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Abst rac t 
In this paper I extend the standard first-order 
resolution method with special reasoning mech­
anisms for sorts. Sorts are unary predicates. 
Literals built from unary predicates are called 
sort literals. Negative sort literals can be com­
piled into restrictions of the relevant variables 
to sorts or can be deleted if they fulfill special 
conditions. Positive sort literals define the sort-
theory. Sorted unification exploits the sort re­
strictions of variables with respect to the sort 
theory. As occurrences of sort literals are not 
restricted, it may be necessary to add addi­
tional literals to resolvents and factors and to 
dynamically change the sort theory used by 
sorted unification during the deduction process. 
The calculus I propose thus extends the stan­
dard resolution method with sorted unification, 
residue literals and a dynamic processing of the 
sort information. I show that this calculus gen­
eralizes and improves existing approaches to 
sorted reasoning. Finally, I give some appli­
cations to automated theorem proving and ab­
duction. 

1 In t roduc t i on 
One promising approach for increasing the strength of 
automated reasoning systems is the integration of theo-
ries into the standard first-order resolution calculus. For 
special theories there are more efficient methods than 
standard resolution. One theory that has been investi­
gated is the theory of unary predicates called "sorts", see 
e.g. the logics of Beierle et al. [Beierle et al., 1992], Cohn 
[Cohn, 1992], Frisch [Frisch, 1991], Schmidt-SchauB 
[Schmidt-Schaufi, 1989], Walther [Walther, 1987], or 
Weidenbach et al. [Weidenbach and Ohlbach, 1990]. Al l 
these approaches offer special language constructs and 
reasoning facilities for sorts. They differ in the restric­
tions imposed on the sort theory and the way the sort 
theory is processed. This will be discussed in more detail 
in Section 4. In the following 1 will explain why the ap­
proach presented in this paper generalizes and improves 
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existing results. What all approaches have in common is 
the incorporation of sorted reasoning in the unification 
algorithm. Here is an example for sorted resolution in 
comparison with standard resolution. 

The database A consisting of the clauses 

can be represented in a sorted fo rma l i za t ion by the 
database of clauses: 
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standard resolution this has to be taken into account. 
For nearly all examples the behaviour of sorted uni­
fication is not harmful. In particular, for sort theo­
ries that are difficult the sorted unification process is 
much more efficient than standard resolution. This wi l l 
be explained in Section 4. For the complexity of 
sorted unification is the same as for standard unifica­
t ion, is a simple database. It can be processed (after 
translation in the respective formalism) in the described 
way by all approaches mentioned above [Beierle et al., 
1992; Cohn, 1992; Frisch, 1991; Schmidt-Schaufi, 1989; 
Walther, 1987; Weidenbach and Ohlbach, 1990]. For the 
next database this is not the case. The unary predi­
cates Man and Woman cannot be represented as a sort 
in the logics of Frisch, Schmidt-Schaufi, and Walther. 
They can be represented in the logics of Beierle et al., 
Cohn, and Weidenbach, but their calculi consist of more 
rules other than the usual resolution and factorization 
rule. In this paper I wi l l show how any unary predicate 
can be processed as a sort just by modifying the standard 
resolution method. Now consider 

(1) 
(2) 
(3) 
(4) 

Man(peter) Woman(peter) 
Love(xM a n ,mary) 
Love(ywoman, Paul) 

Love(peter,paul) 

From the query Love(peter , mary) must be derivable. 
Adding the clause (5) Love(peter, mary) to offers 
only two resolution possibilities between (4)1 and (3)1 
and between (5)1 and (2)1. For the two resolution steps 
sorted unification has to guarantee that peter is of sort 
Woman or peter is of sort Man, respectively. Clause 
(1) is valid if peter is of sort Man or peter is of sort 
Woman. Therefore at least one declaration of clause 
(1) has to be considered for sorted unification. For 
the sort theory consists of sort literals occurring in unit 
clauses. Now it becomes obvious that considering such 
sort theories is too restrictive to get a complete calculus. 
From every clause consisting of positive sort literals ex­
actly one literal must be chosen for the sort theory (see 
also Theorem 8). For if we choose (1)1, Man(peter) 
as the sort theory, from (5)1 and (2)1 we derive by reso-
lution (6) Woman(peter). The literal Woman(peter) is 
the result of sorted unification, because (1)1 is not the 
only literal of clause (1). Clause (6) subsumes clause (1). 
The sort theory must be changed to the sort literal (6)1, 
Woman(peter). Then the empty clause is derived from 
(4)1 and (3)1. 

The example demonstrates three important aspects of 
the resolution method extended with sorts: 

• A notion of "conditional well sortedness" is needed, 
where the additional literals of declarations com­
ing from non-unit clauses are collected. (See Sec­
tion 2.2.) 

• The declarations considered by sorted unification 
have to be changed dynamically during the deduc­
tion process. (See Theorem 8.) 

• From each clause which consists of declarations only, 
at least one declaration must be chosen for sorted 

unification in order to obtain a complete calculus. 
(See Theorem 8.) 

The next section introduces the new sorted resolu­
tion method. The method is applied to two examples 
in Section 3. Section 4 relates the new sorted resolu­
tion method to existing work in a more abstract way. 
The paper ends with a short summary in Section 5. Al l 

p roofs are omitted and can be found in an internal report 
Weidenbach, 1991]. 

2 The Sorted Resolut ion M e t h o d 

The starting point of the new method is the standard 
resolution method for first-order logic. First, the stan­
dard syntax is extended with sorts. Then the notion of 
well sortedness is introduced. Finally, the modified res­
olution and factorization rule and the sorted unification 
procedure are presented. 
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2.2 C o n d i t i o n a l W e l l Sor ted Expressions 

The processing of showed the need for an extended 
notion of well-sortedness. A conditional well sorted ex­
pression consists of a well sorted expression in the usual 
sense [Schmidt-Schaufi, 1989; Frisch, 1991] plus a set 
of literals. Conditional expressions are written with a 
prime. 
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Table 1: The Sorted Rules of GSOUP 

Lemma 5 ( G S O U P is Sound and Complete) If 
is a conditional substitution computed by the procedure, 
then solves T and is conditional well sorted. If 
is a cws. ground substitution solving T, then there is a 
cws. substitution computed by the unification proce­
dure and a cws. substitution such that with 
respect to If in the rule Sorted Fail, the condition 
concerning empty sorts is erased, the unification proce­
dure is complete with respect to all cws. substitutions. 
Lemma 6 Sorted unification is undecidable and of uni­
fication type infinitary. 

Lemma 6 is a worst case result. For restricted sort 
theories better results are known (see [Schmidt-SchauB, 
1989; Uribe, 1992; Cohn, 1992; Weidenbach, 1993]). 
GSOUP can be implemented in a way such that it has 
the appropriate complexity properties for restricted sort 
theories. 

Resolution 

The soundness of the rules follows immediately from 
their form and the soundness of the unification algorithm 
[Weidenbach, 1991]. The set E of non-emptiness con­
ditions can be computed using Definition 2 for ground 
terms. 
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3 A p p l i c a t i o n s 

The f i rst app l ica t ion is a puzzle called "The L ion and 
the Un ico rn " which can be found in one of Smul lyan 's 
books [Smul lyan, 1978] and was previously discussed 
by Ohlbach, Schmidt-SchauB, and Weidenbach [Ohlbach 
and Schmidt-Schaus8, 1985; Weidenbach and Oh lbach, 
1990]. The l ion and the un icorn are strange creatures 
which l ie on certain days of the week and te l l the t r u t h 
on the other days. T h e l ion lies on Mondays, Tuesdays 
and Wednesdays and the un icorn lies on Thursdays, F r i ­
days and Saturdays. In order to solve the puzzle i t must 
be f igured out wha t day we have i f they bo th make the 
statement "yesterday was one of my l y ing days" . 

In s tandard f irst-order logic the example is expressed 
by 47 clauses w i t h 109 l i terals. A f te r the app l ica t ion of 
C O M P 47 clauses w i t h 55 l i terals are lef t . T h e example 
is compl icated because it contains recursive clauses and 
sort l i terals occur together w i t h three place l i tera ls .The 
query is 

which states t ha t there is a day x when bo th the l ion and 
the un icorn say t ha t yesterday was one of the days they 
l ie. The query can be fur ther compl icated by increasing 
the nest ing depth of the func t ion / ( for "yesterday") . 

Using exis t ing sorted approaches not al l sorts can be 
processed by sorted un i f icat ion due to the restr ict ions 
imposed on the sort theory. A consequence is t ha t solv­
ing the puzzle w i t h these approaches compares to solv ing 
the p rob lem w i t h the s tandard resolut ion me thod . We 
solved the p rob lem on a Sparc E L C works ta t ion w i t h 
16MB using O T T E R 2.2 and S T O P 0.9 (Sorted The­
o r e m Prover- a f i rs t p ro to type imp lemen ta t i on of the 
new resolut ion me thod w i t h sorts.) . T h e table shows 
the number of clauses generated and the t ime spent by 
the provers in order to derive the query depending on 
the nest ing depth of the func t ion / in the query: 

A second app l ica t ion concerns abduc t ion . There are 
many appl icat ions for au tomated reasoning where ab-
duct ive reasoning has to be appl ied. Of course, when 
using abduc t ion one is interested in f inite representa­
t ions of answers. Demo lombe and Farinas [Demolombe 
and Farinas, 1991] proposed an inference ru le, called 
L-inference, wh ich can be used to automat ize abduc-
t ive reasoning. T h e L-inference rule is a special reso­
l u t i on ru le. I w i l l show t h a t extending th is rule w i t h 
sorts al lows the generat ion of f in i te answers to abduc-
t ive queries, where the s tandard rule w i t h o u t sorts com­
putes in f in i te answers. Assume the query " W h i c h as­
sumpt ions guarantee tha t Love{x,y) holds ?" is asked 
to the database (see Section 1). A p p l y i n g the s tan­
dard rule amounts to compute a l l resolvents between the 

clause 

and the clauses in T h e l i te ra l L{x,y) is an ex t ra 
l i te ra l in t roduced by Demolombe and Farinas me thod 
wh ich is used to collect the ins tant ia t ions made to the 
variables in the query l i t e ra l . I t is possible to derive 
in f in i te ly many non-redundant clauses, e.g. clauses of the 
f o r m 

A p p l y i n g L-inference to the only possible resolut ion 
step uses clause (4) and results in 

Thus the sorted answer is tha t two objects love each 
other i f they are humans. Th i s is the na tu ra l answer. 
The example demonstrates tha t the resolut ion me thod 
w i t h sorts terminates in more cases and derives na tu ra l 
answers. 

4 D iscuss ion 

The approach of Schmidt-SchauB [Schmidt-SchauB, 
1989] extends Wal ther 's work [Wal ther , 1987]. The res-
o lu t ion method w i t h sorts is an extension of Schmidt-
SchauB's approach. I f al l declarat ions occur in un i t 
clauses and al l negative sort l i terals can be compi led 
by C O M P then al l cond i t iona l parts of cws. terms are 
empty . I f in add i t i on al l sorts S are non-empty , the 
resolut ion me thod w i t h sorts is the same as Schmidt -
SchauB's order-sorted resolut ion calculus. 

The f ramework presented by Frisch [Frisch, 1991] is 
more restr icted t han my approach. He separates the 
sort theory f r o m the database. A sort theory is bu i l t 
f r o m sort l i tera ls on ly and must be equivalent to a Horn 
theory. Sort l i terals are not al lowed to occur w i t h other 
l i terals in the database. As a consequence al l sorts are 
a pr io r i assumed to be non-empty. In add i t i on , he does 
not answer how the sorted reasoning is to be per formed, 
which in my approach is done by the not ion of cws. terms 
and GSOUP. 

T h e logic of Cohn [Cohn, 1992] also does not give 
an answer how sorted reasoning has to be per formed 
(an oracle is assumed). He imposes no restr ict ions on 
the occurrence of sort l i tera ls , bu t does not incorporate 
declarat ions occurr ing together w i t h other l i terals in the 
sorted reasoning process. Th i s leads to a calculus which 
consists of more inference rules than the usual resolu­
t ion and fac tor ing rule. In add i t i on , unifiers which are 
not well sorted ( w i t h respect to Def in i t ion 2) have to be 
considered for the inference rules also. Therefore, the 
resolut ion me thod w i t h sorts is much more restr ict ive in 
the number of appl icable inference steps. 

The same arguments tha t ho ld for Cohn , apply to 
the work of Beierle et a l . [Beierle et a l . , 1992]. A l ­
though he gives a fu l l y developed calculus, his extended 
order-sorted un i f i ca t ion a l go r i t hm is no th ing else than 
unsorted un i f i ca t ion plus the col lect ion of a negative sort 
l i te ra l for each component of the unsorted uni f ier . Hence, 
his resolut ion me thod is also less restr ic t ive in the n u m ­
ber of appl icable inference steps than the me thod p ro -
posed in th is paper. 
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Compared to the work of Weidenbach and Ohlbach 
[Weidenbach and Oh lbach , 1990] I swi tched f r o m a stat ic 
processing of the sort theory to a dynamic one. As a 
consequence the number of declarat ions considered by 
the un i f i ca t ion a l g o r i t h m has been reduced signi f icant ly. 
The new method also needs fewer inference rules. Thus 
the me thod presented in th is paper is more restr ic t ive in 
the number of appl icable inference steps t han our own 
previous work . 

The f rameworks of Stickel [St ickel, 1985] and Bi i rcker t 
[B i i rcker t , 1991] propose methods for in tegra t ing theo­
ries in to the resolut ion m e t h o d . T h e resolut ion me thod 
w i t h sorts is not an instance of these f rameworks, be­
cause it is assumed tha t the theory is stat ic du r ing the 
deduct ion process. The sort theory C changes dur ing the 
deduct ion process. Th i s al lows for less inference rules 
and a more restr icted calculus in the number of appl ica­
ble inference steps. 

Sorted un i f ica t ion in our resolut ion me thod is unde-
cidable and of type in f in i ta ry (see L e m m a 6). I t is of ten 
argued t ha t un i f i ca t ion procedures hav ing th is proper ty 
are not useful. Bu t the result means t ha t the sort the­
ory processed by sorted un i f ica t ion has th is propert ies 
in general. Hence the quest ion is whether i t is more effi­
cient to process the theory by the un i f i ca t ion procedure 
or by s tandard resolut ion. The no t ion of cws. terms pre­
vents sorted un i f i ca t ion f r o m per fo rming inference steps 
which are per formed by s tandard resolut ion. In general 
there may be in f in i te ly many such steps. Thus using 
G S O U P is much more efficient than weaker un i f icat ion 
a lgor i thms combined w i t h resolut ion. 

5 Summary 

Every s tandard f irst-order database can be thought of 
as a database w i t h sorts where a l l variables have sort 
"any" ( T ) . The a lgo r i t hm C O M P can be used to compi le 
negative sort l i terals in to var iable restr ict ions. I f C O M P 
can save sort l i tera ls, app ly ing the resolut ion method 
w i t h sorts is more efficient than s tandard resolut ion. I f 
C O M P cannot save l i terals (a l l variables have sort T) the 
resolut ion method w i t h sorts derives exact ly the same 
clauses than the s tandard resolut ion me thod . 

T h e resolut ion method w i t h sorts generalizes and i m ­
proves exis t ing approaches to sorted reasoning. 

The resolut ion me thod w i t h sorts terminates in more 
cases than the s tandard resolut ion me thod . Th is is use­
fu l for abduct ive reasoning, for example. 
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