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Abstract

In this survey we study heat kernel estimates of self-similar type on metric mea-
sure spaces with regular volume growth. One of the main results is the dichotomy
phenomenon in such estimates: either they are sub-Gaussian like in the setting of dif-
fusions on fractals, or they have a polynomial tail as the symmetric stable processes in
R™. Despite the probabilistic motivation, all the statements and proofs are completely
analytic.

2000 Mathematics Subject Classification. Primary 47D07, Secondary 58J35, 46E35, 28A80

Keywords and phrases. Heat kernel, metric measure space, maximum principle, heat semigroup

Contents

1 Introduction 2
1.1 Heat kernel in R™ . . . . . . . . . . . . . . e 3
1.2 Heat kernels on Riemannian manifolds . . . . . .. ... ... ... ..... 4
1.3 Heat kernels of fractional powers of Laplacian . . . . . . .. ... ... ... 5
1.4 Heat kernels on fractal spaces . . . . . . . .. .. .. ... . 6
1.5 Summary of examples . . . . . .. .. L Lo 8

2 Abstract heat kernels 8
2.1 Basicdefinitions . . . . . . . . ... e 8
2.2 The Dirichlet form . . . . . . . . . ... 11
2.3 Identifying ® in the non-localcase . . . ... ... ... ... ... ..... 13
2.4 Volumeofballs . . . . . . . . . . e 16

3 Besov spaces 21
3.1 Besovspacesin R™ . . . . . .. .. . 21
3.2 Besov spaces in a metric measure space . . . . . .. ... 22
3.3 Embedding of Besov spaces into Holder spaces . . . . .. .. ... .. ... 23

*Supported by SFB 701 of the German Research Council (DFG).



4 The energy domain 25

4.1 Alocalcase . . . . . . . e 25
4.2 Non-localcase. . . . . . . . . . . .. 29
4.3 Subordinated heat kernel . . . . . . . . ... 30
4.4 Bessel potential spaces . . . . .. .. L L oL 33
5 The walk dimension 34
5.1 Intrinsic characterization of the walk dimension . . . . . . . . . ... .. .. 34
5.2 Inequalities for the walk dimension . . . . . . .. .. ... ... ... ..., 37
6 Two-sided estimates in the local case 43
6.1 The Dirichlet form in subsets . . . . . . . . . . . . . .. ... 43
6.2 Maximum principles . . . . . . . .. 44
6.3 A tail estimate . . . . . . . . ... 44
6.4 Identifying ® in the localcase . . . . . . . . .. . .. ... ... ....... 51

1 Introduction

The amount of research on heat kernels in geometric settings has increased dramatically in
the past decades. It is impossible to give in one article an overview of recent development
of the subject. The diversity of the problems related to heat kernels is well reflected in
recent collections [4], [36], [39].

Already in a first Analysis course, one sees a special role of the exponential function
t — e!. It is not surprising that a far reaching generalization of the exponential function -
an operator semigroup {e‘tﬁ} +>0» Where L is a positive definite operator, plays similarly
an important role in Analysis, Geometry, Probability and other related fields. If operator
L acts in a function space then frequently the action of the semigroup e ** is given by
an integral operator. The kernel of this operator is called the heat kernel of L. Needless
to say that any knowledge of the heat kernel, for example, upper and/or lower estimates,
can help in solving various problems related to the operator L (see, for example, [5],
[16]). If in addition the operator £ is Markovian, that is, generates a Markov process (for
example, this is the case when L is a second order elliptic differential operator), then one
can use information about the heat kernel to answer questions about the process itself
(see, for example, [30] and references therein). A resolution of the Poincaré conjecture
by G.Perel’'man can be viewed as a spectacular example of application of heat kernels in
Geometry.

In this survey we touch only one aspect of the study of heat kernels: what kind of
two sided estimates of self-similar type are possible for a heat kernel in a metric measure
space? This question will be stated more precisely below, after a series of examples, and
is largely motivated by a recent progress in Analysis on fractal spaces (see, for example,
[6], [40]). The results surveyed here were proved in [31], [32], [33]. The purpose of this
survey is to present a self-contained, streamlined account of these results with complete
proofs.



1.1 Heat kernel in R"

The classical Gauss-Weierstrass heat kernel is the following function

(z,y) = —1 ex _—\x _ y‘z
Dt yY) = (47rt)n/2 p At )

where z,y € R™ and ¢t > 0. This function is a fundamental solution of the heat equation
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where A = Y7 | 322 is the Laplace operator. Moreover, if f is a continuous bounded

function on R™ then the function
u(t,z) = / pi(z,y) f (y)dy
solves the Cauchy problem

{ Zoms s

In the modern terms, this also can be written in the form

u(t,:) = exp(—tL) f,

where £ here is a self-adjoint extension of —A in L? (R™) and exp (—t£) is understood in
the sense of the functional calculus of self-adjoint operators. This means that p; (z,y) is
the integral kernel of the operator exp (—tL).

The function p; (z,y) has also a probabilistic meaning: it is the transition density of
the Brownian motion {X;},-, in R™. The graph of p; (x,0) as a function of x is shown on
Fig. 1.
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Figure 1: The Gauss-Weierstrass heat kernel at different values of ¢
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The term J%— determines the space/time scaling: if |z —y|*> < Ct then p; (z,y) is
comparable with p; (y,y), that is, the probability density in the C'v/t-neighborhood of y is
nearly constant.



1.2 Heat kernels on Riemannian manifolds

Let (M, g) be a connected Riemannian manifold, and A be the Laplace-Beltrami operator
on M. Then the heat kernel p; (z,y) is can be defined as the integral kernel of the heat
semigroup {exp (—tL)},~, where L is the Dirichlet Laplace operator, that is, the minimal
self-adjoint extension of —A in L2 (M, ), and p is the Riemannian volume. Alternatively,
pt (z,y) is the minimal positive fundamental solution of the heat equation

ou
ot
The function p; (z,y) can be used to define the Brownian motion {X;},., on M. Namely,

{Xt}tzo is a diffusion process (that is, a Markov process with continuous trajectories),
such that

= Au.

B, (X, € A) = /A pr () da (y)

for any Borel set A C M (see Fig. 2).

Figure 2: The Brownian motion X; hits a set A

Let d(z,y) be the geodesic distance on M. It turns out that the Gaussian type

2
space/time scaling ( Y) appears in heat kernel estimates on general Riemannian mani-
folds:

1. (Varadhan [48]) For an arbitrary Riemannian manifold,

d* (z,y)

ast — 0,
4t

log s (x,y) ~ —

2. (Li & Yau [42]) If (M, g) is a complete manifold with Ric > 0 then

where V (z,7) = u (B (z,r)), B(z,r) being a geodesic ball, ¢,C' are positive con-
stants, and the sign =< means that both < and > take place, but possibly with
different values of C' and c.

3. (Davies [21]) For an arbitrary manifold M, for any two measurable sets A, B C M

[ [ pedn@aut) < M(A)M(B)exp(——d2(i’3)>



4. (Grigor’yan [26]) For an arbitrary manifold M, if for two points xz,y € M and all
t>0

pe(z,z) < fi(t) and pe (y,y) < f2(?)

where f; and f> functions with some regularity properties then, for all ¢t > 0,

d? (z,
70 @exp (-2
Technically, all these results depend upon the following property of the geodesic dis-
tance: |Vd| < 1.
It is natural to ask the following question:

Are there settings where the space/time scaling is different from Gaussian?

1.3 Heat kernels of fractional powers of Laplacian

Easy examples can be constructed using another operator instead of the Laplacian. As
above, let £ be the Dirichlet Laplace operator on a Riemannian manifold M, and consider
the evolution equation

%—l—ﬁﬁﬂu:o,

where 3 € (0,2). The operator £%/2 is understood in the sense of the functional calculus
in L2 (M, i) . Let p; (z,y) be now the heat kernel of £5/2 that is, the integral kernel of
exp (—tﬁﬂﬁ).

The condition 8 < 2 leads to the fact that the semigroup exp (—tﬁﬂ/ 2) is Markovian,
which, in particular, means that p; (z,y) > 0 (if 8 > 2 then p; (x,y) may be signed). Using
the techniques of subordinators, developed in the theory of Markov processes, one obtains
the following estimate for the heat kernel of £5/2 in R™ (see [13] or Section 4.3 below):

_n+B
C (14 lz—y\"P_ ¢ z—y”\ 7
pt(az,y)ﬁtn/ﬂ (1+ Ve = B 1+T . (1.1)
The heat kernel of /£ in R™ (that is, the case 3 = 1) is known explicitly:
2 —yP\ T
& r—y 2 cnt
pt(x,y)zt—z<1+t—2) = - EESYE
2\ 2
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where ¢, =T’ ("TH) /(" +t1)/2 (which is nothing other but the Poisson kernel in the half-
space R’}fl, or the density of the Cauchy distribution in R™ with the parameter ).

As we see, the space/time scaling is given by the term M where 8 < 2. The heat
kernel of the operator £7/2 coincides with the transition density of a symmetric stable
process of index (3, which belongs to the family of Levy processes. The trajectories of this
process are discontinuous, thus allowing jumps. The heat kernel p; (x,y) of such process
is nearly constant in a Ct!'/#-neighborhood of y. If ¢ is large then

B > 112,

that is, this neighborhood is much larger than that for the diffusion process, which is not
surprising because of the presence of jumps. The space/time scaling with 5 < 2 is called
super-Gaussian.



1.4 Heat kernels on fractal spaces

A rich family of heat kernels for diffusion processes has come from Analysis on fractals.
The notion of a fractal has appeared in Physics as a model for disordered media (cf. [43]).
Mathematically, fractals are sets in R™ with certain self-similarity properties. On Fig. 3,
the reader can see the first three steps of the construction procedure of a fractal set called
the Sierpinski gasket (SG), which is similar to the construction of the Cantor set:

NN

Figure 3: Construction of the Sierpinski gasket: one starts with a triangle as a closed
subset of R?, then the open middle triangle is eliminated (shaded on the diagram), and
similar procedures repeat for the remaining triangles, etc.

Hence, SG is a compact connected subset of R?. Using a similar procedure for expand-
ing (see Fig. 4) one obtains the unbounded SG.

Figure 4: The unbounded SG is obtained from SG by merging the latter (at the left lower
corner of the diagram) with two shifted copies and then by repeating this procedure at
larger scales.

We refer the reader to [6], [23], [40] for the details of the construction of fractals.

Barlow and Perkins [12], Goldstein [25] and Kusuoka [41] have constructed by differ-
ent methods a natural diffusion process on SG that has the same self-similarity as SG.
Barlow and Perkins [12] considered random walks on the graph approximations of SG
and showed that, with an appropriate scaling, the random walks converge to a diffusion
process. Moreover, they proved that this process has a transition density p; (z,y) with
respect to a proper Hausdorff measure p of SG, and that p; satisfies the following estimate:



Bz )\ P
e (x,y) < ta%exp <—c (M) & > ’ (1.2)

where d (z,y) = |z — y| and

a=dimyg SG = loi?), J6]
log 2
Similar estimates were proved by Barlow and Bass [8], [9], [10] for a large family of various
fractals, and the parameters o and ( in (1.2) are determined by the intrinsic properties
of the fractal. In all cases, « is the Hausdorff dimension (which is also called the fractal
dimension). The parameter (3, that is called the walk dimension, is larger than 2 in all
interesting examples.
In the case § > 2, the space/time scaling is called sub-Gaussian; the heat kernel
pt (z, ) is nearly constant in C't'/B-neighborhood of z and, for large t,

/8 « $1/2,

- log b > 9.

~ log?2

The physicists call such a diffusion anomalous thus emphasizing that the estimates of the
kind (1.2) are features of very specific singular spaces. However, surprisingly enough, (1.2)
with # > 2 can occur on Riemannian manifolds, although for a restricted range of time t¢.
Indeed, consider the Sierpinski graph, which is obtained similarly to the Sierpinski gasket,
but using enlargement instead of shrinking (see Fig. 5).
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Figure 5: The Sierpinski graph

It is not difficult to believe that the heat kernel p; (z,y) of the simple random walk on
this graph (where t is now an integer) admits the estimate (1.2) in the range

t > max (1,d (z,y))

(see [35], [37]). Now make the Sierpinski graph into a manifold by blowing up the edges.
Then the heat kernel p; (x,y) for the Laplace-Beltrami operator on this manifold also
admit the sub-Gaussian estimate (1.2) for the above range of time. In the opposite case

t < max (1,d(z,y))

the heat kernel satisfies the Gaussian estimate (cf. [11]).



1.5 Summary of examples

Observe now that in all the above examples, the heat kernel estimates can be unified in
one formula as follows:

_C d(z,y)
Dt (Ivy) - ta/ﬂcb <C tl/ﬂ ) ) (13)

where «, 3 are positive parameters and @ (s) is a positive decreasing function on [0, +00).
For example, for the Gauss-Weierstrass function we have o = n, 8 = 2 and

P (s) = exp (—s?).
For diffusions on fractals, we have § > 2 and
_B_
P (s) = exp (—sﬁfl) .
For the symmetric stable process of the index § € (0,2) in R™, we have
® (s) = (145) 7,

where o = n.
In this survey we focus on the following question:

What values of the parameters a, 3 and what functions ® can actually occur in the
estimate (1.3)%

The answer (Theorem 6.7) will be given in the setting of metric measure spaces that
will be described in the next section.

2 Abstract heat kernels

Let (M, d) be a locally compact separable metric space and u be a Radon measure on M
with full support. The triple (M, d, 1) will be called a metric measure space.

2.1 Basic definitions

Definition 2.1 A family {p:},., of measurable functions p(x,y) on M x M is called
a heat kernel if the following conditions are satisfied, for p-almost oll x,y € M and all
s,t > 0:

(1) Positivity: pt (z,y) > 0.

(13) The total mass inequality:

/ pe(z,y)dp(y) < 1. (2.1)
M
(i11) Symmetry: pi(z,y) = pe(y, z).
(tv) The semigroup property:
pesalo.n) = [ pule, 2z )dn(a) (2.2)



(v) Approzimation of identity: for any f € L? := L? (M, i),

/Mw,y)f(y)du(y) L f@) ast—0+. (2.3)

If in addition we have, for py-a.a. x € M and all ¢ > 0,

/ P, y)du(y) = 1 (2.4)
M

then the heat kernel p, is called stochastically complete (or conservative).
Any heat kernel gives rise to the heat semigroup {P;};~, where Py = id and P; for
t > 0 is the operator in L? defined by

Pf(x) = /me,y)f(y)du(y). (2.5)

It follows from (i) — (i) that the operator P; is Markovian, that is, f > 0 implies P;f > 0
and f < 1 implies P;f < 1. It follows that P, is a bounded operator in L? and, moreover,
is a contraction, that is, ||P||;2_,;2 < 1. The symmetry property (iii) implies that the
operator P, is symmetric and, hence, self-adjoint. The semigroup property (iv) implies
that PPy = Py, that is, the family {P;},-, is a semigroup. It follows from (v) that
s-lim P, =id = By
t—0

where s-lim stands for the strong limit. Hence, { P}, is a strongly continuous, symmet-
ric, Markovian semigroup in L?. Conversely, if {P;} is such a semigroup and if it has the
integral kernel p; (x,y) then the latter is a heat kernel in the sense of Definition 2.1.

Given a strongly continuous, symmetric, Markovian semigroup P; in L?, define the
infinitesimal generator L of the semigroup by

Lf := nmﬂ,

t—0 t (2.6)

where the limit is understood in the L?-norm. The domain dom(L) of the generator
L is the space of functions f € L? for which the limit in (2.6) exists. By the Hille—
Yosida theorem, dom(£) is dense in L2. Furthermore, £ is a self-adjoint, positive definite
operator, which immediately follows from the fact that the semigroup {P;} is self-adjoint
and Markovian. Moreover, we have

P, =exp (—tL), (2.7)
where the right hand side is understood in the sense of spectral theory.

Heat kernels arise naturally from Markov processes. Let <{Xt}t20 APz} e M) be a

reversible Markov process on M, and assume that it has the transition density p; (z,y),
that is, a function such that, for all x € M, ¢t > 0, and all Borel sets A C M,

P, (X, € A) = /Mpt () ds ().

Then p; (x,y) is a heat kernel in the sense of Definition 2.1. Furthermore, in this case all
the properties (i) — (iv) are satisfied for all z,y € M rather than for almost all.



All examples of heat kernels considered in Introduction, satisfy Definition 2.1. Now
we can specify our main question as follows:

Let py (x,y) be a heat kernel on a metric measure space (M,d, ) and assume that it
satisfies for all t > 0 and p-a.a. x,y € M the estimate

_C d(z,y)

What values of the parameters o, 3 and what function ® can actually occur in this esti-
mate?

The answer will be given in Theorem 6.7. Before we embark on the study of this
problem, let us show some simple examples of stochastically complete heat kernels that
do not satisfy (2.8).

Example 2.2 (A frozen heat kernel) Let M be a countable set and let {zy}y-, be the
sequence of all distinct points from M. Let {p;},-, be a sequence of reals and define
measure g on M by u({zr}) = p. Define a function p; (z,y) on M x M by

Pt(iﬂay):{ e’

0, otherwise.

We claim that p; (x,y) is a stochastically complete heat kernel. We call it frozen because
it does not depend on time ¢. For example, let us check the approximation of identity: for
any function f € L? (M, i), we have

Bf (x) = /Mpt (@) W) du () = pr (2, 2) £ (@) () = £ (@),

whence the claim follows.
The Markov process associated with the frozen heat kernel is very simple: X; = Xj
for all ¢ > 0 so that it is a frozen diffusion.

Example 2.3 (The heat kernel in H?) The heat kernel of the Laplace-Beltrami operator
on the 3-dimensional hyperbolic space H? is given by the formula

pe(try) = —— T exp (—3—t), (29)

(4rt)3/2 sinh 7 ©
where r = d (z,y) is the geodesic distance between z,y. See [15], [20], [29].
Example 2.4 (The Mehler heat kernel) Let M = R, measure u be defined by

dp = ™ dz,
and the operator £ be given by
2 d 2 d d? d
L=—e" %(em %> :—@—Zx%.

Then the heat kernel of £ is given by the formula

1 233ye_2t — y2

P(=,y) = (2 sinh 2t)'/2 op ( l—e ¥ t) (2.10)

10



Similarly, for the measure ,
du=e " dx

and for the operator

2 d 2 d d? d
et e ) 2 2 9,
L=e (e dm) i T

we have

1 9zye 2t — (m2 4 y2) ot
pt (z,y) = ————= exp — +t].
(27 sinh 2t)/2 ( 1—e ¥

See [19, p.181] and [29].
2.2 The Dirichlet form
Given a heat kernel {p;} on a metric measure space (M,d,p), define for any t > 0 a

quadratic form & on L? by
- P,
& [u] == (“ . t“,u>, (2.11)

where (-, ) is the inner product in L?. An easy computation shows that & can be equiva-
lently defined by

gl = 5 [ [ lule) = o)) dut)dnta)
+% /M (1 — P1(z)) u?(z)du(z). (2.12)
Indeed, by (2.5) we have
w(@) — Pu(z) = u(z)Pl(z) - Pu(z)+ (1 - Pl(z))u(x)
= [ (0l) = o) o)) + (1 = P(a) u o)

whence by (2.11)

afl = 7 [ | @) - ) u@ple i)

1 [ 4= Pa@) a)duto) (213)

Interchanging the variables x and y in the first integral and using the symmetry of the
heat kernel, we obtain also

afl = 7 [ | () - u@) uwmedut)dut)

1

+ /M (1 — P1(x)) v?(z)du(z), (2.14)

and (2.12) follows by adding up (2.13) and (2.14).

11



Note that by (2.1) P,1 < 1 so that the second term in the right hand side of (2.12)
is non-negative. If the heat kernel is stochastically complete, that is, P;1 = 1, then that
term vanishes and we obtain

&l =5, [ [ 1u(@) = u)l mie.p)du(o)dno). (215)

In terms of the spectral resolution {E)} of the generator £, & can be expressed as
follows

01 _ e—t/\
el = [ S —d|Esl},
0
which implies that & [u] is decreasing in ¢ (indeed, this is an elementary exercise to show
that the function t — 2= is decreasing).

Let us define a quadratic form & by

t—0+

Eu] :== lim & [u] = /000 M| Exul|3 (2.16)

(where the limit may be 400 since & [u] > & [u]) and its domain F = dom (&) by
F:={ueL?: £u] < oo}

It is clear from (2.12) and (2.16) that & and &£ are positive definite.
It is easy to see from (2.16) that F = dom(£'/?). It will be convenient for us to use
the following notation:
domg (L) := F = dom(L£/?). (2.17)

The domain F is dense in L? because F contains dom(L). Indeed, if u € dom(L) then
using (2.6) and (2.11), we obtain

€ [u] = lim & [u] = (Lu,u) < co. (2.18)
t—0
The quadratic form & [u] extends to a bilinear form &£ (u,v) by the polarization identity

£ (u,0) = 3 (Elutv] — £ [u—v]).

It follows from (2.18) that &(u,v) = (Lu,v) for all u,v € dom(L).
The space F is naturally endowed with the inner product

&1 (u,v) := (u,v) + € (u,v). (2.19)

It is possible to show that the form £ is closed, that is, the space F is Hilbert.
The fact that P; is Markovian implies that the form £ satisfies the Markov property: if
u € F then @ :=min(uy, 1) € F and E[u] < & [u]. Hence, & is a Dirichlet form (see [24]).

Definition 2.5 The form (£, F) is called local if € (u,v) = 0 whenever the functions
u,v € F have compact disjoint supports. The form (&€,F) is called strongly local if
€ (u,v) = 0 whenever the functions u,v € F have compact supports and u = const in an
open neighborhood of supp v.

12



For example, if p; (x,y) is the heat kernel of the Laplace-Beltrami operator on a com-
plete Riemannian manifold then

€ (u,v) = /M (Vu, Vv)dp

and F is the Sobolev space W4 (M). Note that this Dirichlet form is strongly local because
u = const on supp v implies Vu = 0 on supp u and, hence, & (u,v) = 0.

If p; (x,y) is the heat kernel of the symmetric stable process of index § in R", that is,
L= (—A)’"? then

)= [ [ WEZOCE 00,

|z —y[" P

and F is the Besov space Bg /22 (R™). This form is non-local.

Denote by Cy (M) the space of continuous functions on M with compact supports,
endowed with sup-norm.

Definition 2.6 The form (€, F) is called regular if F N Cy (M) is dense both in F and in
Co (M).

All the Dirichlet forms in the above examples are regular.

2.3 Identifying ¢ in the non-local case

Fix two positive parameters o and 3 and a monotone decreasing function @ : [0, +00) —
[0, +00).

Lemma 2.7 ([33]) Assume that {p:} is a heat kernel on (M,d, n) such that, for all t > 0
and almost all x,y € M,

pia) < e (). (2:20
Then either the associated Dirichlet form & is local or
D (s)>c(l+s)" @ (2.21)
for all s > 0 and some ¢ > 0.

Proof. Consider the bilinear form & on L? (M, i), which is given by

&) = 5 [ [ @) - ) @@ - oW ydudu) (222
M M

+ % /M (1 - Pl(z)) u(z)v(z)du(z) (2.23)

(cf. (2.12)). Let u,v € L* (M, pu) be two non-negative functions with compact disjoint
supports A = suppu and B = supp v, and set

r=d(A,B)>0

13



Figure 6: Functions v and v with disjoint supports

(see Fig. 6).

The integral (2.23) is clearly equal to 0. The integrand in (2.22) vanishes if either both
x,y are outside A or both z,y are outside B. Hence, we can restrict the integration to the
domain where one of the variables x,y is in A and the other is in B. Hence, we obtain,
using the symmetry of the heat kernel,

& (u,0) = / / y) pi(a, y)dp(y)dp(x)
2 / / w(y)v (=) po(z, y)dp(y) du(z)
- / / w(@)o (y) pr(, y)dpu(y)dpu(z). (2.24)
A

If z € A and y € B then d(x,y) > r. Therefore, for almost all x € A and y € B,

1 T
(@) < 5% (75)
which together with (2.24) implies

1 r
& (w)] < S5 ® (575 ) lullaliel (2.25)

(note that |lu||;1 < ,u(A)l/2 |ul|;2 < oo and the same holds for v). If (2.21) fails then
there exists a sequence {si} — oco such that

serﬁ(i) (sx) >0 ask — oo.

Define a sequence {t;} from the condition

n ti/ﬁ'
Then
a+0
sz+ﬂ<1> (sg) = :+—0%3(I) <%> —0 ask— oo,
t t
and (2.25) implies that
&, (u,v) - 0 as k — oo. (2.26)

14



If in addition u,v € F then, by (2.16) and (2.26),

€ (u,v) = lim &, (u,v) =0,
k—o0
whence the locality of £ follows.

Lemma 2.8 ([33]) Assume that {p:} is a heat kernel on (M,d, u) such that, for allt >0

and almost all ¢,y € M,
1 d(z,y)

Then
P (s) < C(1+5)" P (2.28)

for all s > 0 and some C > 0.

Proof. Let u be a non-constant function from L? (M, 11). Choose a ball Q C M where
u is non-constant and let a > b be two real values such that the sets

A={ze€eQ :u(zx)>a} and B={zecQ:u(z)<b}

have positive measures (see Fig. 7).

Figure 7: Sets A and B

If R = diam @ then, by (2.27), we have, for almost all z,y € Q,

1 R
Dt (may) > W(I) (m) )

whence by (2.12)

el = &l 2 g [ [ () - uw) mlenduwdu()
A B
> @R (B) s ()

d R
- t1+a/ﬁ(1) (m) ) (2'29)
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where ¢ > 0. If (2.28) fails then there exists a sequence {s;} — oo such that
sg+’g<19 (sk) = 00 as k — oo. (2.30)

Define a sequence {t;} from the condition

s R
k —_—.
7P
Then
#fb R R (g1) — 00 as k — oo
tllc+a/ﬁ tllc/ﬁ k k '

and (2.29) yields & (u, u) = oo.

Hence, we have arrived at the conclusion that the domain of the form & contains
only constants. Since F is dense in L? (M, p), it follows that L? (M, ) consists only of
constants. Hence, there is a point x € M with a positive mass, that is, u ({z}) > 0. Then
(2.1) implies that, for all ¢ > 0,

(2,0) < —= (2.31)
pt (z,2) < ————. .
p({z})
On the other hand, (2.30) implies ® (0) > 0, whence by (2.27) pi(z,x) — o0 as t — 0,
which contradicts (2.31). =

Remark 2.9 The last argument in the above proof can be stated as follows. If (2.27)
holds with a function ® such that ® (0) > 0, then p({z}) =0 for all x € M. This simple
observation will also be used below.

Corollary 2.10 Assume that the following estimate holds for all t > 0 and almost all
x,y € M:

_C d(z,y)
bt (:C,y) f\ ta/ﬁq) <C +1/8 ) : (232)
Then either the Dirichlet form & is local or
® (s) ~ (1+s)” ) (2.33)

Proof. Indeed, if £ is non-local then, by Lemmas 2.7 and 2.8, the function ® must
satisfy (2.21) and (2.28), whence (2.33) follows. m

2.4 Volume of balls

Let
B(z,r) :={ye M :d(z,y) <r}

be the metric ball in (M, d) of radius r centered at the point x € M.

Theorem 2.11 ([32]) Let p; be a heat kernel on a metric measure space (M,d, ). Let
a, B be positive constants and ®1, Py be monotone decreasing functions from [0,+00) to
[0, +00) such that @1 (s) > 0 for some s > 0, and

/ s%®y (s) % < 0. (2.34)
0



(a) If for p-almost all x,y € M and all t >0

1 d(z,y)
then, for all x € M and r > 0,

w(B(z,r)) < Cr*. (2.36)

(b) If pi (z,y) is stochastically complete and, for p-almost all x,y € M and all t > 0,

1 d(z,y) 1 d(z,y)
ta/ﬂ‘Pl( 175 ) <pt(z,y) < ta/ﬁqb( 1175 (2.37)

then, for all x € M and r > 0,

u(B(z, 7)) >~ r®. (2.38)

Proof. (a) Fix r,t > 0 and consider the following integral

/B(x’r)pt(a:,y) dp(y) = /Mpt (€,9) 1par (v) di (y) -

This definition is not entirely trivial as it requires the following justification. Indeed,
the function F' (z,y) = pt (z,9) 1z, (y) is measurable jointly in x,y so that by Fubini’s
theorem the integral [, F (x,y) du (y) is well-defined for p-a.a. z € M and is a measurable
function of z.

For a fixed ¢t > 0 (the value of ¢ = t(r) will be specified below), choose a pointwise
version of p; (x,y) as a function of z,y. By Fubini’s theorem, there is a subset X C M of
a full measure such, that, for any x € X, the following is true:

1. the function p; (z,y) is measurable in y;

2. the following inequality is satisfied

/ pe(z,y)duly) <1, (2.39)
B(z,r)

which follows from (2.1);

3. the inequality (2.35) is satisfied for p-a.a. y € M.

It follows from (2.39) that, for any = € X,

u(B(z,r)) < (essinf pt(af,y)>1-

yEB(z,r)

Choose € > 0 so that ®; (¢) > 0. Applying (2.35) and choosing t from the identity
r = et'/f we obtain

. 1 r e
yfésBszg)pt(:v,y) > W(I)l (tm) =7 %P (¢),
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whence (2.36) follows with C' = (¢®®; (¢))*. Finally, having proved (2.38) for all z € X,
we obtain (2.38) for all x € M because X is dense in M.
(b) We first show that the upper bound in (2.37) and (2.36) imply that, for p-a.a.

reM,0<t<er?
[ et <
M\B(z,r)

provided € > 0 is sufficiently small (the measurability issues are handled in the same way
as in part (a) so we skip the details). Setting 7, = 2*r and using the monotonicity of ®,
and (2.36) we obtain

N | =

(2.40)

o0

[ wewaw =3[ pi(2,y) dpy)
M\B(z,r) k=0 Y B(z,rk+1)\B(z,rk)

= / t7/%; (75 ) du(y)
k=0 Y B(z,rk+1)\B(z,1) (t”ﬂ)
e —a/B Tk
< ZCTkJrlt o, <t1/5>
k=0
— [ 2Fr\° 2k
_ ! “« ar
= ¢ Z(tl/ﬂ) 02 (tl/ﬂ>
k=0
e a ds
= ¢ " @2(s) 5 (2.41)
%r/tl/ﬁ S

Since by hypothesis (2.34) the integral in (2.41) is convergent, its value can be made
arbitrarily small provided r°/t is large enough, whence (2.40) follows.

From (2.4) (which is true by the stochastic completeness of the heat kernel) and (2.40),
we conclude that the condition 0 < ¢t < er® implies

1
| mlewin) = 5. (2.42)
B(z,r)
whence B
1
w(B(x,r) > = | esssup p(z,y) .
2 yEB(z,r)
Finally, choosing ¢t = er? and using the upper bound
piz,y) < t7Pdy(0) = 1= Pdy (0),
we obtain
p(B(z,r)) = cr?, (2.43)

where ¢ = 1%/8 (&, (0))~!. Combining (2.36) and (2.43), we finish the proof. m

Corollary 2.12 Let a heat kernel p; (x,y) be stochastically complete and satisfy the two-
sided estimate

C d(z,y
Pt (z,y) < ta/,B(I) (c il/ﬁ )) ’ (2.44)

where ® is a monotone decreasing function from [0,+00) to [0,400). Then for all x € M
and r >0,

w(B(z,r)) ~ re. (2.45)
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Proof. Observe first that ® (0) > 0 because otherwise p; (x,y) = 0 for almost all
x,y € M, which contradicts the stochastic completeness. Let us show that ® (s) > 0 for
some s > 0. Indeed, assuming the contrary, we obtain that p; (z,y) = 0 for u-almost all
z # y. The stochastic completeness of p; (z,y) then implies

/ P (z,y) du(y) =1 (2.46)

for p-a.a. x € M, which implies that there is a point € M with a positive mass, that
is,  ({x}) > 0. However, by Remark 2.9, this is impossible in the presence of the lower
bound in (2.44).

Hence, ® (s) > 0 for some s > 0. By Lemma 2.8, we obtain

D(s)<C(1+s)" @, (2.47)

In particular, ® satisfies the condition (2.34) of Theorem 2.11. Hence, (2.45) follows from
Theorem 2.11(b). m

Lemma 2.13 Assume that, for all x € M and r € (0,7¢)
(B (7)) =1,
where a,rg > 0. Then, for any non-empty open set Q C M,
dimg Q = a.
Moreover, for all Borel sets A C M,
i (A) = H (A),
where H* is the Hausdorff measure of the dimension o in M.
Proof. Recall that the Hausdorff measure H® of a Borel subset A C M is defined by

H*(4) = lim H? (4) (2.48)

where
H? (A) = inf {er cAcUB (zi,rs) , x5 € Mr; < 5} . (2.49)
; i
Note that H? (A) increases as £ decreases so that lim. o in (2.48) can be replaced by

SUP¢>0-
It follows from the definition that H® (A) decreases as s increases. This allows to

defined the Hausdorff dimension of A by
dimpg A =sup{s: H*(A) > 0}.

In fact, if there is « such that 0 < H* (A) < oo then a = dimpy A. Indeed, it follows from
(2.49) that if s > « then
H:(A) <& “HZI(A) <& *H*(A)

)

whence H?® (A) = 0.
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Let © now be a bounded non-empty open subset of M and let us prove that 0 <
H® () < co. In fact, it is suffices to prove that

H® () ~ 1 ()

(note that Q contains a ball and is contained in a ball so that 0 < p (2) < 00).
If {B (x;,7;)} is any finite or countable sequence of balls covering © and r; < ro then

p(Q) < ZM(B(%‘,M)) < CZT?-

Taking inf over all such sequences with r; < &, where ¢ < ry, we obtain
w(Q) <CHZ () < CH® ().

To prove the opposite inequality, it suffices to show that, for any ¢ € (0,7¢) there is a
covering of ) by a sequence of ball {B (z;,r;)} such that r; < € and

M(Q)ZCZT’?

where the constant ¢ > 0 is the same for all sets € and for all € € (0,79). For any point
x € Q, there is r, € (0,¢) such that the B (z,r,) C Q. Using the ball covering argument
(see, for example, [17, Lemma 2.6]), it is possible to select a finite or countable sequence
{z;} of points from Q such that the balls B (z;,r;) cover  while the balls B (l‘i, ;117“1-) are
disjoint (where 7; = ry,;). Then

() =D (B (e §ri)) 2 €Yt

which was to be proved.

Finally, let 2 be an arbitrary non-empty open set. Then it can be represented as the
union of a sequence {€;}:-; of bounded open sets. Since H* () > H* (;) > 0 it follows
that dimg (2) > a. On the other hand, if s > a then H®(€;) = 0 which implies that
H? (Q) = 0 and, hence, dimg (2) < a. We conclude that dimg (2) = «, which finishes
the proof.

The above argument yields also that the relation

HO (A) ~ p(A) (2.50)

holds for any bounded open set A C M. Since Borel sets in a metric space can be obtained
from bounded open sets by applying the operation of a monotone limit, which preserves
(2.50), it follows that (2.50) holds for all Borel sets. m

Combining Theorem 2.11(b) or Corollary 2.12 with Lemma 2.13, we obtain the follow-
ing statement.

Corollary 2.14 Assume that either the hypotheses of Theorem 2.11(b) or those of Corol-
lary 2.12 are satisfied. Then

a=dimg M and p~ H®.

Consequently, the parameter « is the invariant of the metric space (M,d), and measure
is determined (up to a factor ~ 1) by the metric space (M,d) alone.
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3 Besov spaces

3.1 Besov spaces in R"

Recall that the Sobolev space VVp1 (R™), where p € [1, +0o0], consists of functions u € LP(R™)
such that % € LP(R™) for all ¢ = 1,2, ...,n, where % is the distributional derivative of
u. It is known that if p € (1,4o0c] then a function u € LP(R") belongs to W, (R™) if and
only if

@)~ ul@)l,
z€R™\{0} |2|
(see [22, pp.277, 279]). Fix p € [1,+0o0], 0 € (0,1) and consider a more general Besov-
Nikol’skii space By ., (R") that consists of functions u € LP (R") such that

Ju(z+2) —u(z)p

| o

< 00

< 00, (3.1)

sup
z€R™,0<z|<1 |Z
and the norm in By . is the sum of |[u[|, and the left hand side of (3.1).
A more general family By  (R") of Besov spaces is defined for any 1 < ¢ < oo but
alongside the case ¢ = oo considered above, we will need only the case ¢ = p < +o00. In
this case, u € By , (R") if u € LP (R™) and

p
//|ua:+zn+pa( 2l drdz < oo, (3.2)

R” R™

with the obvious definition of the norm in Bg’ - Here are some well known facts about
Besov and Sobolev spaces, where we assume 1 < p < 400 (see for example [3]).

L. u € By, (R") if and only if u € LP (R") and

DP (U, 7")
sup ——— < 090,
0sroy TP
where
Dywn)= [ wwﬂmwmwz/lmvwwwwwm.
z|<r

{z,yeR":|z—y|<r}
2. uw € By, (R") if and only if v € L? (R") and
* D d
/ p (U, T) _T < 00
0

rntpo p

Indeed, assuming for simplicity that u is a smooth function with compact support,

we obtain
lu(z + 2) —u(z))” HU(-+2)—UHp
/ ’z|n+pcr dedz = |z|n+po dz
R™ R™

p
_ // luCt2) ~ull® 4 g
z€Sr npa

— / aer( ) )dT'
0 ,rnero

°© Dy (u,r) dr

= (n+p0) 0 rn+po 77
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where S, = {z € R" : |z] = r} and we have used that

Dy, (u,r) = O (r"+p) =0 (7"”'”’") asr —0
Dy(u,r) = O(1) =0 (r"’) asr — occ.

3. For any 0 < 0 < 1 the following relations take place

W; (R") C  B3,(R") C B§(R")
| | (3.3)
domg (—A) C domg (—A)U
3.2 Besov spaces in a metric measure space

Fix @ > 0,0 >0, p € [1,+00) and introduce the following functionals on LP = LP (M, u):

Dywn= [ [ lule) - uwl du@)duty). (3.4)
{z,yeM:d(z,y)<r}
and
(3.5)

Furthermore, for any ¢ € [1,4+00) set

Ny (u) = (/OOO (%)q/p %)p/q. (3.6)

We will need only particular case of (3.6) when p = ¢. In this case, we have

> Dy (u,r) dr

N 0'( ) = TOH‘PO' r .

pp
Forall 1 <p < +oo and 1 < g < +o0o define the space
A7 ={ue LP: N5y (u) < oo}
and the norm in this space by

lullhe =l + Ngzg (u).

The space A, was denoted by Lip (o, p, q) in [38] and by AL? in [47]; the space Ap s was
denoted by WP in [32].

Comparing the equivalent definitions of the Besov spaces in R and Ap’;, we obtain
the following identities:

Ayg (R") = By (R"),0<0<1,
n, 1 n —

Ap,p (R ) - {0}7

APL(RY) = W, (R™),

A”"(R”) = {0}, o> 1
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The definitions of Ay and B, match only for o < 1. For ¢ > 1 the definition of B
becomes more involved whereas the above definition of Ay’ is valid for all o > 0 even if
the space Ay degenerates to {0} for sufficiently large o. With some abuse of terminology,
we refer to Apyy as a Besov space, too.

The fact that D), (u,r) is increasing in r implies that, for any r > 0,

Dy, (u,r) ga-+po " Dy (u, p) dp
ra—i—pcr - a—i—pa
whence Ny (u) < CNpyy (u) and
Ay = ApS (3.8)

It is clear from (3.5) that N, (u) is monotone increasing in o, which means that the
space Ap’% shrinks when o increases. Let us show the same holds also for the spaces Apy
with ¢ < 00, provided the parameter « satisfies the following property:

w(B(z,r)) < Cr® forall x € M and r > 0. (3.9)

Indeed, using (3.9) we obtain, for any u € LP,

Dy(ur) < 2! / / (T (@) + [u ()IP) dp () dps (1)

z,y)<r}
_ op // )P dps (x) dpa (y)
z,y)<r}
_ o / () 1 (B (y,7)) dis ()
M
< Crfulb.

Therefore, the integral (3.6) converges at oo for all u € LP and o > 0, and the condition
Npi (u) < oo amounts to the convergence of the integral at 0. This implies the above
claim that the space Ap} shrinks when o increases.

3.3 Embedding of Besov spaces into Holder spaces
Let us define a Holder space C* = C*(M,d, ) as follows: u € C if!

lullos = ulloo +  esssup DWW (3.10)

z,y € M d(CC,y)/\

0 <d(z,y) <1/3
Theorem 3.1 ([32]) Let (M,d, ) satisfy
p(B(z,r)) =r" (3.11)
for allx € M and r > 0. Then, for any o > /2 and all u € L2,

[ullex < Cllullage, (3.12)

!The restriction d(x,y) < 1/3 in (3.10) is related to the restriction » < 1 in definition (3.5). If (M, d)
satisfies the chain condition (see Definition 5.5 below) then the 1/3 can be replaced by any other positive
constant.
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where
A=o0—a/2.

Consequently, we have the embedding

AT < O

OO
Remark 3.2 From (3.8) it follows that also A3’y — C*.

Proof. For any x € M and r > 0, set

1
wla) = s /B RGIC) (3.13)

We claim that for any u € L?, any 0 < r < 1/3, and all 2,y € M such that d(z,y) < r
the following inequality holds:

lur () — ur(y)] < (JMN;;;;(u)l/Q. (3.14)
Indeed, setting By = B(z, 1), By = B(y, ), we have

1 1
() = oy [ w@n©) = s [ [ w@dutmine)

and similarly

U n)du(n)d
)= iz [, i)
Applying the Cauchy-Schwarz inequality, (3.11) and (3.5), we obtain

@) -t = (g Bl iR /B 2 D) (o))

31 5 /B | /B 2 2 dpr)da(€)

< oy / / [u(€) — u(m)|? du(n)du(€)
{E€meM:d(§,n)<3r}

Cr=22D, (u, 3r)

C TZU_O‘N;:’;(u),

IN

IN

thus proving (3.14).
Similarly, one proves that, for any 0 < r <1/3 and x € M,

|uzr () — ur(z)| < C T N5 (u)2. (3.15)
By the Lebesgue theorem, we have

up () - u(z) asr — 0, for p-a.a. z € M (3.16)
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(this theorem requires the doubling property of the measure, which is true by (3.11)).
Setting r, = 27%r for any k = 0,1,2,... we obtain from (3.15) and (3.16), for u-a.a.
x e M,

u(@) —ur(@)] <Y Jur (@) = up,., (@)
k=0

<o (Z ) Np ()t
k=0
< CrNgZ(u)/2 (3.17)
Applying the Cauchy-Schwarz inequality
Jur ()] < Cr=2|Jull2

and using (3.17) to some fixed value of r, say r = 1/4, we obtain

[u(@)] < fu() = ur(@)| + lur (2)] < C (Jlulla + N5 ()"72),

whence
lulloe < Cllullags (3.18)

Using (3.14) and (3.17), we obtain, for p-a.a. z,y € M such that r := d(z,y) < 1/3,
lu(@) —ul(y)] < lu(@) = up(@)] + Jur (@) = ur(y)] + lup(y) —uly)] < CrNy g ()2,

Hence,
[u(z) — u(y)| a0 [ \1/2
7 7L N5
d(l’, y))\ — ¢ 2,00(“) )

which together with (3.18) yields (3.12). m

4 The energy domain

Recall that a heat kernel p; on a metric measure space (M, d, 1) has the associated energy
form £ and the generator L.

4.1 A local case

The following theorem identifies the domain F of the energy form in terms of Besov spaces.
Theorem 4.1 ([32]) Let p; be a heat kernel on (M,d, ), «, 3 be positive constants, and

®; and P2 be monotone decreasing functions from [0,400) to [0,400).
(a) If the heat kernel satisfies the lower bound

1 d(z,y)

where ®1 (s) > 0 for some s > 0, then, for any u € L* (M, p),

Eul = Nl (w)
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and, consequently, F C Ag’oﬁo/ 2,

(b) If the heat kernel is stochastically complete and satisfies the upper bound

pe(z,y) < tal/,g(I)Z (dﬁ/’ay)>

where
ds

/00 sa+ﬂq>2(s)? < 00, (4.1)

then, for any u € L? (M, ),
£ [u] < ON32* ()

and, consequently, F D Ag”fo/ 2
Corollary 4.2 If the heat kernel is stochastically complete and satisfies the two-sided
estimate (2.37) with functions ®; and ®3 as in Theorem 4.1 then, for any u € L* (M, ),

€ [u] = N322 (w), (4.2)

and, consequently, F = A;‘,’ff.

The identity F = Aa B/2 yras obtained in different setting by Jonsson [38, Theorem 1],
Pietruska-Paluba [44, Theorem 1], and [32, Theorem 4.2].

Let us show the sharpness of the condition (4.1). If 0 < o < 1 then the heat kernel of
the operator (—A)7 in R™ satisfies (2.37) with the function @5 (s) = C (1 + 5) ") where
a =n and 8 = 20 (see Introduction or Lemma 4.4 below). For this function, the condition
(4.1) breaks just on the borderline, and the identity F = Agy’fo/ ? is not valid either. Indeed,

in R™ by (3.3) domg (~A)7 = Bf, that is strictly smaller than B = Agfom. This case
will be covered by Theorem 4.3 below.

As we will see in the proof below (cf. (4.5) and (4.7)), under hypothesis (4.1) we have
in fact

& ] = limsup / / | 0)|2dp(y)d(z). (4.3)
z,y)<r

In particular, this implies that the energy form is strongly local, that is for all functions
u,v € F with compact supports, if u = const in an open neighborhood of the support of v
then & (u,v) = 0 (note that the locality of £ follows also from Lemma 2.7). The operator
(—A)? is not local for 0 < o < 1, and this explains why Theorem 4.1 does not apply to
this operator.

Proof of Theorem 4.1. (a) For a function u € L%, we have by (3.4) and (3.5)

Dy(u,r)

aB/2 0 _
N. (U)— sup 7'04""5 )

2,00
0<r<1

where
Daur)= [ [ (o) - ) duty)ano) (44)
{d(z,y)<r}
It suffices to prove that, for some ¢ > 0 and for all » > 0,
D2 (ua T)
Elu] > ¢ atB
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which would then imply

Dy (u,r) 2,9/2
> —_— > ’ . .
Eu] > 00215 ey N (u) (4.5)

Chose £ > 0 such that ®; (¢) > 0. Let r,¢ > 0 be such that r = et'/5. Using the lower
bound of p; (z,y) and the monotonicity of ®;, we obtain from (2.12) that

£l > 2i / / )21, y) () dps(z)
,y)<7”}
> 1ta/ﬁ+1 (05) / / (v))?du(y)dp(z)
z,y)<r}
1€a+,3
— §ra+ﬁ<1>1(a)D2(u,r),

which was to be proved.
(b) Let us prove that, for any r > 0,

D; (u, /0)
Elul <C sup ———, 4.6
[u] S ats (4.6)
which would imply
D,
Eu) < Chmsup(—i‘ﬁ) < ONgLP (). (4.7)
r—0+ T

For any positive t,r, we have by (2.15)

gl =g [ [ (@) —uw)Pne i) = A0+ 56 @)
where
An = 5 [ /M\B () ) Rl () (), (4.9
B0 = g [ [ @) w0 (4.10)
To estimate A(t) let us observe that by (2.41)
/ pduy) < €[ oy
M\B(z,r) lrt*1/3 S
< ot 5 h s“+ﬂq>2(s)@, (4.11)
8 J1,-1/8 s
whence by (4.1)
%/ pe(z,y)du(y) =o(t) ast— 0+ uniformly in x € M. (4.12)
M\B(z,r)
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Therefore, applying the elementary inequality (a — b)? < 2(a? + b?) in (4.9) and using
(4.12), we obtain that for ¢ — 0

A(t) < (u(2)? + u(y))pe(x, y)du(y)du(z)

{z,y:d(z,y)=>r}

2
= 7 /M u(x)? (/M\B(M) pt(iﬂ,y)dﬂ(y)) dp(z)
= o(1)|[ul3,

whence

Jim A(t) = 0. (4.13)

The quantity B(t) is estimated as follows using the upper bound of the heat kernel, (4.4),
(4.1), and setting rj, = 27 Fr

B(t) = Z / / \BWH)(u(x)—u<y>>2pt<m,y>du<y>du<x>

< ;ztlja/ﬁ 2(55) [, [, )~ ) an)ine)
< ey () <2'57;>D2i“;;“k> (i14
B [

Finally, (4.6) follows from (4.8), (4.13) and (4.15) by letting t — 0. m

The stochastic completeness in the hypotheses of Theorem 4.1(b) and in Corollary 4.2
is essential. Indeed, consider in R™, n > 2, the operator £L = —A + ¢ (z) where c¢(z) is a
non-negative continuous function in R™ such that

sup/ &dy < 0. (4.16)
zeRn Jrn |z — y|"

It is possible to show (see [29]) that the heat kernel of £ satisfies the Gaussian estimate

(z )viex _CM
Dt Y ’\tn/2 P t )

while the domain of the Dirichlet form is
F= {u € L*(R"): / <|Vu]2 +c(z) u2> dx < oo} .

Clearly, F is strictly smaller than

Ajn, =W; = {u e L? (R") : /

n

\Vul? dz < oo} ,
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provided function ¢ (z) is unbounded. It is easy to see that there exists an unbounded
function ¢ (z) that satisfies (4.16). Indeed, let ¢y (z) be any non-zero non-negative function
from C§° (R™); any such function clearly satisfies (4.16). Choose a sequence {zj}p; in
R™ such that x;, — oo as k — oo and set

c(2) = 3 Keo (k(x — 1),
k=1

where § € (0,1). Then we have

o0

k _
Sup/ C(yl_2dy < Zka Sup/ co (k(y ngc))dy
zeR™ JR™ |x — y| =1 TER™ n |33 - y|

o0
k
= Zka sup/ —CO( 3i)_gdy
] werRnJRre |z —y|

o0

= Zk5 sup k:”/ Qe (2) z
= zeRn R |z — 2/k[" 72

= Zk‘s sup k‘_"kn_Q/ ) dz
R

n ’:1: o Z|n—2

k=1 TER"
o0

= Zk‘sf2 sup/ _QE (Zzi2dz
P zeRn JRn |T — 2|

< 0oQ.

4.2 Non-local case

The following theorem identifies the domain F in the case of non-local form.

Theorem 4.3 ([27]) Let p; be a stochastically complete heat kernel on (M, d, u) satisfying
estimate (2.37) with functions ®1 and P9 such that

By (s)~s O fors>1 and By(s) <Cs P fors>0. (4.17)

Then, for any u € L? (M, i),
a,(3/2
€ [u] =~ N3y (u) (4.18)

_ A@B/2
and, consequently, F = A2,2 .

The hypotheses (4.17) are satisfied provided the heat kernel admits the estimate

1 d(z,y —(a+8)
pt (z,y) ~ e (1 + 151/5 )) . (4.19)

In the next Section 4.3, a class of heat kernels satisfying (4.19) will be described.
Proof. The proof is similar to that of Theorem 4.1. Fix a decreasing geometric
sequence {7y}, .z and observe that by (3.7)

B/2 Dy (u,ry)
Noy ! (w) = Y =5
kez Tk
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Using (2.15) and the upper bounds in (2.37) and (4.17) we obtain

2wf = 1Y / / (ule) — u(y))*pi(, 9)du(y)du(z)
keZ B(z,ri)\B(z,m k1)
1 7“
< S (5 [, fons, 8 ~ 20 )02
(z,rg a:rk+1
1 Tk+1
= kz Tra/B 22 (tl/ﬁ ) Da (u, )
Dy (u,ry)
< CZ a+,8
keZ
< CN2,£/2 (u) )
whence
£ [u] = lim & [u] < ONgy"? (u). (4.20)

Similarly, using the lower bound in (2.37), we obtain
1 Tk+1 5
28 [u] > Z t1+a/ﬁ tl/ﬁ / / o\ Bl (u(z) — u(y))*dp(y)dp(z)
1 TE+1
Z tl+a/ﬁ<b1 (th ) (D2 (u, ) — D2 (u,rk+1))
keZ
- 1 Tk+1 Tk
B k% ti+a/p (q)l (tl/ﬁ) —h (W)) Dy (u, 7). (4.21)

The first part of the hypothesis (4.17) implies that there exists a large enough number a
such that

od} (2) >2®;(s) Vs>a.

Setting 7, = a~*, we obtain from (4.21) and (4.17)

1 Tk D; (u, k)
2 fita/p o1 (tl/ﬁ> Dy(wr)ze ) R
{k:rk>at1/5} {k:rk>at1/5} k

gt [u] Z

N =

Letting t — 0, we conclude
D
£lu] = lim&iu] > ey =225 k) o NP ().
keZ

which together with (4.20) finishes the proof. m

4.3 Subordinated heat kernel

Let ¢ be a non-negative continuous function on [0,+o00) such that ¢ (0) = 0, and let
{M¢}4> be a family of non-negative continuous functions on (0,+o00) such that for all
t>0and A >0

exp (—te (A)) = /000 n; (s) e *ds. (4.22)
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Then, for any heat kernel p; on a metric measure space (M, d, i), the following expression

¢ (2,9) = /0 " e (5) ps () ds (4.23)

defines a new heat kernel {q;},., on M, which is called a subordinated heat kernel to p;
(and 7, is called a subordinator). Indeed, applying (4.22) to the generator L of p; we
obtain

exp (~tp(0) = [ (s) Puds.

Comparing to (4.23) we see that q; is the integral kernel of the semigroup {e‘t“’(ﬁ)}bo
generated by the operator ¢ (£). Since {e‘t“’(‘:)} >0 18 @ self-adjoint strongly continuous
contraction semigroup in L?, the family {g;},., satisfies the properties (iii) — (v) of Defi-
nition 2.1. Let us show that ¢; satisfies also (¢) and (i¢). Indeed, the positivity of ¢; follows
from 7, > 0, and the total mass inequality from

[ aewam = [Tao ([ penam)as [Tn@as-1 @

where the last identity is obtained from (4.22) by taking A = 0. Hence, {g;},., is a
heat kernel. It follows from (4.24) that ¢; is stochastically complete if and only if p; is
stochastically complete.
For example, it follows from the definition of the gamma-function that, for all ¢ > 0
and A > 0,
1

exp (—tlog (14+ X)) = (1+ )\)—t = F_(t)/ stle=s(1+N) g,
0

1

which takes the form (4.22) for ¢ (A\) = log (1 + \) and n, (s) = St;(—f)fs Therefore, the

operator log (I+ L), that generates the semigroup { (I + E)_t}t>0, has the heat kernel

T[>, .
qt(ﬂc,y)zr—(t)/0 s e 5ps (z,y) ds.

It is well known that for any ¢ € (0,1) there exists a subordinator n, = ngé) such that
(4.22) takes place with ¢ (A\) = X°. In this case, (4.23) defines the heat kernel g; of the
operator £9.

For example, if § = % then

7D () = —— exp <‘t_> ‘
¢ V4msd 4s

For any 0 < 0 < 1, the function 171(55) (s) possesses the scaling property

@ n_ L @5
Nt (3)—m771 <m>=

and satisfies the estimates

) (s) < Cams Vsit>0, (4.25)
t
i) = o Vst >0 (4.26)
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As s — 0+, 1756) (s) goes to 0 exponentially fast so that for any v > 0

/000 5_77755) (s)ds < o0 (4.27)
(see [50] and [14]).

Lemma 4.4 ([27]) Let a heat kernel p; satisfy the estimate (2.37) where ®1 () > 0 for
some & > 0 and ®o satisfies the condition

/ - ctB o, (5)%5 < o0, (4.28)
0

where 3 = 683, 0 < § < 1. Then the heat kernel q; (x,y) of operator L° satisfies the
estimate

1 dy)\" et
q (z,y) ~ ——= <1+ - ) ~min |t ", ——mM—— |, (4.29)
: o/ 1178 1)

for p-a.a. z,y € M and t > 0.

Proof. Chose ¢ > 0 such that ®; (¢) > 0. Using (4.23), (2.37), (4.26) and setting
r =d(x,y), we obtain the lower bound in (4.29) as follows:

° 1 r (5)
> - _
«(@y) 2 /max(tl/é,(r/s)ﬁ) Sa/ﬂq)l <sl/5) m (s)ds

&0 1 t
> cd ——d
> P (¢) /max(tl/‘s,(r/a)ﬁ) g0/B gt ®
—(/B+90)

= ctmax <t1/‘5, (r/a)ﬁ) (
> ¢ min (t_a/ﬂ/,tr_(o‘+ﬁ/)) .
Similarly, using (4.23), (2.37), (4.25), we obtain
<1 r ()
@ (z,y) < /0 W‘I)z (m) n (s)ds

t
< C/ Sa/ﬁ 1/5) 51+5d3

d
- O [ em© T

By (4.28) the above integral converges, whence

a (z,y) < C—— (4.30)

a+ﬁ' ’

On the other hand, using the upper bound p, (z,y) < Cs~*/# and the change 7 = s/t'/%
we obtain

(z,y) < C/ a/gnt t‘a/(ﬁ‘”/ —7a (1)dr < ct=/% (4.31)

where the last inequality follows from (4.27). Combining (4.30) and (4.31) we obtain the
upper bound in (4.29). =
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Corollary 4.5 ([27], [46]) If p: (z,y) is a stochastically complete heat kernel that satisfies
the hypotheses of Lemma 4.4, then

domg (£%) = A3Y /. (4.32)

Proof. By Lemma 4.4, the heat kernel ¢; of the operator £° satisfies the estimate
1 d(z,y)
qt (.’L’,y)_ ta/ﬂ/¢ < tl/IB/ )

®(s) = (1+s) )

Since ¢ is stochastically complete, Applying Theorem 4.3 to the heat kernel ¢; and its
generator £° we obtain (4.32). m

where

4.4 Bessel potential spaces

Let p; be a heat kernel on a metric measure space (M,d, ) and let £ be its generator.
Since £ is positive definite, the operator (I+ £)~° is a bounded operator in L? for any
s > 0. This operator is called the Bessel potential.

Fix 8 > 0, and for any o > 0 define the Bessel potential space H? as the image of
(I+£)"/" that is

H? == (1+£)"/%(L?) = dom (1 + £)°/7,

with the norm
[l me == || T+ L£)75 ul.

This definition of H? depends on the parameter 8. A priori the value of 3 is arbitrary
but normally [ is taken the same as in (2.37) assuming that (2.37) holds. For example,
for the Gauss-Weierstrass kernel in R™ we take 0 = 2. In this case £ = —A and it is easy
to see that H? (R™) consists of functions u € L? (R™) such that

@R (1) de < o

where w is the Fourier transform of u. Of course, this coincides with the classical definition
of the fractional Sobolev space H? (R"™).

The purpose of this section is to prove an embedding theorem for the space H? in a
special case when a < (.

Lemma 4.6 For any o > 0 we have H° = dom(L?/7).

Proof. Indeed, let {E)},.g be the spectral resolution of the operator L. Setting
s =0/, we have

H° = dom(I+L)° = {u e L*: / (1+ 1) d||Exul* < oo}
0

o0

= {u cL?: / A% d|| Exul? < oo}
0

= dom(L?),

which was to be proved. m
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Theorem 4.7 ([32]) Assume that a heat kernel p; is stochastically complete and satisfies
the two sided estimates (2.37) where a < 3, function ®1 is such that ®1 (s) > 0 for some
s > 0, and P4 satisfies the condition

e d
/ sTB®, (s) Y < .
0 S
Then, for any o > a/2 we have
H° < C* where A\ = min(c,3/2) — a/2. (4.33)

Proof. Note that H°—s H° wherever o > o. Therefore, it suffices to prove the
embedding (4.33) for o < (3/2, which will be assumed below.

By Corollary 4.2 we have domg (£) = ALP2 and by Corollary 4.5 domg (£%) = Ag’gﬁﬂ

— 12,00

provided § € (0,1). Using Lemma 4.6, we obtain that if o = /2 then

H? = dom <£1/2) = domg (L) = Ag”fo/Q = A7

2,007
and if o < (3/2 then
H? = dom (ﬁa/’g) = domg(ﬁ%/ﬁ) = Ag;

If o > /2 then the both spaces A3’7, and AS3 embed into C* (see Theorem 3.1 and
Remark 3.2), which finishes the proof. m
For further results of this type see [18, Theorem 4.1], [27], [47, Theorem 3.13(a)], [49].

5 The walk dimension

5.1 Intrinsic characterization of the walk dimension

Definition 5.1 Fiz o > 0 and set

8% := sup {ﬁ >0: Agfo/Q is dense in L? (M, u)} . (5.1)

2,00

The number 3% € [0,400] is called the critical exponent of the family {Aa’ﬂ/ Z}ﬂ 0 of
>

Besov spaces.

Note that the value of 3* is an intrinsic property of the space (M, d, u), which is defined
independently of any heat kernel. For example, for R™ with o = n we have §* = 2.

Theorem 5.2 ([32]) Let p; be a heat kernel on a metric measure space (M,d, ).
(a) If the heat kernel satisfies the lower bound
1 d(z,y)
bt (way) > ta/ﬂq)l ( tl/ﬁ ) )

B/2
[e o]

where @1 (s) > 0 for some s > 0, then Ag’ is dense in L? (M, p); consequently,

B< B
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(b) If the heat kernel is stochastically complete and satisfies (2.37), where ®1 is as above
and @y satisfies

S

o0 d
/ sa+ﬁ+8<1>2(s)—s < 00, (5.2)
for some € > 0, then 8 = [3*.

If p; is the heat kernel of the operator (—A)ﬂ/2 in R”, 0 < # < 2, then by (1.1) it does
not satisfy (5.2). In this case, the conclusion of Theorem 5.2(b) is not true either, because
[ is strictly smaller than 8* = 2.

Proof. (a) By Theorem 4.1(a), we have the inclusion F C Ag,’fo/ ®. Since F is always
dense in L2, the conclusion follows.

(b) It suffices to prove that, for any 8’ > (3, the space Ag‘:ﬁ:/ % is not dense in L2. It
suffices to assume that 3’ — 3 is sufficiently small so that the condition (5.2) holds with
e=p -5

Firstly, let us show that u € AJ ’5 /2 implies € [u] = 0. We use again the decomposition
& |u] = A(t) + B(t), where A(t) and B(t) are defined in (4.9) and (4.10) where we set

r = 1. Estimating B(t) similarly to (4.14) but using N2 2912 ipstead of N ’6/2 and (5.2),
we obtain

B(t) < Ci Tk+1 (Tk+1> Dy (u, k)

firarp 223178 )~ ave
2
s Tey1)oHF (Tk;+1> Dy (u, 1)
= Ot Z (tl/ﬁ ) ©; t1/B Toz-f—ﬁ,
k
/ d D
< Ct5/ s P @2(8)—8 sup M
0 s \o<p<1 poth
< OONL (), (5.3)
where 0 is found from the identity
a a+f
1+— = -4,
5 g
that is,
,8,
d=——-1>0.
B

Putting together (4.8), (4.13), and (5.3), we obtain
Efu] < A(t) + CONgL () 50 ast—0,

whence

Elul =lim & [u] = 0.

t—0
Since & [u] < & [u], this implies back that & [u] =0 for all ¢ > 0.
On the other hand, choose s > 0 so that ®; (s) > 0. Then it follows from (2.15) and
the lower bound in (2.37) that

il > oy ® / [ @ - ) Pduduco)

d(z,y)<st'/P}
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which yields u(z) = u(y) for y-almost all z, y such that d(z,y) < st'/?. Since t is arbitrary,
we conclude that u is a constant function.

Hence, we have shown that the space Ag”fo/ % consists of constants. However, as it was
shown in the proof of Lemma 2.8, the constant functions are not dense in L? (M, i), which
finishes the proof. m

Corollary 5.3 If the heat kernel p; satisfies the hypotheses of Theorem 5.2(b) then the
values of the parameters a and [ are the invariants of the metric space (M,d) alone.
Moreover, we have

p~ H* and S:Ngﬁ/z. (5.4)

Consequently, both measure p and the energy form & are determined (up to a factor ~ 1)
by the metric space (M,d) alone.

Proof. By Corollary 2.14, « is the Hausdorff dimension of M and, hence, is the
invariants of (M,d). Furthermore, measure p is comparable with the Hausdorff measure
H® so that measure p in the definition of the Besov spaces can be replaced by H. Hence,
the critical exponent 3* of the family of the Besov spaces is the invariant of the metric space
(M, d) alone. By Theorem 5.2(b), we have § = 3%, which implies that 3 is determined by
(M,d) as well.

The relations (5.4) follow from Corollaries 2.14 and 4.2. Finally, since measure p in

the definition of the seminorm N; ﬁ/ 2

seminorm N; fo/ ? is determined by the metric space structure alone, whence the same
holds for the energy £. =

can be replaced by the Hausdorff measure H®, the

Assume that there are two heat kernels p,@ (z,y), ¢ = 1,2, on a metric measure spaces
(M ,d, ,u(i)) where the underlying metric space (M,d) is the same but measures p(!) and
1® may be different. Let £, ¢ = 1,2, be the corresponding energy forms. Assume
that each heat kernel pgi) satisfies the hypotheses of Theorem 5.2(b) with parameters a®
and ﬁ(i), respectively. Then it follows from Corollary 5.3 that al) = @), ﬂ(l) = ﬁ(Q),

pD ~ 12 and EM ~ £3), Let us show an example of application of this result.

Example 5.4 Consider in R™ the Gauss-Weierstrass heat kernel

( ) _ 1 e _|(13 B y|2
pe(z,y = i) Xp m

and its generator £ = —A in L? (R") with the Lebesgue measure. Then a = n, 8 = 2,
and

£u] = / Vu|? da.

Consider now another elliptic operator in R™:

L= —mtx) i a%- <aij () a%) , (5.5)

4,j=1

where m (z) and a;j (x) are continuous functions, m () > 0 and the matrix (a;; (x)) is
positive definite. The operator £ is symmetric with respect to measure

dpy =m (z) dz,
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and its energy form is
ou Ou

Let d (z,y) = |z — y| and assume that the heat kernel p; (z,y) of L satisfies the conditions
of Theorem 5.2(b). Then we conclude by Corollary 5.3 that o and  must be the same
as for the Gauss-Weierstrass heat kernel, that is, = n and # = 2; moreover, measure p
must be comparable to the Lebesgue measure, which implies that m ~ 1, and the energy
form must admit the estimate

& [u] f:/ \Vul? de,

which implies that the matrix (a;j (x)) is uniformly elliptic. Hence, the operator L is
uniformly elliptic. By Aronson’s theorem (see [1], [45]), we obtain that the heat kernel of
L satisfies the estimate

_C jz —y|? 56
Pt(ﬂf,y)—mexp —CT . (-)

The conclusion is that the estimate (5.6) for the operator (5.5) holds if and only if m ~ 1
and (a;; (x)) is uniformly elliptic (assuming that £ is stochastically complete). As far as
we know, the necessity part of this statement is a new result.

5.2 Inequalities for the walk dimension

Definition 5.5 We say that a metric space (M, d) satisfies the chain condition if there
exists a (large) constant C' such that for any two points xz,y € M and for any positive
integer n there exists a sequence {z;};_, of points in M such that zy = z, z, =y, and

d
d(xi, zit1) < C%, foralli=0,1,...,n — 1. (5.7)

The sequence {z;}; _ is referred to as a chain connecting z and y.

For example, the chain condition is satisfied if (M,d) is a length space, that is if the
distance d(z,y) is defined as the infimum of the length of all continuous curves connecting
x and y, with a proper definition of length. On the other hand, the chain condition is not
satisfied if M is a locally finite graph, and d is the graph distance.

Recall that the critical exponent §* = §*(M,d, 1) of the family of Besov spaces Aggo
was defined by (5.1).

Theorem 5.6 ([32]) Let (M,d, ) be a metric measure space.
(a) If0 < p(B(z,7)) < o0 for allx € M and r >0, and
w(B(z,r)) < Cr® (5.8)
forallz € M and 0 <r <1 then

B> 2. (5.9)
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(b) If the space (M,d) satisfies the chain condition and
w(B(z,r)) ~r® (5.10)
forallx € M and 0 <7 <1 then

B <a+1. (5.11)

Observe that the chain condition is essential for the inequality 8* < o+ 1 to be true.
Indeed, assume for a moment that the claim of Theorem 5.6(b) holds without the chain
condition, and consider a new metric d’ on M given by d’ = d*/” where v > 1. Let us mark
by a dash all notions related to the space (M,d', 1) as opposed to those of (M,d, u).
It is easy to see that o/ = ay and N/ = Ny; in particular, the latter implies 3" = 3*.
Hence, if Theorem 5.6 could be applied to the space (M, d’, u) it would yield 8%y < ay+1
which implies 3* < «a because v may be taken arbitrarily large. However, there are spaces
with 8* > a, for example SG.

Clearly, the metric d’ does not satisfy the chain condition; indeed the inequality (5.7)
implies
d'(z,y)

nl/"f

d(zi,zi41) < C , (5.12)

which is not good enough. Note that if in the inequality (5.7) we replace n by n/7 then
the proof below will give 5* < o + « instead of 8" < a + 1.

Corollary 5.7 Let p; be a stochastically complete heat kernel on a metric measure space
(M,d, i) that satisfies the estimate (2.37) where ®1 (s) > 0 for some s > 0.

(a) If for some e >0
*° d
/ s g, (5) 2 < oo (5.13)
s

then B > 2.
(b) If (M,d) satisfies the chain condition and
/ s9®y (s) ds < 00 (5.14)
0 S

then 8 < a—+1.

(¢) If (M,d) satisfies the chain condition and for some & > 0

> 2a+14¢ ds
s Dy (s) — < 00 (5.15)
0 S
then
2<pf<a+1. (5.16)

Note that by Lemma 2.7, the condition (5.15) can occur only for a local Dirichlet form
E. The set of couples (a, B) satisfying (5.16) is shaded on Fig. 8.
By [7], any couple of «, (3 satisfying (5.16) can be realized for the heat kernel estimate

Bz q)\ F1
pt (x,y) < ta%exp <—c (M) " ) 7 (5.17)
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Figure 8: Theset 2 < < a+1

with a local Dirichlet form.
In the case of a non-local form, we can only claim by Corollary 5.7(b) that

0<pf<a+l.

In fact, any couple «, 8 in the range 0 < 8 < a + 1 can be realized for the estimate

1 d(z,y —(a+0)

Indeed, if £ is the generator of a diffusion with parameters o and [ satisfying (5.17) then
the operator £°, § € (0,1), generates a jump process with the walk dimension 3 = §3
and the same « (cf. Lemma 4.4). Clearly, 8 can take any value from (0, + 1). We do
not know whether the walk dimension for a non-local form can be equal to o + 1.

Proof of Corollary 5.7. (a) By Theorems 2.11(a) and 5.6(a) we have 8* > 2, and
by Theorem 5.2(b) we have 8 = 3*, whence 3 > 2.

(b) By Theorems 2.11(b) and 5.6(b) we have 8* < a + 1, and by Theorem 5.2(a) we
have 8 < 3%, whence 8 < a + 1.

(c) By part (b), we have 8 < a+ 1. Therefore, (5.15) implies (5.13), and by part (a)
we obtain 3> 2. m

Corollary 5.8 Let (M,d) satisfy the chain condition and p; be a stochastically complete
heat kernel on (M,d, u) such that

_C d(z,y)
Dt (m7y) - toc/,@q) <C tl/ﬂ : (518)
Then 8 < a+1.
Proof. As in the proof of Corollary 2.12, the estimate (5.18) implies that function ®

satisfies (5.14) and @ (s) > 0 for some s > 0, whence the claim follows by Corollary 5.7(b).
|
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Proof of Theorem 5.6(a). It suffices to show that Ag‘olo is dense in L? = L? (M, ).
Let u be a Lipschitz function with a bounded support A. Let A, be the closed r-
neighborhood of A. If L is the Lipschitz constant of u then, for any r € (0, 1],

— —u 2 T
Daur) = [ [ jute) ) (o)

/A T /B Lr*du(y)dp(z)

(z,r)
< CT&+2M (Ar) :

IN

It follows that
D2 (U, ?")
sup — 5 < 00,
o<r<1t T
whence we conclude that u € Ag;o
Let now A be any bounded closed subset of M. For any positive integer n, consider
the function on M

fo (@) = (1 —nd(z, A)),,

which is Lipschitz and is supported in A;/,. Hence, f, € A;’Olo. Clearly, f,, — 14 in L? as

n — 00, whence it follows that 14 € Agy’;o, where the bar means closure in L?. Since the
linear combinations of the indicator functions of bounded closed sets form a dense subset
in L2, it follows that Agolo = L?, which was to be proved. m

We precede the proof of Theorem 5.6(b) by a lemma.

Lemma 5.9 Let {z;}; , be a sequence of points in a metric space (M,d) such that for
some p > 0 we have d(xo,zy) > 2p and

d(xi, zit1) <p foralli=0,1,...,n— 1. (5.19)
Then there ezists a subsequence {x;, };:0 such that
(a) 0=1ip<i1 < ..<i=mn;
(b) d(zs), i) <5p forall k=0,1,...,1 = 1;

(¢) d(ziy, ;) > 2p for all distinct k,j =0,1,...,1.

The significance of conditions (a), (b), (c) is that a sequence {z;, }ZZO satisfying them
gives rise to a chain of balls B(z;,,5p) connecting the points zo and x,, in a way that each
ball contains the center of the next one whereas the balls B(z;,, p) are disjoint. This is
similar to the classical ball covering argument, but additional difficulties arise from the
necessity to maintain a proper order in the set of balls.

Proof. Let us say that a sequence of indices {ik}izo is good if the following conditions
are satisfied:

(@) 0=1ip <i1 <..<ip;
(b") d(ziy,iy,,) <3pforal k=0,1,...,1 - 1;

(¢) d(xi,,xi;) > 2p for all distinct k,j =0,1,...,1.
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Note that a good sequence does not necessarily have i; = n as required in condition (a).
We start with a good sequence that consists of a single index iy = 0, and will successively
redefine it to increase at each step the value of 4;. A terminal good sequence will be used
to construct a sequence satisfying (a), (b), (¢).

Assuming that {iy},_, is a good sequence, define the following set of indices

S:={s:i <s<mnandd(xs,z;,) >2p forall k<Il},

and consider two cases.
Set S is non-empty. In this case we will redefine {ix} to increase i;. Let m be the
minimal index in S. Therefore, m — 1 is not in S, whence we have either m — 1 < ¢; or

d(xm—1,x;,) < 2p for some k <1 (5.20)

(see Fig. 9). In the first case, we have in fact m — 1 = 4; so that (5.20) also holds (with
k=1).

X=Xo Xi

<3p <2p
<p

Y=Xn Xm Xm-1

Figure 9: Illustration to the proof of Lemma 5.9

By (5.20) and (b') we obtain, for the same k as in (5.20),
d(zm, zi,) < d(@m, Tm—1) + d(Tm—1,3,) < 3p.

Now we modify the sequence {i;} as follows: keep i, 1, ..., as before, forget the previ-
ously selected indices ig41, ..., %, and set i1 :=m and [ :=k + 1.

Clearly, the new sequence {z’k}szo is also good, and the value of 4; has increased
(although [ may have decreased). Therefore, this construction can be repeated only a
finite number of times.

Set S is empty. In this case, we will use the existing good sequence to construct a
sequence satisfying conditions (a), (b), (¢). The set S can be empty for two reasons:

e cither iy =n

e or iy < n and for any index s such that i; < s < n there exists k < [ such that
d(zs, x;,,) < 2p.

In the first case the sequence {ik}i{):() already satisfies (a), (b),(c), and the proof is
finished. In the second case, choose the minimal k <[ such that d(x,,z;,) < 2p (see Fig.
10).
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<5p <2p T

Y=Xn

Figure 10: Illustration to the proof of Lemma 5.9

The hypothesis d(x,, zg) > 2p implies £ > 1, and we obtain from (¥')
d(zp, zi,_,) < d(xn, x;,) + d(zi,, zi,_,) < 5p.

By the minimality of k, we have also d(wxy,;;) > 2p for all j < k. Hence, we define the
final sequence {i;} as follows: keep ig, i1, ...,i5—1 as before, forget iy, ..., 7;, and set i, :==n
and [ := k. Then this sequence satisfies (a), (b),(c). =

Let A be a subset of M of finite measure, that is (A) < co. Then any function u € L?
is integrable on A, and let us set

U '—L/ud,u
ST A Lo

For any two measurable sets A, B C M of finite measure, the following identity takes place
/. [ tuta) = utw) 2 dute)dnto) (5.21)

= u(4) /B fu — upl?d+ u(B) /A o — wal® dp+ p(A)p(B) fua — upl?,

which is proved by a straightforward computation.

Proof of Theorem 5.6(b). The hypothesis (5.10) implies that the space L? (M, )
is co-dimensional. The inequality 8 < a+1 will follow from (5 1) if we show that, for any
o> D"H , the space A37 contains only constants, that is, N 2 (u) < oo implies u = const.
By deﬁmtlon (3.5) of NO‘ 7 and (5.10) we have, for any 0 < r < 1,

NS (u) > er—20—e / / () — u(y) Pdu(y)du(z). (5.22)
{d(zy)<r}

Fix some 0 < r < 1 and assume that we have a sequence of disjoint balls {Bk}izo of the
same radius 0 < p < 1, such that for all k =0,1,...,1 — 1

x€B, and y€ Byyr — d(z,y)<r. (5.23)
Then (5.22), (5.21), and (5.10) imply

NSD (W) > e / [ (@) = uw)P duy)duta)
By, v Brt1
> cr “20-a 2aZ|uBk 7uBk+1|2‘ (5.24)
k=0
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By the chain condition, for any two distinct points x,y € M and for any positive integer
n there exists a sequence of points {z;};_, such that zy = z, z, = y, and

d(z,y)

d iy L1 C
(is Tit1) < n

=p, forall 0 <i<n.

Assuming that n is large enough so that d(z,y) > 2p and p < 1/7, we obtain by Lemma
5.9 that there exists a subsequence {$ik}§€:o (where of course | < n) such that z;, = z,
z;, =y, the balls {B (z;,, p)} are disjoint, and

d(xi,, T4y, ) < 5p, (5.25)

forall k=0,1,...,1 — 1.
Applying (5.24) to the balls By := B (z;,, p) and setting 7 = 7p < 1 (which together
with (5.25) ensures (5.23)) we obtain

-1
_ 2
Nél,;i (w) = cp Zoka Z ‘U’Bk - uBk+1‘

k=0
W= 2
> 0p720+o¢7 <Z ‘uBk — UBj41 ‘)
k=0
—20+a 1 2
> cp = |up, — uBl|
n
2
- UB(z,p) — uB(y,p)‘
Z Cp 20’+O¢+1| (526
dwy) )
By the Lebesgue theorem, we have, for py-almost all x € M,
lim up(, ,) = u(z), (5.27)

p—0
It follows from (5.26) and (5.27) as n — oo (that is, as p — 0) that, for p-almost all
x,y €M,
2
|u(z) — u(y)]
d(z,y)

Since 20 > a+ 1 and N;O‘;(u) < 00, the above limit is equal to 0 whence v = const. m

< CNDL,U i 20—04—1.
< O Ny 5o (u) limy p

6 Two-sided estimates in the local case

6.1 The Dirichlet form in subsets

Let (£, F) be a Dirichlet form in a metric measure space (M, d, 1). Let £ be the generator
of £ and consider the corresponding heat semigroup P, = e %, t > 0. Denote by Ry,
A > 0, the resolvent operator of L, that is,

Ry=(L+ )71,

For any open subset Q C M, let Fy (€2) be the set of functions from F whose support
is compact and is contained in 2. Then define F (Q2) as the closure of Fy (2) in F with
respect to the £1-norm. It follows that any function from F (£2) vanishes in ¢ and, hence,
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can be identified as an element of L? (). If F () is dense in L? () then (£, F (Q)) is a
Dirichlet form in L? (Q). In this case, denote by £, P, Rg? respectively the generator, the
heat semigroup, and the resolvent of (£, F (R2)). If f € L? (M) then set P'f := P2 (f|q)
and RYf := RS (fla).

In general F (£2) need not be dense in L? (Q2). However, if the Dirichlet form (&, F) is
regular, that is, Cp (M) NF is dense both in F and Cy (M) then Fy (2) is obviously dense
in L2 (Q2). In this case, F () coincides with the closure of F N Cy (Q) in F, and (€, F (Q))
is also a regular Dirichlet form (see [24, Corollary 2.3.1, p.95 and Theorem 4.4.2, p.154]).

6.2 Maximum principles

We cite here two lemmas referring to [31, Appendix| for their proofs.
We say that a function w € F satisfies the inequality Lw < f weakly in an open set
Q) C M where f € L?(Q), if, for any non-negative function ¢ € F ()

E(w,p) < (f,¢)pz2-

Similar one defines the opposite inequality and equality. For example, if f € L? (M) and
w = Ry f then w satisfies the equation

Lw+w=f
weakly in any open set Q C M.

Lemma 6.1 Let (£, F) be a local regular the Dirichlet form in (M,d,u). Let Q C M be
a precompact open set and A > 0. If a function w € F N L* (M) is such that 0 < w <1
i ) and w satisfies weakly in 2 the inequality

Lw+ Aw <0, (6.1)

then
w < 1—ARS1g in Q. (6.2)

Lemma 6.2 Let (£,F) be a regular Dirichlet form in (M,d,pn). For any open subset
U C M, for any compact set K C U, for any non-negative function f € L* (M), for all
t > 0, and for p-almost all x € M, we have

0 < Pf(z) — PYVf(z) < sup essup Psf. (6.3)
sefo,t] Kec

6.3 A tail estimate
If B = B (z,r) then we use aB as a shorthand for B (z,ar).

Theorem 6.3 ([28], [31]) Assume that (€,F) is a reqular conservative Dirichlet form in
L?(M, 1) and let all metric balls in M be precompact. Fiz 3 > 0. The following conditions
are equivalent:

(i) For any € € (0,1) there exists K > 0 such that, for any t > 0 and any ball B =
B(zg,r) with r > Kt'/8,

1
Plpc <ca.e. in ZB. (6.4)
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(i1) For any € € (0,1) there exists K > 0 such that, for any t > 0 and any ball B =
B(zg,r) with r > Kt'/8,

1
PB1lp>1—¢ ae. in ZB. (6.5)

(1ii) For any € € (0,1) there exists K > 0 such that, for any A > 0 and any ball B =
B(zg,r) with > KX™/P,

1
ARB1p>1—¢ ae. in 1B (6.6)

Remark 6.4 If the heat semigroup P, possesses the heat kernel p; (x, y) then the condition
(1) can be equivalently stated as follows: for any € € (0,1) there exists K > 0 such that,
for all t > 0, » > Kt'/8_ and almost all z € M,

[ mwdut) <e (6.7)
B(z,r)¢

Indeed, for any ball B (xo,r) and for almost all z € B (xg,7/4) (or even = € B (z9,7/2)),
we have

P oy () = / P (2,y) du () < / P (2,y) du (),
B(zo,r)°¢ B(z,r/2)¢

so that (6.7) implies (6.4) (with K being replaced by 2K). Similarly, for almost all
x € B (z9,r/2),

/ P (@) dpa (y) < / pr (2,) dpt (4) = Pilpgay oy (1),
B(z,r)¢ B(zo,r/2)*

so that (6.4) implies (6.7), for almost all z € B (xg,r/8). Covering M by a countable
family of balls of radius r/8, we obtain that (6.7) holds for almost all z € M.

Proof of Theorem 6.3. (i) = (ii). Applying the estimate (6.3) of Lemma 6.2 to
function f = 11, we obtain that
2

PP11g(z) > Pil1g(x) — sup essup Pslip, (6.8)
2 2 SE[O,t] (%B)c 2

for all ¢t > 0 and a.e. 2 € M. For any z € 1B, we have that B(z,r/4) C 1B (see Fig. 11).
Using (6.4) and the identity P;1 =1 a.e., we obtain, for any z € }LB,

Pt]‘%B =1- Ptl(%B)c >1-— PtlB(a:,r/4)c-
Applying the hypothesis (¢) for the ball B (z,7/4), we obtain that
PtlB(a:,r/4)C S ca.e.in B ($,T‘/16) y

provided
% > Ktl/8 (6.9)
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Figure 11: Illustration to the proof of (i) = (i4)

with sufficiently large K. It follows that, for any = € iB )
Pliy>1—ca.e. in B(z,7r/16),
2

whence 1
Pliz;>1—-cae. in ZB. (6.10)
2

On the other hand, for any y € (%B)C, we have %B C B(y,r/4)¢ (see Fig. 11)),
whence
PS]‘%B é PSlB(y,r/4)C'

Applying the hypothesis (i) for the ball B (y,r/4) at time s, we obtain that if (6.9) holds
for sufficiently large K then, for all 0 < s <'t,

Plp(y /sy < €ae. in B(y,r/16).
It follows that, for any y € (%B)C,
P11; <cea.e. in B(y,r/16),
2

whence .
. 3
PSI%B <cea.e. in (ZLB) . (6.11)

Combining (6.8), (6.10) and (6.11), we obtain that, under the condition (6.9),

1
PP1p > PP1i53>1—2¢ ae. in B (6.12)
2
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which is equivalent to (6.5).
(ii) = (iii). By (ii), we have (6.5) provided ¢ < (r/K)” whence

oo (r/K)P
ARB1p = A/ e M PP1gdt > ,\/ e M PP1pdt > (1 —¢) <1 _ e—A(r/K)B) :
0 0
which holds almost everywhere in }lB. If
5 1
A (%) > log - (6.13)

then we obtain )
ARP1p > (1—¢)? ae. in ZB,

which is equivalent to (6.6). The condition (6.13) is equivalent to

log 11 /*
TZK( As) , (6.14)

which can be assumed to be true by the hypothesis of (7i7).
(7it) = (7). Let us first show that, for all ¢, A > 0,

PP1p>1—¢eM(1-ARF1p). (6.15)
Indeed, using the facts that PSB 15 <1p and

pPE g =PP (PP1g) < PP1g,
we obtain that

ARBP1p = )\/ e MPB1gds
0

t 00
:)\/ e_)‘SPSBles—i—)\/ e MPB1gds
0 t

oo
< (1 — e_M) + )\/0 e_’\(S'H)PSJitlB ds
<1l-—eM4yeMpP1g,

thus giving (6.15).
Given € € (0,1), t > 0 and 7 > Kt'/# (where K is defined by the hypothesis (iii)),
choose A from the condition 7 = KA™Y/#. Then it follows from (6.6) and (6.15) that

1
Plp > PtBlB >1-— ee™ a.e. in ZB.

Using P;1 <1 and observing that

AtgA(%)ﬂzl,

we obtain .
Plpe=1—Plp <eeM <ceae. in ZB,

which is equivalent to (6.4). m
The following statement is an extension of Theorem 6.3 in the case of a local Dirichlet
form.
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Theorem 6.5 ([28], [31]) Assume that all the hypotheses of Theorem 6.3 hold, and in
addition that the Dirichlet form (€, F) is local. Then each of the conditions (i), (it), (ii7)
of Theorem 6.3 is equivalent to the following:

(tv) There are ¢,C > 0 such that, for all \,t > 0 and any ball B = B(xzg,r),

essup P 1ge < Cexp ()\t - cr)\l/6> . (6.16)
iB
2

Remark 6.6 If in addition the heat semigroup P; possesses the heat kernel p; (x,y) then
the condition (iv) can be equivalently stated as follows: for all A,¢,r > 0 and for almost
allz € M,

/ pt (z,y) du (y) < Cexp ()\t — cr)\1/5> (6.17)
B(z,r)°

B
cf. Remark 6.4). If 8 > 1 then taking A = (£ )#-!, we obtain from (6.17
2t

N
[ mewdnt) < Cow (—) .
B(z,r)° t

Proof of Theorem 6.5. Let us first prove that (iv) = (i). Assuming that r > Kt/#
and setting A = 1/¢, we obtain

M —cr Y8 =1 ¢K.

Hence, the right hand side of (6.16) can be made arbitrarily small, provided K is big
enough, which yields (6.4).

Now we prove the main implication (i7i) = (iv). This proof is rather long and will be
split into five steps.

Step 1. We claim that, for any € > 0, there exists K > 0 with the following property:
if a function w € FNL*>® (M) is such that 0 < w < 1in a ball B = B (zo,r) and w satisfies
weakly in B the equation

Lw+ dw =0,

where A > 0 and r are related by
r> KXV

then

1
w < € a.e. in é_lB'

Indeed, since the Dirichlet form £ is local and the ball is precompact, we have by Lemma
6.1 that
w<1—ARP1pae in B.

By (iit), we have

1
ARE1p >1—cae. in ZB7

provided 7 > KX™'/# where K is now defined by the condition (iii). Combining the
above two lines, we finish the proof of the claim.
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Step 2. Let us show that there exists ¢ > 0 such that, for any ball B = B (x,r) and
any A > 0,

essup (AR)1pe) < exp (—cr)\l/ﬁ + 1) , (6.18)
B(1:0,5)

where 6 = § (A) > 0. Choose some R > 4r and consider the functions

® = 1B(20,R)\B(xo,r)
and

u= ARxo. (6.19)

It suffices to prove that

essup u < exp (—cr)\l/ﬁ + 1) , (6.20)
B(a:o,é)

and then let R — oco. Since 0 < ¢ < 1 and ¢ € L? (M), we have 0 < u < 1 on M,
u € dom £ C F, and u satisfies in M the equation
Lu + du = A¢. (6.21)
It suffices to assume that
er > \Y8, (6.22)

(where ¢ > 0 is to be specified later) because otherwise (6.20) is trivially satisfied due to
u < 1.
Let n > 2 be an integer to be determined later on. For any 1 <i <n, set r; = 7,

b; = essup u,

B(zo,r;)
and, for 1 <i < n,
wi(x) = M
biy1

Clearly, w; € F N L™ (M). Since ¢ =0 in B (zg,r), it follows from (6.21) that
Lw; + Aw; = 0 weakly in B (xq,7) .

By definition of b; 1, we have 0 < w; < 1in B (zg, r5+1). In particular, the same inequality
holds in any ball B (z,r;) for any = € B (zg,r;) (see Fig. 12).
Therefore, by Step 1 with € = e~!, we have that

provided
r > KAY8, (6.23)

for an appropriate constant K. It follows that

essup w; < e_l,

B(z0,r:)

that is,
bi < e iy (6.24)
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Figure 12: Balls B (zg,7;) and B (g, 7i+1)

Before we proceed further, let us make sure that the condition (6.23) is satisfied. Since

r1 = r/n, it is equivalent to
rAl/B

K )

rAL/B
n= % |

Choosing in (6.22) ¢ = 5%, we obtain that n > 2. Note also that

n <

so that we can choose

n > 2erA\/B 1.
Now, iterating (6.24) and using the fact that b, < 1, we obtain
b < e_("_l)bn <e M2 < exp (—cr)\l/ﬂ + 1) .

Clearly, this implies (6.20), where 0 can be anything < 71 = ©; for example, set § =
KX7Y/8,
Let us note that the iteration argument in this part of the proof is motivated by that

in [34] for the setting of infinite graphs.
Step 3. Let us show that there is K > 1 such that for any ball B = B (zq,r) with

r> K V8, (6.25)

we have
inf (AR)1pgc) > 6.26

Indeed, for any = € (2B)°, we have B(z,r) C B¢, whence by the condition (7ii),

N

1 1
AR\1pe > AR\1p(3y) > 5 a.e.in B (m, ZT) .
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provided (6.25) is satisfied with an appropriate K. Hence, (6.26) follows.
Step 4. Let us show that, for any non-negative function f € L* (M), the function
u = AR) f satisfies the inequality

Pou < eMu in M. (6.27)

for arbitrary t, A > 0. Indeed, we have
o
Pu = )\/ e_)‘sPtJrsf ds
OOO
=\ / e AP fds
! o0
= eM)\/ e P, fds < eMu.
t

Step 5. Finally, let us prove (6.16). Let ¢ be the same as in (6.18) (Step 2), so that
for any A > 0 and for u = AR)1pc,

essup u < exp (—cr)\l/ﬁ + 1) . (6.28)
B(CC(),(S)

Let A > 0 be such that (6.25) is satisfied. Then it follows from (6.26) that
> 11 in M
u = 5 (23)0 m .
Applying P; to the both sides of this inequality and using (6.27), we obtain
1
5Pl ey < Pu < eMu, (6.29)
which together with (6.28) yields

essup P;1(spy < Cexp </\t — cr)\l/ﬁ> , (6.30)
B(z0,9)
where C' = 2e.
If A is such that (6.25) fails, that is, r < KA™'/# then (6.30) holds trivially with
C = e“K. Hence, (6.30) holds for all A > 0, which is equivalent to (6.16). m

6.4 Identifying ® in the local case

Now we can state and prove the main result.

Theorem 6.7 ([33]) Assume that the metric space (M, d) satisfies the chain condition and
all metric balls are precompact. Let p; (x,y) be a stochastically complete heat kernel in a
metric measure space (M,d, ). Assume that the associated Dirichlet form & is regular,
and the following estimate holds with some o, 3 > 0 and ® : [0,400) — [0, +00):

_ C d(z,y)
pe(x,y) < ta/ﬁq) (c i) (6.31)
Then the following dichotomy holds:
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8
e cither the Dirichlet form & is local, 2 < 3 < a+ 1, and ® (s) < Cexp (fcsﬁ).
e or the Dirichlet form & is non-local, f < a+1, and @ (s) ~ (1 + s)f(aﬂa).

Proof. By Corollary 5.8, we have 8 < a + 1. If the form &£ is non-local, then, by
Corollary 2.10, ® satisfies (2.33), which finishes the proof in this case.
Assume now that the form £ is local. By Lemma 2.8, the lower bound in (6.31) implies
that (2.28), that is,
®(s) < C(1+s)~ ), (6.32)

By Corollary 2.11, we have for all balls
w(B(x,r)) ~r*. (6.33)

Let us show that, for any € > 0 there is K > 0 such that, for all ¢ > 0, » > Kt*/# and
almost all z € M,

| meydut) < (6:34)
B(z,r)°
Indeed, using (6.31) and (6.33), we obtain as in the proof of Theorem 2.11(b)
o0 o ds
pe(@,y)du(y) <C s*O(s)—. (6.35)
B(z,r)¢ et/ §

Since by (6.32) the integral in the right hand side of (6.35) converges, we see that the
integral can be made smaller than e provided r/ t1/8 is large enough, which was claimed.

The heat semigroup {P,} satisfies all the hypotheses of Theorems 6.3 and 6.5. Since
the condition (i) of Theorem 6.3 is satisfied by (6.34), we conclude by Theorem 6.5 that,
for all t,7, A > 0 and for p-a.a. x € M,

/ pt (z,y) du (y) < Cexp ()\t - crkl/ﬁ) . (6.36)
B(z,r)°

If 5 < 1 then letting in (6.36) A — oo, we obtain that the right hand side in (6.36) goes
to 0. Letting then r — 0, we obtain that, for almost all x € M,

/ pr (2,9) da (y) = 0.
M\{z}

Together with stochastic completeness, this implies that there is a point x € M of a
positive mass, which is impossible by Remark 2.9. This contradiction proves that 8 > 1.
Setting in (6.36)

B
Cr\ g—1 .
\ = (2_t> 5 if ﬂ > 1,
t=1, ifg=1

we obtain that, for all positive r,¢ and almost all z € M,

1
Cexp (—c <§)’B_l>, ifg>1
Cexp (—c%) ) ifg=1

/ pe(z,y)dp (y) < (6.37)
B(z,r)°
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(where the constants ¢, C' may be different from those of (6.36)).
By (2.2), we have, for all ¢ > 0, almost all z,y € M, and r := %d (z,y),

plew) = [y @2)py G dulz)

(/ +/ )pt (z,2) pt (2,y) du(z)
B(z,r)¢ B(y,r)¢ 2 2

< esswppy (20) [ py(o,2)dul2)
zeM 2 B(z,r)¢ 2

IN

ressppy (0,2) [ py (5.2) duCa)
2eM 2 B(’y,T)C 2

Since by (6.31) esssup p; < Ct~*/8, combining this with (6.37) we obtain, for almost all

z,y € M,
1
C d° (z,y) \ 71\ .
+a/B P (—c <—t > , g >1
pe(2,y) < (6.38)
C T .
o exp (762) , ifg=1

Now we use Corollary 5.7(a). By (6.31) and (6.38), the heat kernel satisfies the two-sided
estimates (2.37) with the following functions:

@ (s) :=CP(cs)

and 5
By (s) = Cexp (—csﬂ) , ?f 8>1,
Cexp (—cs), if 6=1.
As was mentioned above, the heat kernel cannot identically vanish off the diagonal, which
implies that ®; (s) > 0 for some s > 0. Function @4 clearly satisfies the hypothesis (5.13)
of Corollary 5.7(a). Hence, we conclude by Corollary 5.7(a) that g > 2.
If 3 > 2 (in fact, § > 1 is enough), then the standard chaining argument using the
chain condition (cf. [2], [32, Corollary 3.5]) shows that the lower bound in (6.31) implies

the lower bounds )
C d? (z,y)\ 7"
pt(z,y) > 775 OXP (—c (T) . (6.39)

Combining (6.38) and (6.39) with (6.31), we obtain
]
® (s) < Cexp (—csﬂ> ,
which finishes the proof. m
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