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Abstract

We formalize the localization [1, II, §4] of a commutative ring R
with respect to a multiplicative subset (i.e. a submonoid of R seen as
a multiplicative monoid).

This localization is itself a commutative ring and we build the natural
homomorphism of rings from R to its localization.
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theory Localization

imports Main HOL— Algebra.Group HOL— Algebra.Ring HOL— Algebra. AbelCoset
begin

Contents:
e We define the localization of a commutative ring R with respect to a

multiplicative subset, i.e. with respect to a submonoid of R (seen as a
multiplicative monoid), cf. [rec-rng-of-frac].

o We prove that this localization is a commutative ring (cf. [crng-rng-of-frac])
equipped with a homomorphism of rings from R (cf. [rng-to-rng-of-frac-is-ring-hom)).

1 The Localization of a Commutative Ring

1.1 Localization

locale submonoid = monoid M for M (structure) +
fixes S

assumes subset : S C carrier M



and m-closed [intro, simp] : [zx € S;y e S]] =z ®@ye S
and one-closed [simp] : 1 € §

lemma (in submonoid) is-submonoid: submonoid M S
(proof)

locale mult-submonoid-of-rng = ring R + submonoid R S for R and S

locale mult-submonoid-of-crng = cring R + mult-submonoid-of-rng R S for R
and S

locale eg-obj-rng-of-frac = cring R + mult-submonoid-of-crng R S for R (structure)
and S +

fixes rel

defines rel = (carrier = carrier R x S, eq = A(r,s) (r';s'). 3t€S. t @ ((s'® r)
o (s®r’)) =0)

lemma (in abelian-group) minus-to-eq :
assumes abelian-group G and z € carrier G and y € carrier G and z © y =0
shows z = y

(proof)

lemma (in eg-obj-rng-of-frac) equiv-obj-rng-of-frac:
shows equivalence rel
(proof)

definition eg-class-of-rng-of-frac:: - = 'a = 'b = -set (infix |1 10)
where r |, s = {(1', s') € carrier rel. (v, s) .=y (', ')}

lemma class-of-to-rel:
shows class-of yo; (7, 8) = (7 | e 9)

(proof)

lemma (in eg-obj-rng-of-frac) zero-in-mult-submonoid:
assumes 0 € S and (r, s) € carrier rel and (r’, s') € carrier rel
shows (7 [ye; 8) = (17 |per 8°)

(proof)

definition set-eg-class-of-rng-of-frac:: - = -set (set’-class’-of1)
where set-class-of po; = {(r | o1 8)| 7 5. (7, 8) € carrier rel}

lemma elem-eq-class:
assumes equivalence S and z € carrier S and y € carrier S and z .=g y
shows class-of g © = class-of g y

(proof)

lemma (in abelian-group) four-elem-comm:
assumes a € carrier G and b € carrier G and ¢ € carrier G and d € carrier



G
shows a © c® bSO d=aPdPbOS cOd
(proof )

lemma (in abelian-monoid) right-add-eq:
assumes a = b
shows c ® a=c® b
(proof)

lemma (in abelian-monoid) right-minus-eq:
assumes ¢ = b
shows cca=co b
(proof)

lemma (in abelian-group) inv-add:
assumes a € carrier G and b € carrier G
shows © (e ®b)=0a0 b
(proof)

lemma (in abelian-group) right-inv-add:
assumes a € carrier G and b € carrier G and ¢ € carrier G
shows cS acb=cS (a® D)
(proof )

context eg-obj-rng-of-frac
begin

definition carrier-rng-of-frac:: - partial-object
where carrier-rng-of-frac = (carrier = set-class-of )

definition mult-rng-of-frac:: [-set, -set] = -set
where mult-rng-of-frac X Y =

let /' = (SOME z. z € X) in

let y = (SOME y. y € Y) in

(fst 2’ ® fst y)|per (snd 2’ @ snd y')

definition rec-momnoid-rng-of-frac:: - monoid
where rec-monoid-rng-of-frac = (carrier = set-class-of o, mult = mult-rng-of-frac,
one = (1] 1))

lemma member-class-to-carrier:
assumes ¢ € (7 |, s) and y € (77 |, §)
shows (fst z ® fst y, snd © @ snd y) € carrier rel
(proof )

lemma member-class-to-member-class:
assumes ¢ € (7 |, s) and y € (77 |, §)
shows (fst £ @ fst y |pe; snd © @ snd y) € set-class-of e
(proof )



lemma closed-mult-rng-of-frac :
assumes (r, s) € carrier rel and (¢, u) € carrier rel
shows (r ¢ s) Qrec-monoid-rng-of-frac (¢ [rer ) € set-class-of ¢

(proof)

lemma non-empty-class:
assumes (r, s) € carrier rel

shows (r |r¢ 5) # {}
{proof)

lemma mult-rng-of-frac-fundamental-lemma:

assumes (r, s) € carrier rel and (r', s') € carrier rel

shows (7 |, $) Qrec-monoid-rng-of-frac (' lrer ) = (r @ 71" | s ® 8
(proof)

lemma member-class-to-assoc:

assumes ¢ € (7 |, s) and y € (¢ |y v) and z € (v |, W)

shows ((fst z ® fst y) @ fst z |, (snd 2 @ snd y) @ snd z) = (fstz @ (fst y ®
fst 2) |yep snd z @ (snd y @ snd z))

(proof)

lemma assoc-mult-rng-of-frac:
assumes (r, s) € carrier rel and (¢, u) € carrier rel and (v, w) € carrier rel
shows ((r |, $) Qrec-monoid-rng-of-frac (L lrer w)) Qrec-monoid-rng-of-frac (v |rer
w) =
) (r |rel s) ®rec—m0noid—rng—0f—fmc ((t ‘rel u) ®rec—monoid—rng—0f—frac (v |rel
w
(proof)

lemma left-unit-mult-rng-of-frac:
assumes (r, s) € carrier rel
shows 1

{proof)

rec-monoid-rng-of-frac ©rec-monoid-rng-of-frac (7 lrer 8) = (7 |per )

lemma right-unit-mult-rng-of-frac:
assumes (r, s) € carrier rel
shows (7 |, 5) ®

{proof)

1

rec-monoid-rng-of-frac +rec-monoid-rng-of-frac = (r |rel s)

lemma monoid-rng-of-frac:
shows monoid (rec-monoid-rng-of-frac)

(proof)

lemma comm-mult-rng-of-frac:

assumes (r, s) € carrier rel and (r', s’) € carrier rel

shows (7 |, s) Orec-monoid-rng-of-frac (r'lrer8) = (" |yer 8) Orec-monoid-rng-of-frac
(7 e )

(proof)



lemma comm-monoid-rng-of-frac:
shows comm-monoid (rec-monoid-rng-of-frac)

{proof)

definition add-rng-of-frac:: [-set, -set] = -set
where add-rng-of-frac X Y =
let 2/ = (SOME z. z € X) in
let y' = (SOME y. y € Y) in
(snd y' @ fstz' @ snd z’ @ fst y’) |y (snd ' @ snd y')

definition rec-rng-of-frac:: - ring

where rec-rng-of-frac =
(carrier = set-class-of pp, mult = mult-rng-of-frac, one = (1|1 1), zero = (0 |,
1), add = add-rng-of-frac )

lemma add-rng-of-frac-fundamental-lemma:

assumes (r, s) € carrier rel and (r', s’) € carrier rel

shows (7 [ s) 697”ec—1"ng—0f—f1"ac (r' ‘Tel sh=@B"@reser |7‘el s ® s')
(proof)

lemma closed-add-rng-of-frac:
assumes (r, s) € carrier rel and (r', s') € carrier rel
shows (7 [y 5) Srecrng-of-frac (7' Irel s') € set-class-of |
(proof )

lemma closed-rel-add:
assumes (r, s) € carrier rel and (r', s') € carrier rel
shows ('@ r @ s ® r', s ® s') € carrier rel

(proof)

/

lemma assoc-add-rng-of-frac:
assumes (r, s) € carrier rel and (r', s’) € carrier rel and (r”, s”') € carrier rel

shows (7 [, $) Drec-rng-of-frac (7" lrer s7) Drec-rng-of-frac (1" e 8") =
(7 lrer 8) Drec-rng-of-frac ((r" [rer s") Drec-rng-of-frac (r" |rer 8"))

(proof)

lemma add-rng-of-frac-zero:
shows (0 |, 1) € set-class-of

{proof)

lemma [-unit-add-rng-of-frac:

assumes (r, s) € carrier rel

shows Orec—rng—of—fmc Drec-rng-of-frac (1 lrer ) = (7 |per 8)
(proof)

lemma r-unit-add-rng-of-frac:
assumes (r, s) € carrier rel

shows (7 |, $) Drec-rng-of-frac Orec-rng-of-fmc = (7 lyer 8)



(proof)

lemma comm-add-rng-of-frac:
assumes (r, s) € carrier rel and (r', s') € carrier rel
shows (7 | 5) Drec-rng-of-frac (1" lrer 8) = (r" rer 8) Drec-rng-of-frac (7 e 8)

(proof)

lemma class-of-zero-rng-of-frac:
assumes s € S
shows (0 [, s) = Orec-rng-of-frac
(proof)

lemma r-inv-add-rng-of-frac:

assumes (r, s) € carrier rel

shows (7 |, $) Drec-rng-of-frac (© 7 [rer 8) = Orec—rng—of—fmc
(proof)

lemma [-inv-add-rng-of-frac:
assumes (r, s) € carrier rel
shows (S 1 [ ) Drec-rng-of-frac (7 lrer 8) = Orec-rng-of-fmc

(proof)

lemma abelian-group-rng-of-frac:
shows abelian-group (rec-rng-of-frac)

(proof)

lemma r-distr-rng-of-frac:
assumes (r, s) € carrier rel and (r’, s’) € carrier rel and (r”, s’") € carrier rel
shows ((7 |¢ $) Drec-rng-of-frac (1" |rer 5) Orec-rng-of-frac (1" ey 8") =
(7 lrer 8) Orec-rng-of-frac (r"" lrer 8" Drec-rng-of-frac (1" |rer 8") Orec-rng-of-frac
(r"" |per s

(proof)

lemma I[-distr-rng-of-frac:
assumes (r, s) € carrier rel and (r’, s') € carrier rel and (r”, s’") € carrier rel
shows (1" [,¢; s") @ rec-rng-of-frac ((r lrer s) Srec-rng-of-frac (r' lper 87) =
(r" |yer ") Qrec-rng-of-frac (7 [rer 8) Drec-rng-of-frac (r'" lrer s") Orec-rng-of-frac
(r" lper 8")
(proof)

lemma rng-rng-of-frac:
shows ring (rec-rng-of-frac)
(proof)

lemma crng-rng-of-frac:
shows cring (rec-rng-of-frac)
(proof)

lemma simp-in-frac:



assumes (r, s) € carrier rel and s’ € S
shows (7 |01 8) = (8" ® 7 |01 8" ® )
(proof )

1.2 The Natural Homomorphism from a Ring to Its Local-
ization

definition rng-to-rng-of-frac :: ‘a = ('a x 'a) set where

rng-to-rng-of-frac v = (r |, 1)

lemma rng-to-rng-of-frac-is-ring-hom :
shows rng-to-rng-of-frac € ring-hom R rec-rng-of-frac
(proof)

lemma Im-rng-to-rng-of-frac-unit:
assumes z € rng-to-rng-of-frac S
shows z € Units rec-rng-of-frac
(proof)

lemma eq-class-to-rel:
assumes (r, s) € carrier R x S and (r/, s') € carrier R x S and (r |, $) =

(" Irer s7)
shows (7, s) .= (r', s')
(proof)
lemma rng-to-rng-of-frac-without-zero-div-is-inj:
assumes 0 ¢ S and Va € carrier RVb € carrier R. a @ b=0—a =0V b
=0
shows a-kernel R rec-rng-of-frac rng-to-rng-of-frac = {0}

(proof)

end

end
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