?U( Ai,i€cK),
That is
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a({T iff for all 1€ Kk there is b € G such that
(a,b) € &1,

a € A iff there is i €K such that for all b€ G
and (a,b) € b1,

Remark. If a relation & € E [G] is given , we

choose a monotone decreasing family of relations,
{ 61, 1€¢Ky< E {6] , according to the practical

considerations, such that U { 8i,1€K}286. Let
5i"= 6N&1 for t € KThen by what is mentioned
before we obtain exterior and Interior

approximations Ai and Al of any grade 1€ K of A,
with respect to 6 i*. In fact,such an idea has been
realized in a Computer Diagnosing System [5] . The
Logical formalism that provides tools for the
examination of expressive power of the system in
terms of approximate definability is discussed
further in other papers.
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