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Abstract

In this paper, as one approach for mathemat-
ical analysis of evolutionary algorithms with
real number chromosomes, we focus our atten-
tion on crossovers, give a general framework of
the description for the change of the distribu-
tion of the population through them, and ver-
ify the properties of crossovers based on the
framework. This framework includes various
crossover which have been proposed and we ap-
ply our result to these crossover methods.

1 Introduction

A lot of experimental and theoretical researches on Evo-
lutionary Algorithms (EA) have been recently reported.
In the theoretical results, most of them are ones for
EAs using bit strings as chromosomes, in particular,
the Simple Genetic Algorithms (SGA). These are based
on the theory of Finite Markov Chain [Dawid, 1994;
Davis and Principe, 1993; Nix and Vose, 1992; Rudolph,
1994] because the SGA uses bit strings with a constant
length. However, the state spaces of EAs using real num-
ber chromosomes are infinite and uncountable sets and
there are difficulties different from the SGA to investi-
gate the time evolution.

Rudolph derived the conditions for the convergence in
EAs with general state spaces and afinite population size
using the concept of Markov Kernel [Rudolph, 1996]. In
this result, however, the selection and mutation affects
the convergence and the effect of the crossover is not
considered.

On the other hand, Qi and Palmieri derived the prop-
erties of the genetic operations including a uniform
crossover in EAs with an infinite population size [Qi and
Palmieri, 1994a; 1994b]. In these results, the changes
of the population density in the infinite population size
through the genetic operations are the main object. In
this paper, we also focus our attention on the change of
the population density through crossovers.

In the case of EAs using discrete value chromosomes,
Booker theoretically showed the properties of crossovers
based on the recombination distribution inspired by
Geiringer's result, a kind of the probability at which
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schemata is generated by crossovers [Booker, 1992]. Our
analysis in the case of EAs using real number chromo-
somes is based on the relation between the population
densities before and after crossovers, and the change
of the mean values and covariances on loci. For this
purpose, we have given a framework of the descrip-
tion for the change of the distribution of the popula-
tion through crossover, called Linear Crossover [Nomura,
1997]. The previous version of this framework did not
include one-point, multi-point, or uniform crossover. In
this paper, we extend this framework to the one which
includes various crossovers which have been proposed,
one-point, multi-point crossovers, uniform crossover,
average crossover [Davis, 1990], the Unfair Average
Crossover we have proposed [Nomura and Miyoshi, 1995;
1996], and the R’ operator [Radcliffe, 1991]. We verify
the properties of these crossovers based on the results.

2 General Framework for Description
of Crossovers

2.1 Basic Formulation

In EAs with real value chromosome, each individual is
represented as a vector in the Euclid space R™. Given
two parents X and Y (E R™), we assume that crossovers
produce two offsprings X' and Y’ from the parents.

In this paper, we consider the crossover represented in
the following form:

X = (Xlsx2|'-'|Xm)! Y=(Y1.Y2|---‘Ym)
X' = (x;,x;,...,X:n), Y'= (Y]."Y;""‘Yi;l) )
X = aX,+(1-a)V;, ¥/ = (1-0)X; +bY; (1)
(t=1,...,m)
Here, (2,6} = {a1,...,8m,b1,..., by) 18 a stochastic vari-

able on R*™ whose distribution function is s(a, ). More-
over, we assume the following condition:

s(b,a) for ¥(a,b) € R*™, ' (2)
aG+bi=-1#£0 {3)
for ¥{a,b) s.t. s(a,b) £ 0

s(a,b) =
|'C;'(ﬂ‘ b]|



here,
Ci(a,b) = ( o 1;& )

|| : & determinant of a matrix

The form in (1) is represented by the following linear
transformation on R*™

(XYY = (X,Y)F(a,b), (4)
Fla.b) = (IfA IE'B)
A = diaglai), B = diag(h;)
here,

I : m x m unit matrix,
diag(h:) : a diagonal matrix
with the i-th diagonal element h;

(2) represents that the production of the offsprings by
{a,b) is done at the same probability as that by (b, a)
and the probability density of a is the same as that of b.
(3) represents that the linear transformation on R*™ in
(4) has the inverse transformation if s{a, b} has a positive
value.

Now, It is easily shown that the following statements
for Ci(a,b) and F(a,b) are obtained:

m m

IF{G,-b)l = H |C“(ﬂ, b}f = H(a. +b; - 1) (5)
i=1 1=l
Ci(a,)"! = ( o Tt ) ©)
oo b e

& = ﬂi+bi—l‘b‘_ai+bi_l @)

Fa,b)"! = ( IfEA, IBF’ ) (8)
A = disg(a}), B' = diag(h})

i=1,...,m)

2.2 Representation of Various Crossovers

based on the Framework
We can represent one-point, uniform crossover, the av-
erage crossover, the unfair average crossover, and the R®
operator using the above framework in the following way.

One-point Crossover

One-point crossover produces two offsprings from a pair
of parents by randomly selecting a point on the chromo-
somes and replacing the former and latter half of each
parent from the point at a probability r. Thus, we rep-
resent it in the following form:

f v diag(ay) I~ diag(ow)
XYy = X Y)( I - diaglow:)  diog(aw:) )
_ 1 (E=1,...,k
= {o izk+1,...,m) 9}
at Probability ;{-—1 (k=1,....m-1)
(X'.¥) = (X,Y) at Probability 1 ~r

Thus, s(a,b) in this case is represented in the following

form:

m—1

Z r

=
+(1-r)é{a-21)é{b-1)

k mek
v
(a;‘ = (1,...,1,0,...,0))

( here,

Uniform Crossover
Uniform crossover produces two offsprings from & pair of
parents by uniformly replacing the elements on each lo-
cus of the parents at a probability r. Thus, we represent
it in the following form:
(X', Y)Y=(X,Y) x
diag{tiy .., 1)
I~ d:'ag(a.-l...,-m)
1€y Cig, <~ < S,
S (I CY-E T
ekt = 1 (otherwise)
at Probability +*(1 — r)™* (k=0,...,m)

Thus, s{a,b) in this case ias represented in the following
form:

m
s(a,b) = k(1 - )™k x
k=0
3 (a — gy )6(b = ty..iy)
1€y g, - Cip S
(ﬂ.‘,..,,‘b = (Q.‘l...,-h-l N
Average Crassover
The average crossover produces one offspring from a pair
of parents by averaging the elements on each ilocus of
the parents at probability r [Davis, 1980]. By assuming
that another offspring is produced as a copy one of the
parents, we represent it in the following way:

(X'I Y’) -
i1 0 N
(X.¥) ; I at Probability £
I
0

s(a,b) = (10)

76(a = au)é(b ~ as)

8(-) : Dirac's function
1=(1,1,...,1)

(11)

I - diag(a, ., 4)
diag{a; -y i)

I‘Ik})

(12)

3 @iy iy ym))

(13)

'f; ) at Probability 3

(X.,Y) at Probability 1 - r

Thus, s{e,b) in this case is represented in the following
form:

s(at) = b~ %1)5(5 -a) (14)
+ 26a = 1)60 - %1)
+(1—-r)b(a—21)6{b—1)
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Unfair Average Crossover

The Unfair Average Crossover [Nomura and Miyoshi,

1995; 1996] produces two offspring from a pair of par-

ents at probability » by the following way:
Xi=(1+a)X;-aY;, (E=1,....0)
Xi=-aX;+(1+a)¥;,, i=3+1,....,m)
Y/=(1-a)Xi+e¥, (t=1,....7)
V/=aXi+(1-a), (i=j+1,...,m)

1
(0<a<§)

Here, a i3 a constant and j is randomly selected among
{0,1,...,m}. Thus, we represent it in the following
form:

{ A I - By
(X’Y)( 1Z4 B )

at probability m

(XY = | By I—A,,) (15)

(X,Y) ( I<By A
at probability m

L {X,Y) at probability 1 ~r
diag(ow.), By = dieg{fx:)
{ l+a (i=1,...,k)

Ax

Qi - (i=k+1,...,m}
o (i=1,...,k)
B = {l—a G=k+1...,m)

k=0,...,m)

Thus, s(a,b) in this case iz represented in the following
form:

sla,b) = ST (16)
; 2(m+1)

(6(a — aw)é(b — Bi) + &(a — Bi)8(b — ax))

+ {1 = r)é{a - 1}6(b - 1}

oy = (akl""‘akm)
Be = (Brrv.. .1 Bam)

R? Qperstor

The R? operator produces offsprings from a pair of the
parents by picking any point in the hypercuboid includ-
ing the parents at probability » [Radcliffe, 1991]. By
assuming that one offspring is produced as a copy one of
the parents and another is produced as the above way,
we represent it in the following way:

di i 0
(X.Y)( ;_‘335;(31.-) I )
(xF‘ Y") - or

1} I —diag(b;
(x,¥)(§ 1 gegG) )

(17)

at probability »
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(X, Y)Y =(X,Y) at probability 1 —r

a;, b :  uniform random variables
in [—d, 0) LJ{0.d],

d(>1) : aconstant
(i=1,...,m)

Thus, s{e,b) in this case is represented in the following
form:

s(e,b) = % (w(@)d(b— 1) + 8(a — 1)u(b))  (18)
+(1—-7r)8(a —1)6(b— 1)

r : RS R

{ e (c€ (-4, U0.d)™)

0 (otherwise)

u(c)

3 Change of Distribution of Population
through Crossovers

In this paper, we assume that the population of the GA
consists of infinite individuals. Then, the statistical state
of the population is represented by the population den-
sity [Qi and Palmieri, 1994b]. In this section, we describe
the change of the distribution of the population through
ihe crossover in {1) using the population density.

3.1 Description of Population Density

Now, let ¢{z) be the population density before a
crossover, and p(z) be the population density after the
crossover. Moreover, let pxy(z,y) be the density of
the parents for the crossover, and pxry:{z,y) be the
density of the offsprings for the crossover. Because
the two parents are selected independently, we obtain
pxy(z,y) = q(z}g(y). Moreover, p(x) is derived from
the joint probability density px v/ {z.,y) in the following
way:

w0 = [ pevendy = [ pxvad 09

Moreover, we assume that (a,b) and (X,Y) are statis-
tically independent on each other. Then, for any mea-
surable set M on R*™, we obtain the following equation
Erom §3), (4) and the independence between (a,b) and

X, Y):

[, prove(@,v)dzdy = Pro(X',Y') € b1
= Prob{((X,Y)F(a,b) € M and (a,b} € R*™)
= Prob({X,Y)F(a,b) € M and (a,b) € A)

here,
A = {(a,b) € R?™ ; 5{a,b) # 0}

= Prob({X,Y) € MF(a,b})™" and (a,b) € A)
Note that M F(a,b)! is also measurable
since F(a,b) is continuous.

=/] pxy(z,y)s(a,b) dedy dadb
A JMF(a )1



_ pxy ((z.y)F(e,b)7?)
= fM { A e b)dadb} dody

In the above equation, we used the variable transforma-
tion (z,y¥) =+ (2,¥)F(a. ). Thus, we obtain the following
relation between pxy and pyy:

_ { pxy ((@,9)F(a,b)™")
pxpyr(x,y) _[‘ |F(a,b][

Thus, we obtain the following equation from (19) and
(20):

s(a, b)dadb (20)

_ [ s@b
pa) = | @) 1)
{me pxy ((z,9)F(a,b)7") dy} dadb
_ [ stab)
B A [F{{l,b)l
{ [ ated + 0~ (et - B) + 8 )
dadb

This equation represents the change of the density
through the crossover.

Now, we consider the mean value of a function of the
chromosomes f : ™ — R on the population density
pl(z). From (21), this value is represented in the following
equation:

E(fp) = [ f@la)ds

_ f 3(ab)
- ./n Fla,0) ™
{fR"“ f(@)pxy {(z,y)F(a,b)") dxdy} dadb
= / s(a, b) x (22)
A

{jnh flzA +y( - A))q(m)q(y)dxdy} dadb

here,
( E(g,r): the mean value of & function g
ot a probability density r

In the above equation, we used the variable transforma-
tion (z,y) = (z,¥)F(a,d)~".

3.2 Changes of Moments

Based on the above result, we can calculate the change of
the mean value of each coordinate and the covariance be-
tween the coordinates on the population density through
the crossover.

Substituting z; for g(z) in (22), we obtain the follow-
ing equation which represents the change of the mean
value:

E(zip) = f,\ 5(a.b) X (2)

{/R"" {aszi + (1 - “i)%)q(x)q(y)dzdy} dadb

= [ s(0.) @Bz ) + (1 - 0) Bl o) dads
= E{z,,q) (i=1,...,m)
that is, the following theorem was proved:
Theorem 1 The mean value on the population density
is not changed through the crossover described in (1).

Next, we calculate the change of the covariance. We
note that for the covariance between functions f and g
on a probability density r, V(f, g,r), is described as the
following way:

Vifig.r) E((f - E(f,r))(g — E(g.7)})

E(fg\ f‘} - E(fs r)E{g, f'}
First, we obtain the following equation which repre-

sents the change of the mean value of z,x;, in the same
way as the above:

E(za;p) = fA s(a,b) x 24)

fR"“ (giz: + (1 — aidy)(a;2; + (1 ~ e;)y;)
g(z)e(y)drdy dadb
= j; {(2a;a; — a; ~ a;)V{zi, v, p)

+E(ziz;,q)} s(a, b)dadb
= E{2a:a, ~ a; - a;,8)V(2,,7,,¢9) + E(ziz;,q)
ft=1,...,m)

Thus, from (23) and (24), we obtain the following equa-
tion which represents the change of the covariance:

Viziz,,p) = E(ziz;,p)— E{zy,p)E(z;,p} (25)
= E(za,-aj — a; — 4y, S)V{Ii' s qj
+E(z:25,9) — E(z:, ) E(z;,9)
= (E(2ai8; — ai — 6;,8) + YV (i, 25, 9)

that is, the following theorem was proved:

Theorem 2 For any i and j € {1,...,m}, the covari-
ance belween the i-th and j-th coordinates on the pop-
ulation density after the crossover described in (1) s
the product of that before the crossover and the constant
PC‘-j = E(2a,-a_,- =-a,=&;,8) + 1.

The values PC;; represent a diversification property
of the crossover.

3.3 Appiication for Some Crossovers

We apply the results in the previous section to the
crossovers described in section 2.2 and verify the prop-
erties of them.

From (9)~(18), we obtain the following result for each
crogsover method:
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One—point Crossover:

m-~1

Z (20*;‘0’*:‘ - Oty — a;,_,-) +1
kexx]

T : : .
= a—_-_—l-(t+3—2max(s.3)}+1

r
m-~1

PC;;

r
m—lh i+

Thus, 1 ~ r £ PCy; < 1. In particular, PC;; = 1
and PC;; < lifi# jand r > 0.
Unlform Crossover:
PC.'J' = 14 Zf‘k(l - r)"""‘ 2
k=0 1€i<ia, € CipEm

(20, iy 3By i § — Doty i = Ry y)

i#j,
= m=2
PCy = 1423 r*(1-nm* ( " )
kxl)
m-—1 1
=2 z rE(l - p)mk ( m;— )
k=0
= 1420-r?-201-r)
142¢(r-1)
Thus, 4 € PC;; < 1. In particular, PC;; < 1 if
D<rxl.
Ifi = 4,
m—1
PCy = 142 rt(1-nmt ( me 1 )
k=0
m—1 -1
—2 3 1 -y ( " )
k=0

=1

Average Crossover:

PCy = 2{
2

= 1-

Unfair Average Crossover:
r m
PCy=1+ WmtD) k;ﬂ

(2ok0k; — ani — oy + 28k — Bui — Brj)

=1+ %-1—1) {2min(i, 5} (¢® + (1 - a)®)
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+ 4(min(i, j) ~ mex(i, 7))o’
+ 2(m — max(i,j) + 1) {(1 + o) + o?)
—(m-i+1){(1+2a)—i(l - 2a)
- m=-+1(14+2a)-3(1 - 2a)}
1) - - et - i)
m+1
In particular, PCyi; = 1 + 2ra®,
R? Operator:
PCi; = 1+
r

2 J-a.0 | jeo,ap

{Za.-a,- - - a,-)u(a)da

,
T———— 2/ a,a da
2(2d)m { (—ea o

- / aida
{{—,0) | Jro.d))=

""[ a,-da} +1
([—4.0) Jco.aly=

r
—_— a;aida + 1
@d)m ](I—e.o)U(o.dnm ’

1 G#d)

1+ (i=j)
3.4 Discussion

We can derive the following discussion from the above
results.

In the cases of one-point and uniform crossovers, the
correlations between the different coordinates in the pop-
ulation decrease through the crossovers and the devia-
tions do not change. Although these results are the ones
on only the second order moments, they support the re-
sult which Qi and Palmieri derived [Qi and Palmieri,
1994b], that is, a kind of extension of Geiringer's results
in the case of discrete values [Booker, 1992] to the case
of real values.

The average crossover makes not only the correlations
between the different coordinates but also the deviation
in the population decrease.

In the case of the unfair average crossover, the correla-
tions between the different coordinates in the population
change dependent on the distance between the coordi-
nate. In particular, it makes the deviation increase and
has a diversification property. The J23 also operator has
the same property, although it does not change the corre-
lations between the different coordinates. Thus, the un-
fair average crossover and the R3 operator are expected
to have a high capacity of exploration in combination
with the cohesion property of the selection toward the
global maximum fitness values [Qi and Palmieri, 1994a].

We investigated the change of the population density
through the crossovers. As results, it was shown that the



crossovers included by our framework does not change
the mean values of the population density, and it propor-
tionally changes the covariances dependent on the prob-
ability of the crossover operations.

As future problems, we must investigate the time evo-
lution of the population density through the selection,
crossover, and mutation. Furthermore, we must investi-
gate the change of the fitness in the population through
the time, and clarify the convergence properties and the
conditions for the convergence in the crossover.

Acknowledgment

The author would like to thank Dr. Katsunori Shimo-
hara at ATR Human Information Processing Research
Laboratories for support.

References

[Booker, 1992] Lashon B. Booker. Recombination Dis-
tributions for Genetic Algorithms. In FOGA-92, Pro-
ceedings of Workshop on the Foundations of Genetic
Algorithms and Classifier Systems, pages 29-44, Mor-
gan Kaufmann, 1992.

[Davis, 1990] Lawrence Davis. HANDBOOK OF GE-
NETIC ALGORITHMS. Van Nostrand, 1990.

[Davis and Principe, 1993] Thomas E. Davis and Jose
C. Principe. A Markov Chain Framework for the Sim-
ple Genetic Algorithm. Evolutionary Computation,
1(3):269-288, 1993.

[Dawid, 1994] Herbert Dawid. A Markov Chain Anal-
ysis of Genetic Algorithms with a State Dependent
Fitness Function. Complex Systems, 8:407-417, 1994.

[Nix and Vose, 1992] Allen E. Nix and Michael D. Vose.
Modeling genetic algorithms with Markov chains. An-
nals of Mathematics and Artificial Intelligence, 5:79-
88, 1992.

[Nomura and Miyoshi, 1995] Tatsuya Nomura and Tsu-
tomu Miyoshi. Numerical Coding and Unfair Average
Crossover in GA for Fuzzy Clustering and their Ap-
plications for Automatic Fuzzy Rule Extraction. In
Proc. IEEE/Nagoya University WWW'95, pages 13-
21, Nagoya, Nov 1995. Nagoya University.

[Nomura and Miyoshi, 1996] Tatsuya Nomura and Tsu-
tomu Miyoshi. Numerical Coding and Unfair Aver-
age Crossover in GA for Fuzzy Rule Extraction in
Dynamic Environments. In Fuzzy Logic, Neural Net-
works, and Evolutionary Computation (Lecture Notes
in Artificial Intelligence 1152), pages 55-72, Springer-
Verlag Berlin Heidelberg, 1996.

[Nomura, 1997] Tatsuya Nomura. An Analysis on Lin-
ear Crossover for Real Number Chromosomes in an
Infinite Population Size. In Proc. ICEC'97, pages 111-
114, Indianapolis, April, 1997.

[Qi and Palmieri, 1994a] Xiaofeng Qi and Francesco
Palmieri. Theoretical Analysis of Evolutionary Algo-
rithms With an Infinite Population Size in Continu-
ous Space part |: Basic Properties of Selection and

Mutation. [EEE Transactions on Neural Networks,
5(1):102-118, 1994.

[Qi and Palmieri, 1994b] Xiaofeng Qi and Francesco
Palmieri. Theoretical Analysis of Evolutionary Algo-
rithms With an Infinite Population Size in Continuous
Space part |l: Analysis of the Diversification Role of
Crossover. |EEE Transactions on Neural Networks,
5(1):120-129, 1994.

[Radcliffe, 1991] Nicholas J. Radcliffe. Forma Analy-

sis and Random Respectful Recombination. In Proc.
ICG A '91, pages 222-229, 1996.

[Rudolph, 1994] Giinter Rudolph. Convergence Analysis
of Canonical Genetic Algorithms. IEEE Transactions
on Neural Networks, 5(1):96-101, 1994.

[Rudolph, 1996] Giinter Rudolph. Convergence of Evo-
lutionary Algorithms in General Search Spaces. In
Proc. ICEC'96, pages 50-54, Nagoya, May 1996.

NOMURA 941



