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Abst rac t 
The a im of th is work is to combine advanta­
geously the two ex is t ing approaches for theo­
rem prov ing in non classical logics: p rov ing in 
the considered non classical logic (cal led here 
the direct approach) and prov ing in classical 
logic by way of t rans la t ion -called here the 
t ranslat ion approach. Some results in propo­
s i t ional S5 show evidence of the relevance of 
th is approach. We assume a t rans la t ion f r o m 
S5 in to f i rst-order logic and then we define a 
pa r t i a l inverse f o rmu la t ranslat ion f r om first-
order classical logic in to S5. Semantic relat ions 
are proved to ho ld between the backward trans­
lated formulas. We answer posi t ively (for S5) 
to one conjecture stated in a previous work by 
the authors. An In te rpo la t ion Theorem stat­
ing a proper ty stronger than re fu ta t iona l com­
pleteness is also proved. A plausible conjec­
ture stronger than the In te rpo la t ion Theorem 
is proposed. These results are interpreted in 
the f ramework of a sl ight var iant of an exist­
ing resolut ion calculus for S5. We i l lust rate 
our me thod on a s imple example. Future work 
includes appl icat ions of the approach to other 
moda l logics. 

1 In t roduc t i on 

The interest in non classical logics is now unan imous ly 
accepted in A r t i f i c i a l Intel l igence and in Compute r Sci­
ence. Concerning the way to mechanize t h e m , there are 
two approaches: 
• the direct approach: it consists of bu i ld ing (or us­
ing exist ing) specific p roo f systems for these logics (see 
for ex. [ F i t t i n g , 1983; En ja lber t and Farinas del Cerro, 
1989]) 
• the t rans lat ion approach: a prob lem expressed in a 
non classical logic ( f r om now on called source logic) is 
t rans lated in to classical logic ( f rom now on called target 
logic). T h e p rob lem is therefore solved in the target logic 
(see for ex. [Ohlbach, 1988]). 

Each approach has good defenders -see for ex. [This le-
wai te et al. , 1988; Oh lbach , 1988]. The direct approach 
na tu ra l l y arose the f i rst . Re la t ing logics is a technique 
tha t has been used in pure logical studies: in correspon­

dence theory and in def inab i l i ty theory. I t has been 
also used in au tomated deduct ion for non classical log­
ics as an a l ternat ive to imp lement specific calcul i for 
each non classical logic and it is the theoret ical founda­
t ions of the second approach. H is tor ica l ly the innovat ive 
work of E. Or lowska in t roduced the no t ion of resolut ion-
interpret abi l i ty of a logic in to another -see [Orlowska, 
1980J. More recently A. Herzig and H-J. Olhbach (see 
[ H e m e , 1989; Oh lbach , 1988] and a related work by M. 
Chan [Chan, 1987]) emphasized the idea of logic mor-
phism, which is i m p l i c i t l y used in the previous work of 
E. Or lowska. The i r works in which uni f icat ion plays a 
central role were appl ied to several classes of moda l and 
tempora l logics. 

The two approaches have drawbacks -and obviously 
advantages. The direct approach needs the construct ion 
of new theorem provers whereas the t rans la t ion approach 
generates proofs f r o m which the re lat ion w i t h the in i t i a l 
p rob lem is d i f f icu l t to grasp. In th is paper we contend 
tha t the two approaches are not m u t u a l l y exclusive but 
can be pro f i tab ly combined. We propose to bu i ld f rom 
the proofs obta ined after t rans la t ion , par t ia l (possibly 
to ta l ) proofs in the specific systems for non classical log­
ics, w i t h the help of inverse t ranslat ions. So, i t becomes 
possible to add the advantage of the efficiency of theo­
rem provers for classical logics w i t h t ha t of presenting 
results ( in the present case par t ia l proofs) in the source 
logic. A computer system imp lemen t i ng th is hybr id ap­
proach would al low the user to formal ize his prob lem in 
his favor i te logic and to get a reasonable so lu t ion in the 
same logic. 

We do not consider in th is work neither the problems 
inherent to the t rans la t ion approach such as the nature 
of the classical logic in to which the t rans la t ion is done 
(f i rst-order logic, f ragment of second-order logic . . . ) , nor 
the theoret ical l i m i t s of t rans la t ion (def inab i l i t y ) or the 
choice of p roo f systems for non classical logics - tab leaux, 
resolut ion, mat ings and so on . 

In order to show how cooperat ion between the trans­
la t ion approach and the direct one is possible we shall 
define a par t ia l backward t rans la t ion f r o m classical f i rst-
order logic ( f r om now on abbrev iated F O L ) in to p ropo-
s i t iona l logic S5. Semant ic re lat ions ho ld between the 
backward formulas and we shal l show tha t some S5-
clauses t ha t logical ly enta i l some backward t ranslated 
formulas, can be derived in a var iant of the resolut ion 
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system RS5 [Enjalbert and Farinas del Cerro, 1989]. In 
that way we shall answer positively (for S5) to one of the 
conjectures stated in [Caferra et al., 1993]. Actually, we 
shall study how the proofs in FOL can be useful to build 
proofs in S5 with resolution methods. 

There are different reasons to consider S5. S5 propo-
sitional formulas have a reasonable normal form -S5-
clauses in [Enjalbert and Farinas del Cerro, 1989]. It can 
be used as a model of autoepistemic reasoning [Moore, 
1985]. Moreover the translation from S5 into FOL we 
shall use, is quite simple. Finally the problem of decid­
ing S5-satisfiability is only1 NP-complete [Ladner, 1977]. 

The paper is structured as follows. The next section 
recalls the features for S5 we shall work on. In section 
3 the inverse formula translation is defined and different 
semantic results are presented to state the main theo-
rem on partially ordered sets of S5-formulas. Section 4 
states a result similar to the "consequence finding theo-
rem" [Lee, 1967] for the inverse formula translation in a 
variant of RS5. We also propose a plausible conjecture 
related to this theorem. In section 5, a simple example is 
fully treated. Finally we propose different ways to con­
tinue this work. 

2 Pre l iminar ies 

We assume familiarity with the syntax and semantics of 
propositional S5. The standard definitions of satisfia­
bility and validity wil l be used -see [Hughes and Cress-
well, 1968]. The set of well-formed S5-formulas wil l be 
noted MFor. We now recall one normal form for the 
S5-formulas [Enjalbert and Farinas del Cerro, 1989]. In 
the sequel, by the term 'clause' (resp. 'literal') we shall 
mean a clause (resp. literal) in the classical logic. 

D e f i n i t i o n : A S5-formula is said to be in conjunctive 
normal form iff it is a conjunction of formulas of the 
form: where 
C and the D i 's are clauses and the Cj's are conjunctions 
of clauses. Each conjunct is called a S5-clausc. 

Fact 1 Every S5-formula is equivalent to a formula in 
conjunctive normal form. 

2.1 T rans la t i on i n t o F i r s t - O r d e r Formulas 

1The satisfiability problem for usual logics such as S4 has 
a higher complexity 
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P r o o f (sketch) : The (constructive) proof is tedious. It 
is based on the format of c, on the refutational complete­
ness of RS5 and on the proofs of the completeness of the 
system RT [Enjalbert and Farinas del Cerro, 1989]. Two 
base cases are distinguished and the general case com­
bines them. Q.E.D. 

Figure 1: Refutation with classical resolution 

From the proof in Figure 1, Lemma 2 and Theorem 1 
we get a p.o.s. of S5-clauses ; its construction is based 
on Theorem 1. Moreover in this case Corollary 1 is ap­
plicable so we get the following sequence of semantic en-
tailments. Each formula of the sequence logically entails 
the next one. 

The properties of the previous sections allow us to built 
other p.o.s. of S5-formulas. Furthermore we present a 
refutation in RS5 -Figure 2. From Conjecture 1, every 
backward translation of a clause in FOL admits an in-
terpolant in RS5. The proof in Figure 2 contains all the 
required interpolants that are the backward translations 
themselves but it is not always the case. 

6 Conclusion and Future Work 

With respect to the aims stated in Section 1, it has been 
shown that from a standard translation of S5-formulas 
into first-order logic it is possible to define a partial 
inverse formula translation having interesting semantic 
properties -Theorem 1, Corollary 1. The properties of 
the inverse translation have been used to prove a theo­
rem concerning consequence finding in S5 using a vari-
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So, we cannot build an interpolant between any two 
formulas f and g by using the system RS5. The alter­
native syntactic interpolation lemma presented in [Cz-
ermak, 1973] cannot be adapted to RS5 -see also the 
related semantic interpolation lemma given in [Gabbay, 
1972]. Conject ure 1 can be seen as an intermediate plau­
sible result between Theorem 3 and the modal equivalent 
of the Lee's Theorem. Furthermore we conjecture that 
Proposition 2 can be extended to RS5. We believe that in 
spite of the relative lack of interest of consequence find­
ing in research of automated theorem proving for classi­
cal logics, results about modal consequence finding could 
generate applications for Artif icial Intelligence. That is 
why we propose the following result with the hope that a 
modal equivalent may exist for the system RS5 -or RS5'. 



Figure 2: Re fu ta t ion w i t h the proof system RS5 

ant of the resolut ion system RS5 -Coro l la ry 2. Coro l la ry 
2 can be used as a syntact ic c r i t e r ion to guide proofs 
in R S 5 ' . We also answer posi t ive ly to one conjecture 
and pa r t i a l l y answer to a second one -see [Caferra et a i , 
1993]. 

The inherent l im i ta t i ons of our work are threefo ld. 
The expressive power of propos i t iona l logic S5 is obv i ­
ously l i m i t e d . T h e extension of our results to f i rs t -order 
S5 is not s t ra igh t fo rward because there is neither I n ­
te rpo la t ion L e m m a for f irst-order S5 [Fine, 1979], nor 
reasonable no rma l f o rm for al l the quant i f ica t iona l S5-
formulas. We have shown tha t RS5 is incomplete for 
consequence-finding. F ina l l y i t should be ment ioned 
tha t the compu ta t i on of S5 norma l forms remains ex­
pensive. 

T h e m a i n lines of fu ture work are to prove Conjecture 
1 of Section 4, to extend the present results to other 
moda l logics ( K , S4 ...) w i t h expectable increasing dif­
f icul t ies and to consider other p roo f systems - tab leaux, 
mat ings . 
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