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Topological indices are the numbers that remain constant under graph automorphism. Topological
indices describe a network’s connectivity, structure, and topological characteristics. These indices have
many applications in crisp graphs. However, in many cases, it is observed that some situations can’t
be described using the idea of crisp graphs. So, to overcome this issue, the need to define topological
indices for fuzzy and bipolar fuzzy graphs arises. The F-index, or the Forgotten Index, is a significant
topological index. A bipolar fuzzy graph with two opposite-sided opinions of both the edges and
vertices measures the impreciseness or uncertainties of the edges and vertices along the positive and
negative sides. In this article, we have presented the Forgotten Index for bipolar fuzzy graphs. Then,
we have proved some theorems regarding the F-index of numerous types of bipolar fuzzy graphs,
such as regular bipolar fuzzy graphs, complete bipolar fuzzy graphs, etc., the bounds of the F-index
in bipolar fuzzy graphs, and the relationships of the F-index with other topological indices in bipolar
fuzzy graphs. We have applied the proposed topological index, the F-index for bipolar fuzzy graphs,
to matrimonial websites to find potential life partners based on compatibility and discussed the
application of the Forgotten Index in gene regulatory networks.

Keywords Topological index, Forgotten index, Bipolar fuzzy graph, Matrimonial websites, Gene regulatory
networks

Background and literature review

A crisp set is a well-defined group of distinct objects. In real life, we come across many situations where we
cannot describe every situation with the concept of crisp sets. To overcome this issue, Zadeh! came up with the
concept of fuzzy sets in 1965, revolutionizing the idea of set theory. Rosenfield? presented the notion of fuzzy
graphs in 1975 and discussed their applications. The notion of bipolar fuzzy sets was first developed by Zhang? in
1994. An expansion of Zadeh’s fuzzy set theory with a membership value range of [-1, 1] is called a bipolar fuzzy
set. In a bipolar fuzzy set, an element with membership degree 0 indicates that it does not relate to the associated
property; an element with membership degree (0,1] indicates that it partially satisfies the property; and an
element with membership degree [-1,0) indicates that it partially satisfies the underlying counter-property.
Akram* proposed the concept of bipolar fuzzy graphs in 2011. When there are positive and negative thinking
sides as effect and side effect, gain and loss, friendship and animosity, collaborative and competitive, etc., then
bipolar fuzzy sets and bipolar fuzzy graphs play a significant role in real-life decision-making problems. The
mathematical definition of a bipolar fuzzy graph is provided in Definition 2.4. in Sect. "Preliminaries". For better
understanding, let us consider an example of a graphical representation of a students’ network. A small group of
students can form a network among them. There exist two conflicting types of characteristics among them. One
is friendship, and the other one is rivalry or animosity. A bipolar fuzzy graph can easily demonstrate this network
and the two contrasting characteristics. Such a bipolar fuzzy graph demonstrating a students’ network formed
by a small group of students is provided in Fig. 1. Here, the vertices and edges represent the students and their
relationships, respectively. The positive and negative membership of a particular vertex demonstrates the specific
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Fig. 1. A bipolar fuzzy graph representing a students’ network formed by a small group of students.

student’s nature of friendship and rivalry. Similarly, the positive and negative membership value of a particular
edge depicts the friendship and animosity or rivalry, respectively, between the two students, represented by
the end vertices of that edge. A few other examples of bipolar fuzzy graphs can be the graphical representation
of a network formed by different mutual fund companies where growth and risk factors, two opposite-sided
characters occur, a graphical demonstration of the network formed by various countries where friendship
and rivalry both occur, etc. Thus, using the concept of bipolar fuzzy graphs, one can easily demonstrate two
conflicting opinions.

In 2013, Akram® defined the cardinality of the edge set, vertex set, neighborhood degree of bipolar fuzzy
graphs, and bipolar fuzzy directed graphs. In the same year, Yang et al.® presented the generalized idea of different
kinds of bipolar fuzzy graphs. Akram and Karunambigai’ defined distance, eccentricity, diameter, radius, etc.
in bipolar fuzzy graphs in 2011. In the same article, they also gave the idea of centered bipolar fuzzy graphs and
discussed their properties. In 2013, Akram® developed the notion of neighborly irregular, highly irregular, totally
irregular, and highly totally irregular bipolar fuzzy graphs and discussed bipolar fuzzy influence graphs in the
same article. Poulik and Ghorai® defined the degrees of the vertices in bipolar fuzzy graphs and bipolar fuzzy
digraphs in 2013. Akram and Farooq’ introduced cut-vertices, bridges, cycles, and trees in bipolar fuzzy graphs
in 2016 and discussed their properties. Akram et al.!” introduced different graph operations, such as strong
product, cartesian product, etc., on m-polar fuzzy graphs in the same year. Akram!! defined several kinds of
bipolar and m-polar fuzzy graphs and discussed their applications in 2018. In the same year, Ghorai and Pal'?
introduced various degrees and defined regular bipolar fuzzy graphs. In 2020, Poulik and Ghorai'® proposed
the Connectivity index for bipolar fuzzy graphs and proved some theorems. Akram et al.'* discussed decision-
making methods in bipolar fuzzy graphs and discussed their applications in real-life scenarios in 2021. Poulik
and Ghorai'® introduced the Wiener Index and Wiener Absolute Index and compared them to the Connectivity
Index the same year. Binu et al.'® discussed the connectivity status of bipolar fuzzy graphs and several bipolar
fuzzy subgraphs in 2021.

A mathematical invariant that provides information on a network or graph’s connectivity, construction, or
other topological features is called a topological index. It is a measure that helps us comprehend the network’s
characteristics and behavior. Topological indices have been developed using various network features, including
nodes” degrees, nodes” distances, eccentricity, and other structural metrics. During his research on the boiling
point of paraffin, Wiener!” first developed a distance-based topological index, the Wiener Index, in 1947. In
mathematics, numerous vertex-degree-based topological indices have been developed, and their general
formula is TI(A) = 3", .\ f(d(x),d(y)). The Ist and 2nd Zagreb Indices are two of the former topological
indices that were presented by Gutman and Trinajstic'® in 1972. The Randic Index was developed by Randic!®
in 1975. Shirdel et al.?° proposed another degree-based topological index, the Hyper Zagreb Index, in 2013.
Gutman et al.?! presented the idea of the Reciprocal Randic Index in 2014. The Forgotten Index, or F-index, was
developed by Furtula and Gutman?? in 2015. In 2021, Gutman®? presented the idea of the Sombor Index and
gave a geometrical interpretation of the Sombor index. In many real-life situations, many circumstances cannot
be handled using crisp graphs. So, topological indices had to be introduced for fuzzy and bipolar fuzzy graphs.
Binu et al.** introduced the Wiener Index for fuzzy graphs in 2020. Islam et al. commented on the Wiener Index*
for fuzzy graphs and discussed its application in the same year. Poulik and Ghorai!® presented the Connectivity
Index for bipolar fuzzy graphs in 2020 and proved some properties. The same authors'® developed the Wiener
Index and Wiener Absolute Index the following year and compared them to the Connectivity Index. Islam and
Pal presented the idea of the 1st Zagreb Index?® for fuzzy graphs in the same year. The Randic Index for bipolar
fuzzy graphs was developed by Poulik et al.?” in 2022. Islam and Pal discussed the properties of the F-index
for different graph operations and transformations for fuzzy graphs in 2023. Islam and Pal?® applied the Second
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Zagreb Index for fuzzy graphs in mathematical chemistry in 2023. Ahmed et al.* utilized the idea of fuzzy
topological indices for application in cybercrime problems in the same year. In the following year, Islam and
Pal’! introduced a multiplicative version of the 1st Zagreb index in fuzzy graphs and applied it to crime analysis.
Gutman et al.*? introduced the concept of the Elliptic Sombor Index and presented its geometric approach in
2024. In the same year, Lal et al.>* used graph entropies and topological indices to apply to the Y-junctions of
carbon nanotubes.

Research gaps and motivation

The application of topological indices in molecular and chemical graph theory, network theory, spectral graph
theory, etc., is enormous. One of the earliest and most significant topological indices are the 1st and 2nd Zagreb
Indices, which Gutman and Trinajstic'® developed in 1972. They used these degree-based topological indices
to determine a conjugate system’s w-electron energy. These topological indices were followed by the F-index
(Forgotten Index) introduction by Furtula and Gutman?? in 2015. The authors demonstrated that the 1st Zagreb
Index and the F-index (Forgotten Index) had nearly identical entropy, acentric factor, and predictive ability,
and the Forgotten Index obtained correlation coefficients higher than 0.95. As a result, this topological index is
extremely helpful in molecular chemistry and network theory. These indices were defined for only crisp graphs.
However, in real-life scenarios, there are some situations where the idea of crisp graphs cannot be implemented.
So, the need to use fuzzy graphs or bipolar fuzzy graphs arises. So, researchers had to develop topological indices
for fuzzy and bipolar fuzzy graphs. Binu et al.>* developed the Wiener Index for fuzzy graphs and provided
various applications related to illegal immigration in 2020. The same authors'® discussed the connectivity status
of fuzzy graphs in the following year. Researchers have introduced several topological indices for fuzzy graphs
and are still working on this topic. Islam and Pal* presented the Forgotten Index for fuzzy graphs in 2021. In
situations with two contrasting opinions, like gain and loss, growth and risk factors, fortune and misfortune,
likes and dislikes, etc., bipolar fuzzy sets and graphs become essential. Although much research has been done
on topological indices for crisp and fuzzy graphs, not so much research has been done on the topological indices
for bipolar fuzzy graphs. Topological indices have many real-life applications. Although topological indices
were originally introduced for chemical structures, research is not limited to them. Islam and Pal** applied the
Forgotten Index to find the most influential researcher in the co-authorship network in 2021. The same authors
applied the Forgotten Index to Indian railway crimes and found the most crime-free and crime-centric railway
routes in 2023. To overcome the research gap, Poulik et al.?” proposed the Randic Index for bipolar fuzzy graphs
and applied it to the transmission network system between a few cities and a Wi-Fi network in a town. These
research works encouraged us to extend the results for the Forgotten Index, to prove some new theorems, and
to investigate new application areas. The Forgotten Index for bipolar fuzzy graphs can be applied to friendship
networks, investment in stock markets, etc., where two contrasting opinions occur, like likes and dislikes, growth
and risk factors, etc. These vast areas of application of topological indices and the large research gaps motivated
us to develop the Forgotten Index for bipolar fuzzy graphs, discuss its properties, and apply it to matrimonial
websites and gene regulatory networks.

Objective and significance of the article

As in real-life scenarios, sometimes decision-making cannot be performed using the concept of crisp graphs, so
bipolar fuzzy graphs are of huge importance. These graphs use the degree of belongingness for the vertices and
the edges to depict imprecise situations. Bipolar fuzzy graphs are in huge demand where there is an opposite
or contrasting opinion. Our main objective is to introduce the Forgotten Index in bipolar fuzzy graphs, discuss
its properties, and apply it to matrimonial websites and gene regulatory networks. In reality, finding potential
partners is a very time-consuming and laborious job. We aim to apply the Forgotten Index to bipolar fuzzy graphs
obtained from a group of males and females seeking life partners on matrimonial websites to find potential life
partners based on compatibility, making the process easy and less time-consuming. The significance of this article
is that the newly introduced Forgotten Index for bipolar fuzzy graphs can be applied to many real-life problems.
Here, we have proved several theorems on regular bipolar fuzzy graphs, complete bipolar fuzzy graphs, star
graphs, etc. We have also proved some theorems regarding the relationships of different topological indices with
the F-index in bipolar fuzzy graphs. As we have applied the F-index to matrimonial websites and gene regulatory
networks, similarly, one can apply this Forgotten Index to bipolar fuzzy graphs where contrasting indecisive
opinions occur. Although this research article focuses on introducing the Forgotten Index in bipolar fuzzy
graphs, several other topological indices for bipolar fuzzy graphs are also introduced in Section "Preliminaries".
Using these topological indices, some interesting results can be proved in the future and used them in real-life
applications.

Framework of the article

In this article, we have developed the Forgotten Topological Index for bipolar fuzzy graphs and proved some
theorems on the newly introduced Forgotten Index. We have also applied the Forgotten Index to matrimonial
websites to find potential life partners based on compatibility and gene regulatory networks to determine
influential genes that play an important part in characterizing the overall activating or inhibiting properties
of the network. The article is structured as follows. In Sect. "Introduction”, we introduce the article with some
background and literature review, discuss the research gaps and motivation, and talk about the significance and
objectives of the article. In Sect. "Preliminaries”, some basic definitions are discussed. Section "Forgotten index
and its properties in bipolar fuzzy graphs" introduces the Forgotten Index in bipolar fuzzy graphs and provides
proof of some exciting theorems regarding the Forgotten Index in bipolar fuzzy graphs. In Sect. "Applications",
we have applied the newly presented Forgotten Index to matrimonial websites and gene regulatory networks,
and in Sect. "Conclusion and future works", we have concluded the article with limitations and future works.
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Preliminaries
Here, we have provided some definitions that are needed to understand this article. We've also proposed the
First, Second, and Hyper Zagreb Index, Sombor Index, and Reciprocal Randic Index for bipolar fuzzy graphs.

Definition 2.1 An ordered pair of two components is called a graph, where the first and second components are
the vertex set and the edge set of the graph, respectively.

Deﬁnltlon 2.2 A bipolar fuzzy set S on a non-empty set W is given as, S = {(w, puf(w), ¥ (w)) : w € W},
where pf - W — [0, 1] and z2 : W — [—1, 0] are two mappings.

Definition 2.3 Let W (# ) be a set. Then the mapping D = (uh, ul¥) : W x W — [0,1] x [—1,0] is said to be
a bipolar fuzzy relation on W such that x5 (b;b;) € [0, 1] and ¥ (b;b;) € [—1,0], Vb;, b; € W.

Let C' = (;107 u() be a bipolar fuzzy set on W(# ¢). If D = (ub, ,23) is a bipolar fuzzy relation on W,
then D = (b, ;LD) is a blpolar fuzzy relation on C = (u&, u) if ubh(bib;) < min{ub(b;), uE(b;)}, and
pp(bibj) = maz{ue(bi), per(b;)}, Voi, b; € W2

Definition 2.4 A BFG A of a graph A* = (T, A) is a triplet (T', C, D), where C' = (u£, ,up) is a blpolar fuzzy
setin"and D = (u u NY is a bipolar fuzzy set in A C I' x I such that p5(b;b;) < min{u(b;), nf(b;)}, and
u(bibj) > mar{uc ;40( i)}, Vbib; € A. Here, C and D are bipolar fuzzy vertex set of I’ and b1polar fuzzy
edge set of A, respectlvely

Let A = (I',C, D) be a BFG of the graph A* = (I, A). A is called a bipolar fuzzy cycle if A* is a cycle and
there is no edge b;b; € A for which p5(b;b;) is minimum and £y (b;b;) is maximum.?’

Let A = (I',C, D) beaBFGand I = {by, by, ..., b, }. Then A is called a star if b; has edges with every vertex
of {by,bs,...,b;_1,bi11, ..., b, } and each vertex of {by, bo, ..., b;_1,b;11, ..., b,} is a pendant vertex. b; is called
the center of the star. Note that positive and negative membership values of an edge in a star can not be zero
simultaneously.

Definition2.5 ABFGA' = (
such that 5 (b; ) MC/( i)s
edge bib]‘ of A/.

., )1scalledablpolarfuzzysubgraphofaBFGA (I, C, D)ifI" C ', A" C A
S (b;) = p2i(b;),Vb; € I" and puh(bibj) = b, (bib;), uiy (bibs) = i, (bib;), for every

Definition 2.6 The open neighborhood degree or degree of a vertex b; in a BFG A = (I', C, D) is defined as
d(bJ = (dp<bl), aN (bl)),

where d”'(b;) = Zb] b1 bieA 1015 (bib;) and d (b;) Zb ;b bibjEA ppy (bib).?

If d(b )= (p1,p2), V¥ Ais called (pl,pz) - regular

If 115 (bib;) = min {,up (b)) and i) (bibs) = max { u (b;), ud (bj) } ,¥b;, bj € T, then A is called a
complete BFG

A BFG A=(I,C,D) is called a strong BFG if pb(bb;) =min{ul(b;), pl(b;)} and
1y (bibj) = max { X (b;), i (b;) }, for every edge b;b; in A.°

#bj.t 1_{

Definition2.7 The closednelghborhood degreeofavertexb; € I'ina BFG Aisdenotedby d[b;] = (d”[bi], d"[b;))
and is defined as d”[b;] = d”(b;) + pL(b;), and dV[b;] = d\( :) -+ pd ()0

If d[b;] = (p1, p2) Vb; € T, then A is called (py, po)-totally regular.?’
Definition 2.8 The degree of a vertex b; of a BEDG A = (I,C,D) is d(b;) = (dp (b;) ,d™ (b)), where
4" (0) = Sy (15 (b,;b‘,v) + b (bb)) and d" (b) =5, (1 (b1 )+ (bb))

Definition 2.9 Let Ay = (I'1,C4, Dy) and Ay = (T'y, Cy, Dy) be two BFGs of the graphs A} = (I';, Ay) and
A = (T, Kz) respectlvely A; and A, are called isomorphic if there exists a bijective mapping ¢ : I'y — Iy
,ostoopg (b') = .U( (bi) ) iy (0i) = p, (W (0:), Vi € Tis - and gy (bibs) = pup, (0 (bi)3b(b;)), iy, (Diby)
= 1, ()l ﬁb €AY

Definition 2.10 Let A = (T, C, D) be a BFG of the graph A* = (I", A) such that |I'| = n. The First Zagreb Index
of the BFG A is introduced as,

FZIpp(A) = (FZIgp(A), FZI5p(0))

where,
FZIpp(A) = > {uob)d" () + pb(b)d” ()} and
bibjeN:1<i#j<n
FZIgp(A) = Y0 i )dV (b) + p(b)d" (b))}
bibjeN:1<i#j<n
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Definition 2.11 Let A = (T, C, D) be a BFG of the graph A* = (T, A) such that |I'| = n. The Second Zagreb
Index of the BFG A is defined as,

SZIgp(A) = (SZI5p(N), SZIFp(A))

where,

SZIGp(A) = > [{uob)d” (b)) pbb)d"(b;)}]  and

b,'bje\:lgi#jgn

SZINe(A) = > [{pdb)d" () { s (by)d" (b)}].

bibjeN:1<i£j<n

Definition 2.12 Let A = (I', C, D) be a BFG of the graph A* = (I', A) such that |I'| = n. The Hyper Zagreb
Index of the BFG A is given as,

HZIpp(A) = (HZIpp(A), HZIp(A))

where,
HZIG(A) = > [{ub®)d” ()} + {pbb,)d"(6)}]"  and
bibjeA:1<i#j<n
HZI(A) = > [ o)d b))} + {ud,)d" (6;)}] "

bibjeA:1<iZ£j<n

Definition 2.13 Let A = (I', C, D) be a BFG of the graph A* = (T", A) such that |I'| = n. The Sombor Index of
the BFG A is defined as,

SOpr(A) = (SOLp(A), SOFR(A))

where,

soha) = S B0 d? b0} + (b ) d” (b)}] and

bibjeNi1<i#j<n

SO = 3 {00 00} + {ud 0¥ 0))7).

bibjeN:1<i#j<n

Definition 2.14 Let A = (I, C, D) be a BFG of the graph A* = (T, A) such that |I'| = n. The Reciprocal Randic
Index of the BFG A is provided as,

RRIpr(A) = (RRIG(A), RRIJH(A))

where,

RRIG(A) = Y ¢{u5<b@>dl’<b}:>}{ué(b»dw} and

bibjeN:1<i#j<n

RRIG(A) = 3 [l )@ 0} (i (0)a¥ (b))}

bibjeN:1<i#j<n

Let us consider a bipolar fuzzy undirected graph whose membership values for the vertices and the edges are
shown in Table 1. The topological indices defined in Sect. "Preliminaries” are calculated for the graph and
demonstrated in Fig. 2.

The notations used in this article are given in Table 2.

Forgotten index and its properties in bipolar fuzzy graphs
Here, we have introduced the Forgotten Index for BFGs and proved some theorems.

Forgotten index in bipolar fuzzy graphs

The Forgotten Index, or F-index, is a vital and significant topological index. The application area of the Forgotten
Index in molecular chemistry and real-life scenarios is enormous. The concept of topological indices started with
the introduction of the Wiener Index'” way back in 1947. The first degree-based topological indices (First and
Second Zagreb Index) were introduced in 1972 by Gutman and Trinajstic'®. Although being such a significant
topological index, the Forgotten Index was unnoticed, overlooked, or forgotten by researchers for many years.
That is why, while developing the Forgotten Index in 2015, Furtula and Gutman®? gave such a name to this
topological index.
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Vertices | Membership values of the vertices | Edges | Membership values of the edges
1 (0.2,—0.5) L2 |(0.1,-0.1)
2 (0.7,-0.2) w3 [(0.2,—0.4)
3 (0.4, —0.6) L4 | (0.1,—0.4)
4 (0.3,—0.6) s |(0.2,-0.1)
5 (0.8,—0.1) 23 |(0.3,-0.2)
@49 |(0.3,—-0.1)
@5 |(0.6,-0.1)
34 | (0.1,-0.4)
3.9 |(0.2,-0.1)
5 |(0.3,-0.1)

Table 1. Membership values of the vertices and the edges of the undirected graph shown in Fig. 2.

Positive Values of Indices

25

Negative Values of Indices

Adjacency matrix with positive values

%

o5

03 07 >

02 93

N

Values

0.5

Adjacency matrix with negative values

o1

Fig. 2. A bipolar fuzzy graph and the topological indices defined on it.

Furtula and Gutman?? developed the Forgotten Index for crisp graphs in 2015 and compared it with the First
Zagreb Index. Islam and Pal* introduced the Forgotten Index for fuzzy graphs in 2021 and applied it to co-
authorship networks. In this subsection, we have defined the Forgotten Index for bipolar fuzzy graphs.

Let A = (I', C, D) be a BFG of the graph A* = (T, A) such that |I'| = n. The Forgotten Index (F-Index) of

the BFG A is introduced as,

FI/%‘(A) = (ngF(A>> FIgF(A»

where,
FIged)y = > {uo)d” 0)} + {péb)d” (b))} and
bibjeN:1<i#£j<n
FIgeA) = > {ud®)d™ (5)} + {u (b;)d™ (b))}

bibjeN:1<i#j<n

Theorems on bounds of the forgotten index in bipolar fuzzy graphs

The bounds of the Forgotten Index are very important aspects as they provide valuable insights regarding
networks’ character. The bounds, i.e., the lowest and highest values of the Forgotten Index, indicate the capability
of the concerned bipolar fuzzy graphs. In this subsection, some theorems regarding the bounds of the Forgotten
Index in bipolar fuzzy graphs are proved.
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Notations Meanings
A* Graph
r Vertex set of the graph A*
A Edge set of the graph A*
|F| Number of elements in [’
|A‘ Number of elements in /\
n Number of vertices in AA*
m Number of edges in A*
s.t. Such that
BFG Bipolar fuzzy graph
BFDG Bipolar fuzzy directed graph
d(b,) ( ( ) (b)) Degree or open neighborhood degree of the vertex b;
dA( ) ( g( ) ( )) Degree of the vertex b; for the graph A

[ ] ( ar [b } [ D Closed neighborhood degree of the vertex b;
FZIpp (A) = (FZIBF(A), FZ[EF(A>) First Zagreb Index of the bipolar fuzzy graph A
SZIpp (A) = (SZ[]?F(A> SZIgF (A)) Second Zagreb Index of the bipolar fuzzy graph A
HZ[BF<A) = (HZIgF(A) HZ[§F<A)) Hyper Zagreb Index of the bipolar fuzzy graph /A
SOpr (A) = (SOgF(A> SO%F (A)) Sombor Index of the bipolar fuzzy graph A
RRIpp (A) = (RRIgF(A), RR[;F(A)) Reciprocal Randic Index of the bipolar fuzzy graph A
F[/;,L'(A) = (F[gF(A), F]§F<A)) Forgotten Index or F-index of the bipolar fuzzy graph A

Table 2. Notations used in this article and their meanings.

Theorem 1 Let A= C D)  be

min {[d™ (b;)|}, Ay = max {d” (b;) } and Xy = max {|d" (b,
o1 < FIp(A) < Xoy,

where,

a BFG such that || =mn,

6y = min {d” (b;)
\} ,Vb; € I. Then,

and 8309 < FISH(A) < Moy,

o= Y [ut®)y +{ul®)y,  and
bibjeA:l<i#j<n
o= Y )Y +{pd 0.
bibjeN:1<iFj<n
Proof We have,
Foy= Y bbby ad )= S o)
bjbib; bib €A bjibitb; bib;EA ’
Again, §; = min {dp (b,j)}, 02 = min {| ¥ (b |} A1 = max {dp } and A\ = max { |d |} Vb, €T
So,
5 <dP (b)) <\
= Btb)} < 0 (0 nE(B) < M)
= 6t {nc (b)Y < {uc®)d” ()Y < A{pc b))
Similarly, 675 (1)} < {E0,)d” (5)) 1 < X))
Therefore,
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SHuc0:)Y + 0t {ue (b)Y < {pucvi)d” (5} + {pe(b)d” (b))
< AHucB)Y + A{uc ()}
= 61 {pc )} + {uc0)}] < {udb)d” (60} + {uc(b;)d” (b))}
< ANHu )} + {ne (b))}
= > e + {uéb)Y]
bibjeAil<i#j<n
< Y [wbm)d” )Y + {ulb)d” (b;))]
bibjeN:1<i#j<n
< Y AHeE®)Y + {ulb)))
bibjeA:1<i#j<n

= 6101 < Flpp(A) < Xow, where o= Y [{uo(bi)} + {né(b,)}]
bibjeN:1<iAj<n

Again, we have

8y < |dN (i) | < Mg

= X <dV(h) <

= 52{/4c(b)}§ ( D e (0) < =Xafud (b))} [ pe(bi) < 0]

= 2N (b)Y < {pd (b)d™ (b)) < A2{ud(5:)}? [ each side is non-negative].

Similarly, 63 {2 (b)) }* < {u¢ (b)d" (b;)}* < N{ud (b))}
Therefore,

B0 + B0,y < {ud6)a" )1 + {1 (b)d" (b))
< N 0 + N (0,))?

= S b)Y+ {ud )1 < (X b)d™ (5)) + {u (b)d" (b))
< X0 + {0

= BN+ {u )

bibjeA:l<i#j<n

< ) Hud)dY (0)F + {udb)a™ (b))

bibjeN:1<i#j<n
<Y NHrE B+ {rd (b)Y
bibjeA:1<i#j<n
= 0209 < FINp(A) < Moy,  where oy = Z {ud (b))} + {/Jg(b])}z]

bibjeA:1<i#j<n

Therefore,
6loy < FIEL(A) < Moy, and 8309 < FINR(A) < Moo,
where,
o= Y Kue)y +{ui®,)y], and
bibjeAil<i#j<n
o= Y ety +{pd b))
bibjeN:1<i#j<n
O

Theorem 2 Let A = (I, C, D) be a BFG of the graph A* = (I, \). Then,

FILo(A) <2m(n—1)% and FISn(A) < 2m(n —1)%

where, m be the no. of edges, and n be the no. of vertices in A.

Proof As,AisaBFG,s0,0 < pfi(b;) < 1,0 < pf(b;) < 1, =1 < p(b;) < 0,and — 1 < pl(b;) < 0,Vb;,b; €T

Scientific Reports|  (2024) 14:28264 | https://doi.org/10.1038/s41598-024-79295-1 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

We also have, 0 < p5(b;b;) < 1,and —1 < pl¥(b;b;) < 0,Vb;b; € A.
Again, the no. of vertices in A is 1. So, each vertex is adjacent to a maximum of (n — 1) vertices.
Now,

d°(b) = Y pplbib) < (n—1), 9 €T
bjbi#bj bib €A

= pc(bi)d” (bi) < (n— D [ougb) <1
= {uE(:)d"(b;)}* < (n —1)*> [ both the sides are non-negative].

Similarly, {;162(b;)d" (b;)}* < (n — 1)%

So,
{nc(®)d” (b)) + {uc(b;)d" (b))} < (n = 1)* + (n — 1)*
= {uc®)d” B} + {ue(b))d" (b))} < 2(n —1)?
= > Hub@)d"®)Y + {ulbpd” )y < Y 2n—1)7%
bibjEN1<iZj<n bibjeN:1<iz#j<n
= FILp(A) < 2m(n —1)2
Again,

d(b)= D upbib) = —(n—1),vb €T

bjibibj bibjeA
— ) < (0= 1) L) > 1
— {Mc\( i) d ( )}2 (n— 1)? [.- both the sides are non-negative].

Similarly, {z¢¢" (b;)d"(b;)}? < (n — 1)°.
So,

(RO + ()P < = 1P+ (01
0)a" (b)) b>}2<2< -1
WS Y 2An-1R,

bibjeA:1<i#j<n bibjeA:1<iF#j<n

—
—
=
Q=
N
% —
=z~
—
s
N
2
+

S FIEL(A) <2m(n—1)%, and FIYp(A) < 2m(n—1)20

Theorem 3 Let A = (T, C, D) be a BFG having n vertices. Then,
FILA(A) < (n—=1)20;, and FIS.(A) < (n—1)2W,, where,
i= Y Heb®)Y +{el®))), and

bibjeA:1<i#j<n

o= > Hid @)Y+ {ud o)},

bib;EA1<i#£j<n

Proof Let, ' = {by, by, ...., b, }. Clearly, each vertex of A has atmost (n — 1) adjacent vertices.

Now,
d"b) = Y pplbiby) < (n—Dul(b;) and
bbb bibjeA
V)= Y upbib) = (0= D (b).
bjibi#bj.bibjEA
Now,
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FIgp(A)
= D {rb@)d” (1)) +{péb)d” (6,)}]
bibjeAil<i#j<n
< D Hue®)n = Dugb)} + {uéby)(n = Duéb)))

bibjeNi1<i#j<n

=(n—=17 > [{ub@)} +{ulw)} .

bibjeN:1<i£j<n

S FIpp(A) < (n—1)? Zbibje\:lgzi#jsn[{#g(bi>}4 + {#?(bj)}ﬂ

Similarly,
FIG(A) < (=17 Y [{ud @)} +{pd b))
bibjeN:1<i#j<n
Therefore,
FILp(A) < (n =12V, and FIFp(A) < (n— 1)y,  where,
U= > e} +{ul®)Y, and
bibjeAil<i#j<n
o= > [} + )},
bibjeN:1<i#j<n
O

Theorem4 LetA = (I, C, D) beaBFG of thegraph A* = (I', ) s.t. Aisacycleand U] = n. Then, FIf,(A) < 8n
and FI5R(A) < 8n.

Proof Let, I'= {bh bg7 b37 cieey b,l}.

As A is a cycle, so every vertex has exactly two adjacent vertices, and [A| = n.
Now,
d"(b;)
= Z 1 (bib;)
bj:bi#bjbibj€A
<21 [ ph(biby) < 1,90:b; € A]
= df(b) < 2.

dpa)z) < Q,Vbi erl.
Similarly,

d™ (b;)

= > bbby

bjibi#bj bibjEN
>2.(=1) [ u(biby) > (~1),bib; € Al
= d¥(b) > (-2).

dl\<b/) > (—2)7Vb7 el.

Again, as Y (b;) > (—1) and dV (b;) > (—2), so u (b;)d™ (b;) < 2,¥b; € T
Now,

FIGed) = S0 b d” o)} + {ul () d” (b))} ]
bibjeAi1<i#j<n
< [{1.2}% + {1.2}7]
bibjeN:1<i#£j<n

= 8n.
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S FIEL(A) < 8n.
Similarly, we can prove that, FI5,(A) < 8n.

S FIEL(A)<8n and FIL(A) < 8n.
|

Theorem 5 Let A = (F C,D) be a BFG of the graph A* = (F A), s.t. A is a star, and |I'| = n. Then,
FIEL(A) < (n—1)(n? 72n+2) and FIN.(A) < (n—1)(n®—2n+2).

Proof Let, I" = {by, by, b3, ..., b, } and b; be the center of the star A.

As A is a star, the center is adjacent to every other vertex, and every vertex except the center is a pendant
vertex, and |A| (n—1).

Clearly, uf(b;) < 1,¥b; € T, d¥(by) < (n — 1),d"(b;) < 1,¥b; € {b, b3, ..., b, }; and pud(b;) > —1,¥b; € T,
d\<b1> (n — 1) d (b) > —1 Vb (S {bg,b(;, b,l}.

Now,
FInpa)= 3 [{ub by @) + {uf 0)d" 0)}]
bibjeN:1<i£j<n
= [ (b)) d” (b)) + (il (ba) d” (b) Y]+
[{Mg(b dP (b)Y + { L (bs) d” (b5) )] + oot
[{ & (b 1)} + {ué (b)) d” (by) }2] [(n — 1)terms]
<(n- 1)[{1.(n - 1P+ {11}’
=(n—-1)(n*=2n+2).
S FIEL(A) < (n—1)(n®—2n+2).
Similarly, FI3-(A) < (n — 1)(n? — 2n + 2).
SFIEL (A <(n—1)(n*=2n+2) and FIY(A) < (n—1)(n® —2n+2).
g

Theorems on the forgotten index in different types of bipolar fuzzy graphs

Over the years, researchers have developed various characteristics, like completeness, regularity, etc., of bipolar
guzzy graphs. Poulik et al.?” have proved several theorems regarding Randic Index for different types of bipolar
fuzzy graphs. In this subsection, we have discussed several theorems on the Forgotten Index for regular BFG,
complete BFG, strong BFG, isomorphic BFG, etc.

Theorem 6 Let A = (I',C, D) be a connected BFG consisting of n vertices, and A' = (I, C', D') be a BFG ob-
tained by deleting a vertex from A. Then,

FIL(A) > FIEL(A) and  FISL(A) > FISL(A).

Proof Let, I' = {bh b, ..., b,,} and [’ = {bh bg, ..... s b,,fl}.

S I'cl = Aisa blpolar fuzzy subgraph of A.

Therefore, u(by) = (b)) (b)) = 13 (b, 15 (biby) = iy (5,
and pf(bib;) = ul, (b;b)), Vb; € I and Vb;b; € A/, where Nis the set of edges in A
Now,

d"b)y = D ppbib) and d¥b)= D ppbiby);

bjbi#b; bibEA bjibi#bjbibEA
dPb) = Y up(biby) and dN¥(b) = > pl(biby).
bjbibj bibjeN bjbi#b; bibje

So,
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S {ub®)d (b))} + {ub(b)d" (b))}

bibjeN:1<i#j<n

> > [{1C(b:)d" (5)} + {pd(0))d" (0;)}7]

bibje N 1<i#j<(n—1)

= > [{ufi(b)d " (00 + {pbi(0;)d " (b,)}?]  and

bibjeN:1<i#j<(n—1)

Yo [Hud)d ) + {ud (0)d" (0)))]

bibjeN:1<i#j<n

> > [{p (0:)d™ (b:)}? + { g (b;)d™ (b)) ]

bibje N 1<i#j<(n—1)

= > ({0 (b)d™ (b)) + {ud(by)d™ (b))}

bibjeN:1<iAj<(n—1)
Therefore,
Flpp(A) > Flpp(A) and  FIFp(A) > FIgp(A).
O

Theorem 7 Let A = (I, C, D) be a complete BFG, s.t. the function C is constant. Then,

Flgp(A) = (n(n — 1%, n(n — 1)%5) = n(n — 1)3(vi, v3),

where n is the no. of vertices in A, and vy = pL(b;), vo = ud (b;),b; € T.

Proof As Cis constant, and vy = ul(b;),ve = p(b;),b; € T,

so, v; = pL(b;), vy = p(b;), Vb; € T.
Since A is a complete BFG, then,

ph(biby) = min{ub(b;), pb(b))} = v, and
S (0iy) = e (b), 1 (b)) = 02, by, by € T

71(77 1)

Again, as A is complete, and the no. of vertices in A is #, so, there are (’2') = edges and every vertex in A

has exactly (n — 1) adjacent vertices.

Therefore,
d"b) = > pplbib) = (n—1vy, and
bbb, bibjeA
d¥b) = Y upbib) = (=1,
bjibi#bj.bibEA
Therefore,

Flgp(A)
= D [{ee®)d” (b)) + {uéb)d" (b))
bibjeA:1<i#j<n

=D [t = 10 + frln — Dr)

2
=n(n — 1%}

So, FILL(A) = n(n — 1)%v}

Similarly, FI5-(A) = n(n — 1)%v3
Therefore,

FIpp(A) = (n(n— 13 v17n(n 1)311;) n(n — 1) (vl,vé)
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Theorem 8 Let A =

(I',C, D) be a regular and totally regular BFG s.t. |I'| = n, and between all pairs of vertices,
there is an edge. If d (b;) =

(Pl,Pz) and (HC( ) ,Lb(v (b )) (ul,UQ> b; € I, then

FIgp(A) = n(n — 1)(uip], usps).

Proof As A is regular, so p; = dP (b;),p2 = dV (b;),¥b; € I'. Again, A is totally regular BFG, so d” [b;] = t;
(Say), and d‘N [bl] =ty (say), Vb, cl.

We know that, dP [b] = d¥ (b;) + pf (b)) = t1 = p1 + pE (b)) = p () =t — pi, and
dV b)) = d (bi) + pfy (bs) = ta = pa + pey (0i) = ey (bs) = ta — pa Vb; € T

Hence, C is constant function, and u; = pf. (b;) and uy = pf ((b) Vb; € I'. As |I'| = n, and there exists an
edge between all pairs of vertices in A, so there are exactly (5) = “ ) edges in A.

Now,
FIfed) = Y [l ®)d” 0} + {uf b)) d” (0)}]
bibjeA:1<i#j<n
=D P + fuapn ] = i~ Vi
and

FI@) = Y [ ) 0)F + (o) )]

bibjeA:1<i#j<n

n(n —1)
:T[

{uapa}” + {Uzpz}Q] = n(n — 1)usps.

So, FIpr(A) = (FIpp(A), FIgp(A)) = n(n — 1) (uipf, uips) . O

Theorem 9 Let, A = (I',C, ) be a BFDG, such that |\l =m, and C is constant. If d (b;) = (p1,p2) and
(“C (bi) , Nc (b)) (u1,u9),¥b; € T'. Then

FIBF(A) = Qm(u%pf, u%pg).

= m and C is constant, so the no. of undirected edges is m.

Now,

FIBF ~)
= Y [ue®)d” B + {ub(b,)d" (5;))]

bibjeAil<i#j<n

- [{uipt} + {uipi}]
bibje\:lg#jgn

= m[2ulp]]

= Qmufpf.
Similarly, FT5-(A) = 2mu3p3.
Therefore,

Flpp(A) = (2muip}, 2muzpy) = 2m(uipi, u3py).
O

Theorem 10 Let A = (', C, D) be a regular BFG of the graph A* = (I, A) s.t. A* is an odd cycle, and |U'| = n. If
= {by. by, bu}sit. (uf (i) i (bi)) = (vii, v2s), and (i (biby) , 1 (biby)) = (ex, e2), where bib; € A and
1 <i#j <n.Then,

F]B['(A) = 8(6% [UHQ + ’l}122 + ’U132 + o + Ul,IQ} s 63 [’Uglz + U222 + U232 + o + 1)2”2] )

Proof We have, if A = (I', C, D) be a BFG of an odd cycle A* = (I, A), then A is regular if and only if D is
constant'2.

Here, = (I, C’7 D) is a regular BFG of the odd cycle A* = (T,

= ( I ) is a constant function.
But, (15, (bib)) , 1y (bid;)) = (€1, €2), where bb; € A;so (b (b; bj ,/ b bj ) =

(17 (2 Vbibj €N AsA*isa
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cycle, each vertex in A has exactly two incident edges. Again, as A is regular, all the vertices have equal degrees.
o.od (bz) = (dP (b,) s ay (b,)) = (2617 262) ,Vb; e T.

Again we have, A* is a cycle and |I'| = n. So, A has exactly n edges.

Therefore,

FIGpA) = > b d” o)}y + {uf ) d” ()]

bibjeN:1<i#j<n

= > vz} +{vg2e0)’]

bibjeNil<i#j<n
bibjeN:1<i#j<n
= 46% [('Ull2 + 1)122) + (’U122 -+ 17132> + (U132 + ’U142) 4+ ... + <U1n,2 + UHQ>]
= 86% [Ullz + U122 + 1}132 + + ’Ulnz}

and

FINp(A) = S [ o) d o)} + {ud b)) ¥ (0))}]

bibjeA:1<i#j<n

- Z [{02¢262}2 + {v22e2)]

bibjeAd<iAj<n
= 4é} Z [vgiz + 1)2]-2}
bibjeA1<ij<n
=45 [(var” 4+ v2”) + (v22® + vas”) + (v23” + vas®) + oo + (v20” + v21%)]
= 8¢5 [var” + vp” + va3” + ... +v2,7].
So. Flpp(A)=8(e} [U112 + o + ot + + Umz} €2 [U212 T e g n UMQ] )

0

Theorem 11 Let A = (I', C, D) be a strong BFG of the gmph A* = (', A) having n vertices, s.t. A* is a cycle. Then,
Flgp(A) = 8n (uf,u), where (w1, us) = (pul (b;), 1y (b)) ,Vb; € T

Proof Let, ' = {bhbo b, ..., by }. Since, A 1s a strong BFG, and (uhuQ) (b)), N (b;)),¥b; € T, so,
uh(bib;) = min{ul(b;), pf(b; )} =uy and g (bb;) = max {uy (b;), 1 G Y (bj)} = up,Vbib; € A. Every vertex
has exactly two incident edges, as A* is a cycle. Then, d” (b;) = 2u; and d” (b ) = 2uy, Vb, € T Again, as |T'| = n
and A* is a cycle, so there are exactly n edges in A. Then,

FIfud) = > [{ub)d” 60} + {uf ) d” (0))}]
bibjeNi1<i#j<n

= Y [P+ e

bibjeN:1<izj<n

4
[8u1]
bibjeN:1<i#j<n

4
Snu;
and

FIN(A) = Z (i B d™ B)} + {d (b)Y ()]

bibjeAil<i#j<n

= [(ZU%)Z + (21@)2}
b; [JJ eA:1<i#j<n

- )
bibjeA:1<iZ£j<n

_ 4
= 8nu,.
Therefore,

Flpp(A) =8n (uf,uy), where (up,us) = (,up(b) u (b i), Vb € T
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Theorem 12 Let, Ay = (I'y,Cy, Dy) and Ay = (Fz, Cy, Dy) are two isomorphic bzpolarfuzzygmphs of the graphs
A;(Ty, Ay) and A3(Ta, Ag), respectively. Then, FI5(A1) = FI5(Ag) and FIYL(A) =

Proof As, A; and A, are 1somorph1c, so 3 a bijective mapplng ¢ Ty = Ty, st pfs (b)) = pé, (v(bi),
1 (0) = i (6(0:)), ¥y € T and b (Bb) = e ({5 Jb(b), a3, (i) = 1l (D(bi )b (by), Wby € Ay

Now,

i, (b) = > pp,(biby)

bjibi#bj.bibj €Ay
= > uh,Wb)(by)
bjibi#bj,bibj €A
= > 1, (W (b)Y (b))
( )22 (by)#4 (bj) 1 (b) (b €A
R (0 (0)-

Therefore,

I5r(A)

= Z [{ne, (0:) dX, } +{ue, (b)) dX, (b, )}2]

bibjeA1:1<i#£j<n

({1, (0(0:)) d5, ()} + { b, (b)) d&, (b)) ]

(]

bibjeA1:1<i#j<n
3 ({1, (b)) d5, ()} + { b, (b)) d&, (b)) Y]
P(bi)ip(bj) €N 1<i#j<n

= FIL,(Ay).

So, FIL L (A)) = FI5 (7).
Similarly, FI% (A1) = FIN(As).
SFIEL(A) = FIB(Ay) and  FIN(A)) = FIN(Ay).

O

Theorems on relationships of the forgotten index with some other topological indices in
bipolar fuzzy graphs

Several topological indices have been developed over the decades. The establishment of relationships among
them is very important. By finding the relationships among different topological indices, one can describe the
characteristics of one topological index with the help of another topological index, compare different topological
indices and discuss their effectiveness, and apply one topological index in the application area of the other
topological index and see how it behaves there. In this subsection, we have proved some theorems regarding the
relationships of different topological indices with the Forgotten Index in BFGs.

Theorem 13 Let A = (I', C, D) be a BFG of the graph A* = (I', A) s.t. |I'| = n, and |A| = m. Then,

L{SOR(A) < FIp(A) < {SOF(A), and

(SO < FI(A) < {SOR (M)

Proof We have,

FIGed) = S0 [l d” o)} + {ul (o) d” (b))} ]

bibjeN:1<i#j<n

- > {\/{u )" ()} + {uf (b df’(bﬂr

bibjeN:1<i#j<n

s[ Y b + e dp<b>}]2

bibjeN:1<i#j<n

= {SOLr(2)}*.

F1§F<A) < {SOEF(A)}Q-
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Similarly, we can prove that, FT5-(A) < {SON.(A)}%
From the Cauchy-Schwartz inequality, we get

(> ) 5 WiEowarpEneory)

bibjeN:1<i#j<n bibjeN:1<i#j<n

z( > <1>W[{ugw»dw}ﬂ{u5<bj>d”<"j)}2])>2

bibjeA:1<i#j<n

:m( S [ e)d 00) + (0, dP<b>}})

bibjeN:1<i#j<n

z ( > \/[{Ng (b:) dP (b))} + {uf (by) d (bj)}2]>

bibjeA:1<i#j<n

= mFILp(A) > {SOL(A)}?
= FIL(A) > %{SOEF(AW-

Similarly, it can be proved that, FI}y,(A) > L{SO¥.(A)}?.
Therefore,
(SO < FIF(A) < {SOF(A), and
L{SONA) < FI(A) < {SOR(A))
O
Theorem 14 Let A = (I', C, D) be a BFG of the graph A* = (I', A) s.t. |TI'| = n, and |A| = m. Then,
S APZIL (M) < FIGA(8) < {FZI(A)F,  and

SAPZIN(A)Y < FINA() < (FZI(A))

Proof We have, 0<,u0(b)§1 0<ul (b)<1 —1 < (b)) <0,—1 < ud(b;) <0,¥b;,b; €T, and
0 < ph(biby) <1, =1 < ul(bib;) < 0,9bb; €
So, df(b) = Z ph(bib)) >0, and d¥(b) = Z uy(bib;) <0
bjbi#bj.bibjeA bjibi#bj.bibjEA

Therefore, 1i5(b;)d” (b;) > 0, p£(b;)d" (b;) > 0, iy (b;)d™ (b;) > 0, and p (b;)d™ (b;) > 0.

Now, for any two non—negative real numbers f and r, we have. f2 + 12 < (f +7)2
Putting f = pu5(b;)d” (b;) and r = pf(b;)d” (b;), we get,
[{ue () } +{ut. (b)) d” (5,)}]
< [{uc (bi)} + {uc by)d” (b)}])”
= Z {1 (0 d” (0} + {uE (b)) 4 (b))

bibjeN:1<i#j<n

ST b yd” )} + {ub ) d” (6))})

bibjeN:1<i#j<n

IN

2
ST {ul ) d” (b)) + pé (by) d” (b))}
bibjeA:1<i#j<n

= FIgF(A) < {FZ]gF(A)}Q-

IN

Similarly, we can prove that, F I -(A) < {FZI},(A)}2.

Again, for _any two non-negative real numbers h and t, we have,
(h=1)?2>0= R+ >2ht = 2R +2) > (h+1)> = V2VhE + 12 > (h + 1).
Putting b = pl(b;)d” (b;) and t = pb(b;)d” (b)), we get,
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Vol (0) a7 (5 Y + {1 (b)) 2 (b))

> {uf (b dp (b:) + uf (b)) d (b))}

VB ST B0 a0} (el ) )}
bibjeN:1<i#j<n

> {pb®)d" (B) +pl () d” (b))

bibjeNi1<i#j<n

= VISOLL(A) > FZI(A)
= V2y/my/ FIL-(A) > V2SOL-(A) > FZIL-(A)  |From theorem 13

= V2V FI5H() = FZI5(0)

1
= FIE() 2 S {FZI5(A)

Similarly, it can be proved that, FI},(A) > s-{ FZI},(A)}2

Therefore,
AP ZIA) < FIE(A) < {FZI5 ()P, and
S AFZIN ()Y < FINA() < {(FZI(A))

(]

Theorem 15 Let A = (I', C, D) be a BFG of the graph A* = (I', A) s.t. || = n. Then,

FILR(A) > 2SZIER(A), and  FINp(A) > 2SZI5R(A).

Proof For any two non-negative real numbers s and ¢, by applying A.M. > G.M. on s? and %, we get,
S > ot = 2 4 12 > 2st.

Putting s = ug(bi)dp(bi) and t = pL(b;)d" (b;), we get,

[{f (b)) d” (0)}" + {nf (07 d” (0)}] = 2[ Ll (vs) d” (b)) {uf (by) d (b)}]
= Z [{1f (0) d” (5)} + { (b dP<b>}]

bibjeA:l<i#j<n

>2 3 [{mfm)d" 0} {ud b d” b)}]
bibjeN:1<i#j<n

= FILR(A) > 2SZI5(A).

Similarly, it can be proved that, FT1§(A) > 25 ZT3(A).
S FIEA(A) > 2SZ15:(A), and  FINp(A) > 2SZI5:(A).
|
Theorem 16 Let A = (I', C, D) be a BFG of the graph A* = (', A) s.t. |T'| = n. Then,
FILA(A) < HZILA(A), and FINA(A) < HZISH(A).

Proof We have, (< /L(w(b1> < 1,0 < pbb) <1, -1 < pd(b:) <0,—1 < p¥(b;) <0,Vb;,b; €T, and
0< pb(biby) <1, =1 < p(bib;) < 0,Vb;b; € A
So, d’(b)= Y pplidy) =0, and dV(b)= Y ppbid;) <0
bbb bibjeA bj:bibj bibjeA

Therefore, u5(b;)d” (b;) > 0, u£(b;)d" (b;) > 0, u (b;)d™ (b;) > 0, and 2 (b;)d™ (b;) > 0.

Now, for any two non-negative real numbers s and ¢, we have s + t2 < (s + t)2.
Putting s = pL(b;)d” (b;) and t = p5(b;)d” (b)), we get,
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[{,u,g (b;) dar (bi)}2 + {/l,g (bj)dp (bj)}Q} < [{,uj(j (b;) d’ (bi)} + {,u,g (b)) dr (bj)}]Q

= Z [{ug (bi)dp (bi)}2 + {/Lg (b) dr (bj)}z]

bibjeN:1<i#j<n

2
< ST [{ub ) d” )} + {uf by d” (b)}]
bibjeN:1<i#j<n
= FILA(A) < HZILA(A).
Similarly, FIN(A) < HZIY (D).
S FIEL(A) < HZIEL(A), and FINA(A) < HZINA(A).
O

Theorem 17 Let A = (I', C, D) be a BFG of the graph A* = (I', A) s.t. |I'| = n, and |A| = m. Then,
2 . ‘ 2 N .
FISA) > S {RRIGUAY, and FIS(A) > 2 {(RRIG(A)
Proof We have, 0< e i) < 1,0 < ph(by) <1,-1 < pud(b;) <0,-1 < p¥(b;) <0,Vb;,b; €T, and
0 < ph(biby) <1, =1 < ul(bib;) < 0,9bb; € A.

So, d’(b)= Y pplbib) >0, and d¥(b)= Y pp(bib) <0

bjbi#bj bibjeA bjibi#bj.bibjEA
Therefore, u5(b;)d” (b;) > 0, p£(b;)d" (b;) > 0, il (b;)d™ (b;) > 0, and p2 (b;)d™ (b)) > 0.

Now, for any two non-negative real numbers s and t, applying A.M. > G.M., we get, 23 > /st.
Putting s = pl(b;)d” (b;) and t = pL(b;)d” (b)), we get,

[{f ()" ()} + {uz; by)d” 1)} > 20/ {f ) &7 (00} () 07 0}
Y [k }wc ) )}

bibjeN:1<i#j<n
>2 S\ JleE e b)) {ul ) d” (b))
bibjeA:l<i#j<n

= FZIL:(A) > 2RRIL(A)

= V2m\/FIL(A) > FZIL(A) > 2RRIG(A)  [From theorem 14]
= V2my/FIL-(A) > 2RRIf(A)

2 .
= FIgF(A) > E{RRI@’F(A)}?

Similarly, we can prove that, FI5n(A) > 2{RRI5.(A)}2.

— m

. 2 .
“FIEA) 2 Z{RRIGAA)Y, and FIN(A)> Z{RRI}H(A))

|
The relationships of the Forgotten Index with some other topological indices in a BFG A are shown in Table 3.

Applications

Here, we have discussed a couple of real-life applications of the Forgotten Index for bipolar fuzzy graphs. This
section is divided into two subsections. We have applied the Forgotten Index to matrimonial websites and
gene regulatory networks in the Subsections "Application of the forgotten index in matrimonial websites" and
"Application of the forgotten index in gene regulatory networks", respectively.

Application of the forgotten index in matrimonial websites

Matrimonial websites offer numerous benefits for individuals seeking life partners. Firstly, they provide a
vast pool of potential matches, allowing users to connect with individuals they might not have encountered
otherwise. These platforms also offer advanced search filters, enabling users to specify their preferences based
on factors such as religion, ethnicity, education, and profession, thereby increasing the likelihood of finding
compatible partners. Additionally, matrimonial websites facilitate communication and interaction between
interested parties through messaging features, virtual chats, and video calls, fostering a comfortable and
convenient environment for getting to know each other. Furthermore, these platforms often employ stringent
security measures to ensure the safety and privacy of users’ personal information. Overall, matrimonial websites
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streamline the process of finding a life partner, offering a convenient and effective solution for individuals
seeking meaningful relationships.

When a person opens an account on a matrimonial website, they are asked to fill out a form where all the
details about that person, like country, language, religion, hobby, education, occupation, etc., are asked; apart
from that, the preferred details about the potential life partner that the person is looking for are also asked.
Matrimonial websites suggest profiles that match the given criteria based on the preferences given by that person
about the potential life partner.

For our convenience and better understanding, we assume there are profiles of ten women on a matrimonial
website. Now let us consider a man, Sumit, who is looking for a compatible partner and opens an account on
that matrimonial website. Here, the matchings and mismatchings of Sumit and these ten women are represented
through a bipolar fuzzy graph having ten vertices representing those women, where the positive and negative
membership degrees of the vertices represent, respectively, the matching and mismatching factors of a particular
woman with Sumit. One thing to keep in mind is that while determining the membership values, every factor
should not be treated equally. Factors like country, religion, language, occupation, etc., should be given more
weight, and factors like hobbies, favorite sports, etc., should be given less weight. Similarly, the positive and
negative degrees of membership of the edges represent the common matching and mismatching factors of two
adjacent vertices. Let the names of those ten women be Sujata, Afsana, Puja, Mina, Deepti, Nafisa, Ranjita,
Victoria, Bithika, and Ipsita, and these women are depicted through the vertices S, A, P, M, D, N, R, V, Band I,
respectively. The bipolar fuzzy graph A, as mentioned above, is demonstrated in Fig. 3.

Positive and negative degrees of membership in a BFG have the opposite sign. Thus, although the positive
and negative portions of the Forgotten Index have the same sign, their effects are opposite. Therefore, we must
calculate the difference among the positive and negative portions of the Forgotten Indices of the vertex deleted
bipolar fuzzy subgraphs of the BFG A, as shown in Fig. 3.

The positive and negative parts of the Forgotten Indices of the vertex deleted bipolar fuzzy subgraphs of the
BFG given in Fig. 3 are calculated and are shown in Table 4.

From Table 4, it is clear that
FIE (A-V)— FILEF<A V) > FIE(A—=N) = FIN.(A = N) > FIL (A — A) — FIS (A — A) >
FI?)F(A -D)— FIQI(A —D)>FI;.(A-S)— FIBF(A = 8)> FIpp(A—B) — FIgp(A - B) >
FIfp(A — R) = FI5(A = R) > FLyp(A = M) ~ FIgp(A = M) > FIp(A = P) — FIj(A — P) >
FI?,F(A -1 - FIZ%F<A —I), and FIS(A-V)—FIJ.(A—V) is the highest and
FIgp(A —1I) — FIge(A — 1) is the lowest. So, when we consider the bipolar fuzzy graph given in Fig. 3,
the order of compatibility is I > P> M >R >B>S5>D > A> N >V, and I(Ipsita) and V(Victoria),
respectively, have the highest and the least compatibility with Sumit.

Thus, using the Forgotten Index, matrimonial websites can suggest compatibility preferences to the persons
seeking life partners so that they can contact each other and start a conversation.

Application of the forgotten index in gene regulatory networks

Gene Regulatory Networks (GRNs) describe the interactions between genes and their regulatory elements.
These networks are crucial for understanding cellular processes and can be modeled mathematically to predict
gene behavior under various conditions. These networks are usually represented through directed networks,
where the direction between transcription factors and target nodes is indicated through directed edges. Some
edges representing regulatory interactions can be bidirectional. Here, we assume that each gene can be in one
of two states: active (on) or inactive (off); regulatory interactions can be either activating or inhibiting, and the
state of a gene is influenced by the states of its regulators. In a gene regulatory network, genes (I') and regulatory
interactions (A) are represented by the nodes and the edges, respectively, of the network. A gene regulatory
network can be represented by a bipolar fuzzy graph. Here, for simplicity and convenience, we have considered
an undirected network. Such a network is demonstrated by a BFG A, in Fig. 4. The membership values of the
vertices and the edges of the gene regulatory network, demonstrated in Fig. 4, are provided in Table 5.

Relationships of the forgotten index with | Relationships

Sombor Index ;?:;ESO’?F(A)}Q < FI}_?F<A) < {SOJ‘?F(A)}Z
S LSORR(A)Y < FIgp(A) < {SO5p(A)}
First Zagreb Index i&{FZI?,F(A)}? < F]/]{F(A) < {FZIQF(A)}zy
s U Z15p(A)Y < FIFp(A) < {FZI5p(A)Y

FI5L(A) > 25215,(A)

Second Zagreb Index

Hyper Zagreb Index an

Reciprocal Randic Index and

Table 3. The relationships of the forgotten index with some other topological indices.
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(0.4,-0.6) 0.6, -0.3)

v (0.3,-0.3) N

(0.3,-0.2) (0.1,-0.2) 0.5,-0.2)

0.3, -0.4}\(
(0.3,-0.2) D 0.2,-0.1) M ) 05,-0.2)

(0.6, -0.3)

(0.6, -0.2) (0.6, -0.2) (0.2,-0.2) (0.5,-0.1) 0.4, -0.1)
(0.1, -0.3)
07,-04) ( R »—(0.7, -0.1) 1 0.6, -0.1) B ) 0.7,-02)
(0.4,-0.3) (0.5,-0.2) (0.2,-0.2) (0.1,-0.2)
(0.5,-03) (0.4,-0.6)

Fig. 3. A BFGA representing the ten women in a matrimonial website.

Bipolar fuzzy subgraphs FIEF FI]ByF FIEF — FI},YF
A=V 13.20 3.21 9.99
12.66 3.28 9.38
10.64 2.85 7.79

12.10 3.21 8.89
11.49 3.62 7.87

11.35 341 7.94

06.48 2.89 3.59
11.55 3.55 8.00

11.83 3.55 8.28
12.62 3.31 9.31

I
e ol w|~ | m| 2| o] v =

BB B B B
I

Table 4. Positive and negative parts of the Forgotten Indices of the vertex deleted bipolar fuzzy subgraphs and
their differences.

In a gene regulatory network, the positive membership degree of a vertex indicates the extent to which a
gene is actively involved in promoting a biological process, while the negative membership degree reflects the
extent to which the gene inhibits or suppresses that process. The positive membership degree of an edge indicates
the strength of an activating interaction between two genes, while the negative membership degree reflects the
strength of an inhibitory interaction between them. The Forgotten Index for the graph A is calculated and
is given by Fpr(A1) = (Fhr(A1), FR(A1)) = (24.9294, 00.1837). The Forgotten Index’s positive and negative
values indicate the networK’s positive and negative regulatory influences. In a gene regulatory network, if the value
of the positive part of the Forgotten Index is greater than the negative part, it implies increased gene activity and
activation of gene expression, which can lead to cell growth, response to stimuli, etc. If the negative part of the
Forgotten Index is more than the positive, it implies lesser gene activity preventing growth, response to external
signals, etc. If the positive and negative part values are equal, it means stable gene activity. It is crucial for normal
cellular functions and responses. We have calculated the difference between the network’s positive and negative
values of the F-index. The higher the value, the more prominent the positive or activating regulatory influence
is than the negative or inhibiting influence in the network. Clearly, FE (A1) — FAR(A;) = 24.7457, which is
significantly greater than 0. So, the overall positive or activating regulatory influences of A are significantly
more prominent than the negative or inhibiting regulatory influences.

Now, we are to find out the genes that have the most influence on characterizing the networks’s higher
positive or activating nature. We have calculated the Forgotten Index for all the vertex-deleted subgraphs of A,
, and computed the differences between the positive and negative parts of the Forgotten Indices. The values are
provided in Table 6.
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From Table 6, it is clear that

FI F(Al — FQU) — FI!SF(Al [y ) > FIBF(Al Flg) — F[EF(AI F19> > FIBF(Al )

FINA(A) = Ts) > FIDA(Ay = Tyy) — FINp(A — F14) > FILp(Ay = Ty) = FIN(A; — m)

F[%f(Al F)*F]‘H,<A1 F7>>F1 <A1 )*F[‘\A(A1*r2>>FIB€(A1

FIJ?) (AI )>FIF(A1 )— <A1 >>F]B(A1—F1())—FIB (Al—Fl[])>

F[QF(AL Ts) — FINo (A — Fg) > FIB €< —Ts) = FIYp(A —Tig) > FIE(A; — o) -
[ EAl F15) > FI F(Al ) ( Fg) > FIBF(AI F13> FIBF<A1 — Flg) >

Q Fll) —FIL; F(Al Fll) > FI (AI Flg) — F[\F(Al Fu) > F[ (AI F(—;>_
Flgp(A— FG) > Flpp(A — Fh) FIBF(Al I'7) > FIgp(A — D) — FIBF(Al Ti)
5 and FIBF<A1 — FZU) FIBZ"(Al F20> is the highest and FIB[‘(AI Flﬁ) FIéF(Al — F16>
is the lowest. So, when we consider the bipolar fuzzy graph given in Fig. 4, the order
of influence of genes is P>l >lg>T > >Di3>Tg > > > s >
Fg>T3>T1>Ty>T7 >0y >y >T15>T19>T9, and I'jg and 'y have the highest and the least
influence, respectively, in characterizing the positive or activating nature of the gene regulatory network A,
given in Fig. 4.

Thus, using the Forgotten Index, we can find out the activating or inhabiting nature of a gene regulatory
network and compare the overall influence of a gene in characterizing the nature of the network.

Conclusion and future works

In this research article, we have developed the Forgotten Index for bipolar fuzzy graphs. We have proved several
theorems on the F-index in bipolar fuzzy graphs. Then, we discussed the application of the Forgotten Index to
matrimonial websites and gene regulatory networks. If the nature of a network’ vertices and edges is not self-
contradictory, then bipolar fuzzy graphs cannot represent those networks. Data collection in a bipolar fuzzy
environment is challenging. As we have already seen that topological indices have a vast real-life application
area, we would like to apply the Forgotten Index to stock markets to find more secure stocks or mutual funds
and different lottery platforms to assess the most trustworthy lottery companies. We would also like to introduce
the Forgotten Index for m-polar fuzzy graphs and discuss its properties. In the future, we would also like to use
other topological indices introduced in this article for applications in real-life scenarios.

s L

Fig. 4. A gene regulatory network consisting of twenty genes.
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Gene regulatory network /\|

Vertex | Vertex membership values | Edge Edge membership values
Iy (0.8, —0.1) (I'y, T9) (0.5,-0.1)
Iy (0.6,—-0.2) (I'9,T'5) (0.6,—0.1)
I3 (0.7, -0.3) (I3, Ty) (0.5,-0.1)
Iy (0.9,-0.1) (T, T5) (0.4,-0.1)
I (0.5,—-0.4) (I'5, T6) (0.4,-0.2)
Is (0.6,—0.3) (', T7) (0.5,-0.1)
Iz (0.7, -0.2) (7, Ts) (0.4,-0.1)
Iy (0.8, —0.1) (I's, I'g) (0.6,—0.1)
Iy (0.8,—-0.2) (Cg,T'10) |(0.5,—0.2)
Ty |(0.6,-0.3) (10, T6) | (0.6,—0.1)
'y (0.7,-0.2) (I's, I'1) | (0.5,-0.1)
[ (0.8,-0.1) (11, T12) | (0.6, —0.1)
I3 (0.7, -0.2) (12, T43) | (0.7, —0.1)
[y (0.6, —0.3) (T13,T14) | (0.5, —0.2)
I35 (0.7, -0.2) (T'14,T15) | (0.4, —0.2)
[ (0.8,—-0.1) (15, Ty6) | (0.7, —0.1)
INT: (0.9, —0.1) (16, T17) | (0.6, —0.1)
[ (0.6,—-0.3) (T'17,T1s) | (0.6, —0.1)
[ (0.7, -0.2) (18, T19) | (0.5, —0.2)
[y (0.8,-0.1) (19, T90) | (0.5, —0.1)

Table 5. Membership values of the vertices and the edges of the graph A;.

Bipolar fuzzy subgraphs F[gF FIgF FI};F = FIgF
A —T4 22.8169 | 00.1797 | 22.6372
A =Ty 22.8253 | 00.1765 | 22.6488
A =T 22.6519 | 00.1745 | 22.4774
A =Ty 22.8643 | 00.1649 | 22.6994
Ay =T 23.1433 | 00.1401 | 23.0032
Ay =T 21.3109 | 00.1164 | 21.1945
Ay —T7 22.8556 | 00.1797 | 22.6759
Ay —Tg 22.4781 | 00.1777 | 22.3004
Ay — Ty 22.3050 | 00.1680 | 22.1370
A =T 22.4738 | 00.1495 | 22.3243
A =Ty 21.8520 | 00.1657 | 21.6863
A =T 21.4677 | 00.1777 | 21.2900
Ay —T'y3 22.1450 | 00.1617 | 21.9833
Ay =Ty 23.0477 | 00.1477 | 22.9000
Ay —T'5 22.3704 | 00.1617 | 22.2087
A — Ty 21.0069 | 00.1789 | 20.8280
Ay =T 21.0794 | 00.1744 | 20.9050
A —T'ig 22.4018 | 00.1635 | 22.2383
Ap =T 23.3538 | 00.1683 | 23.1855
Aq — Ty 24.2794 | 00.1800 | 24.0994

Table 6. Positive and negative parts of the Forgotten Indices of the vertex deleted bipolar fuzzy subgraphs of
the graph A and their differences.
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