INVERSE SCATTERING METHOD WITH VARIABLE SPECTRAL PARAMETER

S. P. Burtsev, V. E. Zakharov,
and A. V. Mikhailov

In the traditional scheme of the inverse scattering method, the spectral
parameter of the auxiliary linear problem is assumed to be a constant.
It is here proposed to regard the parameter as a variable quantity that
satisfies an overdetermined system of differential equations which is
uniquely determined by the auxiliary linear problem. The nonlinear
equations that arise in such an approach contain, as a rule, an explicit
dependence on the coordinates. This makes it possible to construct not
only the well-known equations (gravitation equation, Heisenberg equation
in axial geometry, etc.) but also a number of new integrable equations
that have applied significance.

Introduction

The inverse scattering method, discovered in 1967, has now become an irreplaceable tool
of mathematical physics, permitting the effective investigation of numerous nonlinear
partial differential equations that occur in applications. A very general formulation of
this method was proposed in [1] (see also [2]).

In the framework of this formulation, nonlinear integrable equations arise as condi-
tions of compatibility of an overdetermined system of linear equations

Q. =U0, O, =VO. (I.1)
Here, U, V, and ¢ are complex-valued N x N matrix functions of £, n, and the spectral

parameter XA, which is assumed to be an arbitrary complex constant. The dependence of U
and V on A is assumed to be rational. In the general case, we have

v (& M)
—pa ()’

u, (E 1)

U (& 1)=uo &, n)+2—7—@ V (& ) =vo §,m+Zx (1.2)

where A\, # pp. The situations with coincident and multiple poles are obtained from (I.2)
by limiting processes. An important role is played by the polynomial case

U=ugturt...+ud?, V=v,tvd+...+vA. (1.3)
The condition of compatibility of Egs. (I.1) has the form
U,—~Ve+[U, V]=0. (1.4)

Equations for the functions u,, v, arise from the requirement that the condition (I.4) hold
identically with respect to A. To solve these equations, we use the "dressing method,"
based on the Riemann—Hilbert problem on the complex plane of A. After appropriate reduc-
tions, the majority of systems that are integrable by the inverse scattering method can

be made to fit the formulated scheme.

The dressing method has been most fully developed in the case when the poles A, (up)
do not depend on the variables £ (n). The equations that then arise have constant coeffi-
cients. In particular, if we set

=Y _—r ——p.o=! p—got g—
D =+—7 =g ® u—-ee, v=gg, §=0~ (1.5)
then for g we obtain the equation of the "principal chiral field" (see [2])
(8:87")nt(gng™"):=0. (1.56)
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An equation with nearly the same form as (I.6) is

(agig™)vt(agmg™"):=0, (1.7)

which has variable coefficients. Here, @ = a(f, n) is a scalar function that satisfies
the equation

ag,1=0. (I .8 )

Let g be a symmetric real 2 x 2 matrix and a? = det g; then Eq. (I.7) describes the
gravitational field in Einstein's theory of gravitation under the condition that the metric
tensor depends on only two variables.

In the general case, Eq. (I.7) does not fit in the scheme described above. However,
it was shown in [3] that one can also apply the inverse scattering method to it for
arbitrary matrix dimension N; in fact, the requirement for the matrix g to be real and
symmetric is not necessary. It was found in [3] that Eq. (I.7) is the condition of com-
patibility of the overdetermined system

u 14

quJ:h_acD, D@:mm, (1.9)
where
ad 20(,5 0 _ a 20511 d - —1 - —1 —
Dlza—g—-mk—gf, Dg—a—nﬁ-m}&a—hy u=—ag:g™!, v=ag.g, g=0|i. (1.10)

The operators Dy, D, commute if the condition (I.8) is satisfied. In [3], the dressing
method was developed for Eq. (I.7), and classes of exact solutions were constructed. A
different approach to Eq. (I.7) is also possible. As was shown in [4,5], it can be
extracted from the system (I.4) if one assumes that A is a certain function of £ and n and
the additional complex constant z:

Mz, & M) =[h—f—2+V(z=2h) (220 I/[f+R], [=F(E), h=h(n), a=f+h, (1.11)

where £ and h are arbitrary functions. In what follows, we shall call z the hidden
spectral parameter. We note that in [5] the second approach was developed more deeply.
In [4], only the Lax representation for the gravitational equations was found. In [5]
for systems of the type (I.7) the dressing method was constructed, exact solutions found,
and the conservation laws investigated.

In the present paper, we shall show that the device employed in [4,5] is equivalent
to the device of [3] and can be developed to the level of a general method, which we shall
call the inverse scattering method with variable spectral parameter. The traditional
inverse scattering method [1,2] is a special case of this method.

Equation (I.7) is an example of an integrable equation having variable coefficients.
This example is by no means unique. Many such equations are given, for example, in [6].
The simplest way of constructing such equations was already noted in [1]. 1In Egs. (I.1)
and (I.2) one can assume that the poles A, are arbitrary functions of the variable £ and
the poles p, are also arbitrary functions of the variable n. Then the conditions (I.4)
give equations with variable coefficients. It was shown in [7] that in this way one can
arrive at Eq. (I.7) in the special case N = 2, g = gt¥, which corresponds to the applica-
tions in the theory of gravitation.

It follows from [3,8] that the dressing method in the case of "moving poles'" is sig-
nificantly modified compared with the case of constant poles described in {1,2].

The proposed method provides a possibility of studying systematically integrable
nonlinear partial differential equations with variable coefficients. One can show that
to every equation with constant coefficients to which the scheme of the inverse scattering
method [1] briefly described above applies there corresponds an entire class of variable
coefficients that are amenable to the new method. We shall call equations of this class
deformations of the original equation. In this class we shall also include equations
integrable in the framework of the scheme of [1] with "moving poles" A (&), unp(n). Thus,
Eq. (I.7) is a deformation of Eq. (I.6) of the principal chiral field. One further
example of this kind was already known — the Heisenberg equation that models the evolution
of cylindrically symmetric configurations of the magnetization of an isotropic magnet [9]:
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stzsx('k,ﬂL s) St—1, S=(S, 8% S). (1.12)

This equation is a deformation of the Heisenberg equation used in the one-dimensional
situation:

8, =8X8., 8S*=1. (I.13)

In the general case, as in the considered examples, the variable coefficients of the
deformations satisfy a certain system of partial differential equations (for example, for
the gravitational equation Eq. (I.8) plays the part of this system). In the general case,
the system is nonlinear, and the question of its solutions is of independent interest. The
point is that in general these systems do not have the Painlevé property, i.e., their
exact reductions to ordinary differential equations admit moving critical points. Neverthe-~
less, one can sometimes reduce the problem of constructing the general solution of these
partial differential equations to the problem of integrating an ordinary differential
equation. It could be that these systems are integrable, but, perhaps, in a quite new
sense.

In some cases, substitutions of the variables and fields can reduce the deformation of
an equation to the original undeformed equation. We shall say that such deformations are
trivial. An example of this kind is the well-known Korteweg—de Vries equation with
"cylindrical divergence':

u; + Guuy, + um+%-_—_o. (1.14)

The corresponding substitution was found for the first time in [10].

There exist special cases, of great interest, when the deformed equations have constant
coefficients. Such, for example, is the system of equations

Ey=p, N+'.(pE+pE)=c, p;=NE, (1.15)

(c is a constant), which is a nontrivial deformation of the well-known Maxwell—Bloch sys-
tem (see below for physical applications of the system (I.15)).

The procedure for integrating the deformed equations by means of the dressing method
differs appreciably from the method described in [1]. We intend to devote a separate
paper to the description of this procedure.

1. General Case

The basic idea of the inverse scattering method with variable spectral parameter is as
follows. Suppose the undeformed system is the condition of compatibility of (I.1), (I.2)
in the case of "fixed poles" X,, u,. To obtain deformations of this system, we shall
assume that in (I.2) the poles \,, u, are certain functions of § and n and that X is a
function of £ and n and is locally an analytic function of the hidden spectral parameter z
(in this case, the simple fractions 1/(A — Xp) and 1/(A — p,) are linearly independent).
These functions are by no means arbitrary. They satisfy a system of equations that is
uniquely fixed by the requirement that the condition (I.4) be satisfied identically with
respect to z and the resulting system of nonlinear equations for the matrices u,, v, have
precisely the gauge indeterminacy. By virtue of this, the equations for A have the form

N,
a Cum bom
o x-x pﬂ*Z F— T Tl Ry (1.1)

6 ‘nm
E 7»—}1. q“LZ h— +le—um (1.2)

where the coefficients pa, gus Enmy bum, Com, dum are functions of £ and n.

We consider the system (1.1). All the equations of this system must determine the
same derivative An. Hence, we have

pi=...=py=p, anm=an6nm, bnm=bm/(;\tn_um)2- (1 . 3)

At the same time
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N2
—_— _— — bm
@y =2phy, — ;lm)?, (1.4)

N,
9h, - b :
= — pA,2 A — T, .
o= = Pha® + P+ D ,,Z:l’*n—”m (1.5)
where p and P are certain functions of § and n. Now
N‘l
ok b
—— = —pA? 8 — e, .
e =P p— o (1.6)
- m=1
Similarly, from (1.2)
= ... =qy=9, dnm=dn6'nm~, cnm=cm/(un—;\rm)2t (]- . 7)
with
N, o N, .
, % c
dy=2 n—q-- ' = ’ o= — gly? + —_— 1.8
n = 2, ~ Dy THp— " 2 Gia® + qhn + G — Z=’1 T (1.8)
where § and @ are as yet unknown functions and
1 O c
S ¥ W, 5 — __Cm
= gh* 4 Gh 4 ¢ Z e (1.9)
m=1
Substituting (I.2) in (I.4) and taking into account (1.1)-(1.9), we obtain the matrix
system
du v
_T:)_ r +[u0’v0]——p2un+qzvm
aun o Um
[umUO'f‘Z‘ }" —”m]_ anun+cnm2=1'(l"n_)"m)2’ (1.10)

Ny

Gt [ Yt = maens0. 3} grtey

m=1

which contains the as yet unknown coefficient functions A, W, a”bn,p,ﬁ,p,élq,q For their
determination, we note that Eqs. (1.6) and (1.9) must be compatible and determine A as a
function of £ and n and the constant of integration z, the hidden spectral parameter.
Calculating Ag, in two ways from (1.6) and (1.9), and making simple manipulations, we find

Ny N,
9p _ 09 o O o5, 07 o 9P _ oz 3 %
55 P =Gy B g — 2= — 240, ag 54 4 pmglcm— g P+ qmglbm,
6c < b A
n 2cn(—-“ o2ph, — N - Om N0, pe=1,..., Ny (1.11)
n Pt 2Pt m2= emal) g R

N,
ab C,
n oy o (— G+ 2gp,— Y —m ):0, =1,..., N
& ( g SHn mzz T : :

Equations (1.11) in conjunction with Eqs. (1.5) and (1.8) form a system of compatibility
conditions of Egs. (1.6) and (1.9).

In the trivial special case when A, A,, and u, are constants, the right-hand sides
in (1.10) are also equal to zero. Then Egs. (1.10) determine a general "undeformed"
system that is integrable in the framework of the inverse scattering method (I.1), (I.2)
with "fixed poles'" A, up. In the general case, the system (1.10), augmented by Egs. (1.5),
(1.8), and (1.11), is a deformation of it. Note that the scalar system (1.5), (1.8),
(1.11) is not dependent on the matrix system (1.10) and can be treated independently.

This system is a set of 2(N, + N,) + 3 equations for 2(N; + N, + 3) unknown functioms.
The underdetermination is here due to the possibility of making an arbitrary linear-

230



fractional transformation
A= (ah+B)/ (1A-+6), (1.12)
where a, B, Y, 6 are certain functions of £ and n.

PROPOSITION 1, By a linear-fracticnal transformation the system (1.6), (1.9) can be
reduced to the form

Ny Ny
o\ b M m
Rl DI (112

m==1
The conditions of compatibility of the system (1.13) have the form
N, A
ah, b ac b
—m o O _9, N __Im_____,
671 + mZ==1 }“n Bl 0‘1 " mgl (7“71 - P‘m)z

o O e ab U
n —_—m 0, Zr_op V' ___m_ ____g
ag + m2=1 Bp — 7“m d m2=‘1 (p'n - m)2

Here, the number of equations and the number of unknown functions are the same and equal
to 2(N; + N,).

(1.14)

We omit the simple proof of Proposition 1. We merely note that the system (1.14)
arises from (1.5), (1.8), and (1.11) if we set p=p=p=g=F=¢=0. In addition, the matrix
system (1.10) has gauge indeterminacy (N, + N, + 1 matrix equations for N, + N, + 2

matrices up, vk, n =0, 1, ..., Ny3 k=0,1, ..., Nz). This is due to the possibility
of making in the system (I.1) the gauge transformation
O=gd, UT=—pg'gtg'Ug, V=—g g tg"'Vg, (1.15)

where g is an arbitrary nondegenerate matrix function of £ and n. Besides the transforma-
tion (1.15), in the system (I.1) we can make the change of coordinates

E=t(8), n'=n"(n). (1.16)

We shall say that two deformed systems differing by the transformations {1.12), (1.15),
(1.16) are generalized gauge equivalent. We shall say that the deformations that can be
reduced to the undeformed equations by means of point transformations and the transforma-
tions (1.15) are trivial, and we shall say that all the remainder are nontrivial. Suppose
that the system of equations for A has been reduced by a linear-fractional transformation
to the form (1.13). Then p = q = 0, and in Eq. (1.10) we can make the functions u, and v,
vanish simultanecusly by means of a gauge transformation. Then the system (1.10) takes

the simple form
9 & v & b + e,v
Un m mln “nVm
Uy — = L
Ny

Ny
01)" Um CmUn —+ bnum
b Uny —— ] == ———————
23 +[n2 Mn—}"m] mg’l (Bn — A)?

m=1

(1.17)

One can arrive at the system (1.14), (1.17) in a quite different way. Let X be a constant
spectral parameter but suppose Egqs. (I.1) are replaced by the equations

D,O0=U®, D, 0=V0. (1.18)

Here, the operators D;, have the form

N, Ne

_ 8 8 8 F . e _ b

Di—gr +F g Damgot G, F=—) 57—, 6==) ;om—, (119
me=1 m

m=1

while the matrices U and V are, as before, given by (I.2). We require that the operators
D, and D, commute. We then obtain

F,.+GF,=G+FG,. (1.20)

Equation (1.20) is the condition of vanishing of the commutator of the vector fields D, ..
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Substituting (1.19) in (1.20) and making simple transformations, we obtain Egs. (1.14).
The condition of compatibility of the system (1.18) has the form
D.U—D,V+[U, V]=0. (1.21)

It is readily seen that Eq. (1.21) (in the case of the canonical gauge u, = v, = 0) is
equivalent to the system (1.17).

In Eqs. (1.18) one can also make linear-fractional and gauge transformations and also
stretch the coordinates. To conclude this section, we note that the scheme. for obtaining
deformed equations using differentiation with respect to the parameter A follows directly
from [3], whereas the technique associated with introducing the variable parameter A
arose from attempts to understand the result of Maison [4].

We note also that the system (1.13), (1.14) contains a simple special case. Suppose
cnp = 0, 9A/3g = 0. Then p, = py(n) and by = b,(n) are arbitrary functions of one variable.
The dependence A = A(z, n) can be found by solving the ordinary differential equation
(1.13) and the poles are A.=Al,—..

2. Deformation of the Equations of

the Principal Chiral Field

Turning to the consideration of specific examples, we note that in what follows we
shall not necessarily reduce the considered system to the form (1.14), (1.17) but will
exploit the freedom with respect to the gauge and linear-fractional transformations as we
find convenient. Suppose the matrix functions U and V each have just one simple pole.

By a linear-fractional transformation we can carry these poles to the points A = 1.
Choosing the canonical gauge, we reduce Egs. (I.1) to the form

D, Og——t—®. (2.1)

Pe=5—7 Wl

In contrast to (I.6), A here is variable and satisfies the equations
0 1 b 7] 1 c d

ﬂx_12x11+h+1’ 3 o iy e Wy we B (2.2)
With allowance for (2.2), the conditions of compatibility of the system (2.1) have the
form
u,+/.[u, v]=—autdy, vs—s[v, ul=—cv+bu. (2.3)
The conditions of compatibility of the system (2.2) can be written in the form
be+2bc=0, d,+2da=0, (2.4)
(at+b)=(ctd)y,=—ac—3bd. (2.5)
It follows from (2.5) that we can introduce the function o in accordance with the formulas
—(%Tlna_—a—é-b. -gg-lna=c-|—d. (2.6)
With allowance for (2.6), it follows from (2.3) that
(an)g=(av):. (2.7)
Expressing u and v by means of (2.1), we obtain for ¢
(a(A—1) 0. 0~*),=(a(A+1) ©,0~*),. (2.8)

Equation (2.8) holds identically with respect to the "hidden parameter" z — the constant
of integration of the system (2.2). In the trivial special case a=b=c=d =0, ) =
const, a = 1, (2.8) goes over for A = 0 into the equation of the principal chiral field.
The system (2.2)-(2.8) is the most general deformation of these equations. Equations
(2.4)-(2.5) can be integrated simply in the special case

1 4 1 4
o g 0% c=d=—pFr

which simplifies to the single equation ogn = 0. The system (2.2) can then also be

a=b= Ine, (2.9)
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integrated and gives formula (I.11), which determines X = A(z, £, n) as a function of the
hidden spectral parameter z, which lies on a two-sheeted Riemann surface. Going to the
limit 2z - « on the upper sheet, we obtain A + 0. At the same time, Eq. (2.8) goes over
into the gravitation equation (I.7).

Other cases of integrability of the system (2.4)-(2.5) are known. Suppose d = 0,
b # 0. Then the ansatz
1 R:

1 —_ Bw | B
b= e = a= + 7 (2.10)

R R

makes it possible to integrate the equation for £ twice, after which the system is
reduced to an ordinary differential equation with moving critical points:

1

Here, Bm and Yu are arbitrary functions. In the general case, this equation cannot be
integrated by quadratures.

Simpler is the case d = b = 0. Then the ansatz a==—2~ln¢,c=:—2—1na again leads to

an 24
the equation
Can=0,  a=f(&)+hr(n).
Equations (2.2) can now be integrated and give
= (2.12)
From Eq. (2.8) for z = 0 we have
(fO,0-) ,+ (hD,0~*);=0. - (2.13)

There is one further case of integrability: ¢ = d = 0. Then 2 and b are arbitrary
functions of n, and Eqs. (2.2) cannot be integrated in general form. It is interesting
that we can now take ¢ and b to be arbitrary constants. Then Eq. (2.8) takes the form

a(@: 0" +b(®.D)Falatb) D D=0, (2.14)

Both (2.3) and (2.14) become equations with constant coefficients. In the general case
the solution of the system (2.4), (2.5) is not known to us.

3. Deformations of the U-V System and the

Maxwell—Bloch Equations

The equations of the principal chiral field are gauge equivalent to a certain system
of equations for two matrix functions U and V known as the U-V system. In a special case,
the sine—Gordon equation can be deduced from this system. It is convenient to consider
the deformations of these equations independently. We consider the system {(I.1), in which
the functions U and V each have one simple pole. By a linear-fractional transformation
we carry the poles to the points A = 0, ». We set

U=hutu, = V=0/\ (3.1)
The function A satisfies the system of equations
ar c a1 - é
W-ak—f—b—{-T, —BE—T——-(Z}\.—}—E-FT. (3.2)
Taking them into account, we extract from (I.4) the system of equations
d " a , )
al»:ll,:.‘f' auy + av, -;’To 4+ [u1, v] = — buz + br, —gg— -+ [v, uo] = cuy — év. (3.3)

For a=d=b=b=c=¢=0, the system (3.3) goes over into the U-V system of [11]. (One
usually takes u; = J, a constant diagonal matrix.)

In our case, the coefficients a,4d, b, b, ¢, ¢ satisfy a system of equations that follows
from (3.2):

233



G+28a=0, By t+Bat+3ba=0, e +2c8=0, bo+be+3be=0,  agte,F2bhrhde=0.  (3.4)

The choice of U and V in the form of (3.1) permits a stretching of the parameter X
(A > eY)A), and therefore the system (3.4) is underdetermined. By a stretching of A we can
make the function a; . vanish and the function &g . into a constant, Further, the
following tree of variants is possible.

1. =1, ¢#*0. By the substitution
c=e*,  f=—y, b=pe* (3.5)
the system (3.4) is reduced to the symmetric form
5, 4+3per=0,  p+3ber=0,  y=2phet+4e. (3.6)

The system (3.6) (like the system (2.4)-(2.5)) has not yet been solved in general form.
In the special case b = p = 0 it is equivalent to the Liouville equation

Ken=4e™®, (3.7)
2. a@=1, ¢==0, b#*0. In this case, the system (3.4) is reduced by the substitution
b=e, T=—Yz b="/sxze* (3.8)
to the single equation
Xem—XaXenT6e*=0. (3.9)

We also make the substitution Y, = eX. Equation (3.9) can be integrated three times
with respect to n, after which it becomes an ordinary differential equation of first order
with moving critical points,

Y+ Y*+1(8) Y+0(8) =0, (3.10)

where fo’l(g) are arbitrary functions. In the general case, it cannot be integrated by
quadratures.

3. @=1, b=c=0. In this case, Eqs. (3.4) become trivial, and b and ¢ can be made
arbitrary functions of £. Then A does not depend on n but it is not possible to find the
explicit dependence of A on { and z in the general case.

We consider the simplest case b = & = 0. Then A = 1/¥2(g + z), and the system (3.3)
takes the form

duy Ouo - v .
'E]——U, -a—n—+[u1,v]_0, —a§—+[u,u0]—0- (3011)
We set
0 s 0
ul—_—.l:E g)il, uo—;—_i[o —S:l’ S=3s. (3.12)
We have
3n=i(¢$n_$‘pn)v ¢an=2i3¢n- (3'13)

It would be of great interest to find an application of the system (3.13).

4. We now consider the case @=0. Then 3u,/3n = 0 and we can take u, = J, a constant
matrix. In the general case a stretching of A achieves b = 1. Then, if ¢ # 0, the
change of variables c=e®, &=—y;, b="/,y;, leads to the equation

Ante— e XmsH6e¥*=0, (3.14)

which differs from (3.9) by the substitution E<>n. For ¢ = 0, the substitution b=e’ é=—q:
leads to the Liouville equation ¢yw=2¢. The most interesting case is b = b = 0. Then
from (3.4) we have

=0,  ¢+2ce=0. (3.15)
Equation (3.3) simplifies to the form
%L;—o—{—{.f,v]:(), %%—]—[u,uo]zc.f-—év. (3.16)
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We set

We have
E,—p=0, (3.17)
Ni+'/,(0E+pE)=—&N—4c, (3.18)
pi—NE=—7¢p. (3.19)

The system of equations (3.17)-(3.19) for c = & = 0 goes over into the well-known Maxwell~
Bloch system [12], which describes the propagation of a radiation pulse in a two-level
medium. The case & = 0, ¢ = const is interesting. The system (3.17)-(3.19) now takes the
form (I.15). TFor the spectral parameter we have A = vZc(n + x), so that the deformation
(I1.15) of the Maxwell—Bloch equations is nontrivial. From the physical point of view
this is the Maxwell—Bloch system in which there is pumping of atoms in an excited state.
The value of \/|p|2 + N? varies in accordance with the law

8 N
—_ N — e,
o Vel VieP+ N
Suppose ¢ = 0, & = const; then the deformation is trivial. For now A=zy(E), $(E)=exp[—¢t].
1 9 7]
The substitution v=y7, u,=i,, TF-Egczvgg-reduces the system to the undeformed form

~ v
(Dg:(zJ + Ty B, Op= —Z—(’D.

4, The Polynomial Case

A significant number of integrable systems belongs to the case when the matrices U
and V in (I.1) are polynomials in the spectral parameter X:

U=u,+ul+.. Fu.A™, (4.1)
V=v,tvit.. +v.A" {(4.2)

Suppose the spectral parameter is variable. Then the following system of equations
for A must hold:

)szp0+p1)»+. . .+pk}»k, (4 . 3)
he=qotqAt.. gl (4.4)

where k € m, 2 £ n. In addition, p#0, ¢=0. The conditions of compatibility of the system
(4.3), (4.4) can be investigated in general form. To be specific, we take k £ %. Then
we have

PROPOSITION 2. The following alternative holds: k =1 or k = &.

Indeed, suppose 1 < k £ &. Differentiating (4.3) with respect to t, and (4.4) with
respect to X, and expressing the derivatives by means of (4.3) and (4.4), we find in the
leading order in A:

(I=k) prgid**=*=0. (4.5)
Hence k = ¢.
We consider two possibilities.
1. Suppose k = 1. Equation (4.3) has the form
Axe=py+pih. (4.6)
We make the transformation

A=a-+bp (4.7)

and require fulfillment of the conditions ¢.=p,+p.e, b.=p;b. Then the system (4.3), (4.4)
takes the form

=0, we=gdo+g.pn+. . Fi, (4.8)
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where §q, ..., Gy are arbitrary functions of t.

2. k = 2. To find the general compatible solution of the system (4.3), (4.4), we no
that it now admits an arbitrary curvilinear transformation of the coordinates: x =
x(x’, t’), t = t(x’, t’). The transformation can be chosen to make px = 0. By virtue of
what was proved above, all pj (2 £ i £ k — 1) then automatically vanish, and Eq. (4.3) is
reduced to the form (4.6). Further, by a linear transformation of the parameter X\ we
can make p, and p, vanish. Thus, to obtain the general solution of the system (4.3),
(4.4) for k = £ we must consider the general solution of the system (4.8) and then in this
system make an arbitrary change of the coordinates and an arbitrary linear transformation
of the function A.

In the examples considered below, we shall encounter only the case k < %, when the
system (4.3), (4.4) can be reduced to the form (4.8) by a linear transformation of A. The
system (4.8) can be simplified still further by using the linear transformation p= c”y+duﬁ
and a change of the time t. We finally obtain

Ae=0, A=A tgtt. . AL

This system arises from (4.8) if we set §, = §, = 0, §y = 1. Examples of different
deformations of systems of polynomial type are given in the Appendix.

5. The Case of the Spectral Parameter on

a Curve of Finite Kind

In the system (I.1), the spectral parameter may be situated not only on a Riemann
sphere but also on an algebraic curve of finite kind [13]. Instead of making an explicit
uniformization of the algebraic curve, it is more convenient in this case to introduce
analogs of simple fractions — linearly independent functions w; that are rational on the
curve and are connected by quadratic relations (see [13]). 1In general form,

N N
U= Z,uiwi, V= 2 v;Ww;. (5.

i=1 i=1
Here, the functions w; satisfy the set of quadratic relations
Duww+¥a=0, s=1,...,N—p (p is the kind of curve), (5.

which are taken into account when the conditions of compatibility of the system (I.1)
are calculated.

Here, the spectral parameter — the uniformizing parameter of the system of quadrics
(5.2) — is from the very beginning hidden, though it is constant. To make it variable,
we assume that all the wj are functijons of x and t and satisfy the system of equations

aw ﬁwi

7 = Ao + Py, == Biaviwy + Qi (5.

ox
The overdetermined system (5.3) must be considered simultaneously with the algebraic
equations (5.2). At the same time, not only the coefficients Ajjks Bijks» Pij» Qij but
also the parameters HSlJ, Y51 of the quadrics must be assumed to be functions of X and t.

The general problem of such kind has not been studied at all. However, we shall
give a fairly interesting example. We consider the well-known Landau—Lifshitz equation
[14,15]:

=8X(8.+J8), S2=1, (5

where J is a constant diagonal 3 x 3 matrix, S=(S,, S, SQi In the case (5.4), the matrices
U and V have the form

\ \ as
=i Z S, o, V= ZiZ S,0,wP + i Z €aveSy —5- o . (5.
a=1 a, b, c=1
Here, the functions w' satisfy the equations
(w®P)e — Wi =24, — 24,, (5.
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w® = wPw®, a,b and ¢ are not equal to each other. (5.7)

Here, o, are the Pauli matrices, and g is the absolutely antisymmetric tensor. The
relation (5.6) determines an algebraic curve (torus). We calculate the condition of
compatibility of the system (I.1) in the case (5.5)-(5.7):

3 3 3
w [0S, ?s, @ fge_y 98 _ 1o 057
;(yawu [T y sa,,c(sb e 85,45, —i—Z;Gawa e 25, 2]

b, e=1

3 2 3
a Elz) a (1) , aS 610(1)
Safen 2o 2y s Beol] o

b, e=1 !

In the calculation we used the relation
3 3
aabco'awl(xl)wé2)s pSe=—2 Z Sabcgawt(zl)SbAcch
a,b, c=1 a,b, c=1
which is a consequence of the definitions (5.6) and (5.7) for w® and »®. In the case

of constant w{®, expanding (5.8) with respect to the basis of the functions w® and w®,
we obtain the Landau-Lifshitz equation (5.4), in which

4 0 0O
J=—8]0 4, 0
0 0 A4,

Now suppose the functions w{ and A, depend on x and t. 1In the general case, this
dependence must be specified by the equations

aw(l) 510(1)

——a; = fud, ——at" = g 0 -+ k. (5.9)
However, it can be shown that the functional arbitrariness that arises in (5.9) is
imaginary: omitting the proof, we state

PROPOSITION 3. The requirement that the equations of the system of (5.9) be com-
patible with each other and with the definition (5.6), (5.7) and also fulfillment of the
condition 8°=1 leave possible the variant

dwd 1 g w4 g

3z oz e I

(5.10)

Substituting (5.10) in (5.8), we obtain a deformation of the Landau—Lifshitz equation:
s,zsx(sm+—i—sx+x2fos), SP=1, (5.11)

where
AL
Ao (z) =12%4,°, Jo=—38 A0
AR

We note that in the cylindrical Landau—Lifshitz equation, in contrast to the deformation
(5.11), the coefficient x? is not present in front of the term SX(/,S). It remains to
integrate the system (5.10). We seek the solution in the form

wP (2, 2,t) = 2, (A =12 — 4pt), p="0V I —J10
(the complex constant of integration z is a hidden spectral parameter), which automatically

satisfies the first equation of the system (5.10). Substituting in the second equation,
we obtain

dw,
dh

= — p-'lwbl’l}c.

The solution of this last equation can be expressed in terms of elliptic Jacobi functions
[15]:
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o ] _ pdn(r k) . pen(r k) N J0— J° 0 o .
DY o Y S Y I k= TI—J VAR LA N
these being defined in the rectangle R={A:|RekA|<2k, |ImA|<2K'}.

Note that Eq. (5.11) can be obtained by averaging over the reduction group of the
operators L, o3 L; = =33 + U, L, = —d¢ + V for the cylindrical Heisenberg equation (I.12)
f16].

We are grateful to I. R. Gabitov for a fruitful discussion of the paper.

Appendix
Omitting the calculations, we give the list of the deformations (and corresponding
linear systems of polynomial type) of various well-known equations that we have found.

1. Deformations of the Korteweg—de Vries equation:

1 1 —_ 4
Uy = —— Uy + 205U+ DUy, U = ————__j}’z (2u=+—u) dz. (A.1)

2 Yz z

To obtain (A.1), we used the "scalar" linear system
O+ UDP=0, O, =A0,+B0, (A.2)
ot

U=A+u, A=4h+v, B=———2—Ax, (A.3)
where Ay = A/x, Ay = (12/x)A?, A = —x/12(t + z). By the substitutions u{x, t) = —5/16x2? +

(o |

a(x, t), x = x3/2, £ = (27/8)t the system (A.1) is reduced to the form (in what follows,

we omit the caret)

Bt + (TU) woc T Biga== [ —3xut—2u ju dx] ~ 3ul, (A.4)

x

The deformation (A.l) is nontrivial. To obtain Eq. (I.14) we must in (A.3) make the choice
v = —2u, Ay = —1/12t, A = —A/t.

2. Deformation of the modified Korteweg—de Vries eqhation:

u; +(zu)xm='d:2[(a: yuz dz )xu] . (A.5)

To construct (A.5) it is necessary to apply the linear system (I.1):
0.=U0, ©=V0, (A.6)

Uein [1 0]+[ 0 u}’
1 -1 +g 0
:l:(a:j‘uzd:c) —(zu)x

where

1 0% 0 u x
V = 4iM3z [ ] + 4%21[ ]+ 2iAf +
0 -1 *u 0 ( j‘ )
+(zu)x Fla Yuidx
0 — (zu) xxt2u ( z j‘uz dz )
F (20)xe+2u (:L‘ juz dz ) 0
x
Ae=0, h=4A%, A(z D)= ———.
Y=8(+2)
3. Deformation of Kaup's system [17]:
. .
z; + Y (zud)z+ (@) z=—1, NH(aNB)s+ (28)=—72. (A.7)
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For the system (A.7), the corresponding linear system has the form (A.2), where

ilu 1 u? 1 1
U=kM+—+-———, A=-2izh——zu, B=-—A4, Ax=0, Ar=—2iA%, A(z )= .
2 4 16 2 2 2i(t+2z)

The deformation (A.7) is nontrivial. We also give a trivial deformation of Kaup's system
of interest from the point of view of applications in hydrodynamics:

g+ Utk +1),c=0, n+{(l—az+n)ulituw=0, « is a constant. (A.8)
For the system (A.8), the functions U, A, and B have the form

ihu 1 u? u 1
U=A? + — + — (N+4—az)— —, A=—2A ——, B=——4,
2 4 16 2

i i
where A«=0, Ag=v—za, h@J)=z-+—ZmL Note that the substitution

~

~ A o A~ A ~
n(z, 1) = az+n(z, i), z=x+—§—t2, u(z, ) =—at+u(z,t), i=t, {(A.9)

reduces the system (A.8) to the original undeformed Kaup system [17] (we omit the caret):
Ut U+ Ne=0, N+ (14 1) u]x+ Urm=0.
4. Deformations of the nonlinear Schrodinger equation:

2
i de.

4

(A.10%)

1
et e+ $r 2202 = 7 4y |
z 2

Here and below, the linear systems have the form (A.6), and therefore we shall give only
the corresponding matrix functions U and V. In the case (A.lOi), we have

1 0 0 v 1 0 0
vea! e[ 2] e[t °]em[ 2 Y]
0 -1 £p 0 0 -1 =9 0
2 1
ii[w};[zimj K1 - e —
z Z
2
i@@i—i~6 Fi|p|2F2 Jﬂﬂ—dz
z
A 4
Ay=—, ;"f=-_}\'2’ A‘(st1t)= .
z z : 4{z+t)

Equation (A.101), being a nontrivial deformation of the nonlinear Schrddinger equation,
is remarkable in being gauge equivalent to the cylindrical Heisenberg equation (I.12).
The substitutions

LI LA
‘P(Ia )—?11)(‘1‘101 I‘—_{:—xv -
reduce Egs. (A.10%) to the form (we henceforth omit the caret)
i¢t+(np)ni2lp[zf|«p|2dz] -0 (A.11%)

After we had completed our paper, we learnt that Eqs. (A.4), (A.S5), and (A.11%) had
already been integrated in [6]:

i(¢t+i)+\p“:&2[¢lzw=0, U=i7u[1 0] +i[:t% 1§],

2t 0 -1 ( )
A.12
0 i ¢|? — 1P i A 4
V=»—2i?»2[1 0]—20»[ - 1l>]+[='=llgl ¥ ], Ag=-——, ht==——, A(sz,1)= s+l .
0 —1 £ 0 P Fi|p[? 4t ¢ :

Equation (A.12), to us hitherto unknown, describes cylindrically diverging quasiplane
envelope waves in a nonlinear medium. In addition, this equation is a trivial deformation
of the nonlinear Schrddinger equation. The substitution
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1 iz? nAaa -~ Z - i
q’(I’t):—exp[ ]‘p($5t)v r=—, l=—— (A-13)
1 4 4 t

in Eq. (A.12) leads to the nonlinear Schrddinger equation (we omit the caret)
it a2 P2 =0.

5. Deformation of the Schrédinger equation with differentiated nonlinearity [18]:

ipe+ xi(x|P|*P) : P=0, U= 'M[1 0] ‘h[ o
wtilz o — — =0, - —i _ ,
et (TP ati(z| Y| *P 5 e i 0 —t £7 0 -

(A.14)
2 -
V=—2i7u‘x[ ! 0]—21'7.,3.1: i) w].},ixzx[il'\pl 0. ]+
0 - xPp 0 0 F|pprd
0 ¢x+5¢—r el
Az i ,  Ax=0, A=A} A(z,t)=-—-—-.
b V-2(t+2)

A
2z

After the substitution w(z,t)=2-"$(z,1), z=22" t=t, the system (A.14) takes the form (we omit the
caret)
1 i

_ 2 A.15
422 vE 2z b1 ( )

1
i"pt"'lpxx + —;‘ 'quii(l TIJIZ‘IJ)x =
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