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1 Introduction

A k-uniform hypergraph H = (V, E) on vertex set V = [n] is a collection E = {ej,ea,...,em}
where e; € (‘g), 1 < i < mi.e. each e; is a k-element subset of V. A factor or perfect matching
of H is a set of disjoint edges e;,i € I that partition V. The existence of a perfect matching or
1-factor requires that n is a multiple of k. When k = 2 this reduces to the ordinary notion of a
perfect matching in a graph.

Next let Hy, ;.1 denote the uniform random hypergraph where E is a random m-subset of (‘2) and
let H,, ). denote the random hypergraph where each element of (Z) is included independently with
probability p.

Theorem 1.1. [Johannson, Kahn, Vu/
Fixz k > 2. Then there exists a constant K > 0 such that if m > Knlogn then

lim P(Hgp m:k has a factor) = 1.

n—oo

In the following, K will be taken to be sufficiently large that all inequalities involving it are valid.

2 Proof of Theorem 1.1

Assume from now on that k divides n and let ej,eq,...,en, N = (Z) be a random ordering of
the edges of Hj p, the complete k-uniform hypergraph on vertex set V = [n]. Let H; = Hy,, —
{e1,...,¢;} and E; = E(H;) and m; = N —i = |E;|.

H; is distributed as H,, ,,,.x and the idea is to show that w.h.p. H; has many factors as long as
m; > Knlogn.

For a k-uniform hypergraph H = (V, E), where k | |V| we let F(H) denote the set of factors of H
and

B(H) = |F(H)|.
Let F; = F(H;). Then
B B i ) (1
|Ft‘ - “FO‘ |f0| ’ft—1| - “FO‘(l 51) (1 Et)



or
t
log | Fi| = log | Fo| + Zlog(l - &).
i=1

where

= k_lnlogn—O(n). (2.1)

n!
log | Fo| = log ()P ’

We also have

n/k 1
& == () —/i +1 = kKlogn’ (22)
fori <T =N — Knlogn.
Equation (2.2) becomes, with .
bt = (kgz)_ t,

gm = Z;fy = % <log (Z()Z)— 40 <(Z)1— t)) - % (logplt i) ((Z)l— t>> (2.3)

using the fact that Zfil 1 =log N + (euler's constant) + O(1/N).
For t = T this will give

_ Knlogn
PT—iN
and so .
k—1
Z’yi = nlogn — %loglogn—i—O(n).
i=1

Our basic goal is then to prove that if

t
Ay = {10g\]—}] > log | Fo| — Z’yi — O(n)}
i=1
then
P(A) <n K/ for ¢t < T (2.4)

We need the following notation: Suppose w : A — [0, 00) where A is a finite set. Then

w(A) = |A]! Zw(a), maxw(A) = r;leaj(w(a)’ maxr w(A) = HW
acA

and
medw(A) is the median value of w(a),a € A.

We let V, = (‘T/) For Z € V}, we let w;(Z) = |®(H; — Z)|. Now define property

B; = maxr w;(E;) < L = K12,

< 1 n—1 '
_K1/2 k_l pZ

We also define

R; = For each x € V,

D) - (1 )
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where
D(z,H;) = |{e € E; : x € e} | is the number of edges of H; that contain x.

We consider the first time ¢ < T, if any, where A; fails. Then,

AnA [U R] ! [U AR,

1<t 1<t i<t

U At N ﬂ(Ble)

1<t

We can therefore write

P <./It N m AZ> < Z IP('RZ) + ZP(AszBz) +P (At N ﬂ(BﬂzJ) . (2.5)

1<t i<t 1<t 1<t

The hypergraph H; is distributed as H(n,m;; k), the random k-uniform hypergraph on vertex set

[n] with m; = N — i edges. It is easier to work with H(n,p;; k) where each possible edge occurs
~1/2

independently with probability p;. Now P(H (n,p;; k) has exactly m; edges is Q(m, '~) and so we

2y

2

can use H(n,p;; k) as our model if we multiply the probability of unlikely events by O(m
P(A| B) <P(A)/P(B). It then follows that the Chernoff bounds imply that

P(3i < T :-R;) = O(n K73, (2.6)

This deals with the first sum in (2.5).

We show next that

1
Bi1=&6< ——nn—n0—.
178 K1/2logn

This enables us to use a standard concentration argument to show that Az holds.
We first compute

wii(Bia)= Y., > leer

ecFE; 1 FEF;,_1

:Z%

FeFi_1
Hence, for any e € E;_1,
k
®(Hi—1) = EW¢—1(E1‘—1)
k
> E|Ei—1| max w;_1(F;_1)
kN
> Epi—lwi—1(6)°
Hence,
w;_1(e) Ln L 1
;< < < < 2.7
Si < eIenE%}_(l (I)(Hzfl) ~ kNp;—1 — kKlogn — K1/2 logn ( )
Now define

; {gi—%‘ B;,R; hold for j < i

0 otherwise



and

We show momentarily that
P(X; > n) < e UM, (2.8)

So if we do have B;, R; for i <t < T (so that X; = Zﬁzl(fi —7;)) and X; < n then

: : k—1
;§i<z;%+n§ ? nlogn
i= i=

and hence
t 1 t
— €z = K1/2 logn v § (n)

So,
t

t

log | 74| > log | Fol = Y (£ +&%) > log|Fo| = Y i — O(n).
i=1 i=1

This deals with the third term in (2.5). (If (,_,(B¢R¢) holds then A; holds with sufficient proba-

bility).

Let us now verify (2.8). Note that |Z;| < m and that for any A > 0
P(X, > n) = P(MZAH42) > ) < (it 20)o—hn (2.9
Since Z; = & — ; (or zero) and E(&; | e1,...,ei-1) =viand 0 < ¢ < e = log~! n we have, with h

a sufficiently small positive constant,

. — . 3 3 2 n.
E(e"Zi | ey,... ei_1) <e M <1 Sy &e}w) < eh™ei,
e €

So,
E(eh(Z1+~“+Zt)) < eh2€ Sy v

and going back to (2.9) we get
P(X; >n) < eh2€2§:1 Yi—hn

Now 25:1 vi = O(nlogn) and so putting h equal to a small enough positive constant makes the
RHS of the above less than e~""/2 and (2.8) follows.

It only remains to deal with the second term in (2.5) and show
]P(.A[Rzgl) < n_K/4 (2.10)

For |Y| < k we let
Vk’y:{ZGVk:ZDY}
and

Ci= {maxwi(ka) < max {n_(k+1)<1>(Hi), Qmedwi(Vk,y)} forallY € sz—l}
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This event “replaces” the average of w; by the median of w;. A subtle, but vital idea.

We will prove

Ko
20k!12k"
P(Aleéz) < n_K/S (2.12)

]P)(RZCZBZ) <e€ =n~"0K where 01 = (2.11)

And then use
AiR;B; C AiRiCi URC;B;.
Proof of (2.11)
We make the following assumption: P(R;C;) > ¢, for if not, (2.11) will be trivially satisfied.
Suppose that |V| =n and w : V, » R*. For X C V with |X| < k we let ¢)(X) = maxw(Vj x).

The following lemma is proved in the appendix:
Lemma 2.1. Suppose that for eachY € Vi_1 and ¥(Y') > B we have

n—=k
5

HZ € Viy 1 w(Z) > ;wm}‘ >

Then for any X CV with | X| =k — j and ¢(X) > 291 B we have

'{Z €EVix :w(Z) > ij(X>H > (”gky G _1 ok (2.13)

Applying the lemma with B = (2n)~*~D®(H;) we see that if C; holds then ¢(Y) > B implies that
2medw;(Vjy) > max w;(Vjy) and so

1 —k
HZ €Viy 1 wi(Z) > 2¢(Y)H > -
Putting j = k so that X = () and ¢(0) = max w;(V%),
max w; (V) nk
KeVi=V.g:wi(K)> 22WilVk) L~ 5 2.14
’{ c Vi k.0 W( )— 2k }‘— (k—l)' ( )
where § = 1/2F,
Let
Ef ={e€ E;:wj(e) > dmaxw;(E;)/2}.
We show that (2.14) implies
P(|Ef| < ﬁn’fp- RiCi | < n~ 0K (2.15)
TR T ) ' '
Now (2.14) implies that there are %n vertices x1 such that for %nk_l choices for xo, ..., x5 we have
wi(21,...,2E) > d maxw;(E;). (2.16)



Fix such an 21 and use H(n,p;; k), but condition on R;C; holding. For any xo,...,z; write e =
{z1,...,2}. Then write, for some enumeration of the edges of E; \ {e},

max w;(E; \ {e}) = max {w;(e2),...,W;(em)} = max {wj(ez) + W (e2),..., Wi(em) + W (em)}

where w/(e;) < w;(e) counts factors that include e; and e and w/ (e;) counts factors that include
e; but do not include e. (This statement does not assume that e € E;). Now without conditioning
on the occurence of R;C; we have that {e € E;} is independent of maxw/ (E; \ {e}) and so, using
(2.16) and w; > w/ and the simple inequality P(A | B) < P(A)/P(B) we see that with probability
at least

1 — e 'P(Bin(0n* /K, pr) < 0n/2k!) > 1 — e Ip71720K — 1 _ pp-1-0K

there are 5;n*"1p; sequences zo,...,z) such that e is an edge and w;(e) > d maxw/(E; \ {e}

).
Let xg,...,x) be such a choice. Now maxw;(E;) < w;(e) + maxw/(E; \ {e}) and so w;(e) >
dmax w;(E;)/2 for such o, ...,z (wi(e)/2 > d maxw/ (E; \ {e})/2 and w;(e)/2 > ow;(e)/2).

O K

There are at most n choices for x1 and so with probability 1 —n~ we have that for each choice of

x1 there are %nkilpi choices for xa, ...,z such that {xy,...,zx} is an edge and w;(x1,...,zx) >

d max w;(E;)/2. This verifies (2.15) and we have

2cer; Wile) . Dcen: Wile) S OB & . 5
max w;(E;) max w;(E;) 2 4(k!)? 10k!

| &

which implies property B; if K/2 > 10k!63.
Proof of (2.12)
We need the following two lemmas that are proved in the appendix:

Given y € V we let X(y, H) denote the edge e containing y in a uniformly random factor of H.
We let

h(y, H) == P(X(y, H) =¢) logP(X(y, H) = ¢)
esy

denote the entropy of X (y, H).

Lemma 2.2.
log ®(H) <

For the next lemma let S be a finite set and w : S — R+ and let X be the random variable with

w(z)

w(S)’

P(X =z)=

Let h(X) = =3, cqP(x)logP(x) be the entropy of X.

Lemma 2.3. If h(X) > log|S| — O(1) then there exist a,b € range(w) with a < b < O(a) such
that for J = w~[a,b] we have

|J] = Q(|S]) and w(J) > .Tw(S).



Assume that we have A; and R; and that C; fails at Y. Let e = Y U {z} € Vj satisfy w;(e) =
max w;(Vyy). Note that

wi(e) > n~*FDH(H,) = Pnloglogn) (2.17)
Choose y € V\'Y with w;(Y U{y}) < medw;(V} y) and with h(y, H; — e) maximum subject to this
restriction and set f =Y U {y}. Note that y # = by its definition.

We argue that h(y, H; —e) > log D(y, H; — e) and apply Lemma 2.3 to get J,a,b. Then we take
W =V \ (Y +{x,y}) and for Z € (ﬂl) we let f(Z) = ®(H; — (Y + Z + {x,y}). Then we let
Wo={ZeW: f(Z) € |a,b]}. Then we consider

a= Z f(Z)1z4yep and B = Z f(Z) 1z 4zeE.

ZeWy zZeWy

Because Z, Z' € Wy implies that f(Z)/f(Z’) = O(1) we see that w.h.p. a ~ . But the definitions
imply that
a > .Tw;(e) > 5w;(e) > w;(f) > 5.

Continuing the more detailed argument, we have
wi(e) > 2medw;(Vyy) > 2w;(f).

Since we have A;, we have

: k-1 n
log [ ()] > log [B(Ho)| 3" % — O(n) = Lnlogn + " logps — O(n).
t=1
This and (2.17) implies that
log ®(H; — e) = logw;(e) > ——nlogn + L logp; — O(n) (2.18)

k
But Lemma 2.2 implies that

1
log ®(H; — ) < - > h(z,Hi—e)
zeV\e

and by our choice of y we have h(z, H; —e) < h(y, H; — e) for at least half the z’s in V' \ e and that
for all z € V'\ e we have

h(z, H; — ¢) < log D(z, H; — ¢) < log <(1 +o(1)) (k " 1)p,-> .
This implies that
n n
log®(H; —e) < % <log ((1 +o(1)) (k B 1>p,;> + h(y, H; — e)> . (2.19)
Combining (2.18) and (2.19) we get

h(y,H; —e) > (k —1)logn +logp; — O(1) = log D(y, H; — e) — O(1). (2.20)



Let W =V \ (Y + {x,y}) and for Z € Wj,_; let

wi(Z) = O(H; — (Y U Z U {a, y}).

Then define

wyon W, ={K CV\e: |[K|=k,yec K}
and

wyon Wy ={KCV\f: |Kl=kzeK}
by

wy(K) = wi(K\ {y}) and wo(K) = wi(K \ {z}).

Then X (y, H; — e) is chosen according to the weights w, and X (x, H; — f) is chosen according to
the weights w,. Note also that w,(W,) = w;(e) and w4 (W) = w;(f).

Let a,b € range(wy) C range(w}) be as defined in Lemma 2.3, using (2.20). Then with M =
[Wi—a| = Q(n*1),

Wy(J = Wil[%b]) =

)
M A
3 O(H; — (Y + Z+a+y))zryer = ¥ a;ct™) > 7wy (W) = Tw,(e)
ZCW j=1
|Z|=k—1
O(H;—(Y+Z+z+y))€Ela,b]
M
. _ B W .
Z OH; — (Y + Z+z+y)z42ep = Z%Cl < wo(Wa) = wi(f) < .5wi(e)
ZCW j=1
|Z|=k—1

O(H;— (Y +Z+a+y))€la,b]

The probability of this is n~<(1). This is because M = Q(n*~!) and the a;’s are all within O(1)

of each other and using H(n,p;; k), the C,L.(A), Ci(B) are both collections of independent 0-1 variables
with the same mean p;. This completes the proof of (2.12).
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Appendix

A  Proof of Lemma 2.1

Write N; for the r.h.s. of (2.13). We proceed by induction on ¢, with the case i = 1 given. Assume
X is as in the statement and choose Z € Ho(X) with w(Z) maximum (i.e. w(Z) = ¢(X)). Let



y€ Z X and Y = X U{y}. Then |Y| = v(il) and ¢(Y) = ¢(X) > 2:B(> 22B); so by our
induction hypothesis there are at least N;; sets Z' € Ho(Y) with w(Z') > 20Dy(Y) (= 201 (X)).
For each such Z’, Z'\ {y} is a (v1)-subset of V with ¢/(Z"\ {y}) > w(Z’) > B. So (again, for each
such Z') there are at least (nv)/2 sets Z" € Ho(Z' \ {y}) with

w(Z") 2 $(Z'\ {y})/2 = 2'9(X).

The number of these pairs (Z', Z") is thus at least N;1(nv)/2. On the other hand, each Z’ associated
with a given Z” is Z” \ {u} U{y} for some u € Z”\ (X U{y}); so the number of such Z’ is at most
t — 1 and the lemma follows.

B Proof of Lemma 2.2

This follows from what is referred to as “Shearer’s Lemma,“ or more precisely what Shearer’s proof
actually gives. The lemma may be stated as follows. Suppose that Y = (Y; : i € I) is a random
vector and S a collection of subsets of I (repeats allowed) such that each i € I belongs to at
least ¢ members of S. Then the entropy A(Y) < t7!3 ¢ s h(Ys), where Ys is the random vector
(Y; :i € S). To get Lemma 2.2 from this, let Y be the indicator of the random factor (so that I is
the set of edges of the complete k-uniform hypergraph Hy, ) and S = (S, : v € V), where S, is
the set of edges of H},, containing v.

C Proof of Lemma 2.3

Let
H(X)=1log|S| - K (C.1)
and define C by logC = 4(K + log3). With w = w(95)/|S|, let a« = w/C,b = Cw, L =
wL([0,a)),U = w((b,0]), and J = S\ (LUU). We have

w(L) w(J) w(U)
H(X)S10g3+mlog|L|+Wlog|J\+Wlog|U|. (C.2)

Then we have a few observations. First, |U| < |S|/C implies that the r.h.s. of (C.2) is less than

U
log 3 +log|S|Vv\;((S)) logC

which with (C.1) implies
K +log3
log C
Of course this also implies |U| < |S|/4. Second, combining (C.3) with the trivial w(L) < w(S)/C,
we have (say) w(J) > .7w(S). But then (third) since the r.h.s. of (C.2) is at most
w(J/), ] &

log3~|—logS+7lg
51+ 5(5) 813 Kk

w(U) < w(S) = w(95)/4. (C.3)

< log3 +log|S|+ .7Tlog —

we have

|J| > exp {(.7 YK +1log3) FIS|(=Q(|S))).



